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We describe a decornposition framework and a column generation scheme for solving a min-cut clustering
problem. The subproblem to generate additional columns is itself an NP-hard mixed integer programming
probiem, We discuss strong valid inequalities for the subproblem and describe some efficient solution
strategies. Computational results on compiler construction problems are reported.
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1. Introduction and formulation

Given an undirected graph G(V, E) with nonnegative weights w,, veV, edge costs
c., ecE, and an integer K, the clustering problem is to find a partition I'=
{Wi, W, ..., Wg} of V that solves

Max(Min)g Y, ce,

i=1 ecE(W))

Wmin< Z Wugwma)n k:1,2,...,K,
ue Wy

where E(W;)={(i,j)eE: i,je W;}. We will refer to the W}, i=1, ..., K, as clusters
corresponding to the partition I" of V. In other words, the clustering problem is to
partition the nodes of the graph into X clusters such that the sum of the node weights
of each cluster is bounded from below by Wy, and bounded from above by Wpax
while maximizing (minimizing) the sum of the costs on the edges inside clusters.
Our study differs primarily in three ways from most of the papers in the clustering
literature. We do not assume that the underlying graph is complete; we include a

constraint on the size or weight of the clusters and we solve these clustering problems
using a decomposition and column generation scheme.
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Given a graph G(V, E) and a partition I'={W,, W,, ..., W} of V, the sét of
edges {(i,j):ieW,, je W,, p#q} is called a multicut. Maximizing (minimizing) the
sum of the costs on edges within the clusters is equivalent to minimizing (maximizing)
the sum of costs on the edges that go between clusters, that is the edges in a multicut,
When all the edge costs are nonnegative, we will refer to these problems as min-cut
clustering (MCC) and max-cut clustering problems respectively. When the edge costs
are not restricted to be nonnegative, we will call them mixed-cut clustering problems.
MCC is also referred to as the graph partitioning problem.

All the clustering problems described above are known to be NP-hard. For a
survey of the complexity of related problems, see [7] and [8]. The clustering problems
defined above generalize the definition of clustering problems encountered in the
literature and encompass several well-known combinatorial problems such as the
min-cut problem, the max-cut problem, the clique partitioning problem, the equipar-
tition problem, and the unconstrained quadratic 0-1 programming problem. Most
of these special cases of the generalized clustering problem are themselves known to
be NP-hard.

Ignoring the weight restrictions on the clusters and fixing K=2 yields the well
known min(max)-cut problems. Note that while min-cut is solvable in polynomial
time, max-cut is NP-hard. If K=2, and there is a restriction that both the clusters
must have the same (or within 1 if | V| is odd) number of nodes, the problem is the
NP-hard equipartition problem studied by Conforti et al. [5] and [6].

A set of edges 4 in a graph G(V, E) is called a clique partitioning of G if there is
a partition I'={W;, W,,..., Wi} of ¥ such that A=E(W,) UE(W,)uU- - U
E(W,) and such that the subgraph G[W;] induced by W, is complete for i=1,
2,...,k. Given a graph G(V, E) with costs ¢,€R for eeE, the clique partitioning
problem (CPP) is to find a clique partitioning 4 € E of minimum cost. Grotschel and
Wakabayashi [11] have studied the CPP on complete graphs. The CPP on a complete
graph is an example of a mixed-cut clustering problem with no restrictions on the
number or size/weight of clusters.

Chopra and Rao have studied MCC without the weight restrictions, see [2-4].
Chopra [2] shows that if the graph is series-parallel, the associated polyhedron can
be completely described.

In our solution approach of column generation and subproblem optimization, the
subproblem of generating one feasible cluster is a generalization of the Boolean
quadratic program studied by Padberg [16]. The Boolean quadratic program is an
integer programming formulation of the problem of maximizing (minimizing) an
unconstrained quadratic 0-1 function.

We now restrict our discussion to MCC. One application of MCC is in compiler
construction. A compiler consists of several modules, where each module is a set of
procedures or subroutines with its associated storage/memory requirement. The
modules are combined to form clusters which are restricted in their total storage. A
typical storage bound on each cluster is either 450K or 512K. The communication
costs between modules within the same cluster are negligible and can therefore be
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ignored. The communication costs between modules of different clusters are substan-
tial because the clusters may be required to be swapped in memory. The objective
of compiler construction is to assign the modules to clusters so that the storage
bound restriction is satisfied and the total communication cost between modules in
different clusters is minimized. In the framework of MCC, the modules are represen-
ted by nodes with the storage requirement of each module represented by the weight
on the corresponding node. The communication cost between modules is represented
by the cost on the edge between the corresponding nodes. Here the number of clusters
to be formed is not fixed.

Next, we present a straightforward integer programming formulation of MCC.
Let x*=1 if iecluster k, and 0 otherwise. Let Z=1 if edge e belongs to cluster k&,
and 0 otherwise. Assume for simplicity of exposition, that the number of clusters to
be formed is K and that the lower bound on the weight of every cluster is 0 while
the upper bound on the weight of every cluster is the same and is b. Then the problem
may be formulated as follows.

K
Max ¥ Y c.zt, (D
k=1 ecFE
<y, Z<x, e=(,j)eE, )
Zexi+xi—1, e=(i,j)ek, (3)
K
Y ox=1, i=1,...,|V], 4)
k=1
Y Xz, k=1,...,K (5)
ieV
S wxf<h, k=1,...,K, (6)
ieV
all variables binary. (7

Inequalities (2) and (3) ensure that an edge is inside a cluster if and only if both of
its end nodes are in that cluster. Inequality (4) ensures each node to be in some
cluster, (5) ensures that no cluster is empty, that is there are K clusters and not fewer,
and (6) provides the weight restriction on each cluster and is referred to as the
knapsack constraint. Note that the edge variables need not be restricted to be integers
because they will automatically be so in any optimal solution where the node variables
are integers. Furthermore, since the edge costs are nonnegative, (3) can be dropped
because an optimal solution will automatically satisfy it. If the number of clusters is
not fixed, K is set equal to | V| and (5) is omitted, we refer to (1), (2), and (4)-
(7) as the binary min-cut clustering formulation. Its linear programming relaxation
in which (7) is replaced by nonnegativity on all variables is denoted by LPMCC.
In the next section, we present a stronger formulation of MCC that uses a decom-
position based solution strategy which creates a master problem and a subproblem
to generate columns for the master problem. In Section 3, we discuss the issues
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. . . - . . . 4 .
related to subproblem optimization. In Section 4, we discuss implementation issues
and report computational results.

2. Decomposition and column generation

Setting all the variables to 1/K provides the optimal solution to LPMCC with the
best possible objective value of 3 _, ¢.. Thus, LPMCC provides a useless bound on
the integer programming optimal value. An attempt to solve MCC directly (using
the formulation above) via a branch-and-bound scheme may be fruitless for any
practical problem size. This is largely due to the weakness of the LP relaxation and
the inherent symmetry in the formulation. Using symmetry, any partition of the
nodes into clusters can be represented by many equivalent solutions by exchanging
the cluster numbers of any two clusters. Fixing a node variable x; =0 still leaves
xi, ..., xK nonzero. That is, fixing of variables in a branch-and-bound solution
procedure is not efficient because several alternate optimal solutions may still be
feasible.

We next describe a different formulation for MCC that uses a decomposition based
solution strategy and column generation. This Dantzig-Wolfe type of decomposition
strategy is discussed here specifically in the context of min-cut clustering problems,
but can be applied to more general MIP problems as suggested in [12-14].

2.1. Stronger formulation

A cluster is feasible if the weights on the nodes in the cluster satisfy the knapsack
constraint (6). Let y,1=1,2, ..., L be the incidence vectors of all possible feasible
clusters, where yf= 1 if node i is in cluster /, and 0 otherwise. MCC can be formulated
as

L
Max ¥ FX, (8)
I=1
L
Y yA=1 i=1,.. |V, %)
I=1
L
Y A=K, (10)
I=1
Ae{0,1}, I=1,...,L, (11)

where ¢’ is the cost of the /th cluster, (9) ensures that each node belongs to exactly
one cluster, (10) ensures that K clusters are present in the partition, and the presence
or absence of a cluster in the solution is modeled by restricting the variables A’ to be
binary. The problem defined by (8)-(11), which is a set partitioning problem with a
cardinality constraint, is called the master problem and is denoted by MP. Its linear
programming relaxation is denoted by LPMP.
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Since the columns in LPMP are restricted fo be 0-1 solutions to the knapsack
constraint (6), LPMP provides at least as strong a bound on the optimal objective
value of MCC as the bound provided by LPMCC. That LPMP might be strong can
be shown explicitly for a special case for which there is no particular reason to
suspect that LPMP would be strong. Suppose that G is complete and has Kg nodes
with K and g positive integers at least 2. Let ¢,=1, eeE, and suppose that feasibility
requires that every cluster has ¢ nodes. Then any partition of the nodes into K
feasible clusters is an optimal integer solution with objective value 3Kg(g—1). We
verify by duality that LPMP also has an optimal solution of this value. Note, how-
ever, that LPMCC has an optimal solution xi=7=1/K, ieV, ecE, k=1,... K,
with objective value y,_, c.= 1Kq(Kq—1), which is approximately K times the opti-
mal integer objective function value.

Let m;, i=1,...,|V] be the dual variables for (9), and let 1 be the dual variable
for (10). Then the dual of LPMP is

Min y 7+ pK, (12)

ieV o
S yimituzd, I=1,..., L (13)
ieV

Since ¢'=14g(g—1), for all ecE, the solution ;=0 for ie ¥, and g =3q(g—1) is an
optimal solution to the dual with the same objective value as the integer solution to
MP.

2.2. Solving LPMP by column generation

Since LPMP can have a huge number of columns, to list all the columns is impractical
if not impossible. Instead, we start with a few columns and solve the restricted LPMP,
adding “good” columns as required, until LPMP is optimized over all possible
columns. The small number of initial columns in the restricted LPMP may actually
provide a good incumbent solution.

For a feasible cluster with node set U=V, let

x:%’l, iel, Z_{l, (i, j)e E(U),
' 0, otherwise, 0, otherwise.

When the current restricted LPMP has 7, i=1,2,...,|V}, and u as the dual vari-
ables to (9) and (10) respectively, the subproblem that must be optimized to generate
the most attractive column (based on its reduced cost) is

—uK+ Max( Y cz,— Y 7r,oc,~>, (14)
eckE ieV

2.<X;, 2<x;, e=(i,j)eE, (15)

Y owix;<b, (16)

eV

2,20, eckE, and x,{0,1}, ieV. a7
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We refer to this subproblem as the knapsack quadratic program (KQP). If “con-
straint (16) is ignored then KQP models the Boolean quadratic program. If the
objective value of the optimal solution is positive, then a column corresponding to
the optimal vector x may be added to the restricted LPMP to enter the basis. Other-
wise, there are no more columns to add, and the current solution to LPMP is optimal.
If this optimal solution to LPMP is integral, an optimal solution to MP is at hand;
otherwise we use branch-and-bound to obtain an integer solution. Note that since
KQP is NP-hard, it follows from the equivalence of separation and optimization that
the linear program LPMP is NP-hard.

3. Subproblem optimization

We use a cutting plane/branch-and-bound method for solving the subproblem
defined by (14)~(17). This is an LP based procedure, where we generate violated
inequalities as needed to cut off the current fractional solution. When our procedure
is unable to identify any violated inequalities, we use branch-and-bound to determine
an optimal solution. Some of the valid inequalities and their strength are discussed
next.

3.1. Subproblem polytope—Valid inequalities

We denote the convex hull of the set of solutions to (15)-(17) by the polytope
Pxqr(G). Here, we discuss some valid inequalities for Pxqp(G). Note that although
valid inequalities for the polytope associated with the Boolean quadratic program
[16] are valid for Pxop(G), these inequalities are not strong enough for solving KQP
because of the knapsack constraint.

For C<V, we say that C is an independent set if ), . w.<b; otherwise C is a
dependent set. A dependent set is minimal if all of its subsets are independent. Note
that if C is a minimal dependent set, then Zje c%<|Cl—1 is a valid inequality for
Prop(G).

We assume, for simplicity, that for each e= (i, j)e E, w,+w;<b. This assumption
implies that Pxop(G) is full dimensional because the following | V| +|£| + 1 affinely
independent integer solutions are in Pggp(G).

(a) x=0, i€V, z;=0, (i,j)eE.

(b) x.=1, x=0, ieV\{u}, z;=0, (ij)ekE.

(¢) x,=x,=1, x;=0, ieV\{u, v}, Zw=1, z.=0, ecE\{(u,v)}.

A valid inequality 7zx< o defines a facet of a full dimensional polyhedron P if
and only if its coefficients are determined uniquely up to scalar multiplication by

points in P (Nemhauser and Wolsey [15]). We use this fact in the proofs of the

following results.
For ScV, we let E(S)={(u, v) |u, veS}, and for FSE, we let V(F) denote the
set of nodes in G(V, E) consisting of end nodes of the edges in F.
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Theorem 1. Let C be a dependent set and suppose that the graph G'(C, E(C)) is
connected. Let T be a set of edges in G that form a spanning tree on the nodes in C.
Let 6(i)={j: (i,j)eT} for each i C. Then the following tree inequality is valid for
Pxae(G).
Y ze< Y (16 = Dx;. (18)
eeT ieC
A tree inequality (18) defines a facet for Pxqe(G') where G'=(C, E(C)) if and only
if C\{i} is an independent set for every leaf i of the tree induced by T.

Proof. We first establish the validity of (18). Consider an arbitrary feasible solution
in P KQP(G).

{1, ieS, . {1, ecE(S),
Xi= . e= .
0, otherwise, 0, otherwise.

The edges in E(S)n T induce a forest F. Let T'SF be the set of edges in one
component of the forest and let V(7")=S". Hence 7" induces a tree on the node
set S'.

For ieS’, let §'(i)={j: (i,j)€T"}. Since |S'| <|C| because C is a dependent set,
there exists an edge (4, j)e T\T’, jeS’, so that |6(;j)|>|0'(j)|. Since z.=1, ec T, it
follows that

Y 2=IT|=|S1=1=2(0S~1D)~|S]+1

ecT’

=2 18'OI-18T+1=% (6'@I-D+1

eS’ ieS’
<Y (6@=-D=} (8D~ Dx,
ieS’ ieS’

where the last equality follows because x;=1 for ieS’. Adding these inequalities for
all the components of F shows that the tree inequality is satisfied by any point in
Pxar(G).

Suppose that C\{i} is an independent set for every leaf i of the tree induced by
T. Let nz+ ox<mp be a facet defining inequality for Pxqp(G") which contains all
equality solutions to (18). We will use some integer points in Pxqe(G’) that satisfy
(18) at equality to determine the coefficients 7 and o uniquely up to scalar multiplica-
tion. Since (z, x) =(0, 0) is such a feasible solution, 7,=0.

Next we prove that m.=0 for any edge e=(j, ) such that e¢ T. For any nontree
edge e= (i, j), there exists a unique path from i to j consisting of edges in the set
P<T. The length of a path is the number of edges on the path. Form a list L=
{e1, .., en} of nontree edges in nonincreasing order of their path lengths. We prove
that 7., =0, t=1,...,m, by induction on ¢.

Given ie V(T), let F; be the forest obtained by deleting the edges (i, j), je 5(i). We
denote the | §(i)| components of F; by T/, je 5(i), where TV is the tree that corresponds
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to the component that contains node j. Let Ty(j)=T/ U {(i,j)}. K/=T\T{(,, and

' g i \ vl
1 . \ \
J

__________________ ' e Ki =T\ Ti4)

let V/=V(K/) v {i} (see Figure 1). Note that /= V(K/) if i is not a leaf of the tree
induced by 7.

Let e;= (i1, /1) and let P be the set of nodes on the unique path from i, to j
consisting of edges in T. Let p=43(i1) n P, and let g=5(j;) n P. Note that there is
no nontree edge (except edge ¢,) between the nodes in V7 and the nodes in V!
because the path length of such an edge would be strictly greater than the path length
of e;, which is impossible, since e, is the first element in L.

The following solutions satisfy (18) at equality:

@ {1, eV, {1, ecE(VP),
= Ze=1N, .
0, otherwise, 0, otherwise,
(b) x,:{l’ eVl
0, otherwise,

{1, ecE(V}),
0, otherwise,

Xi
© {0, otherwise,

1, ieViuVy, - {1, ec E(V © Vi),

0, otherwise.

We establish this only for (a). Let | VZ| =m. The number of edges in K% is m—1,
and from the observation made at the beginning of the proof, m—2=} .7
(16'(k)| — 1) where &' (k)= {j: (k,j)eK?}. Note that | §(k)| =|8'(k)| for ke VF\{i\}
and |6(ir)| ={6'(i1)] + 1. Hence m — 1=} 42 (|6 (k)| — 1), and this establishes that the
solution consisting of nodes and edges in K7, satisfies (18) at equality.
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From the solutions (a)-(c), we get the followthg equalities.
i+ ox = 0,
25+ ox"h=0,
wZ¥+ 255+ oxVi+ ox"h + 7, =0.

Subtracting the left hand sides of the first two equations from the left hand side of
the third gives z,,=0.

For the induction, assume that 7., =0, t=1,...,/—1. Let ¢,= (i, j;) and let P be
the set of tree edges on the unique path from i, to j,. Let p=95(i;) n P, and let g=
d(j;) N P. Let the set of nontree edges that have one end node in V% and the other
end node in V7 be denoted by NT.

Using the above arguments, we see that the following solutions satisfy (18) at
equality:

1, ieV?, {1, ecE(VD),

0, otherwise, 0, otherwise,

1, ieVi, {1, ecE(VY,
Xi= . Ze= .
0, otherwise, 0, otherwise,

1, ieViuVy, z={1’ ee E(V} L V),

0, otherwise, 0, otherwise,

From the solutions (d)-(f), we get the following equalities.
nZE 0+ oxVi=0,
rzE VP + oxVi=0,
n_ZE(V’.’

P+ B0+ ox" i+ oxVi+ .+ Y m.=0.
eeNT \{e;}

Note that 7,=0 for eeNT \{¢;} by the induction hypothesis. Subtracting the left
hand side of the first two equations from the left hand side of the third gives
re,=0. Thus, 7,=0 for any nontree edge e.

If i is a leaf of the tree induced by 7, then the solution x,=1, x;=0, j#1, z.=0 for
all e, satisfies (18) at equality. Hence o;=0 for every i such that i is a leaf of the tree
induced by 7. Next we establish the coefficients o; for ie C, such that {6(i)| =2.
Consider the following solutions:

1, kEV],:, 1, eeE VJ,:, . .
—{ ={ Do 180,

0, otherwise, 0, otherwise,
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The feasibility of these solutions follows from the assumption that ¢ \{k}" 18 an
independent set whenever k is a leaf of the tree induced by 7. Using the previous
arguments, it is easy to verify that these solutions satisfy (18) at equality. From these
solutions, we get the following equalities.

w25+ ox" M 4 o =0, j=1,..,]5(]).
These equalities yield

22700 4 GV U = 7, T2 o Y (TUDAL

:7/1‘, jlajZe{la sy |5(l)!}9

where y; is a constant for node i. Substituting this into the equality corresponding
to any one of the |3(7)| solutions establishes that

o+ (6@ — )y:,=0.
We now establish that 7;= 7, for {(i,/): je5(i)}. Since T,(j):K;u {G )},
Yi= nzl{;-i— o-xV/{+ Ty.
This establishes that 7;=y; because
7rz]<;+ crxV}Z mo=0.
Repeating the same argument for every tree edge incident to node i, we get ;= y;
for every jed(i).

If e=(i,j)eT, then the above arguments imply that y,=z,=y,=y. This estab-
lishes all the coefficients uniquely up to scalar multiplication and proves that (18)
defines a facet for Pxop(G').

Now suppose that there exists a node ue C such that u is a leaf of the tree induced
by 7, and C'=C\{u} is a dependent set. Let (u, v)eT, and T'=T\{(u, v)}. Let
8'(i)y=1{j:(i,j)eT'} for each ieC’. Then the following inequality is valid for
Prae(G).

2 ze< ), (18'() — Dxa. (19)
eeT’ ieC’
Since|d'(7)| =[8(i)],forie C\{u, v},|3'(v)| =|5(v)| — 1,and | §(w)| =0, inequality (18)

is a sum of z,,<x, and the inequality (19). Hence (18) is not facet defining for
Pyop(GH. U

When the tree in inequality (18) is a star, we get the following result.

Corollary 2. Ler C be a minimal dependent set. Then the following star inequalities
are valid for Pxop(G) and are facet defining for Pxqpe(G') where G'=(C, E(C)).
Y z<(Cl—2)x;, ieC. O (20)

jeC\{i}

Theorem 1 can be generalized to consider forests rather than just spanning trees
over the nodes of C.
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Theorem 3. Let C be a minimal dependent set afd let F be a set of edges in G that
form a forest on the nodes in C. Let F have p components, and let §(i)= {}: (i,j)eF}
for each i€ C. Then the following forest inequality is valid for Pxqe(G).

Y z<(p—D+ Y (60— Dx. @

eeF ieC
The inequality is facet defining for Pxqe(G') where G'=(C, E(C)) if and only if
there are no edges in E(C) between nodes of C in different components of F and
C\ {i} is an independent set for every i such that |6(i)| <1.

Proof. Let 7 be a set of edges that include all the edges in F and some artificial edges
not in G(V, E) that form a spanning tree on the nodes in C. Then adding the tree
inequality (18), and the inequalities z;> x;+x;— 1 for all the edges in T\ F gives the
forest inequality (21). Hence, the validity of the forest inequality follows from the
validity of the tree inequality.

Now suppose that there are no edges in E(C) between nodes of C in different
components of Fand C\ {i} is an independent set for every i such that |d(i) | <1.
Let mz+0ox< 7, be a facet defining inequality for Pxqp(G) which contains all the
equality solutions to (21). Let Ty,..., T, be the trees that correspond to the p com-
ponents of F. Let ¥y, be the set of nodes in component i. Hence, unless 7;=0,
Vr=V(T)).

Using arguments similar to the arguments used in the proof of Theorem 1, it is
easy to see that the solutions

sz{l’ je C\ Va, ze={

0, otherwise,

—

’ eEE(C\ VTi)a
0, otherwise,

i=1,...,p, satisfy (21) at equality. Let
y,=nz" %+ ox"n,

This implies that

M=

)’j_'}/izﬂ'o, l=l,,p

1

#

j
These equalities give

7i=7j=:7, iaje{ls---ap}a 7’:71'0/(17"1)

We now establish the coefficients of the edge and node variables that correspond
to T;. We consider only those solutions that have all the edges in T, u- - - U T,. If
we subtract the sum Zj;z y; from the forest inequality corresponding to such solu-
tions, our analysis reduces to considering solutions that satisfy

Y ze< 3, (16D —Dx

ecTq ieVry
at equality. Note that at most | 7| — 1 nodes can be present in any feasible solution
that already contains the edges in 7> U - - - U T,,. Hence, an inequality of the same
form as the tree inequality (18) holds for the nodes in Vr,, and the edges in 7). The
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coefficients can be uniquely determined (up to scalar multiplication) by argtiments
analogous to those used to establish the coeflicients in (18). [

3.2, Lifting

We now discuss the lifting procedure for the star and tree inequalities. Since the star
inequalities (20) and tree inequalities (18) were shown to be facet defining for
Pxqr(G'), where G'=(C, E(C)), the variables x;eC, and z., ee E(C), can not be
lifted. We discuss lifting the other variables next.

First consider lifting star inequalities (20). It is easy to verify that in any sequential
lifting procedure where maximum lifting is done, the lifting coefficient is 0 for the
following variables

(i) 2, 2. 4% C;

(ii) x,, pe ¥\ C; and

(i11) z,, jeC, j#i, pgC.

Now consider lifting variables z;, je V' \C. Let SS€V\C, and suppose that the
following inequality is obtained after maximum lifting of variables z;, jeS.

Y azy+ Y z;<(ICl~2)x;, ieC, SSV\C. (22)

jes jeC

Consider lifting y=z,,, p¢{Cu S}, and let

&=max {Z az;+ Y zy— (1C] = 2)x;, (z, x)€ Pxop(G) N {ziz,:l}}.

Jjes jeC

Note that z;,=1 = x;=x,=1 = z;=1 if and only if x;=1 for any je C, j#i. Hence
the lifting coefficient for an edge variable z,, is y <—¢&, where

E=max ) ax;+ > x—(]C]—2), Y wxSb—wi—w,.
jes jeC\{i} jeSu C\{i}

This is a 0-1 knapsack problem and can be solved by dynamic programming, see
[15]. Note that this problem can be solved by a simple sorting of the weights when
all the objective coefficients are 1, as is the case when the first edge variable is lifted.

Now consider lifting the tree inequalities (18). It is easy to verify that in any
sequential lifting procedure where maximum lifting is done, the lifting coefficient is
0 for the following variables.

() Zpg 1 9¢C;

(i1) X, j¢C; and

(iii) z,, j a leaf of the tree induced by T, p¢C.

The lifting problem for an edge variable z;, ie C, je V'\C, where i is not a leaf of
the tree induced by 7, is a KQP. However, when no edge variable has been lifted
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with a positive coefficient, it reduces to a knapsa‘ék problem which can be solved by
sorting (see [13]).

3.3. Separation

The separation problems for the inequalities discussed in the previous section involve
finding a minimal dependent set that minimizes a linear function. Since this prob-
lem is NP-hard, see [15], it follows that the separation problem for our inequalities
is NP-hard. Therefore, we suggest heuristic procedures to find the violated
inequalities.

Let (z*, x*) be a fractional solution of the LP relaxation of KQP. Then the separa-
tion problem for finding a violated star inequality corresponding to a node ieV
involves finding a set C<V, ie C (assuming one exists) with

Y w>b and Y zi>(]Cl-2)xF.

jeC jeC\{i}

Let N(i) = {k: (i, k) E}. Introducing a binary vector y to represent the unknown set
C, we attempt to choose y such that

> wy>b—wi,
JERG)
and st o (xf —z¥)y; is minimized. This is a knapsack problem and can be solved

approximately using a greedy heuristic, see [15]. The corresponding inequality can
then be lifted.

To find a violated forest inequality, we first use a greedy approach to find a violated
tree inequality. The greedy algorithm starts with an edge corresponding to the biggest
fractional value. At each subsequent iteration, out of all the edges with one end node
in the tree and the other end node not in the tree, the edge corresponding to the
minimum value of x;— z;, with z; fractional, where i is in the tree and j is not in the
tree, is added to the tree. The process stops as soon as the nodes in the tree correspond
to a dependent set or when there is no fractional z; such that node i is in the tree
and node j is not in the tree. In the latter case, the tree obtained so far represents
one component of the forest and other components are found similarly until a forest
is obtained such that the nodes in the forest correspond to a dependent set or there
are no more fractional edges to consider.

3.4. Decomposition

Here, we discuss a decomposition based method to solve the subproblem defined by
(14)-(17). A set S, of nodes is feasible if Ve s, w;<b. For each feasible set S,,
p=1,..., P, define the incidence vector y” where y? =1 if node i belongs to S,, and
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yf=0 otherwise. The resulting LP relaxation of the (sub)master problem is of the
form

Max ¥ c.zo— ) (zpf)y”, (23)
eckE ip

ZU_Zy;'Dypgoﬂ ZU—ZyJ[)}/pgov (i’j)EEa (24)
7 14

)4

Y ri=1 (25)

p=1

v?20, p=1,...,P. (26)

The (sub)master problem is started with a few columns. When v, v;, and 6 are
the dual variables to (24)—(25), the (sub)subproblem to generate a column that can
enter the basis of the (sub)master problem is of the form

- 9 + MaX z ( Z (VU+ Vji) —ﬂ)xi, (27)
iev \(Li)eE

Y wixi<b, (28)

eV

xe{0, 1}, ieV. (29)

The relative strength of the (sub)master program depends on how much of the
difficulty is in satisfying the knapsack constraint and how much is in the nature of
the costs. For example, where the knapsack constraint is just a cardinality constraint,
that constraint is easy to satisfy and decomposition/column generation may not
be needed. The advantage of this approach is that the columns generated by the
(sub)subproblem may be kept in a bank to be priced out when needed.

4. Computational results

Our attempts to solve real compiler construction problems using the formulation in
Section 1 with branch-and-bound were unsuccessful. However, we were able to solve
these problems using the decomposition and column generation based methodology.
The results we obtained yielded significant improvements over the heuristics used
previously. In all the results presented here, the initial restricted LPMP has columns
corresponding to an identity solution (each node is in a cluster by itself ), and more
columns are generated by solving the subproblem to optimality until LPMP is op-
timized. When the optimal solution to LPMP is fractional, a simple branch-and-
bound methodology is used to determine an integer solution without generating more
columns. This can of course yield a suboptimal solution. In the 12 problems we
solved, only 2 master problems had fractional optimal solutions and in both of them,
the integer solution obtained by branch-and-bound was very close to the LP solution
in objective value.
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Table 1
Graph description

Graph number Connected nodes  Number of edges

1 45 98
2 30 56
3 47 101
4 47 99
S 30 47
6 61 187

The optimal solution to the subproblem can sometimes correspond to nodes that
do not induce a connected graph. In that case, each component of the induced
subgraph is added as a separate column provided that it prices out positively.

All programs are in FORTRAN using IBM’s Optimization Subroutine Library
and the timings reported are on the RS 6000 (Model 540). In all the runs, we first
identify the isolated nodes which are placed in clusters by themselves. This identifica-
tion of isolated nodes is a simple preprocessing step to reduce the size of the problem.
Table 1 describes the sizes of the graphs after this reduction. Tables 2 and 3 summar-
ize the results. In the first set b=1521K and in the second set b =450K.

Table 2

Summary of results (b=512)

Graph number CPU sec Number of LP value IP value
columns

1 935.92 72 3238 3238

2 102.41 36 1748 1748

3 843.53 97 3969 3969

4 2549.52 92 1993 1993

5 95.40 48 1174 1174

6 3962.64 153 23564 23564

Table 3

Summary of results (b=450)

Graph number CPU sec Number of LP value IP value
columns

1 570.42 64 2928 2928

2 53.59 30 1642 1642

3 898.42 92 3574 3569

4 1732.40 67 1837 1837

5 60.46 27 1099 1099

6 3277.17 128 22245 22142
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Next, we discuss our results on subproblem optimization for column genetation,
We mplemented a cutting plane/branch-and-bound procedure for solving the sub-
problems. Adding violated lifted star inequalities in a cutting plane procedure before
using branch-and-bound was effective for solving the subproblems.

We demonstrate the strength of the star inequalities on 12 subproblems that
appeared in the column generation procedure. The problems selected reflect the level
of difficulty of the subproblems at various stages of the column generation procedure,
These subproblems are for the problem corresponding to graph 2. In Table 4 the
problem code lists the right hand side value of the knapsack constraint and the

Table 4

Subproblem results

Problem LP value Lifted star  MIP value % gap

code inequality reduction
450-2 867.28 731.99 728.0 97.1
450-11 361.02 123.58 102.0 91.7
450-16 315.51 100.95 55.0 82.3
450-28 312.45 97.48 10.0 71.0
512-2 1108.28 956.53 887.0 68.6
512-11 555.56 510.69 503.0 85.4
512-21 321.22 122.88 101.0 90.0
512-31 305.62 112.73 254 68.8
512-5 934.60 688.87 640.0 83.4
512-15 354.80 193.65 163.0 84.0
512-25 309.58 112.89 356 71.8
512-35 306.48 110.32 6.6 65.4

column number for which this subproblem is solved. Table 4 also lists the objective
values of the LP relaxation, the value after adding some lifted star inequalities, and
the MIP objective value. The last column lists the percentage reduction of the gap
between the LP objective value and the MIP objective value by addition of lifted star
inequalities.

The separation method in our implementation for a star inequality corresponding
to node i is a greedy algorithm that adds edges (i,j), j,e N (i), with a high fractional
value until a dependent set is obtained. This dependent set is then reduced to a
minimal dependent set and the corresponding star inequality is lifted by using dy-
namic programming. As shown in Section 3.3, the separation problem for the star
inequalities is a knapsack problem. We experimented using dynamic programming
to solve this knapsack problem to determine the initial dependent set. The results
obtained are similar to the case when the greedy algorithm is used.

We also implemented a heuristic separation algorithm and an exact lifting pro-
cedure for tree inequalities (18). The improvement in the results obtained on adding
violated lifted tree inequalities after addition of star inequalities was negligible.

Finally, we implemented the decomposition algorithm described in Section 3.4 for
solving the subproblems; the results were not competitive with those obtained by a
cutting plane/branch-and-bound method.
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4.1. Issues in column generation

There are different stages of column generation in the decomposition scheme and,
for the sake of efficiency, column generation procedures can be tailored to these
different stages.

The initial restricted LPMP can be started with a few columns providing a starting
basis. However, if the corresponding dual solution is very degenerate, several itera-
tions of column generation may be required before any columns that appear in the
optimal solution are added. An alternative is to include more starting columns so
that the dual solution to the LP reflects a later stage of restricted LPMP solution.
This can improve the quality of the additional columns generated, at the expense of
increasing the size of the restricted LPMP that is solved.

Later in the procedure, the columns generated should price out appropriately to
enter the basis to the current restricted LPMP. Note that it is not necessary to
generate the most attractive column (based on its reduced cost). Any column that is
eligible to enter the current basis may be generated to add to the master program.
In fact, several columns may be generated at once before updating the restricted
LPMP solution. One method of generating several columns quickly is to do subset
column generation, that is, partition the nodes into a few subsets, treat the underlying
graphs as defining individual clustering problems, and optimize over these separately.
Any scheme may be used to do this, however, the decomposition scheme may be the
best since this would also provide columns for the overall clustering problem. If the
subsets are small enough, it may be practical to generate all possible columns over
them. Then only attractive ones may be included in the restricted LPMP and others
kept for future use. Efforts to generate these columns individually later may be far
more costly than maintaining a bank of these columns for pricing out. If the subsets
chosen are nonoverlapping, then they will also provide an incumbent integer solution
rather quickly.

The compiler problems did not require implementation of efficient column genera-
tion schemes for different stages of the solution procedure. We feel, however, that
these issues will be critical in the solution procedure for the more difficult max-cut
and mixed-cut clustering problems.

4.2. Distinguished nodes

In certain clustering problems, one or more nodes are specified to be in a given
cluster. Even when such a requirement is not explicitly stated, it is possible to have
several nodes, no two of which can occur together in any cluster because of the
knapsack constraint that limits the sum of the node weights in any cluster. It may
then be advantageous to determine these sets of distinguished nodes because then the
column generation can be done over smaller graphs. We describe a method to identify
such distinguished nodes when the number of clusters to be formed is not fixed.



150 E.L. Johnson et al. / Min-cui clustering

Let the weight of a path p from node i to node j in G be the sum of the weiglits on
all the nodes in the path. We will denote this path weight by W,(7. /). Let Wan(i, j) =
min,{ W,(i,/)}. From the initial graph G(V, E), construct a graph G'(V, E') as
follows. Let (i, j)eE" if and only if W,i,(Z,7) > b. Note that an (i. j)e G’ implies that
there exists an optimal solution in which 7 and j are not in the same cluster. Hence,
there exists an optimal solution such that a clique in G’ represents a set of nodes no
two of which are in the same cluster.

We implemented this idea of distinguished nodes in column generation by solving
a subproblem for each distinguished node. Even though each subproblem was easier
to solve, the time for solving several subproblems instead of one for each iteration
of column generation was substantial. The results obtained using this implementation
did not improve the previous ones.
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