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This paper presents two algorithms for solving sparse nonlinear systems of equations: the CM-
successive column correction algorithm and a modified CM-successive column correction
algorithm. A g-superlinear convergence theorem and an r-convergence order estimate are given
for both algorithms. Some numerical results and the detailed comparisons with some previously
established algorithms show that the new algorithms have some promise of being very effective
in practice.
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1. Introduction

Consider a nonlinear system of equations
F(x)=0, (1.1)

where F: R" - R" is continuously differentiable on an open convex set D < R", and
the Jacobian matrix F'(x) is sparse. To solve the system, the following iteration is
considered:

x'=x*-B'F(x*), k=0,1,..., (1.2)

where B, is an approximation to the Jacobian with the same sparsity structure.
For convenience, we rewrite (1.2) as

X=x—-B 'F(x), (1.3)

where x and X indicate the current iterate and the new iterate respectively, and B
is an approximation to the Jacobian F'(x).

Currently, there are several algorithms to get a sparse approximation to the
Jacobian. In this paper we will discuss three types of algorithms.
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188 G. Li / SCC algorithms for sparse nonlinear equations

(1) The Sparse Broyden algorithm. In 1970 Schubert [ 18] gave a sparse modification
of Broyden’s update. Broyden [2] also gave this algorithm independently. It is called
the SB algorithm. In order to present the SB algorithm, we introduce the following
notation concerning the sparsity pattern of the Jacobian:

Definition 1.1. For j=1,2,..., define the subspace Z;= R" determined by the
sparsity pattern of the jth row of the Jacobian:
Z;={veR":e]v=0 for all i such that [F'(x)];; =0 for all xe R"},

where e; is the ith column of the »n X n identity matrix. Define the set of matrices
Z that preserve the sparsity pattern of the Jacobian:

Z={AeL(R"): A"¢je Z for j=1,2,..., n}.
Definition 1.2. For j=1,2,..., n, define the projection operator, D, L(R"), that
maps R" onto Z;:

[)jEdiag(djl’ dj2s ] djn)5
where

g = {1 ifecZ,
i 0 otherwise.

For a scalar « € R, define the pseudo-inverse:

o =

. {ofl ifa#0
0 if a =0.

Now the SB update can be written as
B=B+73 ([s]/[s]) eel(y— Bs)[s1], (1.4)
j=1
where [s],= D;s, s=X—x and y = F(Xx)— F(x).
Let
Q..={Ae€ L(R"): Au=v, for vectors u,ve R"}.
The following theorem, which we will use later, was proved by Reid [16] and Marwil
[10] independently.
Theorem 1.1. Let Be Z; y, s € R" with s # 0. Define B by (1.4). Then B is the unique
solution to
min{|| B~ B|[r: B¢ Q,.nZ}, (1.5)

where || - || = denotes the Frobenius norm of a matrix.
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The advantage of the SB algorithm is that at each iteration only one function
value is required and it is g-superlinearly convergent (see Marwil [10]). However,
it frequently requires more iterations than finite difference algorithms. Moreover,
the matrix B, generated by the SB algorithm may not be a good approximation to
the Jacobian when the problem is badly nonlinear, especially when the current step
is far away from the solution. Therefore, p, = — B ' F(x") may not be a good descent
direction of the functional f(x)=3||F(x)|’, where | - || denotes the I, vector norm.
In this case, it may be not good to use a line search with Schubert’s algorithm.

(2) Finite difference algorithms. In general, a finite difference algorithm can be
formulated as follows: obtain direction vectors d,, d,, ..., d, such that B can be
determined uniquely by the equations

Bd,=F(x+d,)~F(x), i=1,2,...,p.

In this paper, we assume that it is not convenient to evaluate the function values
element by element, instead we only evaluate the value of F(x) as a single entity.
This is reasonable since in practice it is very common that the components of F(x)
have expensive common sub-expressions. In this case, to reduce the number of
function evaluations, Curtis, Powell and Reid [5] proposed a finite difference
algorithm, called the CPR algorithm, which is based on a partition of the columns
of the Jacobian. Coleman and Moré [4] associate the partition problem with a graph
coloring problem and gave some partitioning algorithms which can make the number
of the function evaluations optimal or nearly optimal.

Following Coleman and Moré, we give some definitions concerning a partition
of the columns of the Jacobian.

Definition 1.3. A partition of the columns of a matrix B is a division of the columns
into groups ¢;, ¢,, ..., ¢, such that each column belongs to one and only one group.

Definition 1.4. A partition of the columns of a matrix B is consistent with the direct
determination of B if whenever b; is a nonzero element of B, then the group
containing column j has no other column with a nonzero element in row i.

As an example we consider the tridiagonal structure

(1.6)

S o oo X X
S © © X X X
S © X X X ©
o X X X © O
X X X o o<
X X oo © O

A consistent partition of the columns of the matrix is ¢, ={1,4}, ¢,={2,5}, and
c3 = {35 6}
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The CPR algorithm now can be formulated as follows: for a given consistent
partition of the columns of the Jacobian, obtain vectors d,, d,, ..., d, such that B
is determined uniquely by the equations

Bd,=F(x+d)-F(x)=y, i=12,...,p (1.7)

Notice that for the CPR algorithm, the number of function evaluations at each
iteration is p + 1. Since the partition of the columns of the Jacobian plays an important
role in the CPR algorithm, we call the CPR algorithm based on Coleman and Moré’s
algorithms the CPR-CM algorithm.

For the consistent partition given in example (1.6), if we take

dl = (ha 09 09 h) 0’ O)Ta
d2 = (Oa hs 09 09 ha O)Ta
d3 = (03 O) hs Oa 0) h)T’

then B is determined uniquely and the number of function evaluations required at
each iteration is four.

The advantage of the CPR algorithm is that it usually generates better approxima-
tion matrices and therefore requires fewer iterations than the SB algorithm. However,
it requires more function values at each iteration than the SB algorithm.

(3) The successive column correction algorithms. Polak [14] gave a successive
column correction algorithm for unconstrained minimization. Feng and Li [§]
developed a successive column correction algorithm for nonlinear system of
equations, which is called the column-update quasi-Newton method. Using this
algorithm, columns of B, are displaced by differences successively and periodically.
At each iteration, only two function values are required, but only one column is
displaced.

In this paper, we propose two algorithms: the CM-successive column correction
algorithm and the modified CM-successive column correction algorithm. The former
is based on Coleman and Moré’s algorithm and the column-update algorithm. The
latter is a combination of the CM-successive column correction algorithm and the
SB algorithm. Both algorithms require only two function values at each iterative
step. Our numerical results show that the CM-successive column correction
algorithms, especially the modified one, are competitive with the CPR algorithm
and the SB algorithm.

The CM-successive column correction algorithm is given in Section 2.
A Kantorovich-type analysis for this algorithm is given in Section 3. A g-superlinear
convergence result and an r-convergence order estimate of the CM-successive
column correction algorithm are given in Section 4. The modified CM-successive
column correction algorithm is given in Section 5. Some numerical results and some
detailed comparisons of the new algorithms with the CPR and the SB algorithms
for the test problems are given in Section 6.
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In this paper, | * [ denotes the Frobenius norm of a matrix, and | - || denotes
the L-vector norm. For a sparse matrix B, we use M to denote the set of pairs of
indices (7, j), where b; is a structurally nonzero element of B, i.e.

M ={(i,j): b, # O}

Moreover, we use S(y, 8) to denote the set {xe R": |[x—y|| <8, ye R"} and use
S(y, 8) to denote the closure of S(y, 8).

2. The CM-successive column correction algorithm and its properties

Given a consistent partition of the columns of the Jacobian, which divides the set
{1,2,..., n} into p subsets ¢;, ¢5,..., ¢, let
k k
dt= Z h'e;, (2.1)
Jec,

where
i,=k(modp), k=1,2,...,
and let
y* = F(x*+d*) - F(x"). (2.2)

The CM-successive column correction algorithm can be formulated as follows: If
k=< p, then for j € ¢, the jth column of B, is determined uniquely by the equation

B d* = y* (2.3)

and the other columns of B, are equal to the corresponding columns of B,_;. If
k> p, the columns of B, are displaced as described above successively and periodi-
cally. In other words, for jec,, the jth column of B, is determined uniquely by
(2.3), and the other columns of B, are equal to the corresponding columns of B, _,.

For example (1.6), at the first iteration we displace the first group ¢, = {1, 4}. At
the second iteration we displace the second group ¢, ={2, 4}. At the third iteration
we displace the third group ¢;={3,6}, and then we displace the three groups
successively and periodically.

Note that one does not have to choose a uniform step length h* for all components
of x* In practice, it is preferred to choose different step length for different
component of x* as we do in the numerical examples. In fact, uniform step lengths
will not affect our theoretical results. However, for simplicity, we assume a uniform
step length for each step.

The CM-successive column correction algorithm with a global strategy is given
below.

Algorithm 2.1. Given a consistent partition of the columns of the Jacobian, which
divides the set {1,2,...,n} into p subsets ¢,, ¢3,..., ¢, (for convenience, ¢, i=
1,2,..., p, indicates both the sets of the columns and the sets of the indices of these
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columns), and given an x°e R" and a nonsingular matrix B,, which has the same
sparsity as the Jacobian, at the initial step:

(1) Set I=0.

(2) Solve Bys’=—F(x°).

(3) Choose x' by x' =x"+5s° or by a global strategy.
At each iteration k>0,

(1) Choose a scalar h*.

(2) If I <p, then set [ =1+1, otherwise set /=1.

(3) Set

d*=Y he,.

Jjee

(4) If je ¢ and (i, j) € M, then set

b§=% el (F(x*+d")—F(x")), (24)

otherwise set
k k—1
by=1b; ",

where B, = [bfj—].

(5) Solve Bus*=—F(x*).

(6) Choose x*™" by x*"'=x"+5s* or by a global strategy.

(7) Check for convergence.

The global strategy mentioned in (3) and (6) is for the global convergence of this
algorithm. One may use a line search strategy or a trust region strategy. We used a
line search strategy for our numerical examples.

Let

1
szj F'(x*+td*) dt. (2.5)
0

Then
Jd* =y~ (2.6)
Let J, =[J},]. Since J; has the same sparsity as the Jacobian, by (2.6), we have that
if (I, m)e M, then
T .k

€y
h* >

Jk = (2.7)

where m € ¢, . Comparing (2.7) with (2.4), we have
Bie; = Je;,

forjeg,.
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The CM-successive column correction algorithm is also an update algorithm, and
the update can be written as:

B, =Bk_1(I— 3 ejejT) + ¥ Jeee]. (2.8)
jec, jee,

From (2.8), it is easy to get the following result:

Lemma 2.2. Let B,, k=1,2,..., be generated by Algorithm 2.1. If k= p, then

K
Bi= % > -’jetelT~ (2.9)

j=k-p+1 lec[i

To study the properties of our algorithms, sometimes we assume that F' satisfies
the following Lipschitz condition: there exist @; >0, i=1,2,..., n such that

[(F'(x)—F'(y)el<alx—yl, xyeD. (2.10)
Let a = (Y, a?)'/?. Then, it follows from (2.10) that

IF'(x) = FDlle<elx—yl, x,yeD. (2.11)

Theorem 2.3. Let F' satisfy Lipschitz condition (2.10). Also let {x"'}j’f:oc D and let
{B;}*_, be generated by Algorithm 2.1 with

2
|hk|<*\/_5“xk—xkﬂ||-
If {x’+d’}\., < D, then for k=p,

k
IBi—F'(x")r=a ¥ |x'=x""|. (2.12)

j=k-p+1

Proof. By (2.5), (2.1) and Lipschitz condition {2.10),

||(F’(x"“)—],,,)ej||=“<J (F’(x'"+td'")-—F’(x'"))dt>ej
1 N e
<a [ amirac=2yany

L k"

jec;
J l"’

]
2

sg—’\/ﬁlhm\saj||xm—x’"*‘|1, (2.13)



194 G. Li / SCC algorithms for sparse nonlinear equations

where k—p+1<m=<k. It follows from (2.9) and (2.13) that

2

IF' ()= Ble= X

m=k—p+1

T (F'(x)~Boee]
jea, F

k

Y X MFGH-T)el

m=k—p+1 jecim

I

Y X (FG)=-F(x™)el

=
mzk/p+ljec,-m
FHIF (™) = Ta)e )
k
<= X ¥ ai(fxt=x"Hxm=xm )
m:k~p+1j5qm
. 2 . ! -1 :
= 3oz T
m=k~p+1jecim I=k—p+1

=a’ f: [x"—x" 2. (2.14)
( )

I=k—p+1

Then, (2.12) follows from (2.14). [

To start iteration (1.2) for a given x°e D, an initial matrix B, is needed. We
suggest using the CPR-CM algorithm to get B, since it is easy to be implemented
after we have a consistent partition of the columns of the Jacobian.

3. A Kantorovich-type analysis

By means of Theorem 2.3, we have the following Kantorovich-type analysis for the
CM-successive column correction algorithm.

Theorem 3.1. Assume that F'(x) satisfies Lipschitz condition (2.10). Let x°¢ D, and
let By be a nonsingular n X n matrix such that
IBo—F'(x°) <8, [Bo'lr<B, [IBs'F(x°)]=<m,

- %Bn
(1-3B8)°

=

5 (3.1)
and
B8 <3,

where a, B and v are positive scalars. If S(x°, 2t*) = D, where

o =123B% e, (32)
3ap
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then {x*}, generated by the CM-successive column correction algorithm with [h*|<
(1/v/m)||x* = x*"'|| and without any global strategy, converges to x*, which is the
unique root of F(x) in S(x°, T) n D, where

1/2
z‘=1~38(1+<1——2ﬁﬁi5> )
af (1-B88)

Proof. Consider the scalar iteration

tk+l_tk=Bf(tk): 10:0, k:O, 1,2,..., (33)
where
f(t)zéatz—(l—gﬁa)wg. (3.4)

It follows from (3.3) that

Ste—y) =é (= t—y).

Thus, by Taylor expansion,
St =f () +f (G ) (e = 1) F 2 (6 ) (e — 1)’

=3|:%/(tk—th1)+atk41+a6](tk‘tk_l). (35)

Substituting (3.5) into (3.3), we have

-
a
e —h=3p 2 (t— tk—l)+atk—l+8j|(tk —t), k=1,2,.... (3.6)

Equation (3.6) can be rewritten as

L — k=3P Lg(tk+tk~l)+8](tk_tk—l)- (3.7)

Noticing that t,=0 and t,=7%>0, by induction, we have that {#} is a strictly
increasing sequence. Since t* is the smallest root of f(1),

=t = 5t~ Bf(4)
:ﬁ{[f(t*) —f(t) = f () (" = )]+ [f’(&)’*é](fk_ tk)}

=Bla(t* — 1) +3at +38H1t* - 1)
= Blaa (" + 1) +38}(r* ~ 1,).
Therefore, noticing that t,=0 and t*>0, by induction, we obtain

te<t* k=0,1,....
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Hence, there exists a 7= ¢* such that

k—>oo

By (3.3), f(f) =0. Since t* is the smallest root of f, we have that 7= ¢*, i.e. we have

lim t, = t*.
k-»oc0o

Now, by induction, we will prove that

[x ' —x | <ty —t, k=1,2,..., (3.8)

{x*}= 8(x°% %), k=1,2,..., (3.9)

{x*+d*}= 8§(x° 2t%), (3.10)
and

|B:'=<38, k=1,2,.... (3.11)

For k=0, we have
[x' =X <n=t—~t,=<t*
Thus,
x"+d' = x| < |x"~ x|+ d" | =2fx"—x°|| = 2r*.

Suppose (3.8)-(3.11) hold for k=0,1,..., m—1. Then
m—1 X . m—1
llxm—XO((< b3 “x,+1_x,“$ Y (L= t)=t, = 1%
i=0 i=0

Therefore, x™ € §(x°, t*). Furthermore,
a7 = [ =
<2, — 1y) =21, < 2%,

which implies

{x™+d™ <= S(x°, 21%).
From the proof of Theorem 2.3, it can be seen that for all k,
k n .
|Be — F'(x")|r<|Bo— F'(xp+a ¥ ¥ —x"7". (3.12)
j=0
Therefore,

I1Bo (B = Bo)ll < | By | e (|| B = F'(x™) || + | F'(x™) = F'(x°) ||
+||F'(x") = Bo|| ")

S,B(Za '"gol |]x"“—x"“+zs>

=2B(at,, +8)<2B(at*+ ). (3.13)
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By (3.2},
at®+ 5 s—l—.
3B

Hence, by‘(3.13),
B3 (B — Bo)[| <3.
Thus, by Ortega and Rheinboldt’s Perturbation Lemma [13, p. 45],

- B
1B =175=38.
3

Since
F(x™ )+ B,_(x" —x""1) =0,
by (3.12), (3.6) and Lemma 4.1.12 in [7],
x™ " =x" | < ||B | e[l FG™)
=B e | F(x™) = F(x™ ") ~ By (x™ —x™ )|
< | B AIF(x™) = F(x™ ) = F'(x™ ) {(x" =x" ]

HIF G = Bl =)

@ m m— me? i i m m—
e R G AT N LR ] [ IR

= 33 l:izx (tm - lm¥1) + oty + 5](tm - tmfl) = tpt1 ™ tm-
This completes the induction step. By (3.8), it is easy to show that there is an x*e D
such that

lim x* = x*,

k~>co

The uniqueness of x* in S(x°, 7) » D can be obtained from Ortega and Rheinboldt’s
Theorem 12.5.5 [13, p. 418] by setting G(x)=x—B,'F(x). O

4. Local convergence properties

To study the local convergence of our algorithms, we assume that F: D< R" > R"
has the following property:

There is an x* € D, such that F(x*)=0 and F'(x*) is nonsingular.  (4.1)
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Theorem 4.1, Let F: D < R" » R" satisfy (4.1), and let F' satisfy Lipschitz condition

(2.10). Also let {x*} be generated by Algorithm 2.1 with |h*|<1/Vn|x*—x*"!|| and

without any global strategy. Then, there exist, €, 6 > 0 such that if x° € D and B, satisfy
x°—x*|| <e, |Bo— F'(x*)|| < 6,

then {x*} is well defined and converges q-superlinearly to x*.

Proof. Notice that when £ and & are small enough, we have that h <%, 6 <4 and
that $(x° 2t*)< D where h, B8 and t* are defined in Theorem 3.1. Therefore, by

Theorem 3.1,
x*+d*eD, k=0,1,....
By (2.8),
Bk—F'(x*)=(Bk_1—F’(x*))<I— ¥ eje,T)Jr Y, (= F'(x")ee/. (42)

jea, jeci,

Thus,

1T — F'(x®) = J (F'(x*+1td*)— F'(x*)) dt

F
< a([lx* —x*|+3] ")
= a(lx* —x*| +[lx* = x*")
< a2 x = xF| 4| x* T = x*|). (4.3)
Let o(x*7", x*) = max{||x* — x*|, || x*~* = x*||}. Then it follows from (4.2) and (4.3)
that
| Bk = F'(x*)| p < || Beey = F'(x*)|| ¢ + | i = F'(x™) || ¢
=B = F'(x")||p+ 30 (x* ", x“).
Thus, by Broyden, Dennis and Moré’s Theorem 3.2 [3, p. 228], we know that {x*}
converges at least g-linearly to x*.

According to Dennis and Moré’s Theorem 2.2 [6, p. 551], to get g-superlinear
convergence, we need only to prove that

o B P —x)

0. 4.4
oo ]|xk+1—ka ( )

From (2.12), it follows that
lim || B, ~ F'(x*)[| =0. (4.5)

This implies (4.4). [

Theorem 4.2. Assume that F satisfies the hypotheses in Theorem 4.1. Then the r-
convergence order of Algorithm 2.1 is not less than 1, where 7 is the unique positive
root of

P =P —1=0.



G. Li / SCC algorithms for sparse nonlinear equations 199

Proof. Notice that (4.5) implies that there exist k, and 8 >0 such that ||B;'||<8
for all k= k,. Thus, by Theorem 2.3 and Lemma 4.1.12 in [7],

It = = llx" = x* = B F ()|
= || B{F(x") = Bu(x" = x*)}|
< | B r{Il F(x*) = F(x*) ~ F/(x*)(x" - x*)]|
+(|F'*) = () e + | F'(x*) = Bl o) " — x*|)}

SB{%aHx"—X*HZ

+(a|\xk—X*ll+a_ Z “xjﬂ_xj“)“xk_x*“}

j=k—p

k—1
e R e
Jj=k—p

k
<tap( 3 I -x I -
j=k—p
Thus, the desired result follows from Ortega and Rheinboldt’s Theorem 9.2.9
[13,p.291]. O

5. The modified CM-successive column correction algorithm

Estimate (2.12) shows that when p is small, B, is a good approximation to F'(x*).
However, B, still retains information from the previous p steps. Therefore, the
following question is reasonable: Can we have a better approximation to F'(x*)
without more function evaluations? Notice that when we get B, by Algorithm 2.1,
we did not use the value of F(x*). The main idea of the modified CM-successive
column correction algorithm stated below is to use all the information we already
have to improve our approximation to F'(x*).

Algorithm 5.1. Given a consistent partition of the columns of the Jacobian, a vector
x° and a nonsingular matrix B, with the same sparsity as the Jacobian, at the initial
step:

(1) Set I=0 and B,= B,.

(2) Solve Bys®=—F(x").

(3) Choose x' by x'=x"+5s° or by a global strategy.
At each iteration k> 0:

(1) Update B,_, by Algorithm 2.1 to get B,.

(2) Update B, by the SB update to get B;.

(3) Solve Bys* =~F(x*).

(4) Choose x*"! by x**'=x*+s* or by a global strategy.

(5) Check for convergence.
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Our numerical results show that Algorithm 5.1 requires fewer iterations than
Algorithm 2.1 for many problems. Especially, when the problem is not well behaved,
and a global strategy is used, the modified algorithm behaves significantly better
than Algorithm 2.1. The cost of the improvement is the computation of the SB
update. However, since the Jacobian is sparse, the SB update is relatively cheap.
For example, if the number of nonzeros in the matrix is O(n), then only O(n)
operations are required. We feel that it is worth doing this rather than computing
more function values and solving more linear systems.
Now we will briefly discuss the convergence properties of Algorithm 5.1. Let

J. =Jl F(x* "+ #(x* —x*1)) dt. (5.1)

Since J, performs exactly the same as the secant factor

VICREVICAN

K xk
in one dimensional problems, we call J, the secant operator. It is easy to show the

following result.

Lemma 5.1. If F' satisfies Lipschitz condition (2.10), then
T 0ok Qo ko k-1
[ — F'(x )]]FSEHx —-x" Y. (5.2)

Estimate (5.2) shows that J, is a good approximation to F'(x*) when |x*—x*7"|| is
small.

Theorem 5.2. Let F' satisfy Lipschitz condition (2.10). If {B,} and {B,} are generated
by Algorithm 5.1, then

I B~ Jic|l e < || Be = I - (5.3)
If, in addition, B, # By, then the strict inequality holds.

Proof. Since J, € Q,s " Z, where Z is defined in Definition 1.1, by Theorem 1.1, we
have

I Be = Tl + | B = Bel| 7= | B — Ji| - (5.4)
Then, (5.3) follows from (5.4). O
Notice that in general, B, # By. Therefore, by Theorem 5.2, By is usually closer

to the secant operator J, than B,. Thus, B, should be a better approximation to
the Jacobian than B, when B, retains some information from previous steps. But
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theoretically, we have not been able to get a better estimate for || B, — F'(x*)|| than
that for || B, — F'(x")|| .. However, we can get the following result:

Theorem 5.3. Let F:R" - R" satisfy Lipschitz condition (2.10). Also let {B,} and
{x*} be generated by Algorithm 5.1. Then,

|B~F' (x")|r<2a¢ ¥ |x'=x7"|. (5.5)

j=k—p+1

Proof. By (5.3),
1B — F'(x*) r < | B = Till e + | T = F/(x) ||
<||Be~Jillr+ [T = F'(x) |
<[ B = F'(x")| r+2J = F (") || .
Then, from (2.12) and (5.2), we obtain (5.5). [

From estimate (5.5), it is easy to prove that Algorithm 5.1 has at least the same
local convergence properties as Algorithm 2.1.

6. Numerical results

To see how the new algorithms work in practice, we computed six examples by the
CPR algorithm, the SB algorithm, Algorithm 2.1, and Algorithm 5.1. In this section,
we compare the numerical results from these four algorithms. The global strategy
we used in computing the examples is the line search with backtracking strategy
(see Dennis and Schnabel [7, p. 126]). For the CPR algorithm, if p* =~ B, ' F(x")
is not a descent direction, then we try —p*. If it is not a descent direction either,
then the algorithm fails. For the other algorithms, if p* is not a descent direction,
i.e. if the line search fails, then we try —p,. If it is not a descent direction either,
then we try the CPR direction. For the CPR algorithm, Algorithm 2.1 and Algorithm
5.1, at step k, we use different hf for each component of x* instead of one uniform
h*. According to Dennis and Schnabel [7, p. 98], we choose

k k
hi =+macheps x.
where macheps is the machine precision. The stopping test we used is

k+1__

i —xi

max =
= maxflx T wp ok
where typ X; is a typical value of x; given by users. We used double precision, and
the machine precision is 2.22d —16, with typ x;=10"* and ¢=10"". The merit
function we used is 3| F(x)||3. For all the four algorithms, the initial matrix B, is
generated by the CPR algorithm.
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Example 6.1 is the Extended Rosenbrock Function given by Spedicato [19] (also
see Moré, Garbow and Hillstrom [12]). Examples 6.2, 6.3 and 6.4 were given by
the author in a previous paper [9], and they can also be seen to be the extensions
of the Rosenbrock [17] function (also see [12]) to nonlinear systems of equations
with tridiagonal, five-diagonal and seven-diagonal structures. Example 6.5 was given
by Broyden [1] (aiso see [12]). Example 6.6 was given by Moré and Cosnard [11]
(also see [12]).

The results are shown in the tables below, where IT is the number of iterations,
FM is the number of function ( F(x)) evaluations used for forming the matrices By
and checking stopping. FL is the number of function (F(x)) evaluations used in
line searches. LN is the number of line searches in which the step length A <1. ND
is the number of nondecrease directions. x is the initial guess. In the examples, p
is the number of groups for an optimal partition of the columns of the Jacobian.

Example 6.1 (Extended Rosenbrock Function)
fz_;’~1(x) = 10(x2j _x?-l);

: n
.ij(x):l—'XZj—l: ]:19"'355

n =20,
p=2,
x1=(-12,1,...,-1.2,1)", x2=(=5,-5,...,-5)"

Table 6.1
Algorithms x®=x1 x®=x2

IT FM FL LN ND 1T FM FL LN ND
CPR 15 46 12 12 0 17 52 13 13 0
SB 22 25 27 17 0 40 43 124 36 6
Alg. 2.1 17 36 14 17 0 25 52 36 21 1
Alg. 5.1 18 38 16 13 0 17 36 15 12 0

Example 6.2 (tridiagonal)
Si(x)=4(x, —x3),
fi(x)=8x;(xi—x;_,) —2(1—x;)+4(x;—x7,,), j=2,...,n—1,
Ja(x) =8, (x5 — X, 1) —2(1 = x,,),
n =736,
p=3,
x1=(-2,-2,...,-2)7, x2=(12,12,...,12)".
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Table 6.2
Algorithms x’=x1 x°=2x2

IT FM FL LN ND IT FM FL LN ND
CPR 16 65 7 7 0 41 165 28 28 0
SB 40 47 51 16 5 306 313 918 229 33
Alg. 2.1 28 59 27 14 0 55 113 130 35
Alg. 51 22 47 8 8 0 50 103 54 30 1

Example 6.3 (five-diagonal)

Si(x) =4(x, = x3) +x,— x3,

Fo(x) =8x2(x3—x;) —2(1 — x,) + 4(x, — x3) + x5 — x5,

£(x) =8x,(x] —x;_,) —2(1 = x;) +4(x; — x7,,)
XX X~ X, j=3,...,0-2,

Froa(x) = 8%, (X = Xp2) = 21~ X)) F 40X = X7) F X5~ X3,

[r(x) =8x, (x5 —x,21) —2(1 = x,) + x5 = X, 2,

n =736,

p=5,

x1=(=2,-2,...,-2)", x2=(-3,-3,...,-3)".

Table 6.3
Algorithms x®=x1 x=x2

1T FM FL LN ND IT M FL LN ND
CPR 32 193 35 24 0 16 97 7 7 0
SB 66 78 85 32 8 81 92 108 39 8
Alg. 2.1 90 185 541 71 26 33 71 17 13 0
Alg. 5.1 28 61 27 14 1 20 45 5 4 0

Example 6.4 (seven-diagonal)
Fi(x) =4(x,— x3) + x>, — X3+ X3 — X3,
Fi(x)=8x,(x}—x;_;) —2(1—x,) +4(x; —x74,) + X7 1= Xjon
+x0 —x_,?+2+xf;2—xj_3+xj+2—xﬁ3, j=2,...,n—-1,
Fal%) =8, (x5~ %, 1) —2(1=x,) + X% 1 =X, 0+ X0 5= Xas,
n =36,
r=T,
x1=(=2,-2,...,-2)T, x2=(-3,-3,...,-3)".
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Table 6.4
Algorithms x®=x1 x0=x2

IT FM FL LN ND IT FM FL LN ND
CPR 19 153 10 10 0 18 145 8 8 0
SB 43 59 28 15 3 77 93 146 34 16
Alg. 2.1 34 75 46 18 2 fail
Alg. 5.1 23 53 15 7 1 27 61 22 12 1

Example 6.5 (Broyden Tridiagonal Function)
[i(x)=03-2x)x; —x;i_y —2x;1, 1,
Xo= X 41=0,
n =736,
p=3,
x1=(-1,-1,...,-1)7, x2=(-16,-16,...,-16)".

Table 6.5
Algorithms x°=x1 xP=x2

IT FM FL LN ND T FM FL LN ND
CPR 5 21 0 0 0 9 37 0 0 0
SB 7 11 0 0 0 33 37 4 4 0
Alg. 2.1 6 15 0 0 0 13 29 0 0 0
Alg. 5.1 6 15 0 0 0 11 25 0 0 0

Example 6.6 (Discrete Boundary Value Function)

h2
Silx)=2x—x;_, ‘xi+1+7 (x+4+ 1)3

1
n+1’
n =36,
xt=(n)", m=6(t;-1), x2=(50,50,...,50)7,

From the numerical results it can be seen that the number of function evaluations
required by Algorithm 5.1 is always less (sometimes much less) than that required
by the CPR algorithm, and in at least eight cases (Example 6.1, x°= x2, Example
6.2, 6.3, 6.4, Example 6.5, x° = x2 and Example 6.6, x’= x2) it is even less than that
required by the SB algorithm.

On the other hand, the number of iterations required by Algorithm 5.1 is usually
greater than that required by the CPR algorithm. However, the difference is usually

;= lha Xo= Xpt1 = 09
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Table 6.6
Algorithms x®=x1 x°=x2

IT FM FL LN ND 1T FM FL LN ND
CPR 3 13 0 0 0 12 49 0 0 0
Schubert 4 8 0 0 0 30 34 3 3 0
Alg. 2.1 4 11 0 0 0 19 41 0 0 0
Alg. 5.1 4 11 0 0 0 16 35 0 0 0

not significant. Meanwhile, the number of iterations required by Algorithm 5.1 is
less than that required by the SB algorithm in eleven of the twelve cases, and when
the problem is badly nonlinear and (or) the starting point is far away from the
solution, for example, in the eight cases mentioned above, the difference is significant.
Therefore, in this case Algorithm 5.1 may be very effective.

Moreover, it is interesting to note that the CPR algorithm never takes nondecrease
directions for the test problems. Algorithm 5.1 sometimes takes some nondecrease
directions. However, the number of the nondecrease directions for Algorithm 5.1
is usually much less than that for the SB algorithm. Algorithm 2.1 takes more
nondecrease directions than Algorithm 5.1, but the number of nondecrease directions
is usually less than that for the SB algorithm.

Furthermore, the CPR algorithm takes the fewest line search steps for the test
problems. Algorithm 5.1 sometimes takes more line search steps than the CPR
algorithm, but the difference is usually not significant. The SB algorithm takes a lot
more line search steps than the CPR algorithm and Algorithm 5.1 in the eight cases
mentioned above. Algorithm 2.1 usually takes fewer line search steps than the SB
algorithm.

Also, note that in the eight cases mentioned above, Algorithm 5.1 performs much
better than Algorithm 2.1, and for Example 6.5, x’= x1, and Example 6.6, x’ = x1
they perform exactly the same. Therefore, it seems that Algorithm 5.1 can really
improve Algorithm 2.1 when the problem is badly nonlinear or the starting point
is far away from the solution, and when the problem has a good behavior and
starting point is close to the solution, these two algorithms perform almost the same.

Finally, from the results of Example 6.1 it can be seen that when p, the number
of groups in the partition of the columns of the Jacobian, is small, Algorithm 2.1
may have a very good efficiency. When p increases (Examples 6.3 and 6.4), its
efficiency may decrease. In this case, Algorithm 5.1 may have a better efficiency.

7. Concluding remarks

We have presented two algorithms for solving sparse nonlinear systems of
equations. The CM-successive column correction algorithm (Algorithm 2.1) is based
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on Coleman and Moré’s partitioning algorithm and the column-update algorithm.
This algorithm uses only two function values at each iterative step, and it is
g-superlinearly convergent. Using this algorithm, one group of the columns of B,
is displaced at each step. Note that it is not necessary to update just one group at
each iterative step. Instead, we can displace several groups at each iteration, and
this gives the algorithm a faster convergence rate. However, if one more group is
displaced, then one more function value is required. Therefore, the efficiency of the
algorithm depends on the number of the groups displaced at each iterative step.

The modified CM-successive column correction algorithm (Algorithm 5.1) is a
combination of the CM-successive column correction algorithm and the SB
algorithm. It is also g-superlinearly convergent. Our numerical results indicate that
the modified successive column correction algorithm behaves much better than the
CM-successive column correction algorithm in some cases. However, we have not
been able to prove better theoretical convergence results for the modified CM-
successive column correction algorithm than those for the unmodified one. Addi-
tional numerical results indicate that these two new algorithms, especially the
modified one, are competitive with the CPR-CM algorithm and the SB algorithm.

The idea of the CM-successive column correction algorithms can also be used
with Powell and Toint’s [15] work, which will lead to methods for unconstrained
optimization problems. This will be our future work.
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