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Abstract

New second order optimality conditions for mathematical programming problems and for the
minimization of composite functions are presented. They are derived from a general second order
Fermat’s rule for the minimization of a function over an arbitrary subset of a Banach space. The
necessary conditions are more accurate than the recent results of Kawasaki (1988) and Cominetti
(1989); but, more importantly, in the finite dimensional case they are twinned with sufficient con-
ditions which differ by the replacement of an inequality by a strict inequality. We point out the
equivalence of the mathematical programming problem with the problem of minimizing a composite
function. Our conditions are especially important when one deals with functional constraints. When
the cone defining the constraints is polyhedral we recover the classical conditions of Ben-Tal-Zowe
(1982) and Cominetti (1990).

Keywords: Composite functions; Compound derivatives; Compound tangent sets; Fermat rule; Mathematical
programming; Multipliers; Optimality conditions; Second order conditions

The art of mathematical programming is intimately tied with the question of optimality
conditions. Since most algorithms yield critical points (or Kuhn-Tucker points) rather than
local minimizers, the exact meaning of the optimality conditions which describe such points
is crucial, even for numerical needs. From the theoretical point of view it is largely recog-
nized that the successive enlargements of mathematical programming (from equality con-
straints to equality and inequality constraints [13,14], from a finite number of such
constraints [ 1,2,7-9,16,20,42—43,451, to constraints defined by a cone or an inclusion [3-
6,10-12,17-25,28-38,44,46] ) have lead not only to a better understanding of the optimality
conditions but also to a much wider field of applications. In particular semi-infinite pro-
gramming, calcul of variations with constraints, optimal control with distributed parameters
are amenable to the framework that we choose ([28-30,44] for instance). The problem we
treat is of the form:
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(A) minimize j(x) subjecttox€BNk~'(C),

where j: X — R, k: X — Z are twice differentiable at some point ¢ of F:=BNk ~!(C), B and
C being closed convex subsets of the Banach spaces X and Z respectively.

Our necessary conditions involve multipliers depending not only on first order tangent
directions as in [4] for instance, but also on second order tangent like vectors. They refine
conditions given recently by Kawasaki [21] and Cominetti [ 10,11] in this sense that they
are more exacting: the new ‘‘strange’’ term we introduce is greater than theirs. More
importantly, to these necessary conditions can be associated sufficient conditions (in the
finite dimensional case) which differ only by the replacement of an inequality by a strict
inequality.

Such a desirable feature justifies the introduction of a new geometrical concept of tangent
set of order two which is taylored to fit the data, We call it the compound tangent set of
order two. The introduction of this set has been motivated by some expressions in the work
[19] of A.D. Ioffe which show the way to find adapted tools. It is clear that a close study
of this set has to be done in each particular application. Let us observe that such a notion
has analytical counterparts and is also needed for the study of composite functions of the
form f= g < h with h twice differentiable and g convex lower semicontinuous (l.s.c.) (but
not necessarily finite).

There is no great surprise in this fact since we show that the problem (.#) and the
problem

(%) minimize f=goh,

with g and k as above, are equivalent problems provided suitable rewritings are performed.
Moreover the necessary conditions on one hand and the sufficient conditions on the other
hand for each of these two problems correspond exactly under these rewritings. This last
fact is not a consequence of the previous equivalence since even in finite dimensions a gap
remains between necessary conditions and sufficient conditions: as usual an inequality has
to be replaced by a strict inequality. Thus none of the two approaches is superior to the
other one and one has the following diagram showing the implications between necessary
conditions and sufficient conditions for problems (.#) and (%):

CS(#) = CS(%)

) !
solution of (.#) <« solution of (%)
l l

CN(#) < CN(%®)
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It seems that up to now the equivalence between problems (.#) and (%) was not clearly
recognized, although the reduction procedure of [ 18] and exact penalization {16] are well-
known links between the two problems (but require qualification conditions and involve
quite different tools). Our use of indicator functions is crucial in this matter and justifies
our attention to functions g taking the value + 0. This application to problem (%) is treated
in Section 4.

The first section deals with an abstract Fermat’s rule for a general minimization problem
with constraints. Here too the striking new feature is the sufficient condition and its strong
analogy with the necessary condition. The second section is devoted to our geometrical
tool, the compound tangent set and to its analytical counterpart. We believe that these
notions have their own interests and can be used in other fields such as sensitivity analysis
and optimal control theory.

The main results are given in Section 3 under a familiar constraint qualification condition
(see [6,22,27,34,35,40,46]) extending the famous Mangasarian—Fromovitz constraint
qualification condition (see [16] for instance) to the infinite dimensional framework of
(A).

Applications to semi-infinite programming and sensitivity analysis will be given else-
where.

1. Second order Fermat’s rule

Let us first consider the problem
(%) minimize f(x): x€F

of minimizing a function over an arbitrary feasible subset F of a normed vector space
(n.v.s.) X. In fact here X could be an arbitrary topological vector space. We suppose f is
twice differentiable at some point a € F in the following broad sense: there exist a continuous
linear map f "(a) : X — R and a continuous bilinear map f ”(a) : X X X — R such that

r(x) =fla+x) —f(a) —f '"(a)x—if "(a)xx

satisfies lim, ) _, (o)t ~2r(tu) =0 for each v € X.
The (superior) tangent cone to F at a € F (or contingent cone) is the set

F'(a)=lim sup t " '(F—a) .

t—>04+

The (superior) second order tangent set to F at a € F in the direction v € X is the set

F”"(a, v)=lim sup 2t "*(F—a—t) .

t—04

Thus F'(a) =F"(a, 0) and F"(a, v) is the set of limits of sequences (w,) such that for
some sequence (t,) of P := (0, ) with limit O one has foreach neN a+t,v+ 12w, €E
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These sets are usually larger than the inferior tangent sets (or incident sets)

Ti(F, a) =lim inf t "' (F —a)

>0+
and

T%(F, a, v) =lim inf 2t ">(F—a—tv)

t— 0+

respectively. When F is convex F’(a) =T'(F, a) is convex but F”(a, v) may be strictly
larger than T¥(F, a, v). This fact happens frequently with subsets of functional spaces. But
it already appears in two dimensional situations as the following example shows. On the
other hand it must be added, because it is important for a comparison with the work of R.
Cominetti [11], that the computation of F”(a, v) is often more difficult than the compu-
tation of TU(F, a, v) (see [21] for instance).

1.1 Example. Let (r,) be a sequence of [P:= (0, +) such that for some c<€ (0, 1),
rov1<cr,foreachnand let F={(x;,x,) ER%:VREN, x,2 (r,+ Fpi1) %, — Futns+1}). Then
one can check that for a= (0, 0), v=(1, 0), w= (0, 2) onec has vEF'(a), wEF"(a, v)
but we TH(F, a, v).

1.2 Theorem. Suppose f:X — R is twice differentiable at a and that f attains on FCX a
local minimum at a. Then
(a) f'(a)v=0foreachveF'(a);

(b) f"(@wvv+ liminf f’(a)t™"(u—v)>=0
(2> = (0+,0)
atwmeF

foreachveEF'(a)Nkerf’'(a).

Introducing the set S, - of € R such that there exists a sequence (£, v,, r,) In PXXXR
(where PP=(0, «)) with limit (0, v, r), satisfying a+tu,EF, fla)+f '(a)t,v, +
1t2r, <f(a) for each n€ N, condition (b) can be written

(b) F(a)ov>sup S,

Let us give another interpretation of the preceding conditions using the second order epi-
derivative of the indicator function i of F (where ir(x) =0 for x€F, ix(x) =+ for
xE€X\F) given by

it(a,a* v)y= liminf 2t ?[ip(a+tu)—ip(a)—<{a*, tu)]
(tu) = (0+,0)
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for a*€X*, veX. Condition (a) can be written —f '(a) €9ip(a) for dir(a) =N(F,
a)=F'(a)°, and condition (b) reads f "(a)vv+i%(a, a*, v) >0 for a*= —f'(a) or
#a, 0, v) >0 for fr=f+ig, a very natural condition.
The proof we give below does not use the (easily established) calculus rule f %(a, 0,
v)=f"(a)vv+i%(a, —f '(a), v) and the optimality condition f %(a, 0, v) > 0. It relies on
a simple direct argument,

Proof. The first assertion is immediate and well-known. The second one is a consequence
of the relation t ~'f ’(a)v =0 and of the following inequalities valid for € P:= (0, %) and
u— v small enough with a+ e F:

0<t™*(fla+tu) —f(a)) =t~ f (a)u+if "(@)uu+ €(u, t)

with e(t, u) »0ast—>0,,u—>v. 0O
The following statement is an immediate consequence.

1.3 Corollary. Suppose f: X — R is twice differentiable at a and that f attains on FCX a
local minimum at a. Then

(a) f'(a)v=0foreachveEF’'(a),

D) f"(a)vv+f'(a)yw=0forany vEF'(a) Nkerf '(a), and any we F"(a, v).

A similar result was given in [10,11] with F'(a), F"(a, v) replaced by the smaller sets
Ti(F, a), T*(F, a, v), so that our conditions are more exacting, even when F is convex.
For instance, let F be as in Example 1.1, with r,=c", c€ (0, 1) and let f(x;, x,) =x, —
bx? with b€R. Fora= (0, 0), v= (1, 0), w=(w,, w,) we have we F" (a, v) whenever
wy > 2 butw & T(F, a, v) when w, < 4. Therefore the necessary condition of Corollary 1.3
yields —2b+w, >0 for w,>2, hence b< 1 and this condition is sufficient as FC{(x,,
X,): X, —x3 >0} whereas the corresponding condition with F”(a, v) replaced by T (F, a,
v) cannot give more than b <2 and the condition is not sufficient.

This corollary seems to be easier to apply than Theorem 1.2 but it rules out situations in
which Theorem 1.2 allows to conclude, as the following example shows. Moreover Theorem
1.2 is closer to the sufficient condition which follows.

1.4 Example. Let F={ (x;,x,) €R?%: x$ =x3},X=R?,4=0, sothat F'(a) =R X {0}. The
first order optimality condition is D; (0, 0) =0. Since F”(a, 0) =R X {0} and F"(a, v) is
empty for each vE€F'(a)\{0} the second order optimality condition of the preceding
corollary does not give anything else than D, f(0, 0) =0, whereas Theorem 1.2 yields
D, f(0,0) =0, D, f(0,0) =0and D?f(0, 0) > 0. Let us note that the conditions Df(0, 0) =0,
D2£(0, 0) > 0 are sufficient to ensure that (0, 0) is a local minimizer.

The preceding example suggests the following corollary.
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1.5 Corollary. Supposef: X — R is twice differentiable at a and attains on F a local minimum
at a. Then for each vE F'(a) withf '(a)v=0, for each s €10, 1| and for each w in

TY(F, a,v)={weX: A(t;, w) = (0., w): a+tv+t}**w,€F, VieN}

one hasf'(a)w>0.

Proof. In fact if we had f '(a)w <0 we would have

If "(@)vo+lim inf f (@)t (v + 5w, —v) = —0. O

1.6 Corollary. Suppose f attains on F a local minimum at a and suppose f '(a) =0, which
is the case when the closed convex hull co(F'(a)) of F'(a) is X. Then for eachvE F'(a)
one has f "(a)vv=0.

Now let us turn to sufficient optimality conditions.

1.7 Theorem. Suppose X is finite dimensional. Suppose f:X — R is twice differentiable at
a and that
(a) f'(a)v=0foreachveF'(a);

(b) f"(a)yov+ liminf f'(a)t "(u—0v)>0
(tu) = (0+,0)
a+meF

JoreachveE F'(a)\{0} Nkerf '(a).
Then f attains on F a strict local minimum at a.

Proof. Suppose on the contrary there exists a sequence (a,) in F with lim a,=a,
f(a,) <f(a); a,+a for each n. Let t,= ||la, —al, v, =t ' (a, —a). Without loss of gener-
ality we may suppose that the sequence (v,,) of unit vectors of X has a limit v. Then we get
f(@)v<0,vEF'(a) and by (a),f ’'(a)v=0.

Moreover

lim inf (¢, ' f'(a@)v, +if "(a)v,v,] =lim inf ¢, *[f(a+t,v,) —f(a)] <0,

a contradiction with our assumption, as f"(a)v,v,—f"(a)vv and t;'f'(a)v,=
fray, (v, —v). O

Although the preceding condition is extremely simple, it seems that it has not yet been
pointed out. Its usefulness depends on the possibility of couching the required inequality in
simple terms associated with the problem at hand. We will turn to such a task for the
mathematical programming problem after introducing adapted tools.
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2. Compound tangent sets and compound derivatives of order two

It is common sense to observe that when a problem has some structure, it is fruitful to
use tools which are adapted to this structure, even when they appear to be complex at the
first glance. The ones we introduce here are inspired by some expressions in [19]: they
take into account the occurrence of two spaces and of a mapping between them.

2.1 Definition. Let X, Y be n.v.s., let D and E be subsets of X and Y respectively, leth: X —> Y
be a mapping which is differentiable at £ € D, with y:=h(X) € E. Then for v€D’(X) the
second order compound tangent set to E at (¥, v) (with respect to /2 and D) is the set

v v)= limsup 2t 2(E—y—th'(X)u).

(tu) = P(0+,0)

In other words, w € E}, (¥, v) iff there exists a sequence ( (,, v, w,,)) with limit (0, v,
w) such that £+ 1,0, €D and y +t,h'(X)v, + it>w, €E for each n€ N. Denoting by S the
set of sequences of P :== (0, ©) with limit 0 and, for s:= (s,) €S, v €X, denoting by D(s,
v) the set of sequences 7= (v,) with limit v such that X+ s,v, € D for each n € N, we have
wEEY p(¥, v) iff there exist s:= (s,) €S, 7= (v,,) €D(s, v) with

wEEY 5 (¥, 0) :=lim inf 25, 2(E—y—s,h'(X)v,) .

We set
Ej ps(3, v) = U{E}p (3, 5): TED(s, v) }.

We observe that these definitions (which contain some abuse of notations) depend on
rather than on ¥ and on the derivative A’(%) of h at X and not on & itself. When there is no
risk of confusion we simplify this notation by dropping some of its elements. In particular
when D =X we omit X.

The (second order) compound tangent set E, , (7, v) is always larger than E” (3, h'(X)v)
when %+ tv € D for > 0 small enough. When the rank of #’(%) is low they coincide, as the
following lemma shows.

2.2 Lemma. When k(%) (X) SRR/ (%) (v) one has EL(3, v) =E"(§, h'(£)v).

Proof. The assertion is obvious if A’(X)=0. Suppose h'(%)(X)=Rhr'(%X)(v) with
h'(x%) (v) #{0}. Let we E%(y, v) and let s:= (s,) €S, (v,) €ED(s, v}, (w,) = w be such
that y+s,h’(X)v,, + 152w, € E for each neN. We can write h'(X)v,=r,h’(X)v for some
r,€R and (r,) must converge to 1. Then for t,:=r,s, we have (r,*w,) »w and y+
t,r 'R (B)v+it2r, ?w, €E foreachneNso thatwe E”(7,v). O

The following example shows that E}(y, v) may be much larger than E”(y, h'(X)v);
this fact will be crucial for the optimality conditions we have in view.
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2.3 Example. Suppose E, y, v are such that, for some r> 0 and some sequences (z,), (v,)
with limits O, and v respectively the ball B(F+t,h'(X)v,, irt2) with center y+£,h'(X)v,
and radius {r¢2 is contained in E for n large enough. Then E/(y, v) contains the ball B(0,
r). However E”(7, v) may be empty.

Let us take for instance X=R?, Y=R3, £=0, =0, v= (1, 0) and let us define » and E
by h(x;, X2) = (%1, X2, 0), E={(¥1, Y2 ¥3) 7120, ¥2=f(y1)}, where f(#) =¢**" with
ae(0,1).Let B€ (0, @). Given any (1,) €S let us set v, = (1, 7). Then, for each r>0,
B(3+t,h' (%)v,, irt2) CE for n large enough, so that E7(y, v) =Y. However E”(J, v) is
empty.

Another case in which E(y, v) is large is given in the following proposition.

2.4 Proposition. Suppose h'(X) is an open mapping from X onto Y. Then if Ej(y, v) is
nonempty it is the whole space Y.

Proof, Let wEEL(y, v) and let s:==(s,) €S, (v,) v, (w,) >w be such that y+
s,h'(X)v, + 152w, €E for each n€N. Given z€ Y let u€X be such that A/ () u=w—z.
Since h’(X) is open we can find a sequence (u,) with limit # such that 2’ (X)u,=w,—z.
Then v}, =uv, +1s,u, converges to v and

y+s,h (X)v), +1is2z=y+s,h'(X)v, + isiw, EE
for eachn€ NN so that z€ E}(y,v). O
Let us now consider convexity issues which are important for the sequel. We remark that
when D and E are convex the set E}, ,(¥, v) is not always convex. However we can select

a convex subset by choosing a fixed sequence, as the following lemma shows. Its proof is
an easy consequence of the definitions.

2.5 Lemma. When D and E are convex, for each v €ED'(X) and each s €S the set
EZ,D,s(}Z U) = U {EZ,D,.V()Z 17): JED(S7 U)}

is convex.

When Y=ZX R and E is the epigraph of some function ¢:Z— R :=RU {*} we observe
that E7, (¥, v) and E}, ;, (9, v) are epigraphs because they are closed and stable by addition
of elements of {0} X[R .. This leads us to give the following definition close to a proposal
in [19].

2.6 Definition. Given g: Y— R" U {0}, h: X — Ydifferentiableatsome € D CX,v € D'(X),
y=h(x) €Y with g(y) <, 7* € ¥Y*, we Y, A:==h'(X), the compound second order deriv-
ative of g at 3, 7%, v, w with respect to & and D is defined by:
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gho(3 y*, v, W)=( l)im(i)nf )2t—2[g(}7+tAu+%fZY) —8(y)
tu,y) = (0+,0,w
x+meD

—{(7*, tAu+1t?y)] .

When D =X we write g7 instead of g, x. When D=x+Ru, or x+[R v one sees easily
that

g3 ¥, v, w) =" (3, y*, k' (D)v, w) ,
where the mixed second derivative of g is given by

g, %, zw)y= liminf 2t 2[g(yF+1z+3t%) —g(P) — F*, 1z 4311,
(£y) = (0+,w)
what somewhat justifies our notation. The preceding equality also occurs when A'(%) =0
or when A’(X) has rank one with #’(%) v # 0. On the other hand, when A :==A’(X) is an open
mapping from X onto ¥ we have

&n(y, )7*’ v, w) =gu(3, }7*’ v, 0)
for any w in Y, a property which is similar to what occurs when g is twice differentiable at
¥, in which case we have, with 7% =g'(9),

gh(¥, 7%, v, w) =g"(y) k' (X)v-h' (D)v=8"(y, y*, Av) ,
what justifies our choice. Let us observe that we have g/ (¥, 7%, v, w) >0 whenever g is
convex and §* € dg(7), a desirable feature for a second order derivative. The analogy of
the proofs of some of the preceding assertions with the proofs of Lemma 2.2 and Proposition
2.4 stems from the relationships between the geometrical and the analytical concepts we

introduced. This analogy is strengthened by the following two results. The proof of the first
one is immediate.

2.7 Lemma. If g is the indicator function iz of E (given by ir(y) =0ify €E, + ® otherwise)
then g7 p(y, 0, v, +) is the indicator function of E}, (¥, v).

2.8 Lemma. If ECY:=ZXR is the epigraph of some g:Z—>RU{x}, if h=(k,
J): X=ZXR with j'(X) =7% ok'(X) for some 7% €Z* then for y=h(Xx), 7=k(X), vEX
the set E}|(y, v) is the epigraph of g ¥(Z, 2%, v, - ) +{Z*, - ). In particular, if h= (k, 0) then
E}(y, v) is the epigraph of g7(z, 0, v, -).

Proof. One has (w, r) € E}(y, v) iff for some sequences (s,,), (v,), (W,), (r,) with limits
0., v, w, r respectively one has

g(ZH s, A (D)v, +357w,) <) +5,J' (D) v, +1s77,
iff

gL TH v, w)+{(Z*, wy<sr. O



234 J.-P. Penot / Mathematical Programming 67 (1994) 225-245

3. Mathematical programming under a constraint qualification condition

In the sequel we tackle problems (.#) and (%), with
(A) minimize j(x) subject to x€ BNk ~(C),
(%) minimize f(x)=g(h(x)) subject tox€D,

where j: X — R, k: X — Z are twice differentiable at some point a of F==BNk~'(C), B and
C being closed convex subsets of the Banach spaces X and Zrespectively and where h: X — Y
is twice differentiable, g:Y—[RU { +%} is a closed proper convex function and D is a
closed convex subset of X.

3.1 Theorem. Problems (&) and (&) are equivalent.

Proof. Let us first observe that (.#) can be rewritten in the form of (%°). Setting D =B,
Y=ZXR, h(x) = (k(x),j(x)), g(z, r) =ic(z) + r, where i, is the indicator function of C,
we have g(h(x)) =j(x) +ic(k(x)) for x€X, so that the objective functions of (.#) and
(#) coincide and the two problems have the same sets of solutions.

Conversely, problem (%) can be transformed into the form of problem (.#). To see
this, let us set

Z=YXYXR, X=XXYXR, B=DXYXR, C={0}XE,,

where E,={(y, r)€YXR: r>g(y)} is the epigraph of g and let j:XXYXR-R,
k:XXYXR—Zbe given by

jy n=r,
k(x, y, r)=(h(x) =3, y, 1) .

Then (x, y, r) €X is feasible for (#) iff x€D, y=h(x), r>g(h(x)), so that
inf { j(x,y,7r): (x,y, ) EBNk~(C)}=inf {g(h(x)): xED}

and (%) and (.#) have the same values. Moreover £ is a solution to (%) iff a== (&, y, 7),
with j=h(¥), F==f(X) is a solution to (.#). U

To treat problem (.#) it will be convenient to introduce the following notations. Given
a solution a of (.#) we denote by L(a) the set of Lagrange~Karush—-Kuhn—Tucker multi-
pliers for (#) ata:

L(a)={z*€Z*: * €Ny, C, 0€j'(a) +z*°k'(a) +N,B}

where N,B (=N(B,a)) =B'(a)’={x*€X*:VvEB'(a) (x* v) <0} is the normal cone
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to B at g and N,,,,C has a similar meaning. Let us abbreviate the notation for the compound
tangent set to E:=C X (—, j(a)] at ((k(a),j(a)), v) w.r.t. h==(k,j) and B into:
Spi= limsup 2t72[CX (j(a)—Ry) = (k j)(a) —t(k ) (a)(w)] .

(tu) = (0+,0)
at+teEB

We remark that the set S, - introduced after Theorem 1.2 corresponds to the case j=f, B=F,
C= {0}, k=0, identifying {0} X R with R.

The following lemma is crucial for the treatment of problem (.#£). In it we use the
following notion. The mapping k:X — Z is said to be metrically regular at a with respect to
(w.r.t.) B and C if there exist ¢ > 0 and a neighborhood U of a such that

d(x, BNk~ Y(C)) <cd(k(x), C) foreachx€UNB.

3.2 Lemma. Suppose k is metrically regular at a w.r.t. B and C. Let u€B’(a),
vEB'(a)Nk’'(a) " '(C'(k(a))) with j'(a)v=0 and let (z, r)ES,p be such that
w=k"(a)vv+k'(a)u—z€C'(k(a)). Then

J(@vv+j(a)u—r=0.

Proof. Let (¢, v,, (2, ¥») }nen be a sequence in P XX X (ZX R) with limit (0, v, (z, r))
as in Definition 2.1, with D:=B, h= (k, j): for each n€N we have a+1t,v,€B, h(a) +
t,h'(@)v, +1t2(z,, r,) EE. As u€B’'(a) =T (B, a), wEC'(k(a)) =T(C, k'(a)) we
can find sequences (u,), (w,) in X and Z with limits # and w respectively such that
a+1itu,€Band k(a) + it,w, € C for each n€ N, We can write

w,=k"(a)v,v, +k'(a)u, —z,

for some sequence (z) with limit z. By convexity of B and C we have, for v}, = (1—
1)U+ 5ty

a+t,v,=(1—-t)(a+t,v,)+t,(a+it,u,)EB,
¢n=k(a) +t,k'(a)v;, + 3150k (@) v, + (1 - 1,) 2, 27)
=(1-1t,)(k(a) +t,k'(a)v, + it2z,) +1,(k(a) + it,w,) €C.
Then, for some constant ¢ >0, we have for each » large enough
d(a+t,v,, BNk~ (C)) <cd(k(a+1t,v)), C) <c|c, —k(a+t,vl)|
<clk(a) + 1k (@)v, + 32k " (@) v, —k(a+ o) | + 312 ((L= 1)z, — 23 |
<e(t,)t,

for some €( - ) with e(¢) = 0as t— Osince (v,) = v, (v}) =, (2,) =2, (2,,) =z Itfollows
that there exists a sequence (v”) with 7' |v —v}| <2€(t,) such that a+t,0) €EBN
k~'(C) for each neN. Then by Theorem 1.2 and the inclusion j(a) +t,j'(a)v, +
ar.€ (-, j(a)] we get
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0<j"(a)vv+2 lim inf ¢, ' j'(a) (v2—v)
n

<j"(a)vv+2 lim inf ;' j’ (a) v,

<j"(a)vv+2 lim inf (1—1¢,)¢, 'j'(a)v, +limj'(a)u,
<j"(@)vv—r+j'(a)u. O

We need a form of the Lagrange multiplier rule which is close to the classical statement
of [26] but uses a weaker qualification condition. It could be derived from [5] but we
prefer to present a proof based on the following form of the famous Farkas lemma.

3.3 Lemma ([22], [34] Theorem 2.3, [35] Corollary 2.4, [46]). Let P and Q be closed
convex cones of the Banach spaces X and Z respectivelyand letA: X — Z,f: X = R be linear
and continuous such that f(x) >0 for each xEPNA~'(Q). Then if Zy=A(P)—Qis a
closed vector subspace of Z there exists some 7* € Q° such that

O€f+z*oA+PO.

In fact this statement can easily be reduced to the usual case Z=A(P) — Q. The following
form of the Lagrange multiplier theorem is adapted to our needs.

3.4 Corollary (Lagrange multiplier theorem). With the data of the preceding lemma
suppose that for some m € R and some b € Z, one has

f(X)y=m forxeR={x€P.Ax-beEQ}.
Then there exists z* € Q° such that for each x € P

fX)+{*, Ax—bd=m.

Proof. Since bE€A(P)—Q, R is nonempty. Moreover for x,€R and any
vER,=PNA"'(Q) we have x,+v€ER so that f(v) >0, R, being a cone and f being
bounded from below by m~—f(x;) on R.. Now for any (x, ) €PX (0, %), such that
Ax—bte Qwehavet 'xERhencef(t'x) »mand f(x) —mt>0. Therefore f(x) —mt>0
for any (x, t) €PXR, such that Ax—bte Q. Since A(P) ~R_,.b—Q=Z, Lemma 3.3
yields some z* € Q% x* € P, re R, such that

f(x) —mt+{z*, Ax—=bt) + (x*, x)=rt
for each (x, r) €P X R... Taking t=1 we get the announced inequality . [

Let us observe that the preceding inequality implies that f+z* oA € — P° as this linear
functional is bounded below on P.
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3.5 Theorem. Let a be a local solution to problem (MA'). Suppose k is metrically regular
ataw.r.t. Band C and
(R) k'(a)B'(a) —C'(k(a))=Z.

Then the set L(a) of Lagrange—Karush—-Kuhn—Tucker multipliers is nonempty and for each
v in the critical cone

K(a)={vEB'(a): k'"(a)veCC'(k(a)), j'(a)v=0}

and each (z, r) €S, 5 one can find some z* €N(C, k(a)) such that for I=j+z* ok one
has

~!'(a) EN(B, a) ,

I"(a)vozr+{z*, 2).

In other words: for each critical vector v, 1.e. each v € K(a), one has

j"(@)vvzsup{r+ min {(z* z—k"(a)vw): (z,r) ES, 5} -
)

z¥el(a

Proof. Let (z, r) €S, 5 and let us set P=B'(a), Q=C'(k(a)), f=j'(a), A=k'(a),
b=z—k"(a)vv, m=r—j"(a)vyv, so that, in view of Lemma 3.2, Corollary 3.4 yields
2*€C’'(k(a))°=N(C, k(a)) suchthatj’(a) +z*k’(a) € —P°= — N(B,a) and foreach
u € B'(a) one has

Ji(@u+{z* k' (a)u—z+k"(a)vw) =r—j"(a)v .

Taking u=0 we get the result. [J

Remark. If instead of condition (R) we suppose the weaker condition
(Ry) Zy,=k'(a)B'(a) — C'(a) is a closed vector subspace of Z
then for any v € K(a) the conclusion [”(a)vv > r+ (z*, z) holds for any (z, r) €S, g such
that z—k”(a)vv€k’(a)B’'(a) — C'(a).
3.6 Corollary. Let a be a local solution to problem (#'). Suppose
(R") k'(a)Ry(B—a)—R.,(C~k(a))=Z

holds or, more generally, suppose (R) holds and k is metrically regular at a w.r.t. B and
C. Let ve K(a). Then for any convex subset H of S, 5 one can find z* €N(C, k(a)) such
that for l=j+ 7% k one has

0€l'(a) +N(B, a) ,

I"(a)vv=sup{r+{z*, z): (z, ) €H} .
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In particular, for any convex subset T of (BXC)"(ay, vi), where a,= (a, k(a)), v,= (v,
k’(a)v) one can find z* €N(C, k(a)) such that 0€1'(a) +N(B, a) and

I"(a)vo=sup{{z*, z2) —I'(a)w: (w, z) ET}.

Proof, The fact that (R") implies that k is metrically regular w.r.t. B and C is well known
(see [40,34,35] for instance). Thus the first assertion follows from the classical minsup
theorem of Moreau, the set of multipliers of (.#') being weak™® compact under assumption
(R) (see [35] Corollary 3.7 for instance).

In order to prove the last assertion it suffices to observe that for any (w, z) € (B X C)"(a,
v,) one has (z—k’(a)w, —j'(a)w) €S, 5 in fact taking a sequence ((t,, w,, z,)) in
P XXX Z with limit (0, w, z) such that for v,==v+ it,w, one has a+t,0,EB, k(a) +
t.k'(a)v, +it2(z, —k'(a)w,) EC one sees that r,:==—j'(a)w, is such that
(r,) > —j'(@)wand t,j' (a)v, +itir,=0. O

In order to facilitate the application of Corollary 3.6 let us give some possible choices
for H and T.

(a) For any s:=(s,) €S we can take H=E| 5 (¥, v), with E=CX{(—%, j(a)],
y=(k(a),j(a)), which is a convex subset of S, 5. This choice explains the prominent role
of sequences in [ 19].

(b) Let z& be a fixed element of the set L(a) of Lagrange multipliers at a and let
Q:={z€C: {z§,z)=0}. Then for any convex subset O, of Q% z(k(a), v) the set H:= {(w,
—{z§,w)): wE& Oy} is easily seen to be a convex subset of S, 5 so that for some z* € L(qa)
one has

"(@vvzsup{{z*—z&, w): weQy} .
(c) Given s=(s,) in S one can take for T the set

T, =lim inf 25 *(BX C— (a, k(a)) —s,(v, k' (a)v))

which is convex and contained in (B X C)”(a;, v;). This set contains the intersection T%(B,
a, v) XTH(C, k(a), k'(a)v) of all the T,’s for s in S. Thus Corollary 3.6 is stronger than
the main result of [11].

(d) In particular, for any convex subset T of C”(k(a) k (a)v) we can take T=Bi(q,

) X Te.

(e) When vER ., (B—a) is such that k'(a)v € C’'(k(a)) and j'(a)v=0, we can take
for T the set {0} X T, where T is any convex subset of C”(k(a), k’(a)v) (in particular
T-={0} when k’'(a)veER ., (C—k(a)) or more generally when 0€ C"(k(a), k’'(a)v)
which is the case when C is polyhedral). Thus, taking T'= { (0, 0) }, we recover the results
of [3,4] and [41]. The following example shows that Corollary 3.6 applies in cases these
results cannot be used.
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Example, Let us take C=E, k=h, where E and & are as in Example 2.3. Then C”(k(a),
k'(a)v) is empty, but as Cy(k(a), v) =Z one can easily ensure that S, z is nonempty.
Taking for C the cone generated by EX {1} and k= (A, 1), we may suppose C is a convex
cone.

Now let us turn to sufficient optimality conditions for the mathematical programming
problem (.#).

3.7 Theorem. Suppose X is finite dimensional, j and k are twice differentiable at a and the
set L(a) of Lagrange—Kuhn-Tucker multipliers at a is nonempty. If for each
vEK(a)=B'(a) Nk'(a) "' (C'(a)) Nj'(a) "'(0) and each (z, r) €S,y one can find
z*¥€L(a) such that, for l=j+z* o k the condition

"(ayvv>r+{z*, 2)
is satisfied, then a is a strict local minimizer of jon F=BNk~'(C).

In particular a is a local strict minimizer when for any v € K(a) one has

j"(@yvv>sup{r+ inf {(z* z—k"(a)uv): (2, r)ES,5}.

z¥el(a)

Proof. Suppose on the contrary that for some sequence (a,)in F\ {a} with limit a we have
j(a,) <j(a).Lett,=|a,—al,v, =t, '(a, —a); withoutloss of generality we may suppose
(v,) converges to some unit vector v €F’(a) with j'(a)v <0. Let z*€L(a). We have
J(@v+{z* k'(a)v)=0 since vEB'(a), j'(a) +z*°k’'(a) E —N(B, a) and (7%,
k' (a)v)<0since z*€N(C, k(a)) and k’'(a)v € C'(k(a)). Therefore j’(a)v=0. Taking
z=k"(a)vv,r=j"(a)vv,sothat (z,r) €S, 5 by definition of this set and choosing z* € L(a)
such that

(G+z*k)"(@yvv>r+{z* 2)
we get a contradiction. [J

Let us observe that the sufficient condition of Theorem 3.7:

J"(ayvo>sup{r+ inf (z*, z—k"(a)vv): (2, ¥) ES,z}

z¥eL(a)

for v € K(a) corresponds to the necessary condition of Theorem 3.5 through the replacement
of an inequality by a strict inequality. Such a situation is looked for by optimizers since it
already prevails in the unconstrained case and as it cannot be improved.
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4. Application to composite minimization

The study of functions of the form f= g ok with z: X - Y of class C2 between two Banach
spaces, g:Y—>RU {>} convex lower semicontinuous (L.s.c.) and proper has been a topic
of wide interest during the last few years. Here we intend to show that the results of the
preceding sections apply to the problem (%) of minimizing f on a closed convex subset D
of X. Such a constraint is not taken into account in the existing literature but it is clear that
it does appear in situations of interest in which the variables are usually subject to natural
restrictions such as nonnegativity.

Let us impose the following qualification condition which reduces to a condition intro-
duced by R.T. Rockafellar for the finite dimensional case, with D = X and g piecewise linear-
quadratic {42]

(Rp) R, (dom g—y) =R (x)(R.(D-xX)) =Y,

where ¥ € D is a solution to (%°) and y= h(x). This condition is obviously satisfied when
g is finite everywhere.
Let us set

Mp(x) ={y*€9g(y): —y*h'(¥) EN(D, H)}

where dg(¥) is the subdifferential of g at y.

The following statement which is the main result of [39] will be deduced from Theorem
3.5. Let us note that it is shown there that conversely this result implies the necessary
condition of Theorem 3.5. Here g’(#, -) denotes the contingent derivative of g at ¥ given
by

8'(y,y)=inf{r: (3, ) €E,(3, 800},
where E, is the epigraph of g.
4.1 Theorem. Let % be a (local) minimizer of f=g°h on D. Suppose (Rp) holds. Then the

set My (%) is nonempty and for each vE€ D’ (X) such that g'(3, h'(X)v) =0 and for each
y €Y one can find some §* € M (%) such that

0<F*, B (X)ov—y)+  liminf 2t~ %(g(F+th'(X)u+1it’z) —g(5))

(tuz) > P(0+,0,y)

where (t,u,z) = 2(0., v,y) means (t,u,z) = (0., v,y) withi+tueD.

Proof. Let us transform (%) into problem (.#) as in Theorem 3.1, changing X into
X=XXYXR, and taking Z=YX YX R, B=DXYXR, C={0} XE,, j(x,y,r)=rk(x,y,
r)y=(h(x)~y,y,r),a=(%, ¥, F) = (&, h(X), f(X)). Itis easy to see that condition (Rp) is
equivalent to

(R%) R (C—k(a)) —k'(a)(Ry(B-~a)) =Z.
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Let us identify the set L(a) of Lagrange-Kuhn-Tucker multipliers of (.#). Given
z¥=(y* y¥, r*) in N(C, k(a)) such that —(j'(a) +z*k'(a)) EN(B, a) =N(D,
%) X{(0,0)}, we have y} =y*, r*= —1and (y*, —1) EN(E, (7, 7)) i.e. y*€3g(¥),
and —y*oh'(x) EN(D, %), so that y* € M,,(x). Conversely for any y* € M,,(X) one sees
easily that (y*, y*, —1) is a multiplier for problem (.#).

Now let v € D' (%) with g’(7, h'(¥)v) =0and lety€ Y, r€R with

r>  liminf 2t 2(g(F+h' (Du+it%) —g(3)) .

(tu,2) = P(0+.,0,y)

We can find a sequence ((,, Uy, Yo 1)) in P XXX Y X R with limit (0, v, y, ) such that
f+tw,€D and g(y+1,h' (D)v, +1it2y,) <g(y)+itir, for each neN. Let 9= (v,
h(%)v, 0), so that 6 €B’(a), k'(a)0 € C'(k(a)), j'(a)i=0 and let z= (0, y, r). Let us
show that (z, 0) belongs to §; 5. In fact 5, = (v,, k' (X)v,, 0) =, z,= (0, y,,, r,) =z with

a+t,6,EB=DXYXR,
(0,3, 7)) +1,k'(a)3, +312(0, y,, 1) €C,
j(a) +j'(a)e,d, + 5t:0<j(a)
for each n€ N, since
(3, 1) + (B (D)0, 0) +317(Vns 1) EE,

by our choice of (¢, U, Yy, 7)-
Then it follows from Theorem 3.5 that we can associate to 9 and (z, 0) some z* = (y*,
y*, —1) with y*€3g(y), —y*=h’(X) €N(D, ¥) such that

y¥oh"(X)vv=j"(a)00+z*k"(a)0i>(z*, 2)={*, y)—r.
Therefore

Ogr+ ™, W (Dvw—y) . O
Taking D =X in Theorem 4.1 we get the following consequence.

4.2 Corollary. Suppose % is a local minimizer of f=g°h on X and (Rp) holds with D=X.
Then the set

M(x)={y*€dg(y): y*oh'(¥) =0}

is nonempty and for each vE€X with f'(X, v) =0 and each y€Y one can find some
y* € M(X) such that

0< V™, A" (Dvvy + 853, y*, v, ¥) .

Let us observe that when g is twice differentiable the preceding inequality is independent
of y and amounts to the classical condition
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0<g"MA" (Yvo+g" (MR (X)vh’ ()v=f"(X)vv .

Itis shownin [39] that one can give a sufficient condition which differs from the condition
of Theorem 4.1 by the replacement of the inequality by a strict inequality (and does not
require Mp (%) if one uses y=~h"(X)vv only). Although the proof of [39] Proposition 1.2
is direct and simple while the following proof is rather tedious, we now show that this
sufficient condition is a consequence of Theorem 3.7. Along with the proof of Theorem 4.1
it will give an opportunity to show the concrete use of compound tangent sets.

4.3 Theorem. Let € D be such that Mp(X) is nonempty and such that for any v € D’ (%)
with g' (3, k' (X)v) =0 and any y € Y one can find some y* € M, (%) for which

0<*, " ()vv—y)+ liminf 2t (g(y+th' (Du+1it’2) —g()) .

(tu,z) > P(0+,0,y)

Suppose X is finite dimensional. Then X is a local minimizer of f on D.

Proof. Let us rewrite (&) as a mathematical programming problem as in the proof of
Theorem 4.1 of which we keep the notations.
Leti=(v,w,s) €B'(a) withk'(a)? € C’'(k(a)),j' (a)§=0. This means that v € D'(X),
w=h"(X)v,s=0,g'(F, h'(X)v) =g'(F, w) <0. Now for any y* € M,,(x) we have
&'y, h'(©)v) =%, b (F)v) >0
since —y*oh’(X¥) €N(D, x) and v € D’(X). Therefore g'(F, h'(%)v) =0: v is critical for
().
Now let us show that for any (z, r) = (y', ", g, r) €S, 3 we have
&ro(3 0,0,y +y") <g-—r.

Taking y =y’ +y" and setting z* = (y*, §*, — 1) with §* € M,(X) given by our assumption,
that will show (z*, z) +r<(F*, K" (X)vv)=10"(a)vv. Since (z, r) €S, we can find a
sequence (,, D, 2, 7) in PXXXZXR with limit (0, 0, z, ), such that a+1,0,EB,
k(a) +t,k'(a)0, + 12z, €C, t,j'(a)d, + ir,t2<0. Setting 6,= (v,, W,, 5,)5 Zn =(Jh,
yo, q,) we getforeachneN: x+tp,€D, t,s, + 3t2r, <0 and

(0, 3, ) +1,(R' (@)U, = Wpy Wy $,) + 312(Y15 V1> ) €{0} X E,
or
Wy =h'(a)v, + 3ty ,
g+ 1,w, +32y0) <g(F) +t,5, + 3124, ,
so that
Hm inf 2t *[g(F+ 1,k (a)v, +527(y, +yi)) — (N1 <lim (g, ~1,) =g—r

and the announced inequality. 3
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Conversely it can be shown (see [39] Theorem 4.4) that the preceding sufficient con-
dition implies the sufficient condition of Theorem 3.7 for problem (.#).

Let us also observe that although the condition of Theorem 4.3 is not as simple as the
sufficient condition of [39] Proposition 1.2, it has a double interest: it shows the links
between the optimality conditions for problems (%) and (.#') and it shows that the nec-
essary condition of Theorem 4.1 is close to a sufficient condition.
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