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Abstract

We consider a new algorithm, an interior-reflective Newton approach, for the problem of minimizing
a smooth nonlinear function of many variables, subject to upper and/or lower bounds on some of the
variables. This approach generates strictly feasible iterates by using a new affine scaling transformation
and following piecewise linear paths (reflection paths). The interior-reflective approach does not
require identification of an “‘activity set’”. In this paper we establish that the interior-reflective Newton
approach is globally and quadratically convergent. Moreover, we develop a specific exampie of
interior-reflective Newton methods which can be used for large-scale and sparse problems.
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1. Introduction

This paper is concerned with minimizing a smooth nonlinear function subject to bounds
on the variables:

min f(x), I<x<u, (L1)
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where € {RU { —o}}", ue {RU {®}}", I<u, and f: R*— R!. We denote the feasible set
F = {x: I<x<u} and the strict interior int(F) = {x: [ <x<u}.

Minimization problems with upper and/or lower bounds on some of the variables form
an important and common class of problems. There are many algorithms for this type of
optimization problem, some of which are restricted to quadratic (in some cases convex
quadratic) objective functions and some are more general (e.g., [2,5,11,12,14,15,18,20~
23,29]). Compared to most of the existing approach for nonlinear minimization subject to
bounds, the new interior-reflective Newton approach proposed in [ 10] has the following
three distinctive features. Firstly, the iterates {x,} generated by the new approach are always
in the strictly feasible region int(.%# ). This is done using a new affine scaling transformation,
different from the affine scaling transformation used in the linear programming context
[28]. Secondly, unlike the affine scaling method for linear programs, our new approach is
able to achieve quadratic convergence. Finally, a novel reflective line search technique is
used to accelerate convergence.

The main purpose of this paper is to consider the convergence properties of the new
interior-reflective Newton approach. In particular, here we establish that interior-reflective
Newton methods, applied to twice continuously-differentiable nonlinear functions f, are
globally and quadratically convergent under reasonable assumptions.

An interior-reflective Newton method appears to have significant practical potential for
large-scale problems. Consider, for example, the results quoted in [10] for the ‘‘obstacle
problem’’ on a square m-by-m mesh — see Table 1. The column “‘its’’ refers to the number
of iterations required to achieve an accurate solution. Full details are given in [10].

A remarkable feature of this type of algorithm, illustrated by this typical example, is the
very slow growth in required number of iterations. Given a class of problems and a “‘natural’’
way to increase the problem dimension, interior-reflective Newton methods appear to be
strikingly insensitive to problem size. Experiments reported in [ 10] are restricted to quad-
ratic problems; we are currently experimenting on more general nonlinear problems and
preliminary results continue to support this claim.

The presentation of this paper is organized as follows. In Section 2, we motivate our new
affine scaling transformation. In Section 3, we discuss our unusual reflective path line search
idea. The usual acceptance conditions for straight line search algorithms are generalized to
our reflective path line search. In Section 4, we discuss important consequences of our new
affine scaling transformation which allow us to establish convergence results for a broader

Table 1
Obstacle problem: Lower and upper bounds

m n its
30 900 1
40 1600 12
50 2500 14
60 3600 13

100 10000 14
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class of methods. In Section 5, we establish first order convergence properties of our interior-
reflective algorithms (second order information is not required). In Section 6, second order
convergence properties of interior-reflective Newton methods are obtained. An example of
interior-reflective Newton method with strong convergence properties, which can be used
for large problems, is given in Section 7. Concluding remarks and a look ahead are given
in Section 8.

Throughout the presentation, we denote g=g(x) o VAx); g d-ifg (x); 8« d'—e-’cg(x*) =
Vf(x), where x,, is a specified (usually optimal) point. Following Matlab notation, for
any s € R", diag(s) denotes an n-by-n diagonal matrix with the vector s defining the diagonal
entries in their natural order. Moreover, as a general rule, we use a superscript to denote
additional meaning of a quantity and a subscript to denote a component of a vector, except
that a subscript k suggests the iteration k. For example, v; and v,, denote the ith component
of v and v, respectively. More notations will be introduced when necessary.

The following assumptions are made throughout the presentation.

Compactness and smoothness assumption. Given an initial point x; €., it is assumed
that the level set &&= {x: x€.% and f(x) <f(x,)} is compact. Moreover, we assume f(x)
is twice continuously-differentiable on an open set D2.% .

2. Motivation of the new affine scaling transformation

Our approach [10] uses a new affine scaling transformation to maintain strict feasibility
and a novel reflective path line search to achieve efficiency. We remark that many of the
basic ideas behind the interior and reflective Newton approach originated in previous work
on various convex optimization problems [ 6-9,19].

We first motivate the desirability of our new affine scaling transformation.

Currently, there are two distinct ways of handling linear constraints in linear and nonlinear
programs. One approach, illustrated in Fig. 1, is to follow the boundary of the feasible
region using an active set technique. The alternative philosophy, also illustrated in Fig. 1,
is to approach a solution by going through the middle of the feasible region. The interior
point approach is more recent and has primarily been applied to linear programs, e.g., [27].
By going through the middle, interior point methods can eliminate the combinatorial nature
of many active set methods by handling the linear constraints in a simultaneous manner.

The simplest interior point method for linear programs is the affine scaling method
[28,13]. To illustrate the affine scaling idea, assume that we have a strictly feasible point,
X €int(F), ie., I1<x,<u. As indicated in Fig. 2, the sides of the box can restrict the
movement from the current point x,. Hence it is reasonable to change units of each variable
so that, in the new coordinates, the current feasible point x; becomes equally distant to all
the nearest sides of the box:

min(#, — (DF™) 'k, (DF™) ~u, —£,) = (DF™) ~min(x, — Ly, —3) = e
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Simplex Method Trajectory

Fig. 1. Trajectories of the interior point method and simplex method.

where
D}z:ffine +diag(min(xk — lk’ Uy "‘Xk)) .

The benefit of centering is that sufficient reduction of the objective function can be obtained
before a variable bound is reached.

In particular, the best direction to take for linear programs ( with bound constraints only),
in the new coordinates, is steepest descent: 31: = — (D) o, . This corresponds to the
scaled steepest descent direction d;, = — (D3™)%g, in the original variable space. This
direction is angled away from the approaching bound, see Fig. 2. Moving along d,, a step
is determined from the current point to the nearest boundary and a large fraction (e.g., 0.9)
is taken to stay strictly feasible.

The idea of using a local transformation as described above can also be applied to
nonlinear problems, with bound constraints, in a straightforward manner. The notion of
angling away from nearby constraints is an attractive one. However, the resulting algorithm
will be linearly convergent at best. How can the affine scaling ideas be used for nonlinear
problems to generate strictly feasible iterates converging globally and quadratically?

2
- Dilfﬁ.ne % )
1)
Tepr T 1 l
e -
X — space X — space

Fig. 2. Effect of affine scaling transformation £= D3y,
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To answer this question we begin with a review of optimality conditions. First-order
necessary optimality conditions for problem (1.1) are:

(g4)i=0 if;<(xy);<u;,
first order: < (g4); <0 if (x,); =u;, 2.1)
(8+): =20 if (x4); =1;.

Second-order conditions involve the Hessian matrix of f, H=H(x) Ly f(x). Let Free,,
denote the set of indices corresponding to ‘‘free’” variables at point x,,:

Free, = {i: |; <(x4); <u;} .

Second-order necessary conditions can be written: If a feasible point x,, is a local mini-
mizer of (1.1) then D3 g, =0 and H5*** is positive semi-definite where H%™*** is the
submatrix of H, = H(x,) corresponding to the index set Free,.

These conditions are necessary but not sufficient. Sufficiency conditions that are achiev-
able in practice often require a nondegeneracy assumption. This is the case here.

Definition 1. A point x € R” is nondegenerate if, for each index i:

g:=0 = [ <x;<uy;.

With this definition we can state second-order sufficiency conditions: if a nondegenerate
feasible point x,, satisfies D2 g, =0 and HE™* is positive definite, then x,, is a local
minimizer of (1.1).

The crucial observation, for our purposes, is that the first-order optimality conditions
(2.1) can be written as a nonlinear (diagonal) system of equations. From this system comes
a local Newton process, yielding local quadratic convergence, and from this process comes
a natural connection with affine scaling ideas and, ultimately, a global method.

The diagonal system

D(x)* Vf(x)=0 (2.2)

is equivalent to the first-order optimality conditions (2.1), where v is defined below and D
is given by !,

D(x) =diag(|v(x)|"?) . (2.3)

Definition 2. The vector v(x) €R" is defined:

(i) If Vf(x);<Oand u;<othen v; ¥ x, — u;.

! Notation: If z is a vector then |z|'/? denotes a vector with the ith component equal to |z;] /2.
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(i) If VA(x);>0and [;> —wthenv; & x, — 1,

(iii) If VA(x);<0and ;= then v, & —1.

(iv) If Vf(x),>0and [;= —co then v, ¥1.

System (2.2) is continuous but not everywhere differentiable. Nondifferentiability occurs
when v;=0. Since only the strictly feasible points x, € int(#) will be generated, this is not
a concern. Assume that x, €int(.#). Let J”(x) €R"*" be the Jacobian matrix of [v(x) |
whenever |v(x) | is differentiable. The function | v(x) | is not differentiable at a point where
there exists some 1 <i<n or 1 <j<n with v,(x) =0 or g;(x) =0. Since strict feasibility is
maintained, |v(x),| >0 always. If some g,=0, we define the ith row J¢ of J° to be zero,
ie., JY défO. Nondifferentiability of this type is not cause for concern because, for such a
component, it is not significant which value v; takes. Moreover, v; is discontinuous at such
a point but the product v;(x) g;(x) is continuous.

A Newton step for (2.2) satisfies

Bdy=—-4¢ (24)
where c?ﬁ’ =D; 'd} is a Newton step in the new coordinates under the new affine scaling
transformation £ D *x and

o def

8r = Dpgi =diag(|v,| 1/2)8k >

B, & D,H,D, +diag(g,)J5 . (2.5)

A local, quadratic, and feasible method can be based on (2.4). Feasibility requirements

may prohibit a full (unit) step from being taken; however, as we indicate in Section 6, it is

possible to set x;, =x;, + ad} such that {x]} is strictly feasible and o, — 1 sufficiently

fast to ensure quadratic convergence. Beyond yielding a local Newton method, Egs. (2.4)
and (2.5) suggest a minimization process. To appreciate this consider Lemma 1.

Lemma 1. Assume that x, € 7 .
(a) Ifx, is alocal minimizer of (1.1), then g, =0.
(b) Ifx, is a local minimizer, then B, is positive semi-definite and §., = 0.
(c) IfB, is positive definite and § , =0, then x,, is a local minimizer of (1.1).

This result is easily proved — it follows directly from the optimality conditions.

Lemma 1 indicates that computing a local minimizer of a bound-constrained problem
(1.1) is equivalent to locating a point such that g,,=0 and B, positive semidefinite.
Therefore, loosely speaking, we have transformed a bound-constrained problem (1.1) to a
problem of finding a local minimizer for some unconstrained problem.
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Though g and B do not correspond to the gradient and Hessian of a specific nonlinear
function, Lemma 1 suggests that, in the new coordinates, a solution of the following trust
region subproblem is a reasonable step

min{#(5): 5]2 < Av) (2.6)
where

Pu($) & gL5+18"B,3 .
Let s=D,§ and H,= H(x;). Subproblem (2.6) is equivalent to the following problem in
the original variable space:

mln{lffk(s) 1D sll2 < Ag,) 2.7)
where
def T 1T
Y(s) = s' g+ 35 Bys,
def -1 q: vy —1
C, = D, " diag(g)JiDy (2.8)

B Y¥H+C,.

It is clear that C(x) is a positive semi-definite diagonal matrix. This matrix contains the
constraint information. Moreover, in the neighborhood of a local minimizer, the Newton
step with respect to (2.2) is a solution to the trust region subproblem (2.7) if the trust
region size A, is sufficiently large.

Our affine scaling transformation £= D, ! x differs from the affine scaling transformation
used for linear programming problems in two regards: D, depends on the current gradient
g and a diagonal component is the squareroot of the distance of the corresponding variable
to its closest bound, if this bound is correct according to g,. In this case, the scaled steepest
descentdirection, — D7g;, and the solution of trust region subproblem (2.7), are sufficiently
angled away from the approaching correct bound. Qur choice of D, comes naturally from
the Newton step with respect to the nonlinear systems characterizing the first order optimality
conditions of (1.1). Note that, if B, is positive definite and the ellipsoidal constraint is
inactive, then the solution to the reduced trust region problem is s¥ =D, §% where

—Bi 4. (2.9)

In a neighborhood of sufficiently nondegenerate point satisfying second-order sufficiency,
s¥ is a Newton step for system (2.2). Therefore a global step blends automatically into a
Newton step locally and achieves fast local convergence.

At the current point x, some variables may be approaching the wrong bounds according
to the gradient, i.e., |v,, | % min(u; —x,,, X, —I;), for some i. In this case there is no angle
property and it is quite possible to reach this bound after only a short step along s;. However,
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this is where the notion of a reflection, introduced in the next section, plays its part to ensure
sufficient decrease.

The theory we develop in later sections allows for some latitude in the manner in which
a descent direction is obtained; we often determine s, at x;, by solving a subspace trust
region subproblem. In addition, in order to be able to use the trust region subproblem when
a problem is degenerate, we replace the second order matrix By in (2.8) by M, whichis a
slight modification of B,. More precisely, we consider a solution of the following trust
region subproblem

min{STgk+ %STMkS: "Dk—lsnz < Ak’ Seyk} (2.10)

where %, is a subspace of %Z",

MEHA+CE,  CF €D diag(ed)iDi !, (2.11)
and the vector g * (x) is an ‘‘extended gradient’’, extended to deal with possible degeneracy.
In particular,

+ C_‘_Sf lgi|+Ts if|gi|+|ui|1/2<T€’

' FAl otherwise , (2.12)

where 7, is a very small positive number, e.g., \/-;e and 7, is the machine precision. Through-
out the remaining presentation, we will refer to a point satisfying |v(x) | +|g(x)| > 7. as
a sufficiently nondegenerate point. Clearly if x is a sufficiently nondegenerate point, then
gt =]g|,C*=Cand B(x) =M(x).

Using definition (2.3), problem (2.10) can be written

min{§7g, + 1§TM,$: |§]l2 < Av, D SE F) (2.13)
where
M, =DM D, =DHDD,+JiD§",  §.=Dig, §=D;'s, (2.14)

and D#" is a diagonal matrix, D® +d~£—fdiag( £™"). Similarly, if x is a sufficiently nondege-
nerate point, then M=4.

Typically subspace ., is small, e.g., || =2; the issues concerning how to choose .,
appropriately are addressed in Section 7. A related reduced trust region idea has been
explored in the unconstrained minimization setting [ 3,25]. The solution to (2.10) is of low
cost, provided |.%;| is small.

3. Reflective line search

We employ an unconventional line search technique for our approach. The traditional
line search follows a straight line path. We search for an improved point along a reflective
path. A two dimensional reflective path is illustrated in Fig. 3.
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Ty = Uy

$2=12

Fig. 3. A reflective path.

The piecewise reflective path can be described, recursively, as follows. Given any descent
direction 5, € R”, define the vector >

BR, =max[(l—x,)./s, (u—x)./5)], (3.1)

where the notation ‘“./’’ indicates componentwise division. Component i of vector BR,
records the positive stepsize from x; to the breakpoint corresponding to variable x;, in the
direction s;. The piecewise linear (reflective) path is defined by the refiective path described
in Fig. 4. Since only a single outer iteration is considered, we do not include the subscript
k with the variables in our description of the reflective path below — dependence on k is
assumed.

Let p,( ) denote the reflective path as defined in Fig. 4: For 8! <a< Bi,
(@) =bi"' + (a— B Hpi. (3.2)

Note that the reflective path p,( ) is defined with respect to the current point and direction
under consideration. This dependence is understood and will not be explicitly denoted in
the presentation.

A model interior-reflective method is described in Fig. 5.

The notion of a reflective path line search may seem a bit odd at first glance. However,
the reflective path line search supports our objective of staying relatively centered. More-

2 For the purpose of computing BR we assume the following rules regarding arithmetic with infinities. If a is a
finite scalar then a+® =0, g — 0= —00,0/g=w-ggn(a), —0/a= —-sgn(a), a/0=sgn(a) -, ©/0=c, and
—0/0= —oo, where sgn(a) = +1ifa>0, sgn(a) = —1ifa<0.
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The reflective path: [Let f°=0, p'=s, set b®=1x,.]
Fori=1:0
1. Let B be the distance to the nearest breakpoint along p*:
B'=min{BR: BR>0} .

2. Define ith breakpoint: b'=b""1+ (g — g~ )p'.
3. Reflect to get new direction and update BR:
(a) pi+1=pi ‘ '
(b) For each j such that (b%);=u; (or (b');=1j)
* BR(j) =BR(j) + |u;— I,/ (5);|.
C(pY;=—(p))

Fig. 4. Determine the linear reflective path p.

over, as we indicate next, there is a familiar straight line interpretation of the reflective path
line search. To see this we introduce the notion of a reflective mapping. For a problem with

nonnegativity constraints only, & = {x: x>0}, a reflective mapping is merely the absolute
value function, R : "5 F , i.e., x=R(y) = | y|, where the absolute value notation is meant
to apply to each component. More generally, a reflective mapping (or transformation) for
problem (1.1) is an open mapping R : #"™>.% defined in Fig. 6. An illustration of a 1-
dimensional reflective transformation is given in Fig. 7. Using this reflective transformation

R(y), (1.1) can be replaced with the unconstrained piecewise differentiable problem:
min /() (3.3)

yER”®

where f(y) =f(R(y)).

A model interior-reflective method
Choose x; €int(F).
Fork=1,2,...
1. Determine an initial descent direction s, for fat x, € int (%) . Determine the reflective
path p,(«) as in Fig. 4.
2. Perform an approximate piecewise line minimization of f(x, + p,( @) ), with respect
to a, to determine an acceptable stepsize «, (such that o, does not correspond to a
breakpoint).
3. X1 =Xt pe( o).

Fig. 5. A model interior-refiective algorithm.
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Case 1: (> — o, u; <®)

To evaluate x;=R(y);

w;=|y;— L |mod[2(w;— 1)) 1, x;=min(w;, 2(u; — L) —w,) +1;
Case 2: ([;> — o, y;= )

To evaluate x,=R(y): If y; = [;, x;=y, else x;,=2[,—y,.
Case 3: (/;= — o, u; <)

To evaluate x;=R(y);: If y;<u;, x; =y, else x;=2u;—y,.
Case4: (l;= —oo, y;=),

In this case there are no constraints on x; and so x;=y;.

Fig. 6. The reflective transformation R.

10F k
8 1
u=b
0O
4
1=4
2F :
) 2 4 [3 8 10
Yy

Fig. 7. A 1-dimensional reflective transformation example.

An interior-reflective algorithm for the original problem (1.1) is a descent direction
algorithm with a (straight) line search * for f(y) — see Fig. 8. This straight line search
descent algorithm generates the sequence {y,}; the strictly feasible sequence {x;} can be
obtained from the relation x, = R(y,) . (Note: strict feasibility is maintained because the line
search does not accept breakpoints — breakpoints correspond to points on the boundary.)

The difference between the algorithm in Fig. 8 and the interior-reflective method in Fig.
5 is purely notational. The view presented by Fig. 5 has the advantage that it is in the original
space — visualization of the reflective process is natural. The advantage of the second view,
the method in Fig. 8, is that the algorithm is a straight line descent direction algorithm, a

3 Direction s} is a descent direction for f( y) aty,if f‘( i +asy) < f( y) for all positive sufficiently small a.
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A descent direction algorithm for f(y)
Choose y, €int(F).
Fork=1,2,...

1. Determine a descent direction s}, for f( y) aty;

2. Perform an approximate line minimization of F(ye + asy), with respect to a, to
determine an acceptable stepsize o, (such that a; does not correspond to a break-
point)

3. Vet =W+ sy

Fig. 8. Descent direction algorithm for f( ¥).

familiar structure. It is probably useful for the reader to keep both views in mind. In this
paper we will primarily work in the original space (x-space).

The Line Search Conditions: An exact line search is seldom adopted. Instead, an approx-
imate line search satisfying conditions which guarantee convergence is used.

In the unconstrained setting, min f(x), several such sufficiency conditions have been
proposed. For example, Goldfarb [16] uses the modified Armijo [1] and Goldstein [17]
conditions: Given 0 < gy < g, < 1 and a descent direction s, with x ;. ; = x; + s, o satisfies
the modified Armijo/Goldstein conditions if

Sxes) <flx) +0-1(akg1{sk + %a%min(sl{Hksk, 0) (3.4)
and
S ) > () + Uu(akggsk + %a%min(sszsk, 0)). (3.5)

Roughly speaking condition (3.4) can be interpreted as restricting the step length from
being too large relative to the decrease in f; condition (3.5) can be interpreted as restricting
the step length from being relatively too small. Both conditions can be combined to form a
single expression: If we define

S 1) —f(xe)

= , 3.6
L) 0815, + saimin(si H,s;, 0) (36)
conditions (3.4) and (3.5) can be expressed as
o <) <a,. (3.7)

We establish that conditions (3.4) and (3.5) can be satisfied for the relative path mini-
mization process where x,, , =x,+p.{ o) and p; is defined by (3.2). In particular, we
prove that there is an interval (e, ,), depending on &, such that for all @« € (&, @), (3.7)
is satisfied.
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Theorem 2. Assume that f(x) has two continuous derivatives and either gts, <0 or
grs, =0 and s{Hys, <0 where x, €int(F ). Then either f is unbounded below along the
reflective path pi( @) or, for 0 < oy< 0, <1, there exists an interval (o, &), depending on
k, such that condition (3.7) is satisfied.

Proof. First we denote that lim,_, ¢, () =1. To see this consider that from Taylor’s
theorem, for a < B},

agis, + %aZS{I'-_’kSk
agls, +ia’min(s{H,s., 0)’

b)) =

where

H =H(x +6(a)as), 0<8(a)<l.

Therefore, if g7s, #0, $(0) q—gflima,,o ¢d(@) =1 and so ¢ (0) > o, > ay; if gLs, =0 then
sTHys, <0 and clearly ¢, (0) Elim,_, o (a) =1 and 50 ¢,(0) Elim,,_ o () =1.

Assume ¢ (a) < oy for some a > 0. Let , be the smallest positive a such that ¢, () = 0.
Since ¢,(0) > 0, > o it follows that ¢, () > o, for all « € (0, ). Therefore by continuity
there exists a positive a; < ¢, such that ¢,(a) <o, for all @ € (o, ). Therefore (3.7) is
satisfied on (o, o).

Now assume the contrary; i.e., ¢ () > o for all positive . But since either g7 s, <0 or
stg,=0and s]H,s, <0, it follows that

lim agis, +ia’min(sTHys;, 0) = —~.

x>
Therefore to achieve ¢ (&) > a, for all positive «, it must be that

lim f(x, +pe(@)) —flx,) = — .

a—>®

Consequently fis unbounded below along the path p;(a) as a— . [

The interval (a4, o) contains a finite number of breakpoints. Consequently, we can
choose a; € (&, o) such that o is not a breakpoint.

A basic interior-reflective algorithm can now be stated. To allow for flexibility, especially
with regard to the Newton step, we do not always require that both (3.4) and (3.5) be
satisfied. Instead, we demand that either both conditions are satisfied or (3.4) is satisfied
and «; is guaranteed to be bounded away from zero, e.g., a;> p> 0. The latter conditions
are used to allow for the liberal use of Newton steps and do not weaken the global conver-
gence results.

An interior-reflective method is described in Fig. 9. Note that since x; €int(.F), it follows
that x, €int(F).

We conclude this section with two comments on the economy of the line search. First we
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An interior-reflective algerithm [ p is a positive scalar.]
Choose x; €int(F).
Fork=1,2,...
1. Determine an initial descent direction s, for f at x,. Note that the piecewise linear
path p,( @) is defined by x, s;.
2. Perform an approximate piecewise line minimization of f(x; + p,(«)), with respect
to a, to determine ¢, such that:
(a) oy does not correspond to a breakpoint
(b) condition (3.4) is satisfied
(c) Either
(i) «, satisfies condition (3.5), or
(i1) o> p>0
3. X1 =Xt pil o).

Fig. 9. An interior-reflective algorithm satisfying line search conditions.

mention that it is not necessary to implement a line search in a left-to-right fashion; it is not
necessary to predetermine the reflective path. For example, a simple bisection strategy can
be quite effective in some cases [10]. Second, as indicated in Section 6, distances to the
breakpoints that correspond to variables tight at the solution converge to unity (under
nondegeneracy assumptions). This indicates that in a neighbourhood of a minimizer it is
unnecessary to reflect.

4, Constraint compatibility and consistency

Satisfaction of the conditions (3.4) and (3.5) is not sufficient to ensure convergence for
(1.1). In this section, we attempt to capture the effect of our new affine scaling transfor-
mation £= D,x on the steepest descent direction — g, and the solution of the trust region
subproblem (2.7). We indicate that the scaled steepest descent { —D?g,} and the trust
region solution {p,} of (2.7) share two properties, constraint compatibility and consistency,
which are enough to obtain first-order convergence, i.e., to guarantee that {D?g,} —0.

We begin with a discussion of constraint-compatibility. Recall that the diagonal matrix
D, is defined by (2.3), i.e., D =D(x;)*=diag(|vi|).

Definition 3. A sequence of vectors {s,} is constraint-compatible if the sequence
{D; ?s;} is bounded.

Constraint-compatibility of {s,} is important because it facilitates a sufficiently long step
along s. In particular, if x, is close to a boundary then a direction satisfying only g7s, <0
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may not guarantee that sufficient progress can be made to obtain a convergence result. In
particular, s, may point directly at a nearby constraint and descent beyond this first break-
point, along py, is not guaranteed. (Conditions (3.4) and (3.5) can still be satisfied though.)
For constraint-compatible directions, we prove the following.

Theorem 3. If {s,} is a constraint-compatible sequence then {BR,(j): BR,(j) =
[vi 1/ 15y} is bounded away from zero.

Proof. By constraint compatibility there exists x>0 such that, for all iterations k and all
indices j,

A
[$% | <
|Ukj|

Clearly if BR.(j) = |vi | /|5 |, then BR,(j) > 1/x. O

In other words, constraint-compatibility helps avoid the problem of running directly into
a bound by ensuring that the stepsizes to breakpoints, corresponding to ‘‘correct sign
conditions’’, remain bounded away from zero. Specifically, if {s;} is constraint-compatible
then the positive distance to constraint j along s, BR,(j) =max{(} —x.)/sy, (u;—
xi)/ 54}, is bounded away from zero for any j with the correct ‘‘sign condition’’. The *‘sign
condition”” refers to a consistency between v; and max{(l; —xy) /sy, (4; —x)/sy,}. The
“‘sign condition’” holds when sy, g,; <0, and 50 BR,(j) = |vy; |/ | s, |-

When the “‘sign condition’’ is violated, i.e., when s;,g,, >0, then it is possible to hit a
bound after only a short step along s,. However, the reflective line search guarantees that
the new direction passing this breakpoint will maintain descent if the bound is encountered
soon enough (since — s;,g;; <0). This reflection is essential for convergence: see Lemma
7.

Summarizing the above discussion, constraint-compatibility together with the reflective
line search guarantee sufficient progress from the current point.

A technical lemma is required to establish constraint-compatibility of some useful direc-
tions.

Lemma 4. Let {s,} be a sequence of vectors and assume {s;} is bounded. Assume that for
each iteration k and each index i such that 0 < |v,,| <1,
€Sk = |Uki |Zki7 (41)

where e, satisfies |ey, | > g1 . Assume {z,} is bounded. Then {s,} is constraint-compatible.

Proof. Consider any subsequence, denoted by indices k. If {vg;} is bounded away from
zero then {sg/ |vg |} is bounded since, by assumption, {s,} is bounded. On the other hand,
if {vz} = 0thenby (2.12), |eg | = 7. >0.But {z,,} = {ex, 5,/ | v, | } is bounded by assump-
tion; therefore, {s;/ |vz |} is bounded. Since every subsequence of {s,,/ | v, |} is bounded,
the sequence itself is bounded. [J
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Theorem 5 below establishes that several useful directions satisfy the constraint
compatibility requirement. The sequences {Du: Mkuk Mt for some u, <0} and
{ —D7?sgn(g,)} play an important role in forming subspaces of a reduced trust region
subproblem (2.10) (see Section 7).

Theorem 5. Assume 0 < A, < A, < A, <o, where A, and A, are positive scalars satisfying
A < A,. Under the compactness and smoothness assumption, the following definitions yield
constraint-compatible sequences {s;}:
(1) s, = —Di g
(2) s, = —Disgn(gy), * R
(3) s, = Dyuy, where u, with |ull, =1 is an eigenvector of M, corresponding to a non-
positive eigenvalue,
(4) 5, =D,§Y where §¥ is the Newton step in the scaled space, §¥ = —M{ ' &, g =
Digi, ISV < Ac <A, and M, positive definite,
(5) 5. =DuSY/ ISV N, $¥ 1l = A = A, and M, posztwe definite,
(6) s, is the solution to (2.10) with =

Proof. Constraint-compatibility of the first two choices for s, follows directly from the
definition and boundedness of {g,}.
For case 3, let u; <0 be a nonpositive eigenvalue of M, and M, u, = p,u,. Then

(eI =TiD§ ) s =DiHi Dy, pi <0,

where D§* =diag(g;). For each index i with |vy, | <1, Ji,=1and | uI—J;,D§" | >
g4 . Using compactuess, { H;D,u,} and {s,} = { Dy} are bounded. Therefore, by Lemma
4, {s;} is constraint-compatible.

For case 4, note that s, satisfies

JiDE* 5= —Dﬁ(gk +Hka§kN) .

Butif |§7 | < A; <A, then, using compactness, both {g, + H,D,§"*} and {s,} are bounded.
Constraint-compatibility then follows from Lemma 4.

Incase 5,
Sk HkaSAiv
JiD{" s =—D (
BIRER
But |§} ] > A=A, >0; therefore, using compactness, {gi/||§¥]+H,D.$Y/|$% ]} is

bounded. The sequence {s;} is bounded since s, =D;§5/|§¥ ||; constraint-compatibility
follows from Lemma 4.
Finally in case 6 note that s, satisfies

* If zis a vector, then w= sgn(z) is a vector; w;=1if ;> 0, w;= — 1 if 7;<O0.
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(JADE" + wel)se = —Di(ge + HeDeS1) (4.2)

for some pu;>0 and §, =D 's;. But ||§] <A.<A, and so, using compactness, both
{gr+ H,D\$;} and {s;} are bounded. Therefore, Lemma 4 can be applied to yield constraint-
compatibility. O

Note that a constraint-compatible sequence {s;} can be obtained by mixing the various
steps s, given in Theorem 5. Constraint-compatibility is not sufficient to guarantee conver-
gence: It is also important that first-order descent, represented by g7 s, be consistent with
first-order optimality, represented by D?g,. The following definition captures this concept.

Definition 4. A sequence {s;} satisfies the consistency condition if {sIg,}— 0 implies
{Dige} = 0.

In Theorem 6 we give five useful examples of sequences that satisfy consistency.

Theorem 6. Under the compactness and smoothness assumption, the following definitions
yield sequences {s,} satisfying the consistency condition.
(1) sy = —Digw
(2) sp = —Disgn(g), R R
(3) s, =D, §Y where § = — M ' 8., assuming M, is symmetric positive definite,
(4) s, is a solution to (2.10) where 7, has the property that w,= D, €., for
somevector Wy such that { ||} is bounded away from zero and {w,} is consistent,
ie., {wig,} =0 implies {D,g.} — 0,
(5) sy is a solution to (2.10) with 7, ,=#".

Proof.
(1) The first case is clear since s7 g, = || Dege |-
(2) In this case 57 g, =sgn(g) "D2ge = | Dx | g | '/?|l, and so the result follows.
(3) If s, is the Newton step, then

~glsi = (De8) "M {(Digy) -

But by compactness M, is bounded, i.e., there exists a finite bound X such that HMk |2 <
Xu- Therefore, — g7 s, = (1/ xar) | Drgx || > The result follows.

(4) Let 7= (V,) for some full-column rank matrix V,; let ¥, be an orthonormalization
of the columns of D 'V,. Since w, € .%, we can assume, without loss of generality, that
one of the columns of Y, is W,/ |W,[|. We can write the solution to (2.10) as s, =D, Y.Sy,,
where

Sy = — (Y{MkYk‘l' pd) T YEg, + wuy
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where u} is a unit eigenvector corresponding to the most negative eigenvalue of ¥ TM.,Y,
and (Y7g,)"ut =0. Using a trust region solution characterization, e.g., [26], the matrix
YIM,Y, + ul is positive semi-definite and (YZ§,) €range(YIM,Y, + w ). Since
A= A>0, it follows that {u,} is bounded above. Therefore, using compactness,
(YIM, Y, + I} is bounded and so there exists a positive scalar y;, such that

I YiIM Y+ wedlla <xu-

Therefore,

— g5 =(VDig) "(YIM Y+ D) " YE(Dig) > — | Y Digi ] 2 -

RN
M |
Therefore {57 g, } — 0 implies {|| Y7 D.g.||} = 0. However, w,/ |W,] is a column of ¥, and
{IW|} is bounded from zero. Therefore, { || ¥ Dygx|} =0 implies {w¥g,} —0 which
implies {D,g,} — 0 since {w,} is consistent (by assumption).

(5) The proof follows from the above case 4 by letting &, =R"and Y,=1. [

5. First-order convergence of the interior-reflective algorithm

In this section we establish that constraint-compatibility and consistency allow the inte-
rior-reflective algorithm in Fig. 9 to achieve first-order convergence. Recall that a feasible
point x is a first-order point if and only if D*(x)g(x) =0 where D is defined by (2.3)

The main result of this section is that, assuming that {s,} satisfies the constraint-compat-
ible and consistency conditions, every limit point generated by an interior-reflective method
in Fig. 9 is a first-order point. We first state a technical result which says that the change in
falong the reflective path p,(«) is primarily represented by linear term g s; as a,— 0.

Lemma 7. Assume that {x;} is generated by the interior-reflective algorithm in Fig. 9. Let
{s:} be a sequence satisfying the constraint-compatibility conditions. Assume {a;} 0.
Then,

fxe1) —fx) = agis, +0(ai) .

Proof. From Theorem 3 and {e} =0, if 0< B}, <a; corresponding to variable x;, then
5,81, >0 where B is defined by the reflective path in Fig. 4. Moreover, the compactness
assumption implies that a sequence of constraint-compatible direction {s,} is bounded.

Without loss of generality, and for notational simplicity, suppose that the ordering of the
breakpoints along s, corresponds to the natural variable ordering. Note that since {a;} =0
we can assume that the indices corresponding to 0< 8% <, are distinct and so 8=
BR, (i) where BR is defined by (3.1). Assume that

0 Bli<a < B, j=1:1. (5.1)
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Therefore,

5,85 =0, j=1:4. (5.2)
By definition of the reflective path p, (see Fig. 4) and using (5.2),

grsi=glpl, j=li+1. (5.3)

Now using the definition of the breakpoints b} (see Fig. 4) and applying Taylor’s theorem
(repeatedly),

S(xq41) “f(xk)
= FOren) —F B + 3 LABL) ~FB ) T +AbY) —Fx0)

i=2

= (o — B OO+ Y [BL— B B

i=2
+ Bi V() pi +O0(ai)
= (ox— BIgIpE™ + z (8L~ Bi"1glph+ Blelpi +0(ad) .
b
Now apply (5.3) to get
FOrr) —f(x) < (4 — B &Sk + i [B}— Bi '1gisi+ Bigisi +0(af)

i=2
=agls, +0(a? O
O 8 i Sk ag) .
The main result in this section is first-order convergence, i.e., { Dz g, } — 0. This result is

established in Theorem 8 where we also show that {a?min(s} H, 5, 0) } = 0; the latter is
not part of the first-order conditions but is useful subsequently.

Theorem 8. Assume that {x;} is a sequence generated by the interior-reflective path
algorithm in Fig. 9 and that {s,} is the corresponding sequence satisfying both the consis-
tency and constraint-compatibility conditions. Then the corresponding sequences {D%g:}
and {aimin(si Hys,, 0)} converge to zero.

Proof. Since condition (3.4) is satisfied,

m~—1
J(x) = f(x) = Z (F(xe+ 1) =f(x))
k=1

m—1
< Z (oo gisi + oy aimin(sHyse, 0))
k=1

<0.
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By the compactness and smoothness assumption, {f(x) } is bounded on .#; therefore,

lim (oyugls, +ioaimin(stHes, 0)) =0.

k—o

But
00,875, <0 and o,aimin(s?H,s,, 0) <0,
hence

lim o, g%s, =0 and lim aimin(s}H,s,, 0)=0.

koo ko

Now we establish that {Dg, } converges to zero by contradiction. Suppose this is not true.
Since {s;} satisfies the consistency condition, {g7s.} does not converge to zero. Hence
gTs, < — x for some x> 0. Therefore, { @} converges to zero. Using Lemma 7,

S(xes 1) —f(x)

lim ¢ ()= lim ;

f—s o0 Pil o) k- 04818 + jamin(si Hysy, 0)
> lim g5 + O(or)
=

koo 84S, + Laimin(si Hysy, 0)
=1.

This contradicts (3.5); hence, {D?g,} converges to zero. [

Theorems 5 and 6 provide several examples of directions satisfying consistency and
constraint-compatibility; therefore, by Theorem 8, first-order convergence is achieved by
the interior-reflective path algorithm in Fig. 9 with these choices. As an example, if we let
sy = —D?%g, in the interior-reflective approach described in Fig. 5, the resulting method
generates iterations {x,} with the property that, at every limit point, the first order necessary
conditions are satisfied. In order to achieve better convergence properties, we need to use
more sophisticated directions such as solutions of trust region subproblems (2.10).

6. Second-order convergence

In order to achieve a second-order algorithm (i.e., guarantee convergence to a second-
order point; obtain quadratic convergence) we further restrict the descent direction sy in the
interior-reflective algorithm in Fig. 9. In particular, we now assume that when M, is positive
definite and || )| < A, then the Newton direction s, =D, $Y is taken; if M, is not positive
definite, the direction s, is defined by a reduced trust region problem >: s solves

min{s”g, + 1s"Ms: |Di 's|l, < Ay, SE€EF4) . (6.1)

5 We do not (yet) specify how s, might be “etermined when M, is positive definite and ||§¥ | > A,.
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An interior-reflective Newton algorithm: Given A, <A,.
Choose x; €int(F).
Fork=1,2,...,

1. Determine an initial descent direction s, for f at x;: If M, is positive definite and
18¥ ]| < Ay, choose s, =D, §Y. If M, is not positive definite, choose A, € [A,, A,],
choose subspace .%,, and solve (6.1) to get s;.

2. Determine a: If 5, =s¥ and x,+ p,(1) satisfies (3.4), then set o, = 1; otherwise,
perform an approximate piecewise line minimization of f(x; + p,(a) ), with respect
to a, to determine a; such that
(a) o is not a breakpoint;

(b) « satisfies (3.4) and (3.5).

3.1 =5t pr(a).

Fig. 10. A second-order interior-reflective Newton algorithm.

Fig. 10 describes a (second-order) interior-reflective Newton algorithm.

Note. If ;=1 is accepted by the line search but corresponds to a breakpoint, then modify
oy oy = Gy - €, where &, is not a breakpoint, &, satisfies (3.4), and €, < x,[| D&/l for
some Y, > 0.

The first important result of this section (Theorem 10) is that the method in Fig. 10
generates points {x;} such that the second-order necessary conditions are satisfied at every
sufficiently nondegenerate limit point of {x;}, provided {s;} is constraint-compatible, sat-
isfies the consistency conditions, and .%; is chosen so that negative curvature of M, is
“‘well-represented’’.

A preliminary technical result is required. We denote the smallest eigenvalue of a real
symmetric matrix A by A ,(A). So if A(A)={A, Ay, ..., A}, with A; <A< <€A,
then A ;,(A) = A4

Lemma 9. Assume that {x,} is generated by the interior-reflective Newton algorithm in
Fig. 10 where the initial point is strictly feasible. Let {s;} satisfy the consistency and
constraint-compatibility conditions. Let .= {Y,), for some orthonormal matrix Y, be
chosen such that when )\mn(Mk) <0,

Ain(YEM, ) < max( — €., MAmin(My)) | (6.2)

for some €,.>0, 7>0. Then for any subsequence satisfying {min(siH;s;, 0)} =0, the
corresponding subsequence satisfies limy _, .{min(A 4;,(M,), 0)} =0.
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Proof. In this proof the subscript & is identified with the subsequence under consideration.
By definition s, satisfies

T T T + 2 __ T T
SiHese 5% Y DE™ Yisy, + mellsy = —sn Y Dege -

But by Theorem & lim,_,.D:g,=0. By assumption lim,_, . {min(s}H,s;,0)}=0, and
D£* is positive semidefinite by definition (2.12). Moreover, since s, solves (6.1),
ISy ]| = Ax = A, > 0; therefore,

lim {p}=0.

k—eo
However,

0< —min(An(YIMT), 0) < py
hence

lim {min(A(Y7M,Y,), 0)}=0,

k— o
and applying assumption (6.2),

lim {min(max( — €,c, T (M) ), 0)}=0.

k>
Therefore

lim {min(A,(M,),0)}=0. O

k>

Theorem 10. Assume that x,, is a nondegenerate limit point of {x,}. If the assumptions of
Lemma 9 hold, then A ;,(M,,) is positive semi-definite.

Proof. Our proof is by contradiction. Assume A (M, ) <0. Applying Lemma 9, this
means that there exists a subsequence with

lim min(sfH,s;, 0) <0.

k— o
Using Theorem 8, limy_, . aymin(s? Hys,, 0) =0; hence, lim, _, ..c, = 0.

By Theorem 8, D, g, =0, and by assumption, x,, is a nondegenerate point; therefore, for

k sufficiently large, sgn(g,;) =sgn(gy;) if j & Free,. Hence, for any j& Free,,, BR(j) =
[vgl/|sy|. Alternatively, if j&Free,, then |BR,(j)|—>%. By Theorem 3,
{BR(j): BR.(j) = |vi; |/ |55, | } is bounded away from zero. It follows, since o, — 0, that
0< a; < B} for sufficiently large k, where B is defined in Fig. 4. Therefore, due to the
absence of breakpoints on (0, o), Taylor’s Theorem can be applied straightforwardly to
yield, for some subsequence:
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lim ¢(ay) = lim S+ as) —f(x)
ko0 k k k— o Olkgz.sk + %a,%min(s,{Hksk, O)

T 12T
. 00 8kSe i s H(x + 0(ay))si
= lim T L 2T
k>0 akgksk'i'iakskask

, 0<0(op) <oy

=1.

This contradicts condition (3.5). Hence we conclude that every nondegenerate limit point
is a second order point. [

Next we work toward establishing convergence of the entire sequence {x,}.

First we establish that there is a natural (local) Newton process for problem (1.1). This
view is similar to the development given in [6] for the convex quadratic problem. Let x,
be a specified nondegenerate point satisfying the second-order sufficiency conditions.

Consider a finite set 7~ of functions defined by x,:

F . (x) =D (x)g(x) (6.3)
where D (x) =diag(»(x)) and v(x) is a vector defined

+lor—loru;,—x;orx;—1 ifgF=0
v, = U, —X; lfg,* <0 (64)

Note. When g * = 0 the choice »;=u; — x; is valid only when u; is finite; the choice v,=x;—[;
is valid only when /; is finite.

Each function F, is continuously differentiable; furthermore, F,(x,) =0 for every pos-
sible . Of course, F, cannot be used computationally since x, is not known a priori.
However, locally each step of our proposed algorithms is an approximate Newton step for
exactly one set of equations based on the definition of v(x), i.e., v(x) = |v(x) |. Therefore,
7 and F, are useful in a theoretical sense to help establish asymptotic convergence results
of our proposed algorithm.

The next result formalizes the simple observation that any member of 7” can be used
interchangeably with any other, at any iteration, and there remains a neighborhood around
o, retaining quadratic convergence properties of a Newton process.

Theorem 11. Let "= {F,: R" — R"} be a finite set of functions satisfying the following
assumptions:

* Each F, is continuously differentiable in an open convex set &.

o There is a x,, in & such that F (x,) =0 and VF (x,) is nonsingular forall F ,€ 7.

* There is a constant K, such that for all F ,€ %,

IVE.(x) = VF,(x,) | < kollX—xs || » (6.5)
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forxe®.
Let {x;} and {s;} be sequences such that x; ., =x, + s, and suppose

Isx +s¥ 1 =0z — x5 D2,
where s¥* is the Newton step for one of the functions F,, € v at x;, i.e.,
P w
s =—(VF, (%)) " 'F (%) .

Then, for € sufficiently small, {x,} converges quadratically to x*.

Proof. The argument is straightforward and uses a standard result in the last step, e.g., [24]:
41 =% | = [0k + 8% — X |
=[x + 53 =Xy 5 =577
<+ = x|+ s — 52
=0(lx—x.D*. O

Our next main result is that the local interior-reflective Newton method is locally and
quadratically convergent. The local reflective Newton method, given in Fig. 11, is merely
the interior-reflective algorithm in Fig. 9 with M, replaced by ﬁk (compare (2.14) and
(2.5)), direction s, specified as the Newton step and o« chosen so that
|a,— 1| = O(||Digill}. We assume that x; €int(F).

Note that the kth iteration is computable provided x; is sufficiently close to x, and x; #x,.
To see this note that the Newton direction and the step size «, are always computable in a
neighborhood of x,.. In particular, B, is positive definite in a neighborhood of x,,, assuming
X, is nondegenerate and satisfies second-order sufficiency, and g, # 0 unless x, =x,,.. Step-
size o= 1 satisfies the stepsize condition (step 2 in Fig. 10) unless x,+p;(1) is on the
boundary, i.e., (x;+ p,(1)); is tight for some index j. In this case o, can be chosen slightly
smaller than unity, satisfying }a,— 1| = O(||Dwgll), and strict feasibility will be main-
tained. It is clear that | Dege|| = O([|%— x| )- Hence | a,— 1] = O(||x,—~x4l)-

A key observation is that, provided x,, satisfies nondegeneracy and secon J-order suffi-
ciency and x, is sufficiently close to x,, the search direction d, generated by the local

A local interior-reflective Newton algorithm
Choose x; €int(F ).
Fork=1,2, ...,
1. Solve B,dY = — §, = — Dy g, set dp =D, dY.
2. Determine oy, s.t. | o, — 1| = O(||Digill) and x+ pr( o) €int(F).
3. X1 =Xt pi(ay).

Fig. 11. A local interior-reflective Newton method.
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Newton algorithm in Fig. 11 is a Newton step for one of the functions in Z". Therefore, to
establish quadratic convergence we focus on the relationship between p.(«,) and d,. The
following result provides the necessary connection.

Lemma 12. Let x,,. be a nondegenerate point satisfying second-order sufficiency conditions.
Assume that v(x) is chosen such that v(x)=|v(x)|. Let d¥(x) be the corresponding
Newton direction, i.e.,

dV(x)=— (D*H+J'D?) "'D% (6.6)

where D¢ =D#(x) =diag(|g|), D*=D(x)*=diag(|v(x)|), J'=J"(x) is the diagonal
Jacobian matrix of |v(x) |. There exists an open neighborhood & containing x,. such that
forallxeint(F) NEF, d(x) is well defined and for each j & Free,,

11— BY(x) | =0(lxs —x|) (6.7)
where BY = |v(x)|/|dY(x)].

Proof. Since x,, satisfies nondegeneracy and second-order sufficiency, it follows that the
matrix D?H+J°D# is nonsingular in a neighborhood of x,. and so d”¥(x) is well-defined.
From the definition of the Newton step (6.6) it follows that if j & Free,,

u!-l
djl‘vz = |v;| -sgn(g;) — :gl (HdN)j
4

which implies

Vj |v;]

o1 = 2Lty 1 < 1 < oy + 2L (68)

j 181
The first inequality in (6.8) uses the fact that g * # 0 (by nondegeneracy), and Hd" — 0 as
x— x*. Therefore,
Ny, N Ny
_ Lty 14y L 1aE |
181 v &
But, by nondegeneracy and continuity, |g;| is bounded away from zero in a neighborhood

of x,; H is bounded; ||dV|| = O(|lx—x4]|); therefore, from (6.9) it is easy to show that
[1- 87| =0lx—x, ). O

(6.9)

1

Theorem 13. Let x,. be a nondegenerate point satisfying the second-order sufficiency
conditions. Assume that {x,} is generated by the local Newton algorithm in Fig. 11. Then,
forx, €int(F) and sufficiently close to x4, {x,} €int(F ) and {x;} converges quadratically
10 Xy

Proof. Let B} be the steplength to the first breakpoint along direction dy. If o, < B} then
Pl ) = oyd, where d, is the Newton step. However, |, — 1| =O(}}x,—x.]||) and since
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d, is the Newton step for some function in & ,, |di| =O(||xx—x4]); therefore,
P ) — dill = O(||x— x4]|*) and so Theorem 11 applies and the result follows.
Assume that 8% < &, < B%*!. From the definition of the reflective process, we can write

tk ) A )
pew) —de="Y (Be— B Pk + (ae— BOPE™ + Brdi —di.
i=2

But applying Lemma 12,

IPe(ew) = dill = OClldell - flxi — x4 |1) -

But d, is the Newton step for some function in & ,; hence, | di|| = O(J|xx — x| . It follows
that ||px( @) —dill = O(||x— x4]1*); applying Lemma 11 the result follows. I

We have established global convergence results for the interior-reflective method in Fig.
9 (and therefore the second order method in Fig. 10) and we have established that the local
interior-reflective Newton method described in Fig. 11 yields quadratic convergence. We
now show that the second-order method in Fig. 10 reduces to the local Newton algorithm
(Fig. 11) in a neighborhood of a nondegenerate second-order point: global and quadratic
convergence properties follow. In particular, we show that in a neighborhood of a nonde-
generate point satisfying second-order sufficiency conditions, a Newton step will satisfy
line search condition (3.4).

Theorem 14. Assume x,. is a nondegenerate point satisfying second-order sufficiency
conditions. Let 0 < 0,< 1. Suppose {x,} is generated by the local Newton Algorithm in Fig.
11. Then for x, sufficiently close to x,. and k sufficiently large,

S +p(a)) <flx) + O'I(gl{dk + %min(dszdk, 0)). (6.10)

Proof. Suppose there are #, — 1 breakpoints by, b,, ..., b, _1, to the left of «,, corresponding
to step lengths B}, B3, ..., B% '. For notational simplicity let us label x,+ p,( ;) with
b¥. Clearly,

e~ 1

fOatpile)) —flx) =f(b) —fa) + Y AL —ABD)] . (6.11)
i=1

Note that pi*' =D *'d, where DZ*! is a diagonal matrix with each diagonal entry equal
i+1

to +1; therefore, ||pi” || =0(|dr]). Consequently, applying Lemma 12, for any
1<i<y—1,

FBi —f(bY)
= (B = BUg (b P + (B — B (i) HLp!
+o([ (B! — Bpi™ 1)
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= (B = Bg P + (B = B (P D Hip ! +o(lldel®)
= (B = Bgip (BT — B (i) Hip ! +o(|lde]l?)
= (B — BOgipi + (B — BYXd) DI HIDT i+ o(||di | *)
= (B — Bogipi Hollde]®) .
Moreover, using Taylor’s theorem and Lemma 12,
f(bi) —f(xe) = Br&id + 1 (B *di Hedi +0(|lde ]| )
=gid,+}d{Hd, +o(|gidc|) +o([de]®) .

The most difficult term to deal with is g7 pi*!; however, we can show that |gf pit!| =

O( —g7d,) and this leads the way to the final result. To show this we use the fact that, due
to second-order sufficiency, there exists p >0 such that for all sufficiently large,

diBidy > plldi)?, (6.12)
and

dkBkdk :U'"dk = 2
But since d, is the Newton direction,

g=—Budy=—D;'B,D;'d= —Dy'B.d,;

therefore,

—g{dk=azékak> MEAES (6.13)
Butpi*'=Dg*' d, where DJ*' isa dielgonal matrix with each diagonal element equal to
+1. Hence, usmg the boundedness of {B,},

| —8kpi*t | = 1diDF* Bedi| = |d{DF ' Bed, | = O(ld,|1?) - (6.14)
Therefore, combining (6.13) and (6.14),

| —gipi"' | =0(—gidy) . (6.15)

Collecting together the terms above, and applying Lemma 12, (6.11) becomes

[ +plen)) —f(x) =gidi+ 1diHedi +o(|gidi|) +o([|de]?) -
But —gid, =d}B.d; > ulid;| > from (6.12). Therefore,

Fxe+pilen)) —f(x) =gidi + 3di Hidi +0(| g7 di |) (6.16)

=18xdi —3di Cedi +o(lgidi]) .

But, for & sufficiently large,

o(|gide}) < —3(1-20))gid; (6.17)
and —dj Cid, <min(dy H,d,, 0) and so, using (6.16),
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SO +pi()) —f(x) < ovdi g + smin(di Hidy, 0)
which implies for 0;< 1,

SGo +p(an)) —flx) < Ui(d{gk + %min(dI{dek, 0)). O

Theorem 15. Assume {x,} is generated by the interior-reflective Newton algorithm in Fig.
10. Let {s;} satisfy constraint-compatibility and consistency. Suppose Y, is a matrix with
orthonormal columns and let 7, = (Y, be chosen such that, when Amin (M) <0,

Monin(YEMLY) <max( = €00 TAmin(Mi)) (6.18)

for some €,.>0, 7> 0. Then,
* Every limit point of {x,)} is a first-order point.
* Every nondegenerate limit point satisfies the second-order necessary conditions, pro-
vided 7. is sufficiently small (see (2.12) for the definition of 7).
* Assume that 7. is sufficiently small. If a nondegenerate limit point x,. satisfies second-
order sufficiency conditions then {x;} is convergent to x,. The convergence rate is
quadratic, i.e.,

e =X | = OCIxe — x4 || 2) .

Proof. By Theorem 8 every limit point satisfies the first order necessary conditions. Assume
that 7. is sufficiently small, M, = B, for sufficiently large k. Hence, from Theorem 10, the
second-order necessary conditions are satisfied. Let x,, be a limit point satisfying sufficient
nondegeneracy and second-order sufficiency conditions. By Theorem 14 a unit step size °,
for some constant y, > 0 will satisfy (3.4) for ||x,— x| sufficiently small. Therefore, for
|| — x4 || sufficiently small, the interior-reflective Newton method in Fig. 10 reduces to the
local Newton Algorithm in Fig. 11: quadratic convergence follows from Theorem 13. [J°

Clearly if we determine s; by solving (6.1) at each iteration with %, = %", for example,
then the assumptions of Theorem 15 will be satisfied and so second-order convergence will
be attained. We state this formally.

Corollary 16. Assume x, €int(F) and let {x,} be generated by the interior-reflective
Newton method in Fig. 10 with {s,} determined by solving (6.1) at each iteration with
& =R". Then,
* Every limit point of {x;} is a first-order point.
* Every nondegenerate limit point satisfies the second-order necessary conditions, pro-
vided 7. is sufficiently small.
* Assume that 7 is sufficiently small. If a nondegenerate limit point x,. satisfies second-

S If &= 1 corresponds to a breakpoint then a; = & =1 — €, where d, is not a breakpoint, & satisfies (3.4), and
€< Xel Digill-
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order sufficiency conditions then {x,} is convergent to x, and the convergence rate is
quadratic, i.e.,

e+ 1 =Xl = Ol = x4 [1%) -

Proof. By Theorems 5 and 6 the sequence {s;} satisfies constraint-compatibility and con-
sistency. Since (6.1) is used to define s, with ., =R, it follows that condition (6.18) is
satisfied. Therefore, the assumptions of Theorem 15 are satisfied and the result follows. [

7. Computing descent directions by subspace trust region subproblems

The interior-reflective Newton method described in Fig. 10 allows for some freedom in
the determination of the direction s;. As we have already remarked, if we determine s, be
solving (6.1) at each iteration with ., = R", then second-order convergence ensues (Cor-
ollary 16). However, this choice can lead to expensive subproblems (6.1), especially when
n is large. Therefore, it is worthwhile exploring alternative choices for .7, particularly if
we can maintain the strong convergence properties for small dimensions of .7,. Below we
propose a specific way to choose ., restricting |.%,| <2, whilst retaining strong second-
order convergence properties.

Constraint-compatibility plays a key role in the convergence of an interior-reflective
algorithm. If a reduced trust region problem (6.1)

min{s7g, + Ls™M;s: |Dg 'sll2 < Aps SEF)
5

is used to solve for a direction s, — which, in turn, defines the reflective path p, — the subspace
%, must be chosen so that the solutions of the corresponding trust region subproblem yield
constraint-compatibility. It is easy to see that if s, solves (6.1) for some subspace ., then
{Dy 's,} is bounded. This observation leads to the following two technical results.

Lemma 17, Let {Y,} be a sequence of matrices where each matrix Y, has orthonormal
columns and suppose %= (DY, ). Assume every column of D,Y, generates a constraint-
compatible sequence. Let u, €. ; assume the sequence {D; 'u,} is bounded. Then, the
sequence {u,} is constraint-compatible.

Proof. If u,€.%, then u,=D,Yw, for some vector w,. But {D; 'u,} is bounded by
assumption; therefore, {¥,w,} is bounded and, by orthonormality of the columns of ¥, the
sequence {w;} is bounded. It is now easy to see that {u,} is constraint-compatible, i.e.,
{D{?u,} is bounded. To see this notice that the sequence generated by any column of
D %(D,Y;) is bounded, by assumption, and we have already argued that {w,} is bounded.
Therefore, since u, = D, Y,w,, the result follows. [J
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In the next lemma we indicate that the application of Lemma 17 is straightforward in the
2-dimensional case ~ subsequently we will use it in this setting.

Let &/ be a subspace and w a vector. We denote r(7, w) to be the residual vector of the
orthogonal projection of w onto &7, If the columns of matrix ¥ form an orthonormal basis
for o7, then r(o,w) Ew— YYw.

Lemma 18. Let a, be a unit vector and suppose the sequences {Dwa,} and {D:b;} are
constraint-compatible; assume there exists a constant 7> 0 such that r(ay, b,) > 7for all k.
Then if u, € %= (Dyay, Dib,) and {D; ' w,} is bounded, then {u,)} is constraint-compat-
ible.

Proof. Let y. =a, and so

r(ag, be) =be— [(yllc)Tbk]y}c .

Since {D,yi} and {D,b;} are both constraint-compatible, and {b,} is bounded due to
constraint-compatibility of {D.b,}, { Dyr.} is constraint compatible. Let yZ == r;/ (|7, [|. From
irell > 7>0, {D,y%} is constraint-compatible. Let Y, = [y£, yZ]. Since the columns of D, ¥,
are constraint-compatible and {.%;} = {(Day, Dib,)> } = {{D,Y; )}, it follows from Lemma
17 that {s.} is constraint-compatible. O

The subspace descent direction procedure in Fig. 12 describes a particular way to choose
s, (and %, when appropriate) with the large-scale setting in mind. Each subspace .,
satisfies |.%7;| <2 and so problem (6.1) is inexpensive to solve.

Two technical results pertaining to the subspace descent direction procedure in Fig. 12
are needed before establishing the main theorem. Let x,, be the maximum spectral radius
of M(x) on Z={x:xe€F and f(x) <f(x,) }. Since the spectral radius p(IVI(x) ) of M(x)
is continuous on .%, a compact set, the maximum y,, exists.

Lemma 19. Assume {x,} is generated by the interior-reflective Newton method described
in Fig. 10 with {s;} calculated by the subspace descent direction procedure in Fig. 12.
Then,

(1) the subsequence { || Dysgn(g;) || : A min(M) <0} is bounded away from zero,

(2) the subsequence {z;=D.%;:Amn(M,) <0} is constraint-compatible, where

Ze=Dysgn(g.) /| Disgn(gi) |-

Moreover, if we assume that 7,<1/(5x,), and that corresponding to any subsequence
()= {(Disgn(g))}, (Digi: F s = (Disgn(gy) ) andlimy_, o Amin(My) <O} converges
to zero, then

~Txr = AT A
LM G < %WI{Mka

Jor sufficiently large k.
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A subspace descent direction procedure [Let 7< 1, 7;, and 7, be small positive constants. ]
Case 0: M, is positive definite and ||§Y || < 4;.
Sets,=sy¥=—-D,M;'§,=D,3V.
Case 1: Mk is positive definite and ||§% || > 4.
if (Y, 801> 7
Fr={(Dig:, s¥) ,solve (6.1) to get s;.
else
sets, = —D?g,
end
Case2: M « 1s not positive definite. Compute w, = D,W,, where W, is a unit vector such that
{w,} is constraint-compatible and

WM, <max{ — €,., A min (M)} .

Let %, =Dysgn(g:) /| Disgn(g) ||

if [|r(We, £) | <max(|Digell, — 2@ EMiy)
Fr={(Dzsgn(g,) ), solve (6.1) to get s,.
else
. =(D3sgn{gs), D), solve (6.1) to get 5.
end

Fig. 12. Determination of the descent direction s,.

Proof. First assume there exists a subsequence with lim,_,.{D;sgn(g;)} =0 and
Amin (M) <0. This implies lim, _, {v;} =0 which implies that for k sufficiently large, M,
is positive definite (by virtue of the definition of M,), a contradiction. Hence the subse-
quence {||Dsgn(gi)||: Amin(M,) <0} is bounded away from zero and it follows, using
Theorem 6, that the corresponding subsequence {z;} is constraint-compatible.

Toprove that 27 M, 2, < 1T M, w, for sufficiently large k, first notice that by the definition
of 5, in Fig. 12, &%, = (D%sgn(g,) ) only when

(e, 20 | <max(|Drgill, — WEMwy) .

Since {D,g;} converges to zero and limk_m)xmm(lt:lk) <0, | Degell < — TZW,{Mka for
sufficiently large k. Hence

Irel =1 (s 21l < = WEMie < T
From r;, =Wy, — (£ W) Z,, we have
(Z0W) 2T M 8 =WEIM W, — 2r LMWy + rEMr
But

| reMbe | < parlirell < pums | WEMW, |,
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and
| FEMrc | < pwl| il > < p3y 3 | WEMioh |
and so
(209 2E Mo WM, + (2007 + p3y73) WM, | -
But 7, <1/(5p4,); Therefore,
(2900 2L Mg WMoy + F WM | =3P EMo0, .
Finally, since £, and W, are unit vectors, | 27, | <1; moreover, W{ M, W, <0 which implies

2TM,%, <0. Therefore,

A
A

ATy ~ AT
SAM 2 <IWIM o, . |

Theorem 20. Assume {x,} is generated by the interior-reflective Newton method in Fig. 10
with {s,} generated by the subspace descent direction procedure in Fig. 12 and 7,<
1/(5p4) . Then every subsequence {s,} satisfies the consistency condition. Moreover, for
any subsequence, if either {|Dg:ll} or {max(0, Ain(My) )} is bounded away from zero,
then the corresponding subsequence {s,} is constraint-compatible.

Proof. Applying Theorem 6 to each case in Fig. 12, it is easy to see that {s;} satisfies
consistency.

Assume that either a subsequence { || D;g.[|} or a subsequence { max(0, Apin(M)) } is
bounded away from zero. We prove next that the corresponding subsequence {s,} is con-
straint-compatible.

(i) Suppose there is a subsequence { |[D,g:]|} bounded away from zero. If A ., (M) >0
then by the subspace descent direction procedure in Fig. 12, there are three possible ways
to compute s,. All three possibilities clearly yield constraint-compatible sequences {s;}
using Theorem 5 and Lemma 18. Assume then that A ;. (M;) <0.Fig. 12 gives two possible
ways to compute s in this case: i.e., %, =(D?sgn(g,)) and solve (6.1) to get sy, or
F ={(Dzsgn(gy), D) and solve (6.1) to get 5. In the first case constraint-compatibility
of {.%”,} follows from the fact that { || D,sgn(g,) || } is bounded away from zero. In the second
case, since ||[r(Wy, 2) || = | Digell, it follows from Lemmas 17 and 18 that {s,} is constraint-
compatible.

(ii) Assume {D,g;} converges to zero, limy _, A min(M;) <0, and 7, <1/(5p,,). Again
there are two possible ways in which the subspace descent direction procedure will determine
the search direction. Either %, =(D3isgn(g,)) and solve (6.1) to get s, or ;=
(D}sgn(gy), Dby and solve (6.1) to get s,. In the first case constraint-compatibility of
{s:} follows from the fact that {||D,sgn(g:) |} is bounded away from zero. In the second
case, since [[r(Wy, ) | > — oW IMb, >0, {54} is constraint-compatible from Lemmas 17
and 18. [
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The main result of this section follows.

Theorem 21. Let {x;} be generated by the interior-reflective Newton method in Fig. 10
with {s,} generated by the method in Fig. 12 with 7, <1/ (5py). Then
¢ Every limit point of {x,} is a first-order point.
* Every nondegenerate limit point satisfies the second-order necessary conditions, pro-
vided 7. is sufficiently small.
* Assume that 7. is sufficiently small. If a nondegenerate limit point x,, satisfies second-
order sufficiency conditions, then {x,} is convergent to x, and the convergence rate is
quadratic, i.e.,

[xee1 =X = OUlxe — x4 |l 2) .

Proof. Let {s,} correspond to any subsequence such that either {max(0, A ,(M,))} or
{1 D]l } is bounded away from zero. Then by Theorem 20, the corresponding subsequence
{s:} is constraint-compatible and satisfies the consistency condition. Therefore, by Theorem
15, the result holds for such a subsequence.

Clearly then every subsequence satisfies {|D.g.]|} =0 and {max(0, A (M,))} > 0.
Hence every limit point of {x;} satisfies first-order necessary conditions. Moreover, the
second-order necessary conditions are satisfied at every nondegenerate point, provided that
7. is sufficiently small. Let x,, be a limit point satisfying nondegeneracy and second-order
sufficiency conditions. By Theorem 14 a unit step size 7 will satisfy (3.4) for [|x.— x|
sufficiently small. Therefore, for ||x, — x| sufficiently small, the interior-reflective Newton
method in Fig. 10 reduces to the local algorithm in Fig. 11: quadratic convergence follows
from Theorem 13. O

The only question yet to be addressed is the determination of a sequence of directions
{w,} which is constraint-compatible and contains sufficient negative curvature information
when M, is indefinite. In [ 3], the Lanczos process has been used to obtain negative curvature
directions. Similarly, the Lanczos process can be used to obtain constraint-compatible
negative curvature directions.

8. Concluding remarks

We have proposed a new method, an interior-reflective Newton method, for solving
nonlinear minimization problems where some of the variables have upper and/or lower
bounds. We have established strong convergence properties. In particular, interior-reflective
Newton methods can achieve global and quadratic convergence.

7 If @, =1 corresponds to a breakpoint then o, = &, = 1 — e where @, is not a breakpoint, &, satisfies (3.4), and
€< Xl Digrl}» for some x,> 0.
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The proposed interior-reflective Newton method involves the solution of a reduced trust
region problem, (6.1). In (6.1), subspace ., must be chosen with care to ensure the
second-order convergence properties and to maintain practical viability in the large-scale
setting. In this paper we show that a small dimensional subspace can be used, i.e., | % | <2,
and yet the attractive convergence properties obtained with .%, = R” can be maintained.

Experimental results for the case when the objective function is quadratic are provided
in [10]. These computational results are extremely encouraging and indicate that interior-
reflective Newton methods have strong potential for large-scale computations. Experimen-
tation on general nonlinear functions is a current research activity and results will be
available in a future paper.

Research on two extensions of this work is underway. First, we are studying inexact
interior-reflective Newton methods for problem (1.1). Our current implementation rests on
a (partial) sparse Cholesky factorization of M,. A limitation with this approach is that a
(partial) sparse Cholesky factorization is not always economical. Therefore, we are con-
sidering an interior-reflective Newton procedure that only requires the iterative use of M,.

Second, we are studying the adaptation of interior reflective Newton methods to bound-
constrained problems with additional equality constraints:

min{f(x): Ax=>5, I<x<u}. (8.1)

If we assume that x; is a feasible point then, following the lines in this paper, a feasible
descent direction can be obtained by solving

min{s"g, + 1s"™M,s: |D; 's), <Ay, sEF) (8.2)
where M, = H,+ C; and .%, is contained in the null space of matrix A. We have already
sketched a technique in this paper for solving such problems; however, this approach may
not be practical here (in general) since in this case |.%7;| is not necessarily small. Therefore,
a different sparsity-preserving method must be used to solve (8.2) — Coleman and Hempel
[4] have developed a technique based on the use of an ‘‘augmented’’ system that may have
some potential here.

A possible interior-reflective Newton approach to problem (8.1) is clear from a geometric
point of view. After generating a search direction from a strictly feasible point x;, using
(8.2), a reflective path can be searched to find a new (improved) point. Nevertheless,
despite this clear geometric picture, many research issues remain, not the least of which is
the efficient calculation of this reflective path ( while exploiting and maintaining sparsity).
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