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The linear complementarity problem is to find nonnegative vectors which are affinely related and complementary.
In this paper we propose a new complementary pivoting algorithm for solving the finear complementarity problem
as a more efficient alternative to the algorithms proposed by Lemke and by Talman and Van der Heyden. The
algorithm can start at an arbitrary nonnegative vector and converges under the same conditions as Lemke’s
algorithm.
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1. Introduction

The linear complementarity problem (LCP(q, M)) is to find vectors w€R"” and z€R"
satisfying

w=Mz+gq, wiz=0, w=0, 220, (1.1

where M is a given n * n-matrix and g a given n-vector. The linear complementarity problem
is quite common in mathematical programming because the problem is frequently met in
different areas of scientific research where optimization plays an important role. Often these
optimization problems lead to Karush-Kuhn-Tucker conditions which take the form of a
linear complementarity problem.

The popularity of the linear complementarity problem in mathematical programming has
led to a variety of algorithms attempting to solve the problem. Among this variety of
algorithms the Lemke complementary pivoting algorithm [5] is undoubtedly one of the
most renowned algorithms. The Lemke algorithm is a path-following algorithm starting in
z=0 and generates a piecewise linear path either towards a solution to the linear comple-
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mentarity problem or towards infinity. In Eaves [2] and Eaves [3] Lemke’s algorithm has
been generalized to computing stationary points on a polyhedron.

The major drawback of the Lemke complementary pivoting algorithm is that one is stuck
to the fixed starting point z=0. This feature may cause inefficiencies when one has some
idea concerning the possible location of a solution to the linear complementarity problem.
Such information might for example be available when one tries to solve a nonlinear
complementarity problem by a sequence of linear complementarity problems ( see Mathie-
sen {6)). This inefficiency in processing the information makes it worthwhile to adapt
Lemke’s algorithm for an arbitrarily chosen starting point. Talman and Van der Heyden
[8] present a whole class of algorithms generalizing the Lemke complementary pivoting
algorithm to an arbitrarily chosen starting point. All the algorithms in this class however
use a pivot system of at least n+ 1 equations in order to guarantee possible convergence of
the algorithm. Moreover none of these algorithms seem to be very natural in solving the
linear complementarity problem. To get rid of these inefficiencies we propose a new pivoting
algorithm to solve the linear complementarity problem allowing for an arbitrarily chosen
starting point. This algorithm has a natural interpretation as a path-following algorithm and
it does not need more than 7 equations in the pivot system.

The algorithm leaves the starting point in one out of n+ 1 possible directions. There are
n rays that connect the starting point with each of the n axes of R", and one ray that connects
the starting point with the origin. This allows the algorithm to leave the starting point " in
such a way that, with w” =Mz + g, it will raise z; from z¥ when w{ is negative and smaller
than all other components of w", while the algorithm will lower each z; from z{ proportion-
ally towards zero when w! is positive or not smaller than all other components of w"., In
particular this latter feature endows the algorithm with a very natural interpretation. For
example, the algorithm will stop with a solution to the linear complementarity problem if
it reaches the origin. This is contrary to the algorithm in the Talman and Van der Heyden
class of algorithms having also n + 1 rays to leave the starting point. In that algorithm there
are n rays that leave the starting point parallel to each of the axes and there is one ray
connecting the starting point with the origin.

In our algorithm the intersection of the rays with each of the axes can arbitrarily be
chosen. In Section 4 of this paper we suggest a particular choice of these intersections such
that it might be possible to see in advance whether the algorithm might not solve the problem.

An important feature of the algorithm is that it performs in the same way as the Lemke
complementary pivoting algorithm when generating points sufficiently far away from the
origin. In particular, the algorithm coincides with Lemke’s algorithm when the origin is the
starting point. Hence, the algorithm converges under the same conditions as the Lemke
complementary pivoting algorithm. Any convergence theorem for the Lemke complemen-
tary pivoting algorithm can therefore be applied for the algorithm.

The paper is divided as follows. First we describe the algorithm. The algorithm follows
a path of points in R . Each point on this path can be interpreted as a so-called stationary
point of an affine function on a parametrized set. This interpretation is elaborated in Section
2. The steps of the algorithm are enumerated in Section 3 while Section 4 is dedicated to
convergency issues. Section 5 describes some examples to clarify the algorithm.
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2. The algorithm

The algorithm follows a piecewise linear path of points in R” starting in some arbitrarily
chosen point z° € R", . We allow z° to lie on the boundary of R, . In case z° = 0 the algorithm
coincides with the Lemke complementary pivoting algorithm.

To motivate the algorithm, let (w*, z*) be a solution to LCP(gq, M) defined in (1.1).
The conditions defining a solution (w*, z*) to LCP(g, M) can be interpreted as

if z*=0 then min wi >0,
h

if z¥+%0 then min wjf =0,
h

and forallje {1, ..., n},

if 2 >0 then w;* =min wjf,
h

if zj*=0 then w} >min wj.
h

Let w®=Mz"+ g. Then this interpretation of the conditions to hold at a solution (w*, z*)
of LCP(g, M) makes it very natural to leave the starting point z° in the following way. If
min, w$, >0, then the algorithm decreases z proportionally from z°. Otherwise, the algorithm
decreases z; from z{ for all j& {1, ..., n} such that w} > min, w} and increases z; from z
forall j& {1, ..., n} such that w{ = min, wj, <0. More precisely, when min, wj >0 then it
is most natural to leave z” towards the origin and when w{ =min, wj <0 for some j&
{1, ..., n} then it is most natural to leave z° towards a point ae(j) for some a>z] on the
Jjth axis, e(j) denoting the jth unit vector in R”. This interpretation gives n+ 1 rays to leave
the starting point, namely r(j) =ae(j) —z" forje {1, ...,n} and r(n+1) = —z°.

Let Sbe a setin R" and let f: S — R” be a function. A point x* in S is called a stationary
point of fon S if x*Tf(x*) =xTf(x*) for all x in §. The stationary point problem (SPP)
on S with respect to fis to find a stationary point of f on §. Notice that the point x * being a
stationary point of f on S is equivalent to x* solving the optimization problem given by
max{x"f(x*) [x€S}. Furthermore, in case S is a polyhedron this optimization problem
reduces to a linear programming problem as it maximizes the linear function x 'f(x *) subject
to the linear constraints defining the polyhedron S.

LCP(q, M) is equivalent to the SPP on R, with respect to the affine function g defined
by g(z) = —Mz—q on R"_, as can easily be shown. Combining this interpretation of an
LCP with the idea above yielding the n+ 1 rays to leave the starting point z°, we propose a
path following algorithm which is such that each point z on the path is a stationary point of
the function g on the set # (1) NR", for some >0, where

n+1
Ajz0forje(l, ..,n+1},and ¥ )\jét}.

j=1

n+1
%(t)={z°+ Y rG)

J=1



238 H. Kremers, D. Talman / A pivoting algorithm for the linear complementarity problem

The number a should be such that a> ¢z, assuring that z°€.#(t) for any t>0." The
vector e denotes the n-vector with all components equal to one.

The number ¢ can be considered as a homotopy parameter running from zero to infinity.
For t=0 the set . (0) NR". only consists of the starting point z°. Hence z° is a stationary
point of g on #(0) NR% . For =1 the set #(1) NR% is the convex hull of the origin
and the points ae(j),j € {1, ..., n}, on the axes of R", . If the algorithm generates a stationary
point z of g on # (1) Nbd R”, such that ez <a then 7 is also a stationary point of g on
R”. and consequently a solution to the linear complementarity problem. For > 1 the set
(1) "R is equal to the convex hull of the origin and the points [ (1 —£)e 7%+ 1a]e()),
jE{1, ..., n}, on the axes of R”. .2 Clearly, for > 0, the set #(¢) is equal to

() ={z€R"[z=(1-0)z2" ¢Tz< (1 —1)e " +1a}
and hence, .7 (1) "R’ is equal to the set
{(z€R"|zzmax{l—1t, 0}z° e"z< (1 = ez +1a).

For an illustration of the set 7’ (¢) NR", for different values of r we refer to Figure 1. Now
the algorithm follows a path of stationary points of g on .Z (1) NR". for varying parameter
t> 0 starting for 1=0 in the arbitrarily chosen point z° € R”, . Barring degeneracy, this path
terminates either in a ray or at a solution.

If 7 in R", is a stationary point of g on # () NR". for some >0 then 7 maximizes
7Tg(%) over #( HN R”. . By definition of .7/ (¢) this implies that 7 solves the maximization
problem, denoted as the primal, given by

max z'g(Z)
st z=max{l—t, 0)z°
eTz<(1-0e"’+1a.
This maximization problem is a linear programming problem. According to the Duality
Theorem of Linear Programming this maximization problem is equivalent to the minimi-
zation problem, denoted as the dual, given by
min  0((1—1)e "z +1a) —max{l—1, 0} u"z°
st. g(Z)=— pu+le,
60, p=0,

'In Section 4 of this paper we will make use of this freedom by letting the choice of a depend on the data of the
matrix M and the vector q.
“Notice that a point on the kth axis of R", is given by ye(k) for some y3> 0. Hence the point of bd # (1), 3 1,

on the kth axis of R follows from finding the values of ¥, Aj,...,A, such that ¥, A;=r and
ve(k) =z°+ 72 A;r(j). Adding up the latter equation over all components gives y= (1—#)e7z"+ta.
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Fig. 1. The subset 7 (1) "R for r=1, I, resp.

9k

given 2°= (1, 1)Tand a=3.

where 6 s the dual variable to the constraint e Tz < (1 — £)e"z% + ta and p the n-vector with
u; the dual variable to the constraint z;> max{1—1t, 0)z{ forje {1, ..., n}.

Given g(zZ) the dual has a unique solution 6=max{0, max, g,(2)}, &, = 5 g;(2) for
je{l,...,n},Let 7 beasubsetof {1, ..., n+ 1} such that w;=0 forallje F\{n+1},
,1,>0fora11jeju{n+1},é=0ifn+1ei,andé>01fn+1ez 7 . Then g;(Z) = 0 for
all je 7 \{n+1}, g(2) <@ for all j&7 U{n+1}, max, g,(2) =0 if n+1€7, and
max, g,(2) >0ifn+1&.7.

Definition 2.1. For a subset & of {1, ..., n+ 1} a point z€R", is J -complete if j€T
implies g;(z) =6andn+1€7 1mplles () 0, where #=max{max, g,(z), 0}.

Furthermore, the solution (&, ) to the dual is complementary to the constraints in the
primal in Z. Hence, if j€ 7 \(n+1} then &, =0, implying Zzmax{l—1 0}z, If
J€T Uln+1) then & >0, implying z=max{1—1,0}z. If n+1€5 then =0,
implying e"7< (1 — t_)eT O+ ta.1f n+1€.7 then 6>0, implying e7=(1—1)e 7" +1a.
Therefore, the subset.7 of {1, ..., n+ 1} defines a subset of R”, . For any subset .7 of {1,

., n+ 1} we can define subsets A(J7) and A°(.77) of R". as follows.
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Definition 2.2. For 7 {1, ..., n+ 1},
A(9)=0 ifn+1€9 and z{=0 forallh& T
and otherwise

A(T) = ({2} +cone({r(j) |J€T})) NRY.

Definition 2.3. For 9 C{1, ...,n+1},
A%T)=0 ifn+1€9 or z)=0 forallh¢

and otherwise

A%T) ={ Y Asae()

it

A; =0 for j€5 and )\_,>1}.

Figure 2 gives a subdivision of R”. into subsets A(.7 ) and A%(F") for subsets .7~ of
{1, ...,n+1} when n=2. Theorem 2.1 proves that z being a stationary point of g on
(1) NR". for some £ 0 is equivalent to z being a.7 -complete point in A(.7) or A°(.7)
for some subset.7 of {1, ..., n+1}.

Theorem 2.1. The point zER". is a F -complete point in A(T ) or A°(F) for some
G {1, ...,n+ 1} if and only if 7 is a stationary point of g on # (t) NR", for some t = 0.

Proof. Let 7 be a .9 -complete point in A(.7") for some .7 C {1, ..., n+1}. Let r=e"z
Then Z solves the primal for r=r. Hence for all z& (1) it holds that z7g(%) <77g(2). A
similar reasoning holds for 7€A"(.7"). The converse follows from the discussion
above. [

To generate stationary points of g on #Z(¢t) "R, for varying ¢> 0 the algorithm should
therefore generate a set of .7 -complete points in A(.7") or a set of .7 -complete points in

A%{2})

A({1,2})
A({2))

A{23D\
¥ A1)

L AUL3Y

» A%{1)
0 \A({Bn

“

Fig. 2. Subdivision of R% into subsets A(.7 ) and A*(.F") for .7 < {1, 2, 3}.
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A°(9) for subsets 7 of {1, ..., n+1}. Among these sets of .7 -complete points there
exists a collection of adjacent sets of .7 -complete points in A(.7) or A°(7") for varying
subsets 7 of {1, ..., n+1}. This collection of adjacent sets is a path of .7 -complete points
inA(9 ) or A°(.9") for varying subsets 7 of {1, ..., n+ 1} starting in z° and either ending
up with a solution to LCP(g, M) or ending up in a ray towards infinity. The next section
describes how to generate this path through subsequent subsets A(.7) and A°(9) for
varying subsets 5 of {1, ..., n+ 1} by complementary pivoting.

3. The steps of the algorithm

Theorem 2.1 implies that the algorithm generates a path of .9 -complete points in A(.7") or
A®(F) for varying subsets .7 of {1, ..., n+ 1}. This property leads to a pivot system in
the following way. The .7 -completeness condition at a point z is equivalent to the existence
of ;20 &7 U{n+1}),0=0ifn+1¢.7,0=0if n+1€.7 such that
—~Mz—qg=6e— Y we(j).
JE. 7 U{n+1}

Combined with zEA(.7) or zEA"(.7") the appropriate pivot system for .7 -completeness
at a point z in A(.7 ) or A°(.7") is given in one of the next two lemmas where, for j=
1, ..., n, M denotes the jth column of the matrix M.

Lemma 3.1. A point zEA(T) is T -complete for some feasible 7 C{1, ...,n+ 1} if and
only if the system of equations

S AMr(j) — Y we(j) +0e=—qg—Mz° (3.1)

'=ra JESUfn+1}

has a solution A;20 (GE€7), ;20 (JEFT U{n+1}), 620 if ntle&s, 6=0 i
n+1657,suchthatz=zo+2/e.7 Ar(. U

Lemma 3.2. A point zEA(5") for some 7 C{1,...,n} withz? =0 forall i€5 or a point

2€ANT) for some T C{1, ..., n} is T -complete if and only if the system of equations
Y o AaM - Y we(j)+e=—gq (3.2)
i€ JE 7 Uln+1)

has a solution \;=20 (jEZT), w=0 (j&€7U{n+1}), 020, such that z=
LicrAge(j). O

Notice that the pivot systemsin (3.1) and (3.2) both contain rn equationsin n + 1 variables
leaving us with one degree of freedom. If nonempty, the solution set of each system forms
a line segment, assuming nondegeneracy. This line segment corresponds to a linear piece
of .7 -complete points in A(.7 ) or in A°(.7") with either one or two end points. As we will
show below each end point of a line segment of solutions to a system of equations for some
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F C{l, ..., n+ 1} either corresponds to the starting point z° or to a solution to the linear
complementarity problem or is an end point of a line segment of solutions to exactly one
other system of equations possibly for a different set.7". The point z° will correspond to an
end point of only one line segment of solutions. These properties make the path of points
generated by the algorithm from z° to be a piecewise linear path through subsequent subsets

A(Z) and A°(.9) for varying subsets .7~ of {1, ..., n+1}. Each linear piece can be
followed by making a linear programming pivot step in the appropriate pivot system with
the variable being zero (or making a binding constraint) at an end point.

A linear piece of .7 -complete points in A(.7") for some subset 7 < {1, ..., n} for which
z¥=0forall i& .7 can be generated by making a pivot step in system (3.1 ) or in system
(3.2). Which one of these systems will be appropriate depends on the system in which the
previous pivot step was made. This feature causes the algorithm to generate the path through
different subsets of R". in a more efficient way. Changing from one pivot system to the
other one at an end point of a line segment requires a redefinition of the variables A ;, j€.9
The setup in Lemma 3.1 and Lemma 3.2 allows us to make as few of these changes of
variables as possible.

Suppose the algorithm is following a linear piece of .7 -complete points in A(.%") or in
AT for some 7 C{l, ..., n+1}, ie., a pivot step is made in one of the systems of
equations (3.1) or (3.2) with the variable being zero at an end point of the line segment of
solutions. When the linear piece has another end point, say Z, then, assuming nondegeneracy,
exactly one of the following cases will occur for the solution (A, g, ) at this end point:

Case 1. A, is equal to zero for some p .7, while 7\ {p} #0. Then Z is an end point
lying in A(J \{p}) or in A°(7\(p}) depending on whether ZEA(T) or ZEA°(T)
respectively. The algorithm proceedsin A(.7 \ {p}) orA°(.7 \ {p}) by pivoting the column
—e(p) into the appropriate system of equations thereby raising w, from zero if p#n+1,
and pivoting the column ¢ into the appropriate system of equations thereby raising 6 from
zero if p=n+ 1, in order to maintain .% \ {p }-completeness.

Case 2. In system (3.1) z0>0and A, is equal to

0
[z o))
e\ p) a=z,

for some p €.7". Then 7 lies in the boundary of A(.7"). More precisely, Zliesin A°(.7\ {p}).

Let
N O\ (20
/\j =/\j +(1 __—11;/ )\h) (_6;_)

forj€. 5 \{p}. Then X_,-;O GeFT\IpH . 1, 20 (h& T U{n+1}), u, =0, and 6>0is
a solution to system (3.2) and 7 is an end point of a linear piece of .7\ {p}-complete points
in A°(Z\{p}). The algorithm proceeds in A°(.7\ {p}) by changing system (3.1) into
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system (3.2) and pivoting the column —e(p) into the new system (3.2) thereby raising
w, from zero in order to maintain .7 \ { p}-completeness.

Case 3. L,e - X isequalto 1 either in system (3.1) whilen+1€.5 or zh > () for some
h& .7, or in system (3.2) while zj, >0 for some h&.7 . Suppose n+1€.7, then w;=0
and z;=A;a>0forj€7 whilew, =, >0and z;= (1 =L,  A;)z) =0forj& 7, leaving
us with a solution to the linear complementarity problem in Z. Suppose n+ 1€.7, then it
holds that z% > 0 for some h &.7". Hence, 7 is an end point of a linear piece of .7~ complete
points in A(.F") as well as in A°(.97). So, if 7 were the end point of a linear piece of .7 -
complete points in A(.7 ), then the algorithm proceeds by generating a linear piece of .9 -
complete points in A°(.7"). This linear piece of .7 -complete points in A°(.7") is generated
by changing system (3.1) into system (3.2) and pivoting the column aM ., or —e(k) into
the new system (3.2), depending on whether Mr(k) or —e(k) was the last pivot column
in (3.1). Notice that Z,e _~ A;is then raised from 1. Conversely, if Z were the end point of
a linear piece of .7 -complete points in A°(.77), then the algorithm proceeds by generating
a linear piece of .7 -complete points in A(.7"). This linear piece of .7 -complete points in
A(9") is generated by changing system (3.2) into system (3.1) and pivoting the column
Mr(k) or —e(k) into the new system (3.1), depending on whether aM , or —e(k) was
the last pivot column in the system (3.2). Hence Z,E > A;is lowered from 1.

Case 4. In system (3.2) it holds that z) >0 and A, is equal to

Z° (1 _Zief\(/r) Ai)
» 0
"\Na=Lierg

for some p €.7 . Then £ lies in the boundary of A(.7"). More precisely, Zliesin A(.7 \{p}).
Let

1_2'67 2 X
)\ /\h_Zh( J e 7N\ 1)

0
a=Yjes 7

for he 7\{p}. Then A, >0 (he T \{p}), 1, >0 (h& T U{n+1}), &, =0, and >0
is a solution to (3.1), and 7 is an end point of a linear piece of .7\ {p}-complete points in
A(I\{p}). The algorithm proceeds by changing system (3.2) into system (3.1) and
pivoting the column —e(p) into system (3.1) thereby raising w, from zero in order to
maintain .7 \ {p}-completeness.

Case 5. i, is zero for some k&.7 U {n+1)}. Suppose ZEA(T). If zj =0 for all
he g Uik} whilen+1€.9,0rif 7 U {k}={1,...,n+ 1}, then Zis a solution to the linear
complementarity problem. Otherwise, Zis an end pomt of alinear piece of . U {k}-complete
points in A(.% U {k}). The algorithm proceeds by pivoting the column Mr(k) into the
system (3.1) or aM . into the system (3.2) thereby raising A, from zero in order to maintain
F U {k}-completeness.

Suppose €A°(F). If 3 =0forall h&.5 U {k}, then Z is an end point of a linear piece
of . U {k}-complete points in A(.7 U {k}). Otherwise, 7 is an end point of a linear piece

F U {k}-complete points in A°(.7 U (k}). The algorithm proceeds in both cases by
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pivoting the column aM . into the system (3.2) thereby raising A, from zero in order to
maintain .7~ U {k}-completeness.

Case 6. fis zero. Then 7 is a solution to the linear complementarity problemif 7€ A°(.7")
orif ZEA(T) and zj, =0 for all h&.7 . Otherwise, 7 is an end point of a linear piece of
9 U{n+1}-complete points in A(F U {n+ 1}). The algorithm proceeds by pivoting the
column — Mz into (3.1) thereby raising A, ; from zero in order to maintain.7” U {n+1}-
completeness.

The cases 1 to 6 describe the performance of the algorithm at the end points of all possible
line segments generated by the algorithm except at 7" where the algorithm is initiated. To
show that z” is an end point of a (unique) linear piece of .7 -complete points in A(.7") for
some subset.7 of {1, ..., n+ 1} let us denote Mz° + ¢ by w”. If min, w{ <0, let k be such
that w{ =min,, w}. Then the starting point 7 is .7~ “-complete with.7” ®= {k} and the system
of equations

~ Y e +0e=—q—Mz° (3.3)
JEk, n+1
has a unique solution puf=w} —w( >0 (j#k n+1) and §°= —w} >0. So, assuming

nondegeneracy, z° is an end point of a linear piece of {k}-complete points in A({k}). In
order to follow this linear piece the algorithm starts by pivoting the column Mr(k) into
(3.3) thereby raising A, from zero.

If min, w{, >0, then the starting point z* solves the linear complementarity problem if
z°=0. Otherwise z” is 7 “-complete with .7 “= {n+ 1} and the system of equations

=Y we()=—qg-M:" (3.4)

J=1

has a unique solution u? =w? >0 (j€ {1, ...,n}). Assuming nondegeneracy, z° is the end
point of a linear piece of {n+ 1}-complete points in A({n-+1}). In order to follow this
linear piece the algorithm starts by pivoting the column — Mz into (3.4) thereby raising
A, ., from zero.

4, Convergence issues

The cases described in the previous section show that each end point of a line segment of
solutions to (3.1) or (3.2) either corresponds to the starting point z° or to a solution of
LCP(q, M) or is an end point of a line segment of solutions to exactly one other system of
equations. The point z° corresponds to an end point of exactly one line segment of solutions
to (3.1). To find a solution to problem (1.1), the algorithm starts in z° and generates a
sequence of adjacent line segments of solutions to (3.1) or (3.2) for varying subsets .7~ of
{1, ..., n+1}. Each line segment of solutions is generated by making a pivot step in either
(3.1) or (3.2) with one of the variables being zero at an end point until one of the cases
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described in the previous section occurs. Such a line segment of solutions to (3.1) or (3.2)
corresponds to a linear piece of .7 -complete points in either A(.7 ) or A%(.7).

These properties make the path of points generated by the algorithm a piecewise linear
path through subsequent subsets A(.7) and A°(.7) of R?. for varying subsets .7~ of
{1, ..., n+1}. This path either ends in a solution to the linear complementarity problem or
in a ray of solutions to (3.2) since it cannot cycle as can be shown by arguments similar to
Lemke [5]. The end points giving rise to a solution to the linear complementarity problem
have already been described during the enumeration of the cases in Section 3. Lemma 4.1
summarizes all the cases in which the algorithm ends up in a solution.

Lemma 4.1. Let z be an end point of a linear piece of 7 -complete points on the path
generated by the algorithm in A(F") or in A%(F") for some subset 7 of {1, ..., n+1}.
Then z is a solution to the linear complementarity problem if one of the following cases
holds:
(i) z€EA(T), n+1€T, w,=0 for some k¢ T, and 73 =0 for all k& T U {k} or

TUlkl={1,...,n+1);

(ii) z€A®(.T) and 0=0;

(iii) z€A(I), 20 =0 forall h& T, and 6=0;

(iv) z€EA(T ), nt €7, and ¥, > A;=1,
where the variables A ;20 (€5 ), w0 (&7 U{n+1}), 8>0 are the solution 1o the
appropriate pivot system (3.1) or (3.2) atz. U

The possibility of divergence urges us to impose a convergence condition on the problem.
Notice that divergence can only occur when the algorithm is generating a path of points in
A%9) orin A(9) with 9 such that z? =0 for all i¢.9 and n+ 1 €.7, i.e., when the
system of equations in Lemma 3.2 is appropriate. Therefore we can restrict our attention to
the possible occurrence of a ray of solutions to system (3.2) for some .7 {1, ..., n}.
System (3.2) however is equivalent to the pivot system used in Lemke [5] to solve the
linear complementarity problem. So, any convergence theorem on Lemke’s algorithm can
be used for our algorithm.

In Gowda and Pang [4] an existence theorem is given based on the Basic Theorem of
Complementarity as stated in Eaves [1]. They relate their result on the existence of a
solution to the stationary point problem on a polytope which takes our homotopy set 7°(¢),
t >0, as a special case. Therefore the algorithm converges under the same condition.

What remains is to choose a value of the number a. In case z° =0, the algorithm coincides
with Lemke’s algorithm. In this case pivot steps need only to be made in system (3.2) and
the number a can be set equal to one. Suppose now that z° #0. In that case we already put
one limitation on a, a>e"z°, being independent of the data of the problem as defined in
(1.1) but guaranteeing that each A(.7"), 9 {1, ..., n+ 1}, is convex. To make the choice
of a dependent on the data of the problem, i.e., on M and ¢, we suggest to choose a such
that for all j€ {1, ..., n} no {j}-complete points in A°({j}) can be found.

Let a be such that for j€ {1, ..., n} no j-complete points in A°({j}) exist. This implies
that for every j the system (3.2) for.7 equal to {j},
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AaM.; — Z ppe(h) +0e= —gq, (4.1)

h#*j, n+1

may not have a solution A;> 1, w, >0 (h#j, n+1), 6> 0. The following condition on a
assures that for any j at a solution to (4.1) for A;> 1 it holds that §<0 or u,, <O for some

h+#j,n+1. Take a>max{e'’, a,, ...,a,} where a,j= , n, are chosen such that
if M;>0, then aj>min{_%, min }}
ij h:Mpp <Mjj Mh/
if M;=0, then ;> min { } (4.2)
” B My <0 M,

if M; <0, then g;> min =y
T ey >y My —
for every j€ {1, ..., n}. If these conditions do not hold it is possible that for some j&
{1, ..., n} the number g, can not be calculated according to (4.2). In that case by choosing
a arbitrarily larger than e"z° one knows in advance that the algorithm could diverge and
that the linear complementarity problem might not even have a solution.

We remark that instead of a uniform number « for all j we could also choose different
numbers a; for every j and take 7(j) = aje(j) —z°, ¢.g. by choosing a; as calculated in (4.2).
In that case the algorithm follows a path of stationary points of g on Z(f) "R". for a
varying parameter ¢ > 0 starting for t= 0, where

2 ={z°+"f A7)

Jj=1

n+1
Ajz0forje(l, ..,n+1},and Y )\_,-<t}.

J=1

5. Some examples

In this section the algorithm is illustrated by three examples. In each of these examples a
possible path to be followed by the algorithm is given and the relation between the points
on this path and the parametrized set is described.

In Section 2 we explained that every point on the path followed by the algorithm is a
stationary point of the affine function g on the parametrized set 7' (t) N"R”, for some value
of the parameter 7 > 0. In Figure 3 we have drawn the parametrized set # (1) NR", for some
value of the parameter +> 0 in the two-dimensional case. If a point 7 is a stationary point of
the affine function g on 7 (t) "R, then Z maximizes z Tg(Z) over # (1) NR% where ¢ is
such that Z&bd(# (1) NR% ). Figure 3 shows the relation between g(Z) and such a sta-
tionary point Z in bd(.# (1) N[R% ) for > 0. Notice that 7€ [¢, d] when 7> 1.

If 7=b for some 1 > ¢ > 0, then g(Z2) has to lie in the cone spanned by the vectors —e(1)
and —e(2), i.e. there exists a u, >0 and p, >0 such that g(2) = — w,e(1) — we(2). If
z=c for some >0, then g(Z) has to lie in the cone spanned by the vectors —e(1) and e,
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8(2)

-e(1)

—e(1) €

50 o) «(2)

Fig. 3. Stationary points of g on # (1) NR% .

i.e. there exists a p; >0 and 6> 0 such that g(7) = — we(1) + 8e. If Z€ (b, ¢) for some
1>1>0, then g(2) has to lie in the cone spanned by the vector —e(1), i.e. there exists a
;>0 such that g(Z) = — u,e(1). If =4 for some >0, then g(Z) has to lie in the cone
spanned by the vectors —e(2) and e, i.e. there exists a w,>0 and 08>0 such that
g(2) = — we(2) + Be. If 7€ (¢, d) for some >0, then £(2) has to lie in the cone spanned
by the vector e, i.e. there exists a 8> 0 such that g(2) = fe. Finally, if Z€ (b, d) for some
1 >1>0, then g(2) has to lie in the cone spanned by the vector —e(2), i.e. there exists a
U= 0such that g(2) = — w,e(2).

Example 5.1. Let LCP(g, M) be given by the following data.

W, _ _1 _9 21 14
(Wz)_( 1 1 )(Zz)_i_("l)’
wTz=0, (5.1)

w=0, z20.

To solve LCP() in (5.1), the algorithm starts in z°=(3, 2)". Choose a="7. Then the
algorithm follows the path given by the bold-faced line in Figure 4.

In z° it holds that g,(z%) =7>0 and g,(z") = —4 <0. With w”=Mz"+ g this implies
thatw? = —7=min, w) <0and w9 =4 > min, w}, causing the algorithm to leave the starting
point z° by increasing z; from z! and lowering z, from z9 along the direction
r(1)=ae(1)—z"=(4, —2)". Leaving z° along r( 1) implies that the algorithm generates
points z in A({1}). Such points z are points on bd(.# (1) NR% ) for some 1>7>0 com-
parable to the point 4 in Figure 3. Hence, according to the stationary point condition, the
algorithm starts to generate the points z in A({1}) for which g(z) = e — u,e(2) for some
6>0 and w, > 0. In Figure 4 these are all the points between z” and z' = (5, 1) ™.

Inz'itholdsthatg(z') = (0, —5)". Hence, =0and g(z') = — ue(2) forsome p, >0,
namely w,= —5. Moving further in A({!}) would imply 6<0 thereby violating the sta-
tionary point condition. Since g(z') = — p,e(2) for some u,>0, z' can be compared to
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Z = 8,(2)=0

. . . . . 2

Y N2 3 4 5 6 7
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Fig. 4. The path followed by the algorithm to solve LCP(g, M) in (5.1) with a=7. It starts in z"= (3, 2)". The
path is given by the bold-faced line.

the end point d of [d, b] in Figure 3. The algorithm therefore proceeds by generating points
z represented by the points [d, b] of bd(# (f) N"R2 ) for 1 >¢> 0 in Figure 3, i.e. points z
in A({1, 3}) such that g,(z) =0 and g,(z) <0. In Figure 4 these are all the points between
z'and z2= (2, $)T where g(z%) = (0, — HH".

If the algorithm would generate points z beyond z? satisfying g,(z) =0 and z, <z, then
it generates points on bd(Z () NR3. ) for >0 comparable to points on [, c] in Figure 3
thereby violating the stationary point condition. Since z” can be compared to the point b in
Figure 3, it holds that z? lies in A({3}). In order to maintain the condition that each point
z on the path generated by the algorithm is a stationary point of g on #(¢) NR? for some
t> 0, the algorithm next generates points in A({3}) such that g(z) = — w,e(l) — pye(2)
for p, >0 and u, >0, by raising w, from zero. This implies that g,(z) is decreased from
zero. Hence, the algorithm proceeds by generating the points between z* and z° = (2, 2)7
in Figure 4.

In z* it holds that g(z*) = (—9%, 0)", so the point z* can be compared to the point b on
bd(# (1) NR% ) forsome 1> > 0in Figure 3. Since in z* it holds that g,(z>) = 0 it follows
that g(z%) = — w,e(1) for some u, >0, namely u, =9%. The algorithm proceeds by gen-
erating points zE€ A({2, 3}) such that g(z) = — ue(1) for u, > 0. These are all the points
between z” and z* = (0, 1) " and they correspond to points between b and ¢ in Figure 3.

The point z* is a point on bd(# (1) NR?% ) comparable to a point between b and ¢ in
Figure 3. In z * it holds that g(z *) = ( — 5, 0) . Hence, the algorithm stops with the solution,
w*=(50)"and z*=(0,1)" to LCP(q, M) in (5.1).

Example 5.2. Let LCP(¢, M) be given by the following data.
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(-G )

w'z=0, (5.2)

To solve LCP() in (5.2), the algorithm starts in z°=(1, 2)". Choose a=5. Then the
algorithm follows the path given by the bold-faced line in Figure 5.

In z° it holds that g(z°)=(9, 11)T. Hence, g,(z°) >0 and g,(z°) >g,(z%). With
w=Mz°+q this implies that w§ = —9> — 11 =min, w) and w3 = —11=min, w? <0.
Hence, the algorithm leaves the starting point z° by lowering z, from z$ and raising z, from
z3 along the direction r(2) =ae(2) —z°= ( — 1, 3)". It thereby generates points in A( {2}).
Each of these points is comparable to the point ¢ on bd(# (1) "R? ) for some 1 »1>0in
Figure 3. The points z in A({2}) are followed by the algorithm as long as z is a stationary
point of g on Z (1) NR? for some >0, i.e. as long as there exists a >0 and u, >0 such
that g(z) = 6e — w,e(1). This is the case for all z between z° and z' = (0, 5) .

In z'=ae(2) the boundary of A({2}) has been reached since z{ =0. Moving on in the
direction r(2) would generate infeasible points. Therefore the algorithm proceeds along the
boundary of R by generating points in A°({2}). Each of these points is comparable to
the point ¢ of # (1) NR?% for some ¢3> 1 in Figure 3. From the stationary point condition it
follows that for all points zEA®({2}) generated by the algorithm there exists a >0 and
w1 >0 such that g(z) = fe— w,e(1). This is the case for all zEA%({2}) between z' and
22=(0,6)".

In z? it holds that g(z?) = (24, 24)™. Hence, g,(z°) =g.(z?), implying that g, has
become zero in z°. Moving beyond z* in A°({2}) would cause w, to become negative.

g,(2)=0
<

Z3

1} (&
z*

. . e 5
0 1/2 3\4 5 6 7
<\ >

8,(z)=g,(z)

Fig. 5. The path followed by the algorithm to solve LCP(g, M) in (5.2) with a=>5. It starts in z°= (1, 2)". The
path is given by the bold-faced line.
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Since w, becoming zero implies that g(z?) = fe for some 6> 0, the point z2 is comparable
to the end point in ¢ in [¢, d] on bd (# (r) NR% ) for some >0 in Figure 3. The stationary
points of g comparable to a point in [¢, d] on bd(.Z () "R? ) for some >0 in Figure 3
are all the points zEA({1, 2}) such that g(z) = e for 6> 0. These are the points between
z?and z° = (%, )" in Figure 5, where g(z*) = (3, 3)".

Moving at z> further along the line of points z on which g,(z) =g,(z) by generating
points between z° and z* = (£, 2) " would imply that the algorithm generates points z which
can be compared to points in [d, b] on bd(.# () "R ) for t>0 in Figure 3 satisfying
g(z)=0e for some 63>0, violating the stationary point condition. However, since
z2€A({1}), z° is a point which can be compared to the point d on bd(.# (t) "R ) for
some ¢> 0 in Figure 3. The algorithm therefore proceeds by generating points z€A({1})
such that g(z) = e — u,e(2) for #=0 and u, >0 by raising u, from zero. These are the
points between z* and z*= (3, 1)T where g(z*) = (0, —1)".

In z* we obtain a similar situation as in z' in Example 5.1 since g,(z*) =0. As in Example
5.1 the algorithm proceeds in A({1, 3}) by generating the points from z* to z*=(§, 2)T.
In z* it holds that g,(z*) =g,(z*) =0 implying the algorithm to stop in z* with the
solution w*=(0,0)" and z* = (£, 2)" to the linear complementarity problem.

Notice that the transition at 7' from A({2}) to A°({2}) causes a change of pivot systems
as described in Case 3 of Section 3. At the point z” the algorithm starts to follow the line
segment of points z in A( {1, 2}) such that g,(z) =g,(z) > 0. In our example the algorithm
generates these points in A( {1, 2}) as linearly independent combinations of e(1) and e(2).
The transition from A({1, 2}) to A({1}) causes a change of variables as presented in Case
4 of Section 3.

In case z2 would be lying in A({2}) no change of variables at z' or z* is needed. If,
however, in this case z° would lie in A°({1}), then the points generated by the algorithm
from z% orin A°({1}) require a change of variables at z* as presented in Case 2 of Section
3 since the points in A°({1}) should be generated as multiples of e( 1). Notice further that
if we apply (4.2) the number a would have been chosen at least equal to 6, which would
avoid making a pivoting step in A°({2}).

To illustrate the algorithm introduced in the previous sections we constructed Example
5.1 and Example 5.2 in such a way that the algorithm has to perform as many iterations as
possible. Consequently, Example 5.1 and Example 5.2 do not give much credit to the speed
with which the algorithm finds a solution to a linear complementarity problem. In fact, both
examples are solved faster by the Lemke complementary pivoting algorithm. Example 5.1
is solved by the Lemke complementary pivoting algorithm in one iteration while Example
5.2 is solved by the Lemke complementary pivoting algorithm in two iterations.

On the other hand situations where the Lemke complementary pivoting algorithm is much
slower than our algorithm can be constructed very easily. In Murty [ 7] an example is given
for which the Lemke complementary pivoting algorithm needs the maximum number of
2"—1 steps to find the solution, n being the dimension of the linear complementarity
problem. In Example 5.3 we give the two-dimensional version of Murty’s example.
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Example 5.3. In Murty [7] the linear complementarity problem to be solved in the two-
dimensional case is given by

(-GS

wlz=0, (5.3)

The linear complementarity problem in (5.3) has a solution w* = (0,2)Tand z* = (4, 0)".

The Lemke complementary pivoting algorithm needs three steps to solve this two-
dimensional linear complementarity problem. In Figure 6 we have drawn the path followed
by the Lemke complementary pivoting algorithm. If we apply the algorithm introduced in
this paper to solve the linear complementarity problem in (5.3) then we are able to use an
arbitrarily chosen starting point. Suppose we take z°= (3, 1)" as the starting point of our
algorithm. To choose the intersection of the rays r( 1) and r(2) with the axes of R% we

2y
SF
4
3_
X
H
|AZ*|+\
0 1 2 3 4 5 6

Fig. 6. The path followed by the Lemke complementary pivoting algorithm to solve the linear complementarity
problem in (5.3).

8,(2)=0

Fig. 7. The path followed by the new algorithm to solve the linear complementarity problem in (5.3).
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have to make a suitable choice for a according to (4.2). This means we have to choose a
such thata > max{4,4,2} =4. Hence, we may choose a = 5. Figure 7 gives the path followed
by our algorithm to solve the linear complementarity problem in (5.3). In this case the
algorithm only needs two steps to solve the linear complementarity problem in (5.3). Notice
also that if we start the new algorithm in, for example, (3, 0)7 then it finds the solution in
only one step. The latter result holds in fact for any dimension of the problem.

This example gives the opposite results to the first two examples when comparing our
algorithm to the Lemke complementary pivoting algorithm. It is this kind of linear comple-
mentarity problem which might often be met when solving a nonlinear problem by a
sequence of linear complementarity problems. In case of convergence of this sequence, the
approximation of the solution to the nonlinear problem obtained from a linear complemen-
tarity problem in the sequence will in due time be near to the solution itself. If one is able
to start the algorithm for solving the next linear complementarity problem in the sequence
in this approximating solution then the new approximation is typically found within a few
iterations, probably contrary to when using the Lemke complementary pivoting algorithm.
That method is forced to restart in the origin all over again. It is this kind of problem we
had in mind when introducing the new algorithm.
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