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A present trend in the study of the Symmetric Traveling Salesman Polytope (STSP(n)) is to use, as a
relaxation of the polytope, the graphical relaxation (GTSP(n)) rather than the traditional monotone
relaxation which seems to have attained its limits. In this paper, we show the very close relationship
between STSP(n) and GTSP(n). In particular, we prove that every non-trivial facet of STSP(n) is the
intersection of n+1 facets of GTSP(n), n of which are defined by the degree inequalities. This fact
permits us to define a standard form for the facet-defining inequalities for STSP(n), that we call right
triangular, and to devise a proof technique that can be used to show that many known facet-defining
inequalities for GTSP(n) define also facets of STSP(n). In addition, we give conditions that permit to
obtain facet-defining inequalities by composition of facet-defining inequalities for STSP(n) and general
lifting theorems to derive facet-defining inequalities for STSP(n + k) from inequalities defining facets of
STSP(n).
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1. Introduction and notation

Let K, =(V,, E,) be the complete graph on n vertices and let R" represent the set
of all real vectors whose components are indexed by the set E,. We denote by
e ={(u, v) the element of E, having u and v as endpoints. For every real vector x
in R®" we denote by x,, or by x(u, v), the component of x indexed by e =(u, v). A
Hamiltonian cycle H of K, is the edge set of a connected spanning subgraph of K,
for which every node has degree 2. Given a vector ! € R®, which assigns the length
I, to every edge e € E,,, the Symmetric Traveling Salesman Problem consists of finding
a Hamiltonian cycle of K,, with minimum length. This is one of the most extensively
studied combinatorial optimization problems; we assume the reader to be familiar
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with the basic concepts related to it. We refer to Lawler et al. (1985) for the necessary
background.

Let &, be the set of Hamiltonian cycles of K,,. With every H € , we associate
a unique incidence vector y” in R® by setting

sz{l if ec H,

0 otherwise.
The Symmetric Traveling Salesman Polytope (STSP(#n)) is the convex hull of the
set of the incidence vectors of all Hamiltonian cycles of K, i.e.:

STSP(n) =conv{xy" |H e %,}.

Let 2 be a polyhedron in R™; an inequality fx = f; defined on R™ is said to be
valid for P if it is satisfied by all points of 2, it is said to be supporting for P if it
is valid and the set {x e R™|fx=/f;, x€ P} is nonempty, finally it is said to be
facet-defining for P if it is supporting and the set {xe R™|fx =f,, x € P} is a facet
of 2. For the definition of facet, and for all the related basic topics of polyhedral
theory we refer to Nemhauser and Wolsey (1988).

By a theorem due to Weyl (1935) it is known that there exists a finite linear system
of inequalities facet-defining for STSP(n) whose set of solutions is given by STSP(n).
However, it is very unlikely that such a system can be completely described and
that it can be given by classes of inequalities for which there exists an N P-description
(see Pulleyblank (1983)). To date, only a partial description of the linear system of
STSP(n) is known. However, this incomplete characterization of the polytope can
be efficiently used to solve large instances of the problem to optimality by polyhedral
cutting-plane algorithms (see Padberg and Grotschel (1985)). Recently, by means
of polyhedral methods it has been possible to solve to optimality very large instances
of the problem: Grotschel and Holland (1991) report on the solution of instances
up to 1000 nodes and Padberg and Rinaldi (1987, 1991) report on the solution of
some “real world” instances with up to 2392 nodes. These results show the validity
of the polyhedral approach to the solution of this hard combinatorial problem, and
motivate to continue the study of the associated polytope in order to enlarge its
partial linear description. Besides this algorithmic issue, since the traveling salesman
problem is one of the most investigated combinatorial optimization problems, the
study of the linear system of STSP(n) is attracting and challenging by itself: it has
interested many researchers and it began far before the successful computational
results based on the polyhedral cutting-plane algorithms were obtained.

In Dantzig, Fulkerson and Johnson (1954), a class of valid inequalities, the subtour
elimination inequalities, is introduced. In Chvatal (1973), another class of valid
inequalities, the comb inequalities, is given. These inequalities are a generalization
of the 2-matching inequalities defined in Edmonds (1965) where they are used to
give a complete linear characterization of the 2-matching polytope. In Chvatal
(1973), an inequality defined by the Petersen graph is shown to be facet-defining
for STSP(10). In Maurras (1975), it is shown that the inequality defined by the
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graph obtained from the Petersen graph by replacing an edge and its endpoints by
a clique of size k =2 is facet-defining for STSP(n + k —2). In Grétschel and Padberg
(1979a), (1979b), the subtour elimination inequalities are proven to be facet-defining
for STSP(n), n=4. Moreover, the Chvatal comb inequalities are generalized and
the members of the new class, called the comb inequalities, are proven to be
facet-defining for STSP(n), n = 6. In Grotschel and Pulleyblank (1986), the clique-tree
inequalities are defined and proven to be facet-defining for STSP(n), with n=11.
This new class properly contains the comb inequalities. For a complete description
of all these classes of inequalities we refer to Grotschel and Padberg (1985). Very
recently Boyd (1988) and Hartman (1988) have independently proved that the chain
inequalities, defined in Padberg and Hong (1980), are facet-defining for STSP(n),
n=8. In Naddef and Rinaldi (1992), the crown inequalities are defined and shown
to define facets of STSP(n), n=8. In a sequel paper (Naddef and Rinaldi (1988))
we exploit the results presented here to show that some large families of inequalities
define facets of STSP(n). These families generalize the comb, the clique-tree and
the chain inequalities. Finally, for the sake of completeness we want to mention a
few more inequalities that do not belong to the above families. These inequalities
are the ladder inequality, introduced in Boyd and Cunningham (1991) and proven
to be facet-defining for STSP(8); three inequalities described in Christof, Jiinger
and Reinelt (1990), that define facets of STSP(8), and two inequalities discovered
by Queyranne and Wang (1989), that are facet-defining for STSP(9). At present we
do not know how these inequalities can be generalized for higher values of n, even
though it is likely that the extensions described in Section 4 of this paper apply to
them. To our knowledge to date no other inequalities are known to be facet-defining
for STSP(n).

The incidence vectors of all Hamiltonian cycles of K, satisfy the following system
of equations, called the degree equations:

Ax=2,

where A, denotes the node-edge incidence matrix of K, and 2 denotes the vector
in RY» with all the components equal to 2. Consequently, STSP(n) is not full
dimensional. With two different techniques it is shown in Grotschel and Padberg
(1975, 1979a) and Maurras (1975), respectively, that the dimension of STSP(n) is
|E,| — n; we give an alternative proof of this result in Section 2. Let % be a polyhedron
in R™; we say that two inequalities defined on R™ are equivalent if they define the
same face of ?. If 2 is full dimensional, then two facet-defining inequalities f'x = f§
and f’x = f are equivalent if one can be obtained from the other by multiplication
by a positive real number. Since STSP(n) is not full dimensional two facet-defining
inequalities f'x=f and f°x = f} are equivalent if there exist a positive number
and a vector A e R" such that f>=af'+AA, and f;= nf,+A2. This makes the
recognition of two equivalent inequalities more complicated than in the case of a
full dimensional polyhedron. For this reason when dealing with a polyhedron 2
which is not full dimensional, it is customary to embed it into a larger polyhedron
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Pr such that P is full dimensional, and % is a face of Pi. The polyhedron P
is called a relaxation of ?. The usual way to proceed is to first describe inequalities
that define facets of P, and then look for conditions that guarantee that these
inequalities, that are valid for &, are also facet-defining for it. A desirable property
that not all relaxations have, is that every facet of & is contained in exactly one of
the facets of ?; which do not contain the entire 2. If this property holds, then
there is a one to one correspondence between a subset of these facets of #, and
all facets of 2. To date, the most studied relaxation of STSP(n) is the Monotone
Traveling Salesman Polytope (MTSP(n)) (see Grotschel and Padberg (1985)), that
does not have this nice property (see Section 2).

In this paper, we make use of a different relaxation, the Graphical Traveling
Salesman Polyhedron and show how this polyhedron is strongly related to STSP(n).

Let G=(V, E) be a graph; a family of edges of G is a collection F of elements
of E. Several copies of the same element of E may appear in the collection. For
every element e of E, we call multiplicity of e in F the number of times e appears
in F. As usual, a set of edges of G is a family where every element has multiplicity
1. Let F, and F, be two families of edges of G and let F,+ F, denote the family
such that the multiplicity of every element is given by the sum of its multiplicities
in F, and F,, respectively. By F+ ¢ and F —e we denote the families for which the
element e has multiplicity one more and one less than in F, respectively. Finally,
k{e} denotes the family containing only the element e with multiplicity k.

Let F be a family of edges of G=(V, E). By G[F] we denote the multigraph
having node set V and having, for every pair of distinct nodes u and v in V, as
many edges with endpoints u and v as the multiplicity of (u, v) in F. For every
node v in V the degree of v in F is the degree of v in the multigraph G[F], and
the neighbors of v in F are the neighbors of v in the multigraph G[F]. With every
family F of edges of G we associate a unique incidence vector Y e R® by setting
xF equal to the multiplicity of e in F for every ec E. If ¢ is a vector in R”, the
c-length of F, also denoted by c(F), is defined as ¢(F)=cx".

A tour of a graph G=(V, E) is a family T of edges of G such that:

(i) the degree in T of every ve V is positive and even,

(ii) G[T] is connected.

Observe that a Hamiltonian cycle in G is a tour where every node has degree 2,
and that a tour is not in general a Hamiltonian cycle. The set of all tours of K, is
denoted by J%. While %, is a finite set (since it contains 3(n —1)! elements), T *
contains an infinite number of elements, since if Te 77, then T+k{e}e T* for
every ec E, and for every positive even number k. In the following, we will be
mainly interested in tours which are minimal under the operation of removing edges;
therefore we define the set of minimal tours by

F,={TeJT*|AT e T%, x" <x"}.

By definition, the components of the incidence vector of a minimal tour have value
0,1o0r2.
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Now, we define two subsets of %, and 7, respectively, that are associated with
every inequality in R®" and that are often used in this paper. For every inequality
f.=f, in R we call extremal the Hamiltonian cycles and the minimal tours whose
incidence vectors satisfy the inequality with equality. The set of extremal
Hamiltonian cycles and extremal tours are denoted by ¥, and I, respectively,
and formally defined by

I, ={H e ¥, |fx" =1},
T;={Te T, |fx" =/}

The Graphical Traveling Salesman Polyhedron (GTSP(n)) is the convex hull of
the set of the incidence vectors of the elements of J7F, i.e.:

GTSP(n)=conv{y"|Te T¥}.

Since ¥, = % it follows that STSP(n) < GTSP(n), and so GTSP(n) is a relaxation
of STSP(n).

For every graph G, the set J% of all tours of G represents the solution set of the
Graphical Traveling Salesman Problem defined in Cornuéjols, Fonlupt and Naddef
(1985) and in Fleischmann (1988). In the first paper the polyhedral structure of the
polyhedron GTSP(G) = conv{y" | T € 7%} (the convex hull of the incidence vectors
of all tours of G) is investigated. It is shown that GTSP(G) is full dimensional if
G is connected and that, under connectivity conditions that are always satisfied by
K., the cocycle inequalities

x(6(U))=2, for@#Uc,

where 8(U) is the cocycle {(u, v)e E|ue U, ve V—U} of the set U, are facet-
defining for GTSP(G). Moreover, a family of inequalities, the path inequalities, is
defined and proven to be facet-defining for GTSP(G). In Naddef and Rinaldi (1991)
a composition of inequalities is defined. This composition yields new facet-defining
inequalities from facet-defining inequalities for GTSP(G). In the same paper the
new family of path-tree inequalities is defined and its members are shown to be
facet-defining for GTSP(G).

In Section 2, we investigate the relationship between the polyhedra GTSP(n) and
STSP(n), and we show that every nontrivial facet of STSP(n) is contained in exactly
n+1 facets of GTSP(n), n of which are defined by the degree inequalities, i.e., by
the cocyle inequalities of the subsets of V with only one element. This permits to
define a special form for the inequalities facet-defining for STSP(n) that is par-
ticularly suitable for proving most of the results of the other sections and to devise
a proof technique that is used to show when an inequality defines a facet of STSP(n).
We call such a form, tight triangular. The transformation of a facet-defining inequality
into the tight triangular form allows one to easily check whether or not two given
inequalities define the same facet of STSP(n). In Section 3, we extend the results
on the composition of facet-defining inequalities for GTSP(n), given in Naddef and
Rinaldi (1991), to STSP(n). In Section 4, we give some general lifting theorems that
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are used to derive facet-defining inequalities for STSP(n*), with n*>n, from
inequalities defining facets of STSP(n).

In the sequel paper Naddef and Rinaldi (1988) we show, using these results, that
the path and the path-tree inequalities define facets of STSP(n). These inequalities
generalize the comb inequalities and the clique-tree inequalities, respectively.
Moreover, we give some examples of application of the results of the Sections 3
and 4 and we prove, e.g., that some new inequalities that generalize the chain
inequalities are facet-defining for STSP(n).

2. The polyhedra GTSP and STSP

In this section, we show how the polyhedron GTSP(n) and the polytope STSP(n)
are closely related. We start by introducing two concepts concerning the inequalities
in R®" that are extensively used in the following: the definition of the edge set 4,(u)
associated with an inequality fx = f;, and with every node u in V,,, and the definition
of tight triangular inequality.

For any inequality fx = f;, and for each node uc V, the edge set 4,(u)< E, is
defined as follows:

Af(u)={(v,w)e E,|lu#v,u#w,f(v,w)=f(u, v)+[f(u w)}

The set A.(u) is a key concept in our treatment: most of the results we give in the
following are expressed in terms of properties of A.(u) for every node u in V,.

Definition 2.1. An inequality fx = f, defined on R®" is said to be tight triangular' or
in tight triangular form if the following conditions are satisfied:

(a) The coefficients f, satisfy the triangular inequality, i.e.: f(u, v)<f(u, w)+
f(w, v) for every triple u, v, w of distinct nodes in V,.

(b) Ay(u)#¢ for all u in V,,.
We abbreviate tight triangular by TT and tight triangular form by TT form.

Almost every inequality facet-defining for GTSP(n) is tight triangular as stated
in the following proposition. As customary we use the notation &(u) instead of
8({u}) to denote the cocycle of the singleton {u}. We call x, =0, for ec E,, the
trivial inequalities. The trivial facets are those defined by the trivial inequalities. We
call nontrivial every inequality and every facet which is not trivial.

Proposition 2.2. An inequality cx = ¢, facet-defining for GTSP(n) falls in one of the
following three categories:
(i) trivial inequalities x, =0 for all ec E,,;
(ii) degree inequalities x(8(v))=2 forall ve V,;
(iii) tight triangular inequalities.

! In a previous version of this paper and in many talks on this subject we used the term strongly
triangular.
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Proof. Let cx = ¢, be a facet-defining inequality for GTSP(n). First, suppose that
the inequality does not satisfy the condition (a) of Definition 2.1. It follows that
there exists a triple u, v, w of distinct nodes in V,, with c¢(u, v)> c(u, w)+c(w, v).
But then, for every tour T in J, containing the edge (u,v), the tour T'=
T —(u, v)+ (u, w)+ (v, w) has c-length strictly less than ¢,, contradicting the assump-
tion that the inequality is valid. Consequently, no tours of the set I, contain the
edge e =(u, v), and so the inequality is the trivial inequality x. = 0.

Now, suppose that the inequality satisfies (a) but not (b) of Definition 2.1.
It follows that there exists a node u in V,, such that for every pair v, w of distinct
nodes in V,—{u}, c(u, v)+c(u, w)>c(v,w), which further implies c(u, v)>0
for all v in V,—{u}. Let T be a tour of I where u has degree higher than 2.
If T contains 2{(u, v)}, let T'= T —2{(u, v)}. Otherwise there is a pair of distinct
neighbors y, z of u in T such that the edge family T'=T —(u, y)—(u, z) +(y, z) is
a tour. In both cases T' is a tour of I with ¢(T') < ¢(T). Consequently in none
of the tours satisfying cx = ¢, with equality the node u has degree higher than 2,
and so the inequality is the degree inequality x(8(u))=2. O

It is straightforward to see that if an inequality c¢x = c, defined on R® satisfies
the condition (a) of Definition 2.1, then ¢, = 0 for all e € E,. Hence Proposition 2.2
implies that all facet-defining inequalities for GTSP(n) have nonnegative coeflicients.

From Proposition 2.2 it follows that for any nontrivial facet of STSP(n) there is
an inequality defining that facet which is tight triangular.

From the proof of Proposition 2.2 we get the following observation.

Proposition 2.3. Lef cx = ¢, be a TT inequality facet-defining for GTSP(n). Then

(a) for every edge e € E,, there exists a tour Te I, such that ec T,

(b) for every node v e V, there exists a tour T'€ I . such that v has degree at least
4inT. O

Since the definition of TT inequality applies only to inequalities defined on
complete graphs, Propositions 2.2 and 2.3 do not hold in general for the polyhedron
GTSP(G) associated with a general graphy G.

Let T be a tour in I, with t> n edges. To prove some of the following results,
we often need to derive from T a new tour T’ in I, having a smaller number of
edges. For this purpose, we show how, for TT inequalities, this can be achieved by

a sequence of elementary operations.

Definition 2.4. For every ordered triple (u, v, w) of distinct nodes in V,, we call
shortcut on (u, v, w) the vector s,,,, € R® defined by

1 ife=(v,w),
Suvw(e) =4-1 if ee{(u, U)a (ua W)},

0 otherwise.

Lemma 2.5. Let cx=c, be a tight triangular inequality which is supporting for
GTSP(n), and let Te I, be a tour having t > n edges and containing the edge e. For
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every node u € V, 'with degree k =4 in T, there exists a shortcut s,,, such that the edge
Sfamily having incidence vector x* + 5,.,, is a tour with t — 1 edges belonging to 7, and
containing the edge e. Moreover, the edge (v, w) belongs to A (u).

Proof. Let u be anode in V, with degree k=4 in T. Since every tour of 9, contains
at most twice the same edge, only three cases are possible (see Figure 1).
Case (a). The families 2{(u, v)} and 2{(u, w)}, with w # v, are contained in T.
Case (b). The node u is adjacent in T to 3 distinct nodes v, w, and z and 2{(u, v)}
is contained in T. Without loss of generality we assume here that (u, w) # e.

a) b) c)
Fig. 1. Shortcut reductions of a tour.

Case (c¢). The node u is adjacent to 4 distinct nodes. Let (4, v) # e and (u, y) # e
be any pair of distinct edges in T incident with u. If the edge family T’ having
incidence vector x” = x ' +3s,,, is connected, we set w = y. Otherwise, let (u, z) # e
be an edge in T with z# y and z # v. Now, the family 7’ having incidence vector
x7 =x" + 5., is necessarily connected and we set w = z.

In all cases, the edge family T” having incidence vector 7 = x” +s,,,,, is connected,
and so it is a tour and contains e. Since the triangular inequality holds and ¢x= ¢,
is supporting, it follows that co<c(T')<c(T)=co; hence T'c I, and (v, w)e
A(u). O

Observe that, by repeatedly applying Lemma 2.5, it is possible to obtain a
Hamiltonian cycle H € 3, containing the edge ¢ from a tour T € J_ containing an
edge e. We say that the tour T has been reduced to the cycle H or that the cycle
H has been obtained from T by shortcut reductions. The following corollary is an

immediate consequence of this observation.

Corollary 2.6. If cx = ¢, is tight triangular and facet-defining for GTSP(n), then for
every edge e in E, there exists a Hamiltonian cycle of #_ that contains e. [

The following lemma permits to show how the polyhedral structures of STSP(n)
and GTSP(n) are related.
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Lemma 2.7. Let ¢cx=c, be a facet-defining inequality for STSP(n). An inequality
Jx=f, equivalent to cx = ¢, is tight triangular if and only if f =AA,+ mc and f,=
A2+ ey, where >0 and A e RY» satisfy

A, =37 max{c(v,w)—c(u, v) —c(u, w)|u, v, we V,, u # v+ w). (2.1)

Proof. It is easy to verify that if A and = satisfy (2.1) the inequality fx = f; is tight
triangular. Suppose now that fx = f; is tight triangular. By imposing the condition
(a) of Definition 2.1 we have

Aezam(c(v, wy—c(u, v)—c(u,w)) foralluv#weV,. (2.2)

By condition (b) of Definition 2.1, for every u € V, there is a triple of distinct nodes
u, v, we V, for which (2.2) holds with equality. O

Many known inequalities defining facets of STSP(#n) can be written in the following
form:

t

¥ ax(y(S)= L alS|-r(®) (2.3)

i=1

or equivalently

S apx(5(S,)=2r(F), 2.3)

i

where ¥=1{§,,S,,...,S,} is a collection of subsets of V,, ¥(S)< E, denotes the
set of edges with both the endpoints contained in S, and r(-) denotes a suitable
rank function defined for &.

The support graph of an inequality cx = ¢, defined on R is the weighted graph
G.=(V,, E,, ¢), where the weight of each edge e< E, is given by c..

In the Figures 2 and 3 we show the support graph of two facet-defining inequalities
for STSP(n). We represent the support graph of an inequality in the form (2.3) by
a collection of subsets of V,,; next to each subset S; we write its associated coefficient
«;. Here and in the following the support graph of a TT inequality is represented

a) b)
Fig. 2. Equivalent comb inequalities for STSP(10).
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a) b)
Fig. 3. Equivalent ladder inequalities for STSP(8).

as a weighted graph where some edges are missing to make the picture more readable.
The coefficients of a missing edge is the length of the shortest path connecting its
endpoints in the graph. Figure 2(a) shows a comb inequality for STSP(10) in the
form (2.3) and Figure 2(b) shows its equivalent TT inequality. Figure 3(a) shows
a ladder inequality for STSP(8)in the form (2.3) and Figure 3(b) shows its equivalent
TT inequality.

Note that (2.1) implies that if ¢x = ¢, is a facet-defining TT inequality for STSP(n),
then every TT inequality fx = f;, equivalent to it is obtained by multiplication by a
positive real number. This observation suggests to associate with every nontrivial
facet of STSP(n) an inequality which is tight triangular and that defines that facet.
Like in the case of full dimensional polyhedra this inequality is unique to within
multiplication by a positive real number. Therefore, from now on we consider only
inequalities facet-defining for STSP(n) which are tight triangular. Observe that given
an inequality facet-defining for STSP(n) which is not tight triangular, by Lemma
2.7 the coefficients of a TT inequality equivalent to it can be computed in O(n*)
time. In this way we have a polynomial algorithm to check whether or not two
inequalities define the same facet of STSP(n).

Using the definition of tight triangular inequality we give now an alternative proof
that the dimension of STSP(n) is | E,,| — n. The proof'is based on the following lemma.

Lemma 2.8. If cx = ¢ is a TT inequality satisfied with equality by the incidence vectors
of all Hamiltonian cycles of K,,, then c is the null vector.

Proof. The c-length of all Hamiltonian cycles of K, is ¢,. Consequently for all
we V, there exist two reals a,, and b,, such that for all distinct u and ve V, (see
Berenguer (1979))

c(u,v)=a,+b,. (2.4)
Since ¢(u, v) = ¢(v, u), a,—b, = a,— b,. It follows that, for some real ¢,

a,—b,=t forall weV,. (2.5)
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Since the inequality is tight triangular, for all w € V, there exist u and ve V,, with
u# v#w, such that c(u, v)=c(u, w)+c(v, w), and so (2.4) and (2.5) imply that
a, =3t and b, = —3t for all we V,, and the lemma follows. [J

Theorem 2.9. The dimension of STSP(n) is |E,|— n.

Proof. Lemma 2.8 implies that every equation satisfied by the incidence vectors of
all Hamiltonian cycles of K,, is a linear combination of the degree equations A, x =2.
Since A, has full row rank the theorem follows. [

Observe that the TT form for an inequality facet-defining for STSP(n) has been
introduced here mainly for theoretical reasons to emphasize and to exploit the
relationship between the two polyhedra. However, the form (2.3) may sometimes
be more suitable to represent a facet-defining inequality for STSP(#n) in a polyhedral
based cutting-plane algorithm: the efficiency of these algorithms usually increases
by using inequalities with a large number of zero coefficients (see Padberg and
Rinaldi (1991)). While a simple inequality (see Section 4.2) has no zero coeflicients,
there always exists an equivalent inequality which is not tight triangular, has at least
n zero coeflicients, and it can be obtained by the reduction procedure described in
Grotschel and Pulleyblank (1986). On the other hand this is not always the case:
one can construct examples of inequalities in TT form obtained by zero-lifting (see
Section 4.2) of simple inequalities, having more zero coefficients than their equivalent
inequalities in the form (2.3).

A basis of an inequality cx = ¢, defining a facet of GTSP(n) is a set B, of |E,|
tours in 9, whose incidence vectors are linearly independent. We say that a tour
T is almost Hamiltonian in u if uc V, has degree 4 in T and every other node in
V. has degree 2 in T.

Definition 2.10. A basis €. of an inequality cx = ¢, defining a facet of GTSP(n) is
called canonical, if it contains | E,| — n Hamiltonian cycles and n almost Hamiltonian
tours (i.e., if for every u € V,, there exists a tour T, € €. almost Hamiltonian in u
such that its incidence vector satisfies the equation x(8(u)) =4, and such that for
every tour Te €. — T, the vector x' satisfies the equation x(8(u))=2).

The following theorem is a consequence of Definition 2.10.

Theorem 2.11. A nontrivial TT inequality cx = ¢, which is facet-defining for STSP(n)
defines a facet of GTSP(n).

Proof. Forevery u € V,, construct atour T, € 7 in the following way: Let e = (v, w)
be any edge in A.(u) and H, € ¥ be a cycle containing e; this cycle exists otherwise
the inequality would be equivalent to the trivial inequality x,=0. Then define
T.,=H.—e+(u, v)+(u, w). Since cx = ¢, is facet-defining, there is a set B of | E,| —n
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Hamiltonian cycles of #, whose incidence vectors are linearly independent. Suppose
that the vectors {x"' | He B} U {x"«|u € V,} are not linearly independent. Then there
exist A eR” and w eR"" such that
Y A"+ L opx"=0. (2.6)

He® ueV,
Since the vectors {x"'| H € B} are linearly independent, at least one component of
i is nonzero. Let v and w be any two distinct nodes of V,. By multiplying all
vectors in (2.6) by the incidence vectors of 8(v) and 5(w), we get

2 Z )‘H_‘_2 Z /“Lu+4l-Lv+2,u’w:0

He% ue V,—{v,w}
and

2 Y Ag+2 Y My +20,t4u, =0,
He® ue V,—{v,w}
respectively. From the last two equations it follows that w, = u,, and so we can
assume, without loss of generality, that u, =1 for all u in V,. This implies that
Y teq Aw=—(n+1). Let us now multiply all vectors in (2.6) by c. Since all these
vectors satisfy the inequality cx = ¢, to equality, the resulting equation is

( Y /\H>co+ neg=—(n+1)co+ne,=0,
He®

which implies ¢, =0 and contradicts the assumption that the inequality cx = ¢, is
facet-defining. Consequently B U {x'«|ue V,} is a canonical basis of cx=¢,. [

To see why Theorem 2.11 does not apply to trivial inequalities in TT form, take
a trivial inequality x, = 0, with e = (u, v). The inequality is facet-defining for STSP(n)
if n=35, and so we assume that we are in this case. By Lemma 2.7, we can find a
TT inequality fx = f, equivalent to it with respect to STSP(n). It is easy to see that
Jo=2(n—2), and that for all e E, (see Figure 4)

er{l if e 6({u, v}),

2 otherwise.

The inequality fx = f is supporting for GTSP(n), but is not facet-defining. Since
As(w)={(u, v)} for all we V, —{u, v}, and since (u, v) £ H for all H € % , it follows

Fig. 4. A trivial inequality in TT form.
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that in all tours of J; every node of the set V, —{u, v} has degree 2. Hence fx = f,
defines a face of GTSP(n) of at most dimension sn{(n—1)—n+2.

The inequalities x, <1 for e € E,, define facets of STSP(n), for n = 4. Some authors
(see, e.g., Grotschel and Padberg (1985)) also call these inequalities trivial. In our
setting the inequality x, =1 is nontrivial and its TT form is the cocyle inequality
x(8({u, v})=2, where e=(u, v), which is facet-defining for GTSP(n), as said in
Section 1.

Theorem 2.12. Every nontrivial facet of STSP(n) is contained in exactly n+1 facets
of GTSP(n), n of which are defined by the degree inequalities.

Proof. Let F be a nontrivial facet of STSP(n). F belongs to the n facets of GTSP(n)
defined by the degree inequalities. Every other facet of GTSP(n) containing F is
defined by a TT inequality. By Lemma 2.7, there is only one such a facet and the
theorem follows. [J]

This theorem shows that the polyhedral structure of STSP(n) is very closely
related to that of GTSP(n). This strong relationship between the two polyhedra
motivates our choice of GTSP(n) as a relaxation of STSP(n).

It is very simple to see that Theorem 2.12 does not hold when GTSP(n) is replaced
by the MTSP(n). Take, e.g., a comb inequality in the form (2.3), where the sets S;,
i=1,...,t are the handle and the teeth of the comb. The inequality is facet-defining
for MTSP(n), since it satisfies the conditions of Theorem 9 in Grotschel and Padberg
(1985, p. 272). If we substitute any of the sets S; of the inequality by its complement
S., we obtain an equivalent inequality for STSP(n) that still satisfies the conditions
of the above mentioned Theorem 9, and so it defines a different facet of MTSP(n).

A natural question to ask at this point is whether or not any TT inequality
facet-defining for GTSP(n) defines also a facet of STSP(n). Corollary 2.6 is not
sufficient to guarantee a positive answer to this question; on the other hand we do
not know any example of a TT inequality facet-defining for GTSP(»n) which does
not define a facet of STSP(n). Definition 2.10 implies that a TT inequality facet-
defining for GTSP(n) defines a facet of STSP(n) if and only if it has a canonical
basis. The basic observation that permits us to derive conditions that guarantee that
an inequality has a canonical basis is contained in the following remark.

Remark 2.13. Let cx = ¢, be a TT inequality facet-defining for GTSP(n) and 2. be
one of its bases. Let {T,|uec V,} be a set of n almost Hamiltonian tours of I,
where by T, we denote a tour almost Hamiltonian in w. If every tour T of %, can
be reduced to a cycle of # by using only shortcuts obtained by a linear combination
of the incidence vectors of elements of &, = #, U {T,|ue V,}, then o, contains a
canonical basis of ¢x=¢,. To put it differently, the incidence vector of T can be
expressed as a linear combination of the incidence vectors of elements of .. In
general, it is sufficient that every shortcut be obtained as a linear combination of
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the incidence vectors of elements of &, with coefficients in R. However, in order
to obtain simple sufficient conditions based on some properties of #,, we restrict
the coefficients of the linear combination to the set {—1, 0, 1}.

Let e=(u, v) and f=(w, y) be two distinct edges in E, and let z be a node in
V.. We say that e and f are c-adjacent if there exists a Hamiltonian cycle H € ¥
containing both e and f. We say that e and f are c-adjacent in z if:

(i) e and f belong to A.(z);

(ii) there exists a tour T,€ J_ almost Hamiltonian in z that contains (z, u),
(z,v), (z,w) and (z, y);

(iii) T,—(z, u)—(z, v)+ e is a Hamiltonian cycle (and so T, —(z, w) —(z, y) +f is
also a Hamiltonian cycle).

A set of edges J < E, is said to be c-connected if for every pair of distinct edges
fi and f,eJ there exists a sequence of k edges e,,..., e, in J, with e, =f, and
ex=f,, such that ¢, is c-adjacent to e;,,, for i=1,..., k—1. A set of edges JS E,
is said to be c-connected in z if for every pair of distinct edges f; and f,€J there
exists a sequence of k edges e, ..., ¢, in E, (not necessarily belonging to J), with
e, = f; and ¢, =f,, such that ¢, is c-adjacentin z to e¢;,,, fori=1,..., k—1. Observe
that the notion of c-connectedness in z is “weaker” than that of ¢-connectedness,
in the sense that, contrarily to what happens for the usual concept of connectivity,
in this case every subset of a set c-connected in z is c-connected in z as well.

Lemma 2.14. Let cx = ¢y be a TT inequality facet-defining for GTSP(n). If A.(u) is
c-connected in u for every ue 'V, then cx=c¢, has a canonical basis, and so it is
facet-defining for STSP(n).

Proof. Let u be a node in V, and {T,|ve V,} be any set of n almost Hamiltonian
tours of 7. This set always exists by Corollary 2.6, since ¢x = ¢, is tight triangular,
and can be constructed as in the proof of Theorem 2.11. By Lemma 2.5 there exists
a shortcut s,5:, with (7, z) € A.(u) that can be used to reduce T, to a cycle H in
¥ . Consequently we have
Suyz:XH _XT“s

and so s,5; is a linear combination with coefficients in {—1, 1} of the incidence
vectors of elements in o, = #, U{T,|uec V,}. If |A.(u)|=1 we are done. Otherwise
let e = (v, w) and f=(y, z) be two distinct edges in A.(u) c-adjacent in u. The fact
that the two edges may or may not have a common endpoint does not change the
proof. Let us assume that the shortcut s,,, is a linear combination with coefficients
in {—1, 1} of the incidence vectors of elements of .. Since e and f are c-adjacent
in u there exists a tour T, € . almost Hamiltonian in u containing (u, v}, (u, w),
(u, y) and (u, z), and the two Hamiltonian cycles

H1: T;_(“,)’)_(us Z)+(ya 2)5
Hy=T,—(u,v)—(u, w)+ (v, w)
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belong to . by the triangular inequality. The shortcut s,,, can be expressed as
follows:

_ L H H,
Suow = X Z_X ‘+Suyza

and so it is a linear combination with coefficients in {—1, 1} of the incidence vectors
of tours in /.. By the assumption that A,(u) is c-connected in u, it follows that for
all ue V, and for all (v, w) € A.(u) the shortcuts s,,, can be expressed as a linear
combination of the incidence vectors of elements in ., and by Remark 2.13 the
lemma follows. [

The conditions of Lemma 2.14 are too strong, since the choice of the basis %, of
the inequality c¢x = ¢, and the choice of the shortcuts in the process of reducing a
tour in B, to a cycle in 3, can be completely arbitrary. If we consider a particular
basis of the inequality and we restrict ourselves to a suitably chosen subset of
shortcuts for the reductions of the tours of the basis, we can weaken the conditions
of Lemma 2.14 by requiring that only a subset of A.(u) be c-connected in u. The
weak version of Lemma 2.14 is the following lemma, that is the one we use in the
following sections to prove that some families of inequalities define facets of
STSP(n).

Lemma 2.15. Let cx = ¢, be a TT inequality facet-defining for GTSP(n). If there exists
a basis B, of cx=c, and if for every ucV, there exists a nonempty set of edges
J, < A (u) c-connected in u, such that every tour T € B, can be reduced to an element
of ¥ by using only shortcuts in the set {s,,.,|(v,w)eJ,,uc V,}, then cx = ¢, has a
canonical basis, and so it is facet-defining for STSP(n).

Proof. For every ue V, let (v, w) be any edge in J,. By Corollary 2.6 there exists
H e ¥ containing the edge (v, w). Let T, be the almost Hamiltonian tour defined
as T,=H — (v, w)+(u, v)+(u, w). By Remark 2.13 and a process analogous to that
of the proof of Lemma 2.14 it follows that the set &, = #_. U{T,|u< V,} contains
a canonical basis for ¢x = ¢, and the lemma follows. [

3. Composition of facet-defining inequalities

Due to the complex polyhedral structure of the polyhedra GTSP(n) and STSP(#n)
the description of families of inequalities facet-defining for them may become a
very complicated task. To simplify this description we use the following approach.
We assume that some “elementary” facet-defining inequalities are known and we
use them as “building blocks™ of more complex facet-defining inequalities. To do
so we describe some operations that permit to obtain new facet-defining inequalities
from the building blocks. We give two kinds of operations: the node lifting, that
we describe in Section 4 and the composition of inequalities that we describe in
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this section. An application of this approach is given in Naddef and Rinaldi (1988)
where we prove that path inequalities are facet-defining for STSP(n) and then we
use them as building blocks to which we apply the operations described in these
two sections.

In Naddef and Rinaldi (1991) it is described a composition operation that permits
to obtain new facet-defining inequalities from pairs of facet-defining inequalities
for GTSP(n). This operation is called s-sum and is based on the s-sum operation
of the support graphs of the two inequalities. We describe here this operation for
s=2 (2-sum) and then we show how it produces inequalities that are, under
additional conditions, facet-defining for STSP(n).

We say that two weighted graphs G'=(V', E', ¢') and G*=(V?, E? ¢?) are
isomorphic if there exists a one-to-one correspondence p between their node sets
that preserves the weight function, i.e., for every edge (u,v)e E', the edge
(p(u), p(v)) belongs to E* and c¢'(u, v) = c*(p(u), p(v)).

Definition 3.1. Let ¢'x'= cyand ¢’x*= ¢} be two TT inequalities valid for GTSP(n,)

and GTSP(n,), respectively, and let e, = (u,, v,) € E, and e,= (u,, v,) € E,, be two

edges such that ¢'(u,, v;) = ¢*(u,, v,) = £ > 0. Denote by V' the set V,, —{u,, v;} and

by V? the set V,,—{ts, v2}. Then a 2-sum of the two inequalities, obtained by

identifying u, with u, and v, with v, is the inequality cx = cj+ c;—2¢ defined on

R, with n = n, + n,—2, whose support graph G. = (V,, E,,, ¢) is defined as follows:
(i) V,=V'+ Vi +{u v}

(ii) the subgraph of G, induced by V'+{u, v} is isomorphic to G.: and u and
v correspond to u; and v,, respectively, in the isomorphism;

(iii) the subgraph of G, induced by V°+{u, v} is isomorphic to G.> and u and
v correspond to u, and v,, respectively, in the isomorphism;

(iv) the coefficients of the edges with one endpoint in V, and the other in V,,
that we call the crossing edges of the 2-sum, are computed in the following way:
an ordering of the crossing edges e, e,, ..., e, is given. For every i {1,..., k}, let
T' be a minimum c-length tour among all tours in G'=(V,, E'), where E'=
E,—{ei1,..., €}, that contain the edge ¢,. Then c,, is the value for which ¢(T') =
cotci-2e.

The inequalities ¢'x' = ¢y and ¢*x*>= ¢} are called the component inequalities of
the 2-sum.

The condition that ¢'(u,, v,) = ¢*(u,, v,) given in Definition 3.1 is not restrictive,
since it can always be satisfied by multiplying one of the two inequalities by a
suitable positive number.

The procedure described at the point (iv) of Definition 3.1 is the usual sequential
lifting procedure (see, e.g., Padberg (1973)). The ordering of the crossing edges is
called lifting sequence. In general the values of the coefficients of the crossing edges
depend on the lifting sequence, therefore for a given pair of inequalities there may
be many 2-sum inequalities obtained by different lifting sequences.
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We call a 2-sum inequality h-liftable if the coeflicients of its crossing edges can
be computed by a lifting sequence such that, for every crossing edge ¢;, the minimum
c-length tour in G' containing e; can be reduced to a Hamiltonian cycle in G'
having c-length ¢o+ cj—2¢ and containing e,.

For the sake of simplicity, from now on every time that the correspondence
between nodes, edges, and tours of each of the graph G, and G, and their
corresponding isomorphic subgraphs of G, is evident, we omit to mention it
explicitly.

Let cx = ¢, be an inequality supporting for GTSP(n); a node ve V, is said to be
k-critical for the inequality if the c-length of a minimum c-length tour of K, —{v}
is ¢o— k.

Remark 3.2. The value k in the above definition cannot exceed the value k=
2 min{c,|e € 8(v)}, because otherwise there is a tour of K, with c-length less than
¢,. In this paper we consider only two types of critical nodes, 0-critical and k-critical,
where k is defined as before. Observe that to show that v is k-critical it is sufficient

to exhibit any tour of K, —{v} of c-length ¢,— k.

Remark 3.3. For the remaining of this section we assume that ¢'x'= ¢j and ¢*x”= ¢}
are TT inequalities supporting for GTSP(n,) and GTSP(n,), respectively, and that
the nodes u; # v;€ V,, and u, # v,€ V,, are such that ¢'(u,, v,) = ¢*(u,, v,) = &. We
assume that the inequality cx = ¢, defined on R with n=n,+n,—2, is the 2-sum
of the two inequalities obtained by identifying u, with u, and v, with v, and we
call v and u, respectively, the nodes resulting from these identifications. Finally, we
denote by V' and V? the node sets V,, —{u,, v;} and V, —{u,, v,}, respectively.

The following theorem proven in Naddef and Rinaldi (1991) gives conditions for
a 2-sum inequality to be facet-defining for GTSP(n).

Theorem 3.4. Under the assumptions of Remark 3.3, let ¢'x'=c} and ¢*x*= ¢ be
Sfacet-defining for GTSP(n,) and GTSP(n,), respectively. The 2-sum inequality cx = ¢,
is facet-defining for GTSP(n) if v, is 2e-critical for c'x' = ¢} and at least one of the
two nodes u, and v, is 2e-critical for ¢>x*=¢j. O

The condition given in Naddef and Rinaldi (1991) for Theorem 3.4 is weaker
than the one given here. In fact it is required that there exist T, € 7, with 2{(u,, v;)} =
T\, and T,e 7, with 2{(u,, v;)} = T,. This condition is implied by the 2¢-criticality
of v; and u, (or v,). In this paper we prefer to give the theorem in the current form,
because 2e-criticality is necessary in the following Theorem 3.5.

The next theorem is the corresponding of Theorem 3.4 for STSP(n).
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Theorem 3.5. Under the assumptions of Remark 3.3, let ¢'x" = ¢} and ¢*x*= c§ be
nontrivial and facet-defining for STSP(n,) and STSP(n,), respectively. The 2-sum
inequality cx = ¢, is facet-defining for STSP(n) if it is h-liftable and:

(a) v, is 2e-critical for ¢'x' = ¢},

(b) 8(u,) is c*-connected,
and either (case (A))

(¢") u, is 2e-critical for *x*= ¢},

(d") 8(v,) is c'-connected,
or (case (B))

(¢") v, is 2e-critical for ¢*x*= ¢35,

(d") 8(u,) is ¢'-connected,

(e") there exists a Hamiltonian cycle H, € J;, containing the edge (u,, v,) and any
edge e, € A, (v,),

(f") there exists a Hamiltonian cycle H, € ¥, containing the edge (u,, v,) and any
edge e;e A, (v,).

Proof. To prove the theorem we first construct a basis 8. of cx = ¢,. Then we define
for every we V,, a set of edges J, < A.(w) such that every tour in 9., where the
node w has degree higher than 2, can be reduced to a tour where w has degree 2,
by using only shortcuts in the set {s,,,. | (y, z) € J,}. Then by Lemma 2.15 it is sufficient
to show that J, is ¢-connected in w for all we V,,. Let €, and %, be two canonical
bases of ¢'x'=c) and ¢’x?= cj, respectively. €, and €, always exist since the two
inequalities are nontrivial and facet-defining for STSP(n;) and STSP(#n,), respec-
tively. For i =1, 2, we call T,, and T,, the tours in €; which are almost Hamiltonian
in u; and v;, respectively. Let I', be a Hamiltonian cycle of K, —{v,} of c¢'-length
co—2¢ and let I', be a Hamiltonian cycle of ¢*-length ¢;—2¢ of the graph K, —{u,}
if we are in case (A), and of the graph K,,—{v,} if we are in case (B). By Lemma
2.5 the cycles I', and I, always exist. If we are in case (A) we assume without loss
of generality that

T.. =T 02{(u,, v))},
T, =10 2{(u,, v)}.
If we are in case (B) we assume without loss of generality that
T, =T 02{(u,, v)},
T, = Hy—e,+(w, )+ (w", vy),
T, =0 2{(u,, v,)},
T,,= Hy~e,+(z', v,) + (2", v,),

where (w', w") =e, and (z', ") = e,.
Let 8B,< J . be the set of tours obtained by adding the edges of I'; to each tour
in €, and B,< T, be the set obtained by adding the edges in I to each tour in
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%,. Finally, since cx=¢, is h-liftable there is a sequence of the crossing edges
{e,, es,..., e} and a sequence of Hamiltonian cycles {H,, H,, ..., H,} belonging
to 3, such that the cycle H,, with 1<i=<k, contains only edges in E, U E,, U
{e;|1<j<i}. Let B;< . be the set

B,={H;|1<i<k}.

The set B, U B> u B; contains sn(n—1) elements (the tour I',u L u2{(y, v)} is
contained in both %, and %) and (see Naddef and Rinaldi (1991)) is a basis for
¢x = ¢y, and so this inequality is facet-defining for GTSP(n). Since %; is a set of
Hamiltonian cycles, to prove that cx = ¢, is facet-defining for STSP(n) it is sufficient
to apply Lemma 2.15 to the set B, B,. Every node we V, —{u, v} has degree 2
in all tours in B, B, except one, where w has degree 4. Consequently, J,, has
cardinality 1, and so it is ¢-connected in w, for we V, —{u, v}.
Case (A). The sets J, and J, are given by:

]u :{(y,5 y”)')’le VZU{U}, yl/e{tl5 Zl}}s
L={(y, )y’ e Violul ye{t, z}},

where ¢, and z, are the neighbors of u in I'; and ¢, and z, are the neighbors of v
in I',. Take now two nodes s, and s, in V' U{u} such that the edges (v, s;) and
(v, 5,) are ¢,-adjacent, and so they both belong to a cycle H € ¥ . Since the tour
T,=H o I',, almost Hamiltonian in v, contains (v, s,), (v, 5,), (v, t,), and (v, z,) and
since by triangular inequality all edges (s,, t,), (51, 22), (2, 1,), and (s, z,) belong
to 4.(v), it follows that these four edges are pair wise c-adjacent in v. The edge set
8(v) is ¢,-connected, and so J, is ¢-connected in v. Analogously it can be proven
that J, is ¢c-connected in u and this completes the proof for the case (A).

Case (B). In this case the node v has degree 2 in all tours of B, U %B,, except
for T, + I, and T,,+I. Consequently, the sets J, and J, are given by J, = JLuJ?
and J, ={e,, e,}, where

Ju={ y )y e VIu{v}, ye{ty, b}

and

Ji:{(y,ay”)ly,e VZU{U}ayHE{t15 Zl}},

and where t,, z;, t,, and z, are defined as in case (A). Using the same argument
as in case (A), it follows that J. and J. are c-connected in u, and since their
intersection is nonempty it follows that J, is c-connected in u. Finally, consider the
Hamiltonian cycles H, and H, of the conditions (¢”) and (f”). The Hamiltonian
cycle H,u H,—(u,, v;) —(u,, v,) belongs to %, and contains e; and e,. Con-
sequently, J, is c-connected in v. [

As already shown in Naddef and Rinaldi (1991) the 2-sum operation can be
applied to two inequalities which are themselves 2-sum inequalities. The process
can go on indefinitely and produce the tree-inequalities. To show that a tree-inequality
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is facet-defining for GTSP(n) or STSP(n) the Theorems 3.4 and 3.5 can be inductively
applied. To do so it is essential that some properties of the component inequalities
that are required by these theorems are inherited by the resulting 2-sum inequality.
The following lemmata give conditions for these properties to be hereditary.

Lemma 3.6. Under the assumptions of Remark 3.3, let w € V,, be k-critical for ¢'x" = cq,
and c, =3k for some edge e € §(w) in K,, . The corresponding node w € V,, is k-critical
for cx = ¢y if ex = ¢, is supporting for GTSP(n) and any of the following conditions
holds:

(a) w# v, and u, is 2e-critical for ¢’x*= ¢,

(b) w##u, and v, is 2e-critical for ¢°x*= cj.

Proof. Let T' be a minimal c'-length tour of K, —{w} of c¢'-length ¢;—k. Let T*
denote a minimal ¢*-length tour of K,,—{u,} if (a) holds and of K,,—{v,} if (b)
holds. The c>-length of T? is ¢j—2&. The tour of K, —{w} whose edges correspond
to the members of T'+ T? has c-length ¢+ ¢ — 2 — k. Since the edge corresponding
to e belongs to 8(w) in K,,, the lemma follows by Remark 3.2. O

Lemma 3.7. Under the assumptions of Remark 3.3, if there exists a Hamiltonian cycle
H e #, containing two nonadjacent edges e and f <€ E, and at least one of the two
nodes u, and v, is 2g-critical for ¢*x*=c}, then there exists a Hamiltonian cycle
H*¢ ¥, containing the edges in E, corresponding to e and f, respectively.

Proof. Without loss of generality, let v, be 2&-critical. Then by Lemma 2.5 there
exists a Hamiltonian cycle H of K, —{v.} of ¢’-length ¢ —2e. The tour of K,, whose
edges correspond to the elements of H + H” is almost Hamiltonian in u, and belongs
to J,. By Lemma 2.5 this tour can be reduced to a Hamiltonian cycle in 7 that
contains both e and f since they cannot be both incident with the node u,. O

Lemma 3.8. Under the assumptions of Remark 3.3, let 8(w) in K,, be c'-connected
for every node we V, and let 8(w) in K,, be c*-connected for every node we V.
Then 8(w) in K, is c-connected for every node w € V, if the following conditions hold
(i) cx = ¢, is h-liftable;
(i) at least one of the two nodes u, and v, is 2¢-critical for ¢'x' = ¢ ;
(iii) at least one of the two nodes u, and v, is 2¢-critical for ¢>x*= cj.

Proof. For i=1, 2 and for every we V, let §'(w)< E, denote the set of edges
corresponding to 8(w) in K,. Let w be a node of V,, —{u,, v,} and let (y, w) and
(z, w) be two edges of §'(w) whose corresponding edges of K, are c'-adjacent. It
follows that there exists a cycle H € % containing (y, w) and (z, w). Without loss
of generality, let v, be 2e-critical for ¢’x>= ¢j. Then, there exists a Hamiltonian
cycle H? of K, —{u,} having length c;—2e. The tour H+H” of K, is almost
Hamiltonian, has length ¢, and can be reduced to a cycle containing both (y, w)
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and (z, w). Since 8(w) in K, is ¢'-connected, it follows that 8'(w) is c-connected.
The edge set 6(w) of K,, is the union of §'(w) and of a subset of the crossing edges.
Consequently, since the inequality cx = ¢, is h-liftable, it is easy to show that also
8(w) is c-connected. Similarly, it can be shown that §(w) is ¢-connected for all w
in V,,—{u,, v,}.

Consider now the case w=v and let H, (y, w), and (z, w) be defined as for the
previous case. If v, is 2e-critical for ¢’x°= ¢, then as before one can construct a
Hamiltonian cycle in K,, containing both (y, w) and (z, w), and show that the two
edges are c-adjacent. Otherwise, u, is 2¢e-critical, and so there exists a Hamiltonian
cycle H? of K,,—{u,} with length ¢3—2¢. Let w' and w” be the two neighbors of v,
in H? The edge (y, u) is c-adjacent to the edge (u, w') because the cycle H+ H” —
(z, u)—(u, w")+(z, w") in J_, contains both of them. The edges (z, u) and (u, w')
are c-adjacent because they belong to the cycle H+ H?—(y, u) —(u, w")+(y, w") in
. Following the same argument for two c’-connected edges of 8°(w) and
observing that 8(u)=8"(u)u 8%(u) and 8'(u) N 6*(u) ={(u, v)}, it is easy to show
that 8(w) is c-connected. The case w=u is completely analogous to the previous
one. [

4. Node lifting

Figure 5(a) shows the support graph of a 2-matching inequality defined on R". The
graphs of the Figures 5(b) and 5(c) are the support graphs of comb inequalities
defined on R™. The coefficients of the three inequalities coincide for all edges with
both the endpoints in the set {1,2,...,6}. Therefore each of the two inequalities
of the Figures 5(b) and 5(c) can be considered as an “extension” of the inequality
of Figure 5(a).

In Grotschel and Padberg (1979b) the operations that leads to extended
inequalities is called “lifting” and some conditions are given under which the lifting
applied to a facet-defining inequality produces a facet-defining inequality in a higher
dimensional space. Then the comb inequalities are proven to be facet-defining in a
two-step process. First it is shown that the 2-matching inequalities are facet-defining
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for STSP(n), n=6. Then it is shown that all comb inequalities are obtained by
applying the lifting to the 2-matching inequalities and that the aforementioned
conditions for this lifting are satisfied.

In this section we describe many kinds of extensions for facet-defining inequalities
for STSP(n) in TT form. We call the extension node lifting and we give conditions
that guarantee that the extended inequality is facet-defining. These conditions are
satisfied not only by the 2-matching inequalities, but by most of the facet-defining
inequalities known to date.

Let K, =(V,, E,) and K,»=(V,x, E,+) be two complete graphs with n nodes and
m edges and n*>n nodes and m* edges, respectively. We denote by V,=
{uy, us, ..., u,}the nodes of K,, and by V=V, u{u,.,,..., u, the nodes of K,«.
We say that an inequality ¢*x*= c¢¥ defined on R*» is obtained by node lifting of
the inequality cx = ¢, defined on R”~ if

cH(u, ) =c(u;,u;)) foralllsi<j<n.

An inequality ¢*x* = c¥ obtained by node lifting of the inequality cx = ¢, is com-
pletely defined by cf and the coefficients of the edge sets 8(v), v € {tyr1, ..., Ut}

A special case of node lifting occurs when ¢*(v, u) =0 for some ue V, and all
ve{u,iq,..., w,+}. We say in this case that the inequality ¢*x*= c¥ is obtained
from cx = ¢, by zero-lifting of node u. For a TT inequality obtained by zero-lifting
the following property holds as a direct consequence of Definition 2.1.

Proposition 4.1. For a TT inequality ¢*x*= ¢, obtained from cx= ¢, by zero-lifting
of node u e V, the following holds:

(i) c®(v,w)=c(u, w) forall we V, —{u} and all ve {u,,1, ..., u,};

(ii) A(v)=A(w)u U {8(0)— (v, v)|v €{ty, thyir,..., Up}, V' # 0} for all ve
{11, ..., Uy}, where §(v') is a subset of E,~. [

The zero-lifting of a node u can be seen as the operation of replacing u with a
clique of ¢ > 1 nodes in the support graph of an inequality cx = ¢, defined on R".
The coeflicient of the inequality ¢*x* = ¢, associated with the resulting graph are
defined as follows. The value of the coefficients of all edges of the clique is set to
zero and for every node v of the clique and every node we V,, —{u} the coefficient
c¢*(v,w) is set equal to c(u, w). For this reason the zero-lifting is also called
clique-lifting in Padberg and Rinaldi (1990), where a general separation procedure
for inequalities obtained by clique-lifting is described.

4.1. 1-Node lifting

When n*=n+1 we have a special case of node lifting that we call 1-node lifting.
The next theorem gives conditions that are satisfied by ¢ and the coefficients of
the edge set 8(u,.,) when c*x*=c¥ and cx = ¢, are facet-defining for GTSP(n+1)
and GTSP(n), respectively.
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Theorem 4.2. Let c*x* = c¥ be an inequality facet-defining for GTSP(n+1) which is
obtained by 1-node lifting of a TT inequality cx = ¢, facet-defining for GTSP(n); then
the following conditions hold
(i) c*x*=c¥ is tight triangular,

(i) g = co;

(iii) for all ec A «(u,,) there exist ' # e, '€ A.+(u,.,) and He ¥, such that e
and e' belong to H,

(iv) every connected component of the graph (V,, A.+(u,,,)) contains at least one
odd cycle.

Proof. If c¢*x = ¢} is not tight triangular, by Proposition 2.2 it is either a trivial or
a degree inequality. Since these inequalities cannot be obtained by 1-node lifting
of TT inequalities (i) follows.

The coefficients of the inequality c*x* = ¢¥ satisfy the triangular inequality; this
implies that ¢} = ¢,. Since the inequality ¢*x* = c¢¥ is tight triangular there exists
an edge (v, w)e A.«(u,.,) and since the cx = ¢, is facet-defining for GTSP(n), by
Proposition 2.3 there exists a tour T€ I, containing (v, w). For the tour T* of
K, ., obtained from T by removing (v, w) and adding (v, u,.;) and (u,,,, w) we
have ¢*x™ = ¢,= c¥ and (ii) follows.

Let e be any edge in A.(u,,,). Since c¢*x*=c¥ is nontrivial there exists by
Corollary 2.6 a Hamiltonian cycle H € # .« containing e. Let v and w be the neighbors
of u,,, in H. The Hamiltonian cycle H — (u,,, v) —(u,,,, w)+ (v, w) belongs to
7, contains e and (v, w). The edge (v, w) belongs to A.(u,.,) and (iii) follows.

The graph (V,,, A.«(u,.,)) spans K,. In fact for any node u € V, there exists, as
before, H € ¥« containing (u, u,,,). Let w be the second neighbor of u,., in H.
Then the cycle H' = H —(u,.1, v) — (1,1, w)+{u, w) belongs to &, and the edge
(u, w) belongs to A,+(u,,). We consider two cases.

Case (a). The inequality ¢*x* = ¢ is obtained by zero-lifting of some node u € V,,.
By Proposition 4.1 the graph (V,, A.+(u,,,)) is connected and contains at least one
odd cycle and (iv) follows.

Case (b). ¢*(u,,,, v)>0forall ve V,. Assume that (iv) is not verified. It follows
that there exists a connected component (U, F) of the graph (V,, 4.+(u,.,}), with
|U| =2, that does not contain odd cycles. Let £ be defined as follows:

e =3 min{e’, £},

where
' =min{c*(Uy11, V) + c*(Uysr, w) = c*(, w), (v, w) € E, — At )},
e"=min{c*(u,.,, v),ve V,}.

Note that £’ is nonzero by definition of A.«(u,.,) and that &” is nonzero by the
assumption that ¢*(u,,,, v)>0 for all ve V,; hence ¢ is strictly positive.
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Let i be anode of the component (U, F) and define two new inequalities ¢ "x* = ¢
and ¢ x*=c¥ in the following way:
® ¢ (Uyiy, )= C*(Uyy, @) e,

® (U, ) =c*(tysy, v)+e for all v# i belonging to U and connected to i
in (U, F) by a path with an even number of edges;
® ¢'(Uyyy, v)=c*(u,y,, v)—¢ for all v+ ii belonging to U and connected to @

in (U, F) by a path with an odd number of edges;
® ¢7=c¥, for every other edge e in E, . ;
o for the coefficients of the inequality ¢ x*= ¢}

c¥—g ifcl=c¥+eg,

_ . +
c,={c¥f+e ifc,=c¥—e¢,
c* if cg =c¥.

These two inequalities are well defined since the component (U, F) does not contain
odd cycles and all the coefficients are nonnegative by definition of «.
By the definition of ¢, &', ¢ and ¢~ it follows that

Ar(Upr) = A~ (Upiy) = Ae(Uin),
and that

(o, w)<c (w0, v)+c (u,y, w) forall (v, w)eE,,

c(o,w)y<c (u,.,v)+c (u,.1,w) forall (v, w)eE,. (4.1)
Suppose that ¢™x*=c¥ is not valid, then since the coefficients of ¢*x*= cf are
nonnegative, there exists a minimum c¢*-length tour T € 7, such that ¢* " <c¥.
If the degree of u,., in T is more than 2 we can reduce T by shortcuts to a tour T
where u,., has degree 2. Observe that ¢*(T)=c"(T) by (4.1) and since T is a
minimum ¢ -length tour. Therefore we assume without loss of generality that u, .,
has only two (not necessarily distinct) neighbors v and w in T.

If v and w coincide let T’ be the tour of K, defined by T'=T —2{(,1,, v)}.
Since ¢"(u,4,, v) >0 we have that ¢c*x 7 < c¥. If v and w are distinct let T’ be the
tour T'= T — (1, ) — (Uprq, w)+ (v, w). By (4.1) T"has ¢"-length ¢ "y " <c*x" <
¢ . This leads to a contradiction since T’ is a tour of K, and the components of
¢* and ¢ coincide in E,. The same argument shows that ¢ x*= ¢ is valid. Let T
be any tour of T« If ¢*x" > c¥ then ¢ x” <c¥; hence ¢'x” =c¥ and Tc T
Since there is no real o such that c¢*=c”, the assumption that c*x*=c¥ is
facet-defining for GTSP(n +1) is contradicted and the theorem follows. O

By condition (ii) of the previous theorem it follows that the inequality ¢*x* = ¢
is completely defined by coefficients of the edges in 8(u,.,). Moreover, the node
U, is O-critical for c*x*= c¥.

Theorem 4.3. Let cx = ¢, be a TT inequality facet-defining for GTSP(n); an inequality
c*x* = ¢, which is obtained by 1-node lifting of cx = ¢, is facet-defining for GTSP(n+1)
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if it is tight triangular and there exist an edge set F < A.(u,,,) and a basis B, of
cx = ¢, such that:
(i) FnT#Q forall Te B,
(ii) for all e F there exist e'# e, e'c€ A«(u, ) and He J_ such that e and e’
belong to H,
(iii) every connected component of the graph (V,,, F) contains at least one odd cycle.

Proof. The validity of ¢*x™= ¢, immediately follows from the fact that it is tight
triangular. Let T be any tourin %, ; since there exists an edge (u, v) in the intersection
TN F the tour T—(u, v)+(u, 4, 1)+ (v, u,.,) belongs to I .+, and so T .- is non-
empty. Let f*x*=f, be any inequality facet-defining for GTSP(n+1) such that
T =< Ty« Take any edge e=(u,v)e F. By (ii) there exist e'=(y,z)#e, e'e
A(u,.,) and He ¥, such that e and e' belong to H. The tours T'=
H—(y, 2)+(tyi1, y)+ (thyir, 2) and T?=T"'—(u, 0) + (tys1, u) +(tniy, v) belong
to I+, and so they belong to J,+. Therefore, f*(T')=f*(T?) and f*(u, v)=

S iy, w)+f*(upyy, v), and so

Fe Ap(tpar). (4.2)
Let f be the vector in R”" defined by

f.=f¥ forall ecE,.

Take any tour Te @,.. By (i) T contains an edge (y, z) € F, and so the tour T*=
T—(y,2)+ (tysr, ¥) + (41, z) belongs to T +; hence it belongs to T +. By (4.2)
it follows that T € J and this implies that 7. < J ;. Since cx = ¢, defines a facet
of GTSP(n) it follows that fx = f, defines the same facet and

f=mc, (4.3)

for some real 7> 0. Consider now a subset F’ of F with |F'|=n and whose
corresponding columns of A, are linearly independent. By (iii) this set exists. In
fact it is well known (see, e.g., Grotschel and Pulleyblank (1986)) that the columns
of A, corresponding to a set J of n edges of K, are linearly independent if and
only if every connected component of the graph (V,, J) has at least one odd cycle
(consequently, since |J| = n, every connected component of (V,,, J) has exactly one
odd cycle and no even cycles). By (4.2) and (4.3) we have

f*(un+1ay)+f*(un+la Z) Zf*()’, Z) = 770*(% Z) fOI' (ya Z)e Fl' (44)

The coefficient matrix of the system of equations (4.4) is the transpose of the
submatrix of A, corresponding to the elements of F’, and so it is nonsingular and
(4.4) has a unique solution. The vector ¢* satisfies the system

(Ui, p)+ * (U1, 2) =c*(p, 2) forall (y,z)eF'. (4.3)
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The systems (4.4) and (4.3") have the same coefficient matrix and their right hand
sides differs by the factor 7. It follows that

f¥=ac} forall ecd(u,.,). (4.5)

By (4.3) and (4.5) we have that f* = 7¢*, with 7> 0, and the theorem follows. [J

Observe that in Theorem 4.3 all the conditions except (i) are necessary by Theorem
4.2. We were not able to prove that also (i) is necessary, but we conjecture so.
We give now an equivalent of Theorem 4.3 for the STSP(n) polytope.

Theorem 4.4. Let cx=c, be a TT inequality that is facet-defining for STSP(n); an
inequality ¢*x* = ¢, which is obtained by 1-node lifting of cx = ¢, is facet-defining for
STSP(n+1) if it is tight triangular and there exist an edge set F < A«(u,.,) and a
canonical basis €, of cx = ¢, such that:
(i) FnH#Q foral He %6, ,

(ii) for all e € F there exist e'# e, e'€ A (u,,) and H e ¥, such that e and ¢’
belong to H,

(iii) every connected component of the graph (V,, F) contains at least one odd cycle;

(iv) Fis c*-connected in u, ..

Proof. By Theorem 4.3 the inequality c*x*= ¢, is facet-defining for GTSP(n +1).
To prove that it is also facet-defining for STSP(n+1) we first construct a set of
tours B* < I+ containing a basis of ¢*x*= ¢,. Then we define for every we V,
a set of edges J,, < A.(w) such that every tour in #* where the node w has degree
greater that 2 can be reduced to a tour where w has degree 2, by using only shortcuts
in the set {s,,.|(y, z)€J,}. Then by Lemma 2.15 it is sufficient to show that J, is
c*-connectedin wforallwe V, ;. Forevery e = (u, v) € Fby (ii) thereis e’ = (y, z) #
e A.(u,4;) and H, € ¥ such that e and e’ belong to H,. Define the two tours T
and T2 associated with e as follows:

T‘IZ: He—(y’ Z)+(un+1, y)+(un+1) Z)’
Tz = Tl—_(u5 U)+(un+la u)+(un+1’ U)-

For every tour Te €, define the tour T' as T'=T —(y, z) + (U4, ¥) +(Uyyy, 2),
where (v, z) is an edge in T belonging to F, that by (i) always exists. Then the set
B* is defined as

B*={T., T:lec F}u{T'|Tc %€}

and contains a basis of ¢*x* = ¢,, because it contains all tours used in the proof of
Theorem 4.3 to show that ¢*x* = ¢, is facet-defining for GTSP(n-+1). It is easy to
see that every node we V, has degree 4 in exactly one tour in 8* and has degree
2 in all the others. Consequently, J,, has cardinality 1, and so it is ¢*-connected in
w for all we V,. Finally since J, < F, by (iv) the theorem follows. [

n+1 T
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4.2. Zero-lifting

By using Proposition 4.1 we derive now a specialization of Theorems 4.3 and 4.4
for the inequalities obtained by zero-lifting.

Theorem 4.5. Let c*x*=c, be a TT inequality defined on R™* and obtained by
zero-lifting of node ue 'V, from a TT inequality cx=c, that is facet-defining for
GTSP(n). Then c*x* = ¢, is facet-defining for GTSP(n*).

Proof. We first assume that n*=n+1. Let F be defined by F = 8(u) u {(v, w)}, with
(v, w)e A.(u). Since every tour of K, contains at least two edges in &(u) the
conditions (i} and (ii) of Theorem 4.3 are satisfied. The condition (iii) holds because
the graph (V,,, F) contains only one connected component with only one cycle on
the three nodes u, v and w. The proof is then completed by induction on n*. [

The result of Theorem 4.5 is given already in Cornuéjols, Fonlupt and Naddef
(1985) and has been given here as an application of Theorem 4.3.

Lemma 4.6. Let cx = ¢, be a nontrivial TT inequality facet-defining for STSP(n). If
c(u, v) =0 for some u# ve 'V, the edge sets 5(u) and 8(v) are c-connected.

Proof. Every edge (w, u) with w# v is c-adjacent to (u, v). In fact let He ¥ be
a Hamiltonian cycle containing (w, u), which exists by Corollary 2.6. If (u, v) does
not belong to H, let w'# v be a neighbor of u and let z and z’ be the neighbors
of v in H. The Hamiltonian cycle H'=H —(z,v)—-(z',v)+(z,z")—(u, w)+
(u, v)+ (v, w') contains both (w, u) and (u, v) and belongs to #_ . Analogously it
can be proven that §(v) is c-connected. [J

Theorem 4.7. Let c*x*=c, be a TT inequality defined on R*~ and obtained by
zero-lifting of node ue V, from a nontrivial TT inequality that is facet-defining for
STSP(n). If the edge set 8(u) < E, is c-connected then c*x* = ¢, is facet-defining for
STSP(n*).

Proof. We first assume that n*=n+1. Let F be defined by F=35(u)u{e}, with
e=(v, w)e A,(u). By the same argument used in the proof of Theorem 4.5 the
conditions (i), (ii) and (iii) of Theorem 4.4 are satisfied. Observe that if two edges
f and g in &(u) are c-adjacent then they are ¢*-adjacent in u,.,. By Corollary 2.6
there exists a Hamiltonian cycle in # containing the edge e. Let f be an edge of
this cycle belonging to 8(u). Consequently, e and f are c*-adjacent in u,,, and the
condition (iv) of Theorem 4.4 is satisfied. By Lemma 4.6, 6(u) in K, is ¢*-
connected. Consequently, the proof can be completed by induction on n*. [

The following lemma gives conditions that guarantee the c-connectivity property
in an inequality obtained by general 1-node lifting.
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Lemma 4.8. Let cx = ¢, be a TT inequality facet-defining for STSP(n), ¢*x* = ¢, be
an inequality obtained by 1-node lifting of cx=c¢, and F be a subset of A.(u,;)
such that F n H is nonempty for all H e #7 and the conditions (ii), (iii) and (iv) of
Theorem 4.4 are satisfied. Then the following two conditions hold :
(a) The edge set 6(u,.,) < E,., is ¢*-connected if the graph (V,, F) is connected.
(b) Foreveryve V, theedge set 5(v) < E, ., is c*-connected if the edge set 5(v) < E,
is c-connected.

Proof. Let e = (v, w) be an edge in F and H € 5 be a Hamiltonian cycle containing
e. The cycle H — (v, w)+ (v, u,41) +(w, u,, ;) belongs to ¥+ and hence (v, u,,,) and
(w, u,,,) are c*-adjacent and (a) follows.

Consider two c-adjacent edges e = (v, w) and f= (v, z) in 8(v), with w # z. Then
there exists a Hamiltonian cycle H € ¥ containing them. If neither e nor f belongs
to F, H must contain an edge in F and it can be extended to a Hamiltonian cycle
in 7 containing e and f. If both e and f belong to F they are ¢*-connected because
of the two Hamiltonian cycles H —(v, z)+ (v, u,y;)+(z, u,+,) and H—(v, w)+
(v, Upsy)+ (W, u,.,) in F .. If only one of the two edges, say e, belongs to F, by (ii)
of Theorem 4.4 there exist ¢’ = (v', w') e A(u,,,), with ¢’ # e, and H'e€ #_ contain-
ing e and e'. Let y# w be the second neighbor of v in H'. Then e and f are
c¢*-connected because of the Hamiltonian cycles H — (v, w)+ (v, t, 1) + (W, t,1),
H' — (v, w)+ (v, 4, )+ (W, u, ) and H' —(v', w)+(v', u, 1)+ (W', u,,,), which all
belong to #_« and (b) follows. [

A TT inequality of cx = ¢, defined on R®» with ¢, >0 for all e € E,, is called simple.

Suppose we are given a TT inequality cx = ¢, which is not simple. It is easy to
see that V, can be partitioned into h sets V', ..., V" such that:

(a) c,=0forall ec y(V)),i=1,...,h;

(b) c.,=c forall e, fe(V':V’/)and forall i#je{l,...,h},
where by (U : W) we denote the edge set (U: W) ={(u, w)|u € U, wec W}. The simple
inequality associated with cx = ¢, is the inequality &% = ¢, defined on R with

c(u, w)=c, ee(V:V’'), forall=<i<j<h.

From Theorem 4.5 it follows that a TT inequality ¢x = ¢, is facet-defining for GTSP(n)
if its associated simple inequality ¢x = ¢, is facet-defining for GTSP(h).

For STSP(n) we have the following theorem that can be easily proven by induc-
tively applying Theorem 4.7.

Theorem 4.9. A TT inequality cx = ¢, is facet-defining for STSP(n) if its associated
simple inequality Tx = c, is nontrivial and facet-defining for STSP(h) and for every
ve 'V, the set 8(v) in K,, is ¢-connected. [

An example of inequality which is not simple is the general comb inequality,
whose associated simple inequality is the 2-matching inequality.
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Theorems 4.5 and 4.9 suggest to restrict the study of the polyhedral structure of
GTSP(n) and STSP(n) only to simple inequalities. In fact once a new simple
inequality cx=¢, in TT form is proven to define a facet of STSP(n) the only
additional work to be done is to prove that §(v) is ¢-connected for every node v
in V,. Thus all inequalities having ¢x = ¢, as associated simple inequalities are
automatically proven to be facet-defining for GTSP(n*) and STSP(n*).

We do not know of any simple inequality in TT form that is facet-defining for
STSP(n) for which the conditions of Theorem 4.9 do not hold.

4.3. 2-Node lifting

We introduce here a new kind of node lifting that cannot be obtained by sequentially
applying the 1-node lifting described before. In fact in this lifting a pair of nodes
is added at once to the graph K,, and the right-hand side c¢¥ is greater than c,.

Definition 4.10. Let cx = ¢, be a TT inequality defined on R®» and e be an edge in
E,. We say that the inequality c*x* = ¢} defined on R%~+ with h=1, is obtained
from c¢x = ¢ by cloning the edge e (h times) in the following sense. The inequality
is obtained by node-lifting of c¢x= ¢, and defined as follows, where we assume
without loss of generality that e = (u,_,, u,):

C(’)k = Co+2hce,

c(u, u,_), forlsisn-2,1<j<2h-1 and j odd,
c(u;, u,), fortsisn—-2,2<j<2h and j even,

c*(u;, un+j) = {

2¢,, for—1=<i<j<2h and j—i even,

* . . =
¢ty tny) {ce, for —1=<i<j<2h and j—i odd.

The inequality c*x*=c¥ of Definition 4.10 can be alternatively obtained from
cx = ¢, by iterating the process of cloning the edge e (one time). Therefore the
following proofs are given for h =1 and then can be easily completed by induction
on h.

Let cx=c¢, be a TT inequality valid for GTSP(n); we call an edge e=(u, v)
c-clonable if the c-length of every tour T of K, is at least ¢, +(d —2)c,, where d is
the minimum of the degrees of u and v in T.

Lemma 4.11. Let cx = ¢, be a TT inequality valid for GTSP(n) and c*x*= c§ be the
inequality of R+ obtained from cx = c, by cloning e =(u,_,, u,) (h times). Then
the following two propositions are equivalent:

(a) e is ¢c-clonable;

(b) the inequality ¢*x* = c¥ is valid for GTSP(n+2h) and every edge of the set
Gty a1y - ooy Upizn_1}i{Upn, Unia, - - ., Unian}) is c*-clonable.
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Proof. We prove the lemma for h =1. Then a complete proof can be obtained by
induction on h. We first prove that (a) implies (b). For every tour Te J%,, we
define $(T) e T to be the tour obtained by contracting each of the sets {u,_,, 4,+,}
and {u,, u,.,} into a single node. Observe that by definition c(¥(T))= c*(T).
Assume that either the inequality ¢*x*= ¢f is not valid or that some edge of the
set ({#n_y, Uys1}:{U,, Unsn}) is not c*-clonable. Due to the symmetry of the
coefficients of the pair 6(u,—;) and 8(u,.,) and of the pair 8(u,) and 8(u,.,) we
can assume without loss of generality that (u,_;, u,) is not ¢*-clonable. It follows
that there exists T*e J%,,, where u,_, and u, have degree at least d, with ¢*(T%) <
c&+(d —2)c¥. We consider two cases:

Case (i). Both the families T*~ §({u,_,, u,.1}) and T* ~ 8({u,, u,.-}) have at
least d +2 edges. Then the tour #(T%*) has both u,_, and u, with degree at least
d+2; hence its c-length is at least c¢y,+dc,=c¥+(d—2)c*. This leads to a
contradiction.

Case (ii). Without loss of generality we assume that T* n 8 ({u,, u,.-}) contains
d edges. Then (u,, u,.,) € T* and ¢(F(T*)) = ¢*(T*)~2c,. Consequently, e is not
c-clonable.

Now we prove that (b) implies (a). Suppose that there is a tour T¢ 7% where
u,—, and u, have degree at least d =4 and that ¢(T) <cy,+(d —2)c,. We consider
3 cases.

Case (i). There are at least three edges different from e incident with u,_; and
u,, respectively. Then there are two neighbors v, and v, of u,_, in T and two
neighbors w; and w, of u, in T such that the family

T*= T — (v, Up1) = (02, Up_y) ~ (Wi, u,) — (W, u,)
+ (01, Upsr) (02, Upy)) +(Wh, Upi0) + (W2, Upin)

is a tour of K,, .
Case (ii). T contains two copies of e. Then there is a neighbor v of u,_, in T
and a neighbor w of u, in T such that the family

T* = T_(‘U, un-l)_(unfla un)_(wa un)
(0, thy )+ (U1, Uia) T (W, Uy, 5)

is a tour of K, ,.
Case (iii). T contains at least three copies of e. Then let T* be the tour of K+,
defined by

T* = T_3{(un~1, un)}+(un—19 un+2)+(un+1’ un+2)+(un’ un+1)'

In all the three cases we have ¢*(T*)=c(T)<c¥+(d —4)c,. Since u,_, and u,
have both degree at least d —2 in T* it follows that either d =4 and ¢*x*= c{ is
not valid or d >4 and e is not c*-clonable. []
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Theorem 4.12. Let cx=c¢, be a TT inequality facet-defining for GTSP(n) and e =
(4,1, u,) be a c-clonable edge such that u,_, and u, are 2c_-critical for cx = c,. The
following hold :

(a) the inequality c*x* = ¢} obtained from cx = ¢, by cloning e (h times) is facet-
defining for GTSP(n+2h);

(b) the nodes u,_,, U,, Uyi1, ..., U2, are 2¢¥-critical,

(¢) iff=(z,, z,) # eis an edge in E, such that z, and z, are 2¢c,-critical for cx = ¢,,
then z, and z, are 2c¥ -critical for ¢*x*= cff.

Proof. We prove the theorem for = 1. Then the proof can be completed by induction
on h. The inequality c*x* = ¢f is valid for GTSP(n +2) by Lemma 4.11 and support-
ing since, as it is shown in the following, J . is nonempty. Consequently, it defines
aface of GTSP(n +2). Let f *x* = f§ be an inequality defining a facet of GTSP(n +2)
that contains the face defined by c¢*x*=c¥. Therefore we have I < T ;. We
construct a subset of 7. and we prove that it is a basis of ¢*x*=¢{. In fact by
using only vectors in this subset it can be shown that f* = 7c*, for some > 0. For
notational convenience we name the following 6 edges in E,« as: e=(u, ,, u,),
a=(Up_1,Uss1), b= (Un_y, Upi2), €= (U, Upyr), d = (ty, Ups2) a0d g = (41, Upi2)
(see Figure 6). By assumption and by Lemma 2.5 there exist two Hamiltonian cycles
I', and I, of K, —{u,} and K, —{u,_}, respectively, of length c,—2c¢,. Let v, be
one of the two neighbors of u,_; in I'; and v, one of the two neighbors of u, in
I,. Weset #={T,,T,,T;,T,,H, H,, Hy}, where T;, i=1,...,4and H;, i=1,2,3,
belong to I and are defined as (see also Figure 7):

T,=T1—(vy, uy_) +(vy, tpy) +2{e}+h+g,
T,=T— (v, ty_y) + (01, ) +2{c} + b +g,
Ts=T,—(vy, u,) + (03, Ups) +2{e} +c+g,
Ta=T5—(vy, u,) +(0;, U,1o) +2{b}+c+g,
H=I—(v,u,_ )+ (v, u,,)+tetd+g,
Hy=T,—(v,, u, 1)+ (v, u,, ) +b+d+c,

H,=I>—(v,,u,)+ (v, o) +b+atec
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Fig. 7.
From f*(T,)=f*(T.), f*(Ts)=f*(T.), f*(H)=f*(H,), f*(H)=f*(T,) and
F*(H3)=f*(T,) it follows:
fE=fi=ri=f% and [fi=fi=2f%. (4.6)
For every tour T € 9, containing the edge (w, u,_,) we define two “extended” tours

&,(T) and €{(T) belonging to I« in the following way:
Case (i). ec T (see Figure 8):

E(TY=T—e+b+c+g,
E(N)=T—(w,u,_)+(w,u, ) +b+g.

Case (ii). e¢ T. Let v be any neighbor of u, in T (see Figure 9):
E(T)=T—(v,u,)+(v,u,,)+c+g

E(T)=T— (W, thh_y) — (0, )+ (W, thyer) + (0, ) + b+ c.

If €,(T) is not a tour we take the edges e and g instead of b and c.

For every tour T ¢ I, containing the edge (w, u,,) we analogously define the two
extended tours &,(T) and &4%(T) in I ~.

For every node we V, —{u,_,, u} we call H., and H?, two Hamiltonian cycles in
9> containing (w, u,_;) and (w, u,), respectively. By f*(&,(H,))=f*(%i(H))),
(&, (H2)) =f*(%5(H?Z)) and (4.6) it follows that

f*(wa un—l) :f*(W, un+1), we Vn _{unfl},
f*(wa un) :f*(w’ un+2)a we Vn _{un}~
We add to B the set

{€.(H.,), €i(H.), &(H3), E(HL) [we V, —{u, -, u, b}

(4.7)

Observe that, besides the 4 almost Hamiltonian tours T;, T», Ts, and T,, the set
9 contains only Hamiltonian cycles.
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Let us define the inequality fx = f, on R" by:
fe=f¢, 8€E,
Sfo=1&—2f..

Let 9B, be a basis for cx=¢,, T be a tour of %B., and &(T) be any of the tours
&(T), &(T), €,(T), &(T). Then €(T)e I+, and so &(T)e T;+. By (4.6) and
(4.7) it follows that f*(&(T))=f(T)+2f,=f&,and so Te I; and B.< I ;. Since
cx = ¢, defines a facet of GTSP(n) it follows that fx = f, defines the same facet and
for some 7> 0:

f=me,
f()=f(>)k_27TCe = TCy.

From (4.6), (4.7) and (4.8) it follows that f* = m¢™ and f§ = wcy, with 7> 0; hence
BU{E(T)| T e B.} contains a basis for ¢*x*= cf and (a) follows. To prove (b),
consider the tours T;—2{e}, T,—2{e}, H,—b—d+e and H;—a —c+ e, that have
c*-length ¢ —2c¢¥ and apply Remark 3.2, To prove (c), take a tour T of K, —{z;}
of c-length ¢, —2c¢;. Let €,(-) and &,(-) be two transformations, defined in the same
way as &,(-) and &,(-), respectively, that extend a tour of K,_; of c-length [ into
a tour of K, ., of length I+2¢,. If ec T, call T' the tour &,(T); otherwise call T
the tour &,(T). The tour T’ of K, has c*-length ¢§ —2c¥, and so by Remark 3.2
the node z, is 2¢¥-critical for ¢*x* = ¢¥. The same holds for z, and (c) follows. [

(4.8)

Theorem 4.13. Let cx = ¢, be a nontrivial TT inequality facet-defining for STSP(n)
and e =(u, ,, u,) be a c-clonable edge such that u,,_, and u, are 2¢,-critical for cx = ¢,.
Then the following hold:

(a) the inequality c*x* = c¥ obtained by cloning e (h times) is facet-defining for
STSP(n+2h);

(b) the edge subsets §(u,_,), ..., 8(t,12n) Of E, ., are c*-connected;
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(¢c) for ve V,—{u,_,,u,} if 8(v) in K, is c-connected, then 5(v) in K, ., is
c*-connected.

Proof. We prove the theorem for 2 = 1. Then the proof can be completed by induction
on h. Since c¢x = ¢, is nontrivial and facet-defining for STSP(n) it has a canonical
basis €. Let I, I, €,(+), €1(*), €(), €(-), €(-) and & be defined as in the
proof of Theorem 4.12. Weithout loss of generality we can assume that 7, =
I''+2{e} and T, =1I,+2{e} belong to €.. Since &(T,, )€ B and (T, )< B, the
set

BU{E(T)|TeC.—{T, ., T.}}

contains a canonical basis of ¢*x*=c¥ and the inequality is facet-defining for
STSP(n+2).

Assume now that ve V, —{u,_ 1, u,}. If two edges (w,, v) and (w,, v) are c-
adjacent let H € ¥ be a cycle containing both of them. Then there exists a cycle
&(H)e ¥ containing (w,, v) and (w,, v). For i=1, 2, there exist we V, and a
cycle H'e %, containing (v, u,.;_,) and (v, w). The cycle &/(H')e ¥ contains
(v, w)and (v, u,.;). Hence if 8(v) in K, is c-connected, 6(v) in K,,,,is ¢*-connected.

Fori=1,2,letv=u,,; ». Foreverywe V, —{u,_, u,} thereexistsacycle H, € ¥
that contains (w, v) because cx=c¢, is a nontrivial facet-defining inequality for
STSP(n). The cycle &;(H,,) <€ %« contains both (w, v} and (u,+,, 4,..). Moreover,
the edges in y({t_y, U, Uni1, Unsa}) are c*-connected because of the cycles H;,
H,, and H, defined in the proof of Theorem 4.12. Consequently, 8(u,.;_,) is
c*-connected. Due to the symmetry of the coefficients of the edges in §(u,,;_,) and
8(uyii), 8(u,y;) is also c*-connected. [

Observe that, differently from other node lifting theorems, in the lifting by
edge-cloning no extra conditions are required in the case of STSP(n).

As shown in Naddef and Rinaldi (1988), Theorem 4.13 can be exploited to prove
that some inequalities, generalizing the chain inequalities defined in Padberg and
Hong (1980), are facet-defining for STSP(n), n = 8. These inequalities are obtained
from the comb inequalities by repeated application of edge-cloning and zero-lifting
operations. A proof that the chain inequalities are facet-defining is given already
by Boyd (1988) and by Hartman (1988). However, the range of application of
Theorem 4.13 goes beyond the comb inequalities. In fact, as shown in Naddef and
Rinaldi (1988, 1992), the theorem can be applied to prove that inequalities obtained
by edge-cloning from some path inequalities, that generalize comb inequalities, and
from crown inequalities are facet-defining for STSP(n).
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