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This paper examines nonsmooth constrained multi-objective optimization problems where the objective
function and the constraints are compositions of convex functions, and locally Lipschitz and Géteaux
differentiable functions. Lagrangian necessary conditions, and new sufficient optimality conditions for
efficient and properly efficient solutions are presented. Multi-objective duality results are given for convex
composite problems which are not necessarily convex programming problems. Applications of the results
to new and some special classes of nonlinear programming problems are discussed. A scalarization result
and a characterization of the set of all properly efficient solutions for convex composite problems are
also discussed under appropriate conditions.
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1. Introduction

Consider the composite multi-objective programming problem

(P) V-minimize (f,(F;(x)),...,[,(F,(x)))
subject to xeC, g(G(x))=0,j=12,...,m,

where C is a convex subset of a Banachspace X, f;, i=1,2,...,p,8,j=1,2,..., m,
are real valued locally Lipschitz functions on R", and F; and G; are locally Lipschitz
and Giteaux differentiable functions from X into R" with Gteaux derivatives F'(-)
and Gj(-) respectively, but are not necessarily continuously Fréchet differentiable
or strictly differentiable [6]. Note here that the symbol “V-minimize” stands for
vector minimization. The model problem (P) with p =1 (single objective function)
and continuously (Fréchet) differentiability conditions has recently received a great
deal of attention in the literature, e.g., [1,3,8,9, 13]. It is known that the scalar
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composite programming model prolem provides a unified framework for studying
convergence behaviour of various algorithms and Lagrangian conditions, e.g., see
[2,8,27]. More recently, various first order optimality conditions of Lagrangian
type were given in Jeyakumar [17] for single objective composite model problems
of the form (P) without the continuously Fréchet differentiability or the strict
differentiability restrictions using an approximation scheme.

Problems of multi-objective optimization are widespread in mathematical
modelling of real world systems for a very broad range of applications. For instance,
multi-objective optimization problems which arise in mechanical engineering are
discussed in Stadler [31]; applications of multi-objective optimization techniques
for the design of aircraft control systems are given in Schy and Giesy [29]; various
other applications of multi-objective optimization in resource planning and manage-
ment, in mathematical biology,and in welfare economics can be found in Stadler
[30]. We are rarely asked to make decisions based on only one criterion; most often,
decisions are based on several conflicting criteria. Multi-objective optimization
provides the mathematical framework to deals with these situations.

The composite model problem (P) is broad and flexible enough to cover many
common types of multi-objective problems, seen in the literature. Moreover, the
model obviously includes the wide class of convex composite single objective
problems, which is now recognized as fundamental for theory and computation in
scalar nonsmooth optimization. To illustrate the nature of the model (P), let us look
at some examples.

Example 1.1. Define F,, G;: X" >R’™™ by
E(x):(o,o,.--,li(x)’07~--’0), i:]"z’"')p7
G,(x)=(0,0,...,h(x),0,...,0), j=1,2....,m,

where I,(x) and h;(x) are locally Lipschitz and Giteaux differentiable functions on
a Banach space X. Define £, g :R”"" >R by

fix)=x;, i=1,2,...,p,

g(x)=x,, j=12,...,m
Let C = X. Then the composite problem (P) is the problem
(NP)  V-minimize (I;(x),...,1L(x})

subject to xeX", h(x)<0, j=1,2,...,m,

which is a standard multi-objective differentiable nonlinear programming problem.
Lagrangian optimality conditions, duality properties, and scalarization techniques
for the standard multi-objective nonlinear programming problem have been exten-
sively studied in the literature under convex and generalized convex conditions,
see, e.g., [4, 5, 14, 28].
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Example 1.2. The penalty representation of the standard multi-objective nonlinear
programming problem (NP), examined in White [34], is the multi-objective problem:

V-minimize (,(x),..., L(x))+pu g (max(h;(x), 0))e

subjectto  xeR”,

where e=(1,1,...,1) € R” and > 0 is the penalty parameter. The penalty problem
is the case of (P), where F;:R">R™"" and f;:R™"' >R are given by

E(x)z(li(x), hl(x)a"'ahm(x))a i:1529"'ap9

ﬁ(a0> dyyeney am) = a0+/1’ Z (max(aj: 0))29 i= 17 23 Y 2
j=1
respectively, and G;:R">R" and g;:R" >R are given by G;(x)=x and g;(x)=0.
White [34] considered a more general penalty function representation for the
problem (NP) and presented a penalty function scheme, generalizing the methods
of Zangwill [35].

Example 1.3. Consider the vector approximation (model) problem:
V-minimize (|| Fy(x)|,...., [|F,(x)]|,)
subject to xe X,

where X is a Banach space, ||-||;, i=1,2,...,p, are norms in R™, and for each
i=1,2,...,p, F;: X >R"™ is a Fréchet differentiable (error) function. This problem
is also the case of (P), where foreachi=1,2,...,p, fi:R" > Ris given by fi(x) = | x|,
and conditions on G; and g; are the same as in Example 1.2. Various examples of
vector approximation problems of this type that arise in simultaneous approximation
are given in [14, 15]. For a numerical example of the above convex composite vector
approximation problem, see Example 3.3 in [15].

The idea is that by studying the composite model problem (P} a unified framework
can be given for the treatment of many questions of theoretical and computational
interest in multi-objective optimization.

In this paper we present first order Lagrangian optimality and duality results for
(convex) composite problems (P) and show that the model problem (P) allows us
to present a unified framework for studying multi-objective optimization problems
in regard to first order optimality conditions and duality theory. In particular, we
show that the results for the multi-objective model problem (P) cover the correspond-
ing results for convex and many classes of nonconvex problems, commonly encoun-
tered in the study of first order global optimality and duality theory. The results are
based on a method given recently in Jeyakumar [17] that emphasizes a new connec-
tion with the Clarke subdifferential, Gateaux differentiability property and composite
functions. Moreover, we provide some scalarization properties for the composite
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model problem under appropriate conditions. We present results mainly for properly
efficient solutions of the composite model problem (P).

The outline of the paper is as follows. In Section 2, we present some preliminary
results and obtain necessary optimality conditions of the Kuhn-Tucker type for the
composite model problem (P) by using an approximation scheme. In Section 3, we
present new sufficient conditions for feasible points which satisfy Kuhn-Tucker
type conditions to be efficient and properly efficient solutions of convex composite
problems in which the functions f; and g; are assumed to be convex. These sufficient
conditions are shown to hold for various classes of nonconvex programming prob-
lems. In Section 4, multi-objective duality results are presented for convex composite
problems. Finally, in Section 5, we provide various characterizations of the set of
properly efficient soutions for convex composite problems.

2. Efficient solutions and necessary optimality conditions

In this section, we introduce various notions of efficient solutions and present some
preliminary results for locally Lipschitz functions that will be used throughout the
paper. Then, we obtain necessary optimality conditions for (P) that extend the
necessary conditions presented in [17] for a scalar problem (cf. [6]). Let us begin
with the definition of an efficient solution for the multi-objective problem (P). A
feasible point x, for (P) is said to be an efficient solution [28,33] if there exists no
feasible x for (P) such that fi(Fi(x))<fi(Fi(xy)), i=1,2,...,p, and fi(Fi(x))#
fi(Fi(xy))) for some i. The feasible point x, is said to be a properly efficient solution
[10] for (P) if there exists a scalar M > 0 such that for each i,

SFGD AR _
KEG) ~£(F G~

for some j such that f;(F(x))> fi(F(x,)) whenever x is feasible for (P) and
fi(F(x)) <fi(Fi(x,)). The feasible point x, is said to be a weakly efficient solution
[28] for (P) if there exists no feasible point x for which f(F;(x,))> fi(Fi(x)),
i=1,2,...,p. Itis clear from the definitions that a properly efficient solution is an
efficient solution which is a weakly efficient solution. To see the nature of these
different efficient solutions, let us look at some simple examples:

Example 2.1. Consider the problem
e <x1 xz)
V-minimize |—,—
Xy X4
subject to  (x;,x,)eR’, 1—x,=0, 1-x,<0.

It is easy to check that (1, 1) is an efficient solution for the problem, but it is not a
properly efficient solution.
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Example 2.2 [22]. Consider the problem
V-minimize (x;, x,)
subject to  (x;,X,)eR?  (x;, %) e C,
where
C={(x;, x;) eR*|x}+x3=<1, x,=<0}
Ul(x;, %) eR?|x,=0,0=x,=-1}.

Then, we see that the feasible point (1, —1) is a weakly efficient solution, but it is
not an efficient solution.

We note that if F: X ->R" is locally Lipschitz near a point x € X and Géteaux
differentiable at x and if f:R" > R is locally Lipschitz near F(x) then the continuous
sublinear function, defined by

7 (h) = max{ ); WweFL(x)h ‘ we aof(F(x))} ,

1
satisfies the inequality
(fe FY ((x,h)<m.(h) VheX (A)
Recall that
q'(x, h)= linllsoup A (g(x+Ah) = g(x))

is the upper Dini-directional derivative of q: X » R at x in the direction of h, and
8°f(F(x)) is the Clarke subdifferential of f at F(x). The function .(-) in (A) is
called upper convex approximation of fo F at x, see [17, 18]. Moreover, it is worth
observing that the inequality (A) does not follow from the generalized chain rule
for differentiation of locally Lipschitz functions in Clarke [6]. However, the following
generalized chain rule formula [17] follows under the above mentioned assumptions
on F and f:

3°(f o F)(x) = 8% (F(x))F'(x)={w F'(x)|wedf (F(x))}.
The equality holds, in particular, when f is convex. Here, 3°(f > F)(x) denotes the

Michel-Penot subdifferential of fo F at x, see [25]. Note that for a set C, int C
denotes the interior of C, and

C ={veX'|v(x)=0Vxe C},

denotes the dual cone of C, where X' is the topological dual space of X. It is also
worth noting that, for a convex set C, the closure of the cone generated by the set
C at a point a, cl cone(C — a), is the tangent cone of C at a and, the dual cone
—(C —a)" is the normal cone of C at a in the sense of convex analysis, see [6, 26].

Using upper convex approximations, we derive necessary optimality conditions
which hold at a weakly efficient solution of our model problem (P). This extends
the necessary conditions presented in [17] for a scalar composite problem to the
multi-objective problem (P).
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Theorem 2.1. For the model problem (P), assume that f; and g; are locally Lipschitz
functions, and that F; and G; are locally Lipschitz and Gateaux differentiable functions.
If ac C is a weakly efficient solution for (P), then there exist Lagrange multipliers
720,i=1,2,..,p,and \;=0, j=1,2,... m, not all zero, satisfying

P

0 ¥ 7' f(F(a)Fita)+ £ Ad'(G/(@)Gi(a)~(C~a)’

i=

and \igi(Gi(a))=0,j=1,2,..., m.

Proof. Let I={1,...,p}, J,={j+plj=1,...,m}, J,(a)={j+plg(Gi(a)) =0, j=
1,..., m}. For convenience, we define

(fic o Fie)(x), k=1,....p,

h (x)={
* (8k—p° Grp)(x), k=p+1,...,p+m.

Suppose that the following system has a solution
decone(C—a), wh(d)<0, kelul,(a), (%)

where 75(d) is given by

max{_i v,-FLI_(a)d|v€a°j}((Fk(a))}, kel

mh(d) = .
max{ Z: w,Gt.(a)d | weang‘,,(Fk_,,(a))}, keJ,(a).

Then the system
decone(C—a), hi(a;d)<0, keluJ,(a),

has a solution. So, there exists a;>0 such that a+adec C, h(a+ad)<h(a),
keTuJ,(a), whenever 0 <a < a,. Since h(a)<0 for ke J,\J,(a) and h, is con-
tinuous in a neighbourhood of a, there exists «,>0, such that h.(a+ad) <0,
whenever 0 <a < a,, ke J,\J,(a). Let a*=min{a,, a,}. Then a+ad is a feasible
solution for (P) and h.(a+ad)<h(a), keI for sufficiently small « such that
0<a=a® This contradicts the weak efficiency of (P) at x =a. Hence, (*) has no
solution.

Since, for each k, w5(-) is sublinear and cone(C — a) is convex, it follows from
a separation theorem [7, 18] that there exist =0, i=1,...,p, ;;=0, je J,(a), not
all zero, such that

14 X .
T x)+ Y Aml(x)=0 Vxecone(C-—a).
i=1 jedy(a)

Then, by applying standard arguments of convex analysis (see [14, 23]) and choosing
A; =0 whenever je J,\J,(a), we have

)4

0e Y mdmL(0)+ Y AanlP(0)—(C—a)™.
i=1 j=1

i=
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So, there exist v; € 3°fi( Fi(a)), w; eaogj(Gj(a)) satisfying

p m
Y ol Fila)+ L AwGi(a)e(C=a)".
e

i=

Hence, the conclusion holds. {J

Necessary conditions of Kuhn-Tucker type follow from Theorem 2.1 under a
suitable constraint qualification [17, 24] that guarantees 7= (r,, 75,..., 7,) # 0. For
instance, the following generalized Slater condition will do this:

Ix,€ cone(C —a), vTGJ’-(a)xO<O, Vveaogj(Gj(a)), Vjel(a),

where J(a)={j|g(G;(a))=0,j=1,..., m}.

Choosing geR”, ¢>0 with 7'¢g=1 and defining A =qq", we can select the
multipliers 7=Ar=¢qq'r=¢g>0 and A=AX=qq A =0. Hence, the following
Kuhn-Tucker type optimality conditions (KT) for (P) are obtained:

(KT) TERP, 'T,'>0, AGRm, )\120, Ang(CI'j(a))=0,

0c ¥ ndfi(F(a)Fi(a)+ X A3'(Gy(@)Gila)~(C~a)"

3. Sufficient optimality conditions for convex composite programs

In this section, we present new conditions under which the optimality conditions
(KT) become sufficient for efficient and properly efficient solutions. The sufficient
conditions in this section are significant even for scalar composite problems as these
conditions are weaker than the conditions given in [17] and apply to more general
scalar composite problems (cf. [17]).

Let x, a€ X. Define K : X >R"?*™ =[] R"” by

K(x)=(Fi(x),..., F,(x), Gi(x), ..., G,(x)).
For each x, a € X, the linear mapping A, ,: X »R"¥™™ is given by
Aca(y)=(ai(x, a)Fi(a)y,..., a,(x, a)F(a)y,
Bi(x, a)Gi(a)y, ..., Bm(x, a) G u(a)y),

where a;(x, a), i=1,2,...,p and B;(x,a), j=1,..., m, are real positive constants.
Let us denote the null space of a function H by N[H].

Recall, from the generalized Farkas lemma [7], that K(x)—K(a)€ A, ,(X) if
andonlyif A} ,(u) =0=u"(K(x)~ K (a)) =0. This observation prompts us to define
the following general null space condition:
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For each x,acX, there exist real constants o;(x,a)>0, i=1,2,..,p, and
Bi(x,a)>0,j=1,2,..., m, such that

N[A..]= N[K(x)-K(a)], (NC)
where
Asa(y)=(ai(x, a)Fi(a)y,..., ay(x, a)Fp(a)y,
Bilx, a)Gi(a)y, ..., Bu(x, a)GL(a)y).

Equivalently, the null space condition means that for each x, a € X, there exist
real constants a;(x,a)>0, i=1,2,...,p, and B;(x,a)>0, j=1,2,...,m, and
p(x,a)e X such that F(x)-—F(a)=oa;(x, a)Fi(a)u(x,a) and Gj(x)—G;(a)=
Bi(x, a)Gj(a)u(x, a). For our general problem (P), we assume the following general-
ized null space condition (GNC):

For each x, ae C, there exist real constants a,(x,a)>0, i=1,2,...,p, and
Bi(x,a)>0, j=1,2,...,m and u(x,a)e(C—a) such that F,(x)—F(a)=
a;(x, a)Fi(a)u(x, a) and Gy(x) - Gy(a) = B,(x, @) G}(a)(x, a).

A condition of this type, called representation condition, has been used in the
study of Chebyshev vector approximation problems in Jahn and Sachs [16]. Note
that when C = X the generalized null space condition (GNC) reduces to (NC). We
shall show later in this section that the generalized null space condition (GNC) is
easily verified for convex problems and various classes of nonconvex programming
problems, such as convex composite pseudo linear programming problems, pseudo
linear programming problems [4] and fractional linear programming problems [5].
Observe that (NC) trivially holds when F;’s and G;’s are affine functions.

In [17] a related, but restricted, null space condition without the real constants
a;, and B; was used for a special class of scalar composite problem. The present
null space condition (NC) allows us to treat various classes of nonconvex problems
that cannot be handled by the theory presented in [17].

Theorem 3.1. For the problem (P), assume that f; and g; are convex functions, and F;
and G; are locally Lipschitz and Gateaux differentiable functions. Let a be feasible for
(P). Suppose that the optimality conditions (KT) hold at a. If the generalized null
space condition (GNC) holds at each feasible point x of (P) then a is an efficient
solution of (P).

Proof. From the optimality conditions (KT), there exist v;€8°f;(F(a)) and w;e
3°g;(G;(a)) such that

p m
Zl ot Fia)+ _Zl AwiGia)e (C—a)”.
=

i=
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Suppose that a is not an efficient solution of (P). Then, there exists a feasible xe C
for (P) with

filF(x))<f.(Fi(a)) foralli
and
fi(F.(x))<f.(F.(a)) forsome re{l,2,...,p}

Now, by the generalized null space condition, there exits n(x, a)e (C —a), same
for each F; and G;, such that Fi(x)— F(a)=a;(x, a)Fi{a)n(x,a), i=1,2,...,p,
and G;(x)— Gj(a)=B;(x, a)Gj(a)n(x,a), j=1,2,..., m Hence,

0= Y —2— (g(Gy(x))—g(G(a))) (by feasibility)

-1 Bi(x, a)

= § A w!(G;j(x)—Gj(a)) (by subdifferentiability)
j=1 Bj('xa a)

=¥ AwlG(a)n(xa) (by (GNC))

ji=1

P
=—Y mo/Fi(a)n(x,a) (by a hypothesis)

i=1

--% S (F()=F(a) (by (GNO))

-1 a;(x, a)
= _i _(: " (fi(F(a))—f;(Fi(x))) (by subdifferentiability)
> 0.

This is a contradiction and hence a is an efficient solution for (P). O

The following example illustrates that the generalized null space condition (GNC)
may not be sufficient for a feasible point which satisfies the optimality conditions
(KT) to be a properly efficient solution for (P). Consider the simple multi-objective
problem

.. X1 X
V-minimize |—,—
Xy Xy

subject to (X, x,)eR? 1—-x,<0, 1-x,<0.

It is easy to check that (1, 1) is an efficient solution for the problem, but it is not
properly efficient. The generalized null space condition (GNC) holds at every
feasible point (x;, x,) with a,((xy, x5), (1, 1)) =1/x,, a((x;, %), (1,1))=1/x,,
Bi((xy,x),(1,1))=1,fori=1,2.
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This example leads us to strengthen our generalized null space condition by
constraining a;(x, a) = B;(x,a)=1Vi,j, in order to get sufficient conditions for
properly efficient solutions for (P). From the generalized Farkas lemma [7], it is easy
to see that this strengthened null space condition holds when C = X and N[K'(a)] <
N[K{(x)—K(a)}], for each x, ae X.

Theorem 3.2. Assume that the conditions on (P) in Theorem 3.1 hold. Let a be feasible
for (P). Suppose that the optimality conditions (KT) hold at a. If the generalized null
space condition (GNC) holds with a;(x, a)=B;(x, a)=1 Vi, j, for each feasible x of
(P) then a is a properly efficient solution of (P).

Proof. Let x be feasible for (P). Then, x is feasible for the scalar problem

(P.)  minimize 3 7f(F,(x))

subjectto xeC, g(Gi(x))=<0, j=1,2,...,m.

From the convexity property of f,,

P p

L nfi(FG)~ X nfi(Fa)= il 0T(F(x) = F(a)).

i= i= i=

Now, by the strengthened null space condition, there exists u(x, a)e (C —a) such
that F,(x)~ F,(a)= Fi(a)u(x, a) and G;(x)— G;(a)= G,(a)u(x, a). Hence,

P

;mmm%immw>

— i=

i=

14
=Y i Fila)u(x, a)

i=1

= - ¥ Aw;Gila)u(x, a)
j=1

= - L Ag(G(x)+ T Ag(Gla)

=0,

and so, a is minimum for the scalar problem (P,). Since r#R", 7> 0, it follows
from Theorem 1 [10] that a is a properly efficient solution of (P). [

The following numerical example provides a nonsmooth convex composite prob-
lem for which our sufficiency Theorem 3.1 holds.
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Example 3.1. Consider the multi-objective problem

X, +2x,
T x,+x,

2x1 - xZ

V-minimize
X+ X,

subject to X —X%=<0, 1-x=0, 1-x,=<0,

Let Fi(x) = (2x, — %)/ (X1 + X3), F>(x) = (%1 +2%,)/ (x1 + x2), G1(x) = X, — X5, Go(x) =
1-x;, Gs(x)=1-x,, fi(y)=|y], £(») =y, and g1(y) = gx(y) = g5(y) = y. Then, the
problem becomes a convex composite problem with an efficient solution (1, 2). It
is easy to see that the null space condition holds at each feasible point of the problem
with a;(x,a)=1, for i=1,2, B(x, a)=3(x,+x,), for j=1,2,3 and u(x,a)=
(3(x,—1)/(x;+x5), 3(x,—2)/(x,+x,))". The optimality conditions (KT) hold with
vn=0v,=1, =1, m=3,and A;;=0, w;=1, for j=1,2,3.

Let us now give some classes of nonlinear problems which satisfy our sufficient
conditions.

Example 3.2 (Pseudolinear programming problem [4]). Consider the multi-objective
pseudolinear programming problem

(PLP) V-minimize (l,(x),..., 1, (x))
subject to xeR", h{x)—-b=0, j=1,2,...,m,

where [;:R" >R and h;:R" - R are differentiable and pseudolinear, i.e., pseudocon-
vex and pseudoconcave [4], and b;eR, j=1,2,..., m. It should be noted that a
real-valued function h:R" - R is pseudolinear if and only if for each x, y e R", there
exists a real constant a(x, y)> 0 such that

h(y) = h(x)+a(x, y)h'(x)(y - x).

Moreover, any fractional linear functions of the form (ax+b)/(cx+d) on R" are
pseudolinear functions. Define F;:R" - R”*™ by

F(x)=(0,0,...,5(x),0,0,...,0), i=1,2,...,p,
and

Gi(x)=(0,0,...,h(x)=b;,0,...,0), j=1,2,...,m.
Define f;, g :RP"™ >R by

filx)=x;, i=12,...,p,

g(x)=x,4, j=1,2,..,m

Then, we can rewrite (PLP) as the following convex composite multi-objective
problem

V-minimize (f,(F\(x)),...,f,(F,(x))
subject to xeR", g(Gi(x))=0, j=1,2,..., m
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Now, our generalized null space condition (GNC) is verified at each feasible
point by the pseudolinearity property of the functions involved. It follows from

Theorem 3.1 that if the optimality conditions
P m
Y nli(a)+ 2 Agi(a)=0, Ai(g(a)-b)=0,
=1

i=1 j=

hold with 7,>0,i=1,2,...,p,and A;=0,j=1,2,..., m, at the feasible point a e R"
of (PLP) then a is an efficient solution for (PLP).

We now see that our sufficient conditions in Theorem 3.1 hold for a class of
convex composite pseudolinear programming problems.

Example 3.3. Consider the problem

V-minimize (fi((h° ¢)(x)), ..., f,((h°¢)(x))

subject to xeX, g(they)(x))=<0,j=1,2,...,m,
where h=(hy, h,,..., h,) is a pseudolinear vector function from X to R”, that is,
each component A; is pseudolinear, ¢ is a Fréchet differentiable mapping from X
onto X such that '(a) is surjective for each a€ X, and f, g; are convex for each
i, j. For this class of nonconvex problems, the null space condition (GNC) holds.
To see this, let x, aeR", u = (x), v = ¢(a). Then, by the pseudolinerity condition,
we get

hi((x)) = hi(yp(a)) = hi(u) = hi(v)
=a;(u, v)hj(v)(u—70).
Since ¢'(a) is onto, u—v=1¢'(a)u(x, a) is solvable for some w(x, a) eR". Hence,
hi(¢(x)) — hi(¢(a)) = ai(u, v)hi(v)¢'(a) p(x, a)
=ai(x, a)(h ) (a)p(x a),
where a!(x, a) = a;(y(x), ¢(a))>0; thus, (GNC) holds.
We finish this section by observing that any finite dimensional convex program-
ming problem can also be rephrased as a composite problem (P) with F;’s and G;’s
identity mappings, and that it clearly satisfies the generalized null space condition.

For certain other sufficient conditions for global optimality of some classes of
differentiable finite dimensional nonconvex problems, see [11].

4. Duality for convex composite programs

It is known that duality results have played a crucial role in the development of
multi-objective programming [12, 22, 28]. Following the success of multi-objective
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linear programming duality, various generalizations of the duality theory have been
given for multi-objective nonlinear programming problems, e.g., see [22, 28]. Here,
we consider the primal problem

(P) V-minimize (fi(Fi(x)),..., H(F,(x)))
subject to xeC, g(G(x)=0,j=1,2,...,m,

with f;, g convex and F;, G; locally Lipschitz and Géteaux differentiable, and the
dual problem

(D) V-maximize (fi(F(u)),..,f,(F,(u)))

2
subject to  0e Y 7°f(F(u))Fi(u)
=1

+ £ 40°(G0)Gi(w) ~(C =)',

rgi(Gi(u))=0, j=1,2,...,m,
ueC, 7eR’, 7,>0, AeR", ,;=0,

It is worth observing that, unlike the Wolfe dual pair (see [7]), the primal and the
dual problems here have the same form of objective functions. Duality results for
this kind of dual pairs have recently been examined in [32, and other references
therein]. It has been established that these dual pairs allow one to relax the standard
convexity requirements, used in duality theorems in the literature. In this section,
we examine duality properties for the convex composite problem that include the
corresponding results for convex problems and other related generalized convex
prolems. Note that the problem (D) is considered as a dual to (P) in the sense that

(i) (zero duality gap property) if X is a properly efficient solution of (P) then,
for some TeR?, AeR™ (X, 7, A) is a properly efficient solution of (D), and the
objective values of (P) and (D) at these points are equal,;

(i1} (weak duality property) if x is feasible for (P) and (u, 7, A) is feasible for
(D) then

(FOF (), s (B (o)) = (Ai(Fi(u)), . . o, £ (Fy(u)) " & —RE\{0}.
Theorem 4.1. (weak duality). Let x be feasible for (P) and let (u, 7, A) be feasible for
(D). Assume that the generalized null space condition (GNC) holds. Then

([i(Fy(x)), - (B ONT = (fi(Fi(w)), . . -, £, (F,(u)))" 2 —RI\{0}.
Proof. Since (u, 7, A) is feasible for (D), there exist 7>0, A =0, v;€d°f(Fi(u)),

wed’g(Gy(u), i=1,2,...,p, j=1,2,..., m, satisfying Ag;(G;(u))=0, for j=
1,2,...,m, and

P m
Y 1o Fi(u)+ Y Aw, Gi(u)e(C—u)*.
J=t

i=1
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Suppose that x # u and

([F(x)), -+ (BN = (i(Fy(1)), - . ., f,(Fp(u)))Te —RE\{0}.
Then,

£ s () AR () <0,

since 7,/ a;(x, u) >0. Now, by the convexity of f; and by the generalized null space
condition (GNC), we get

P
Y 7 Fi(u)n(x, u) <0.
i=1

From the feasibility conditions, we get
rgi(Gi(x)) =<0,  Agi(G;(u))=0,

and so,

i; Bi(x, u)

Similarly, by the convexity of g;, positivity of 8;(x, u), and by the generalized null
space condition,

(g,(G/(x)) ~ g(G;(w)) <0.

Aw] Gi(u)n(x, u)<0.
=1

J

Hence,

P m
[Z 70; Fi(u)+ ¥ AJ-WJTG}(U)]n(x, u) <0.
i=1 Jj=1

This is a contradiction. The proof is completed by noting that when x =u the
conclusion trivially holds. [

Theorem 4.2 (strong duality). For the problem (P), assume that the generalized Slater
constraint qualification in Section 2 holds and that the generalized null space condition
(GNCQ) is verified at each feasible point of (P) and (D). If a is a properly efficient
solution for (P), then there exist TeR”, 7,>0, A €R™, A;=0 such that (a,7,)) is a
properly efficient solution for (D) and the objective values at these points are equal.

Proof. It follows from Theorem 2.1 that there exist 7€ R, 7,>0, A €R™, A; =0, such
that
P

0 3 wa’f(F(a)Fila)+ ¥ 45'(G(@)Gila)~(C=a)’,

rg(Gi(a)=0, j=1,2,...,m.

Then (a, 7, A) is a feasible solution for (D).
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Now, from the Weak Duality Theorem, the point (a, 7, A) is an efficient solution
for (D).

We shall prove that (a, 7, A) is a properly efficient solution for (D) by the method
of contradiction. Suppose that there exists (a*, 7%, A*) feasible for (D) satisfying,
for some i,

fi(F(a*)) = fi(Fi(a)) > M[fi(Fj(a)) - f(F(a¥))],

for any M >0 and all j satisfying f,(F(a))> f,(F;(a*)). Let
A={jeI|fi(F(a)> f(F(a*)},

where 1={1,2,..., p}. Let B=I\(AU{i}). Choose M >0 such that
M/|A|>7/7, jeA.

Note that, for a set L, |L| denotes the number of elements in the set L. Then,

m(fi(Fi(a*)) = fi(Fi(a)))> ZA T(fi(Fi(a)) = fi(F;(a*))),

since f;(F;(a))—f;(F;(a*))>0, for je A. So,

L nfi(Fi@) = (@) + T mh(F@)+ T 7f(F(a)

i=

<nf(F(@)+ T nf(F(a)+ 3 nf(F(a*)

= ¥ nA(Fla))

This contradicts the weak duality property. Hence, (a, 7, A) is a properly efficient
solution for (D). O

As we demonstrated in Section 3, it can easily be shown that our duality theorems
include corresponding duality results for convex, pseudolinear and other related
composite problems.

5. Scalarizations in composite multi-objective programming

Multi-objective optimization problems are often solved by transforming them into
scalar ones. The most widely used and the simplest scalarization technique is the
convex combination of the different objectives. This technique has been used
successfully for solving linear and convex multi-objective problems, e.g., [12, 14, 28].
In this section we present a scalarization result for convex composite problems.
These problems are not necessarily convex. As an application of the scalarization
result we also characterize the set of properly efficient solutions in terms of sub-
gradients [26] for convex problems. These conditions do not depend on a particular
properly efficient solution, and differ from the conditions presented in Section 3.
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For the multi-objective composite model problem
() V-minimize (fi(Fi(x)),...,/(F,(x))
subject to  xeC, g(G(x))=<0,j=1,2,...,m,

the associated scalar problem (P, ) is given by
P

(Py) minimize Y A fi(Fi(x))
i=1

subjectto xeC, g(Gi(x))=0, j=1,2,...,m,
where A e R”, A # 0. The feasible set £ of (P) is given by
N={xeC|g(G(x))=<0, j=1,2,...,m}.

The set of all properly efficient solutions of (P) is denoted by PE. For each A e R?,
the solution set S, of the scalar problem (P,) is given by

5= {xen ‘ ¥ AA(F() =min ¥ /\,-f,-(F.-(y))}-

The following theorem establishes a scalarization result for (P) corresponding to
a properly efficient solution.

Theorem 5.1. For the multi-objective problem (P), assume that, foreachi=1,2,...,p,
and a >0, the set

I',={zeR?|3x e C, f(F(x)) <z}, fi(F(x)) + afy(F(x)) <z}, ) # i}
is convex. Then,

PE'_— U S)\.

A>0,5 o h=1

Proof. Let a € PE. Then, there exists a scalar M >0 such that, foreachi=1,2,..., p,
the system

Si(Fi(x)) <fi(F{(a)),

J(F(x)+ Mf,(F(x)) <f(F{a))+ Mfi(Fi(a)) Vj#i
is inconsistent. Thus,

0¢ I'yy(a)={zeR"|3xe C, f(F(x)) <fi(F(a) +z,

Si( Fi(x)) + Mf;(Fy(x))
<fi(F(a))+ Mf,(F(a))+2},j#i}.
From the assumption, I'y,(a) is convex, and so by the standard separation arguments
as in the proof of Theorem 1 [10], we can show that there exists A eR”, A,>0,
P_, A;=1 such that a € S, ; thus,
PEc UJ S,.

A>0,2F o Ai=1
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The converse inclusion follows from Theorem 1 [10] without any convexity
conditions on the functions involved. [J

Remark 5.1. It is worth noting that, for each « >0, and i=1,2,..., p, the set I',
is convex if, for instance, f; is convex for each i=1,2,..., p, and H({2) is convex,
where H: X ->[[R" is given by H(x)= (F(x),..., F,(x)). The set H({2) may be
convex while F;’s are nonconvex. For instance, let H(x) = (|x,], = |x))T, x=(x, x,) €
R?, where F,(x) =|x;| and F,(x)=—|x,|. Then, it is easy to see that H is non-convex,
but H(R?) is a convex set. The convexity property of I"}, can also hold under rather
more general conditions. For example, I}, is convex if the vector function (f;(-))
satisfies the convex-like (or subconvex-like) property (see [19,21]) on H(2). It is
also worth observing that the conclusion of Theorem 5.1 can also be interpreted as
a complete characterization of the set of properly efficient solutions in terms of the
solution sets of appropriate scalar problems.

Using the above scalarization Theorem 5.1 and a recent result of Mangasarian
[23] we show how the set of properly efficient solutions for a convex problem can
be characterized in terms of subgradients. This extends the characterization result
of Mangasarian (see Theorem 1(a) [23]) for a scalar problem to multi-objective
convex problems. In the following, we assume that the functions Fis, and Gjs in
problem (P) are linear functions from R” and R™. Thus, we consider the composite
convex problem

(CP) V-minimize (fi(A;(x)),...,£,(A,(x))
subjectto xeC, g(Bi(x))=0,j=1,2,...,m,

where A;:R">R" i=1,2,...,p, and B;:R">R"™, j=1,2,..., m, are continuous
linear mappings, f,i=1,2,...,p, and g;,j=1,2,..., m, are convex functions on
R™, Note that the feasible set

N={xe Clgj(Bj(x))so,j=1,2,...,m}

is now a convex subset of R".
The convex scalar (parameterized) problem for (CP) is given by

(ACP)  minimize 3 Afi(A(x))

subject to xeC, g(Bi(x))=<0, j=1,2,...,m

Let the convex solution set of (ACP) be CS,, A eR”.

Corollary 5.1. Consider the convex problem (CP). Suppose that for each A e R, A, > 0,
Y71 As = 1, the relative interior of CS,, (ri(CS,)), is non-empty. Let z, € ri(CS, ). Then

PE= U {xe()

Ai>0,38 21 Ai=1

Ju; € 0fi(Ai(x)), ﬁ )\iuzTAi(x —z,)= O} -
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Proof. From the scalarization Theorem 5.1,

5 AS(A(x) =min ¥ A,-ﬁ(A,-(y))}.

i=1 yefd i=1

PE = U {xe.()

A0, T o A=1

Since min, ., ).7-; A:fi(A;(y)) is a scalar convex problem, it follows from Theorem
1(a) [23] (see also [20]) that

{xe()

={xe(2

£ aucaco=min  wsao]

i=1

p
Jdve a< Y A fie A,—))(x), v(x—2z,) =0}.

i=1
Hence, the conclusion holds by the chain rule and the properties of the subdifferen-
tials. [

Note, in particular, that when p =1 the solution set S of the scalar problem
minimize fi(A(x)),
subject to  x € {2,

is characterized by the equalities
S=PE={xec 2|Aucafi(A(x)), u"A{(x—z)=0},

where zeri S. We conclude by noting that the sufficient conditions, presented in
Section 3, depend on the properly efficient solution under discussion. However, the
conditions, given in this section, are independent of a particular properly efficient
solution.
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