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Let a bounded full dimensional polytope be defined by the system Ax = b where A is an m X n matrix.
Let a; denote the ith row of the matrix A, and define the weighted analytic center of the polytope to be
the point that minimizes the strictly convex barrier function —} :":, w; In(aTx — b;). The proper selection
of weights w; can make any desired point in the interior of the polytope become the weighted anaiytic
center. As a result, the weighted analytic center has applications in both linear and general convex
programming. For simplicity we assume that the weights are positive integers.

If some of the w;’s are much larger than others, then Newton’s method for minimizing the resulting
barrier function is very unstable and can be very slow. Previous methods for finding the weighted analytic
center relied upon a rather direct application of Newton’s method potentially resulting in very slow
global convergence. We present a method for finding the weighted analytic center that is based on the
scaling technique of Edmonds and Karp and is an enhancement of Newton’s method. The scaling
algorithm runs in O(v'm log W) iterations, where m is the number of constraints defining the polytope
and W is the largest weight given on any constraint. Each iteration involves taking a step in the Newton
direction and its complexity is dominated by the time needed to solve a system of linear equations.

1. Introduction

Interior point algorithms for linear programming have been the focus of much
research in recent years. Interior point methods for general convex optimization
have also been developed, though less attention has been given them so far. A
common feature of these algorithms is the use of some appropriately defined center
of a bounded constraint polytope as a reference point for improving the value of
the objective function. Typically, the linear programming algorithms involve a
sequence of iterations in which the polytope is altered and the resulting centers
converge toward an optimal facet of the polytope, while the general convex optimiz-
ation algorithms involve a sequence of operations that use some test at the center
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as a way to cut away part of the constraint region in which the test indicates the
optimal solution can not lie. Usually, the center is taken as the minimum of some
convex barrier function defined on the interior of the polytope.

Let AcR™", beR™, and ceR" Define P<R" to be the polytope given by
{x: Ax = b}. We will make the assumption that P is bounded and full dimensional.
Consider now a barrier function over the polytope P of the form

F(x)=- § w; In(alx—b;)

where w; > 0 for all i. We call F the weighted logarithmic barrier function. It is clear
that F is strictly convex over P. The weighted analytic center is the unique minimizer
of F over P.

The analytic center, namely a weighted analytic center with all weights set to 1,
has been extensively used in interior point methods for linear programming
[7,9,10,12]. Clearly, the weighted analytic center is just a generalization of the
analytic center. Renegar [9] used the analytic center to develop a linear programming
algorithm in which the objective plane is advanced in the direction of increasing
value and the sequence of resulting analytic centers converges toward an optimum.
Vaidya [12] developed a similar algorithm for linear programming that also used
the analytic center. The primary difference between the two algorithms was that
Renegar used Euclidean distance as a measure of closeness to the analytic center
while Vaidya used the barrier function itself as a measure of closeness, as we will
do in what follows. The measure of closeness to the analytic center is an important
factor in the convergence of center-following algorithms. A few other possible
measures of closeness are discussed in [11].

In this paper, we consider finding the weighted analytic center for an arbitrary
vector of positive integer weights (wy,..., w,,). The weighted analytic center has
numerous applications. One application is a very direct approach to solving linear
programs. Suppose we wish to maximize an objective function ¢'x over the polytope
P. Suppose further that we have a suitable lower bound B on the objective function
such that P < {x: ¢"x = B}. In this case, we can give the objective plane an “exponen-
tially” large weight — setting the weights on the other planes to 1 — and it can be
easily shown that the weighted analytic center is sufficiently close to the optimum
to allow isolation of an optimum vertex of the polytope.

The weighted analytic center, and thus the technique for finding it, also has
applications in general convex optimization, i.e., minimizing a convex function g
over a convex set S. Vaidya developed an algorithm for convex optimization in [13].
One interpretation of his algorithm is that it maintains a polytope known to contain
S and uses the gradient of g at a weighted analytic center to allow the cutting away
of portions of the polytope that can not contain the minimizer over S. The process
repeats with a new weighted analytic center over the resulting polytope. In this
interpretation of Vaidya’s algorithm, the weights are “implicit” and depend on the
current center. If, using some heuristic criteria, the weights can be explicitly altered
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to lead to reasonable approximations of successive weighted centers, then the method
we present would fit nicely into the minimization scheme.

Givenavector (w,, ..., w,,) of weights, by definition, finding the weighted analytic
center simply involves minimizing the weighted barrier function. In this paper, we
will do this by taking steps in the Newton direction. In general, the relative sizes
of the weights can have a profound effect on the ease with which Newton’s method
can be applied. Furthermore, Newton’s method must have a reasonably good starting
point in order to give good convergence. If, for example, one weight is very large
relative to the others, then the set of acceptable starting points can become prohibi-
tively small.

A simple example will illustrate the difficulty. Suppose we want to find the weighted
analytic center of the polytope [0, 1]< R where the facet x =0 is given a weight W,
while the facet 1—x=0 is given a weight of 1. In this case, we have F(x)=
~In(1—x)~ Winx. Then F'(x)—1/(1-x)~ W/x, F"(x)=1/(1—x)*+ W/x?.

1t is clear in this simple case that the weighted analytic center is w = W/(1+ W).
Consider using Newton’s method to find w. The formula is

. F(x)
Xg+1= X — F'(x)

_xi(l ~x; ) — Wxie(1 —xk)2
xi+W(1-x)°

:xk

2Wx (1-x ) +x = xi(1—x,)°
B W(—x)+ x5 '

We consider now the set

W23 v2(1 2
2Wx(1-x)*+x°—x°(1 x)zl}‘

{XE(O’I): wW(1-x)*+x*

This is the set of feasible points such that the next Newton step would lead to a
point to the right of the feasible region. A little algebraic manipulation shows this
is the same set as

{x€(0,1): W1—-x)2x~1)-2x*=0}.

Notice now that at x=0 we have W(1)(=1)—2(0)><0 and at x=1 we have
W(0)(1)—2(1)*<0. However, at x =3 W/(W+1)), we get (W>—~8W)/(8(1+ W)) >
0 (so long as W > 8). We can thus omit the condition that x € (0, 1) from the above
set, because we have shown that all possible points must lie in (0, 1) anyway. Now,

using the quadratic formula, we can say
[w?—8 W]
a+wyJ

{x: W(1~-x)(2x—1)—2x>=0}

() Wi ()
=VilT 1 224 +
W+1 A+ wy’ "\ w+1

i
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Denote this interval as [a( W), b(W)]; then

. . W -8W
lim length[a(W), b(W)]= lim 34/ (_11—W7=%'

That is, the interval of points such that the next step leads to an infeasible point
becomes nearly half the entire feasible set as W - co. This result is not a complete
analysis of which points could be good starting points for Newton’s method —in
general a difficult task — but it illustrates the difficulties that can be encountered
when the weights differ greatly. The difficulties can be even more acute when working
in n dimensions. A key issue, then, is to ensure that Newton’s method will converge
from whatever point we consider to be the current point in the algorithm.

Freund considered the weighted analytic center in [2]. Using projective transfor-
mations, he showed that beginning from an easily obtainable starting point, a
sequence of points found by successive steps in Newton directions will eventually
converge superlinearly to the weighted analytic center. Freund did not give any
specific growth bounds on the number of such steps based on the weights or the
number of constraints. The algorithm to be presented will give such bounds, and
will benefit within each iteration from the same superlinear convergence as Freund’s
approach. The primary improvement of the algorithm is that it maintains the
assurance of good convergence by Newton’s method in a novel way: it uses the
technique of scaling the weights.

Introduced by Edmonds and Karp [1], scaling has found wide applicability in
weighted combinatorial optimization problems (see [4]). Suppose we have a vector
of weights w={(wy,..., w,,). The basic idea is that we recursively solve the given
problem with all weights w; replaced by weights |3w;]|. The solution with weights
[3w;] can then be used to find a solution for the problem with the original weights.
Typically, then, if producing a solution to the problem with full weights w; using
the solution with halved weights |3w;] takes T(m, n) time, then the final solution
will be produced in T(m, n)({log, W|+1) time where W is the largest weight in
the problem.

A slightly different point of view that is actually equivalent to the recursive process
described in the last paragraph is to consider the binary representations of the
weights in the problem

w;=b; b - - bi,,
where b; €{0, 1} and p = |log, W| where W is the maximum weight in the problem.
The algorithm begins by solving the given problem, but with each weight set to the
most significant bit of the original weight. It then moves on to consider successively

less significant bits in the weights. In particular, during the kth iteration, we double
all current weight settings, so we have

Wik = biﬂbil AR b 0.

If b, =0, the current weight setting is correct for the kth iteration. Otherwise, we
need to add 1 to the ith weight. Adding 1’s where necessary and calculating the

i1
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new solution is the same process as using the solution with weights |3« | to calculate
the solution with weights @ and will be accomplished in T(m, n) time. The algorithm
halts after |log, W +1 iterations. This second point of view is more convenient for
the algorithm to be presented.

T(m, n) is the total work done in O(v'm) inner iterations of our algorithm. The
remaining factors of T(m, n), other than v'm, are dominated by the time required
to calculate Newton directions, which involves solving a linear system. A detailed
analysis of all such work could be carried out precisely as in [12] to show that
T(m, n) =0(m"’n+ mn?), or O(mn++mn?) work within each inner iteration.

We will need one modification of the scaling technique. In finding weighted
analytic centers, we can not allow any weights to be zero if we want to ensure that
the barrier function has a unique minimum. In effect, a zero weight could fool the
barrier function into seeing an unbounded polytope. So, we will always set every
weight to a value of at least 1. This means that if the first k—1 significant bits of a
weight are all 0, then we will set that weight to 1 and when we double this artificial
1 at the beginning of the kth iteration, we must decrease that weight by 1 during
the iteration. Thus, increases of some weights and decreases of others may occur
during the kth iteration. Of course, once we are far enough along to encounter
non-zero bits in all weights, no further decreases will be necessary. We will show
that the increases and decreases can be done simultaneously without hampering the
efficiency of the algorithm.

2. The algorithm

The algorithm to be presented will work in outer and inner iterations. The outer
iterations consist merely of doubling the weights on all planes, adding —1,0, or 1
to the resulting weights as needed, calculating the new weighted analytic center,
and checking to see whether all weights have reached their final values. The inner
iterations are the workhorse of the algorithm. During the inner iterations, the weights
that need adjustment change gradually while we keep track of the ever-changing
weighted analytic center. The key is to change the weights as rapidly as possible
while maintaining certain invariants that ensure Newton steps will be effective in
maintaining the changing weighted analytic centers.

In our notation, we use subscripts to denote outer iterations and superscripts to
denote inner iterations. Thus w}, represents the weighted analytic center at the jth
inner iteration of the kth outer iteration. The algorithm maintains an approximation
xJ to . Rather than measuring closeness by a Euclidean distance, we will measure
it using the weighted logarithmic barrier function F, i.e., x{ will satisfy

F(x})— F(w}) <0.00125. 1)

We will show that this notion of closeness to w4 will be sufficient. At the end of
the inner iterations, we will denote the point obtained merely as x;, which serves
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as an approximation to w,. The inner iterations begin with x}, which is obtained
from x,_, at the beginning of an outer iteration, and end with the point x, = x7,
where J denotes the last inner iteration.

Here is the algorithm.

Initialization: All weights begin at 1. Also set k=1.
During the kth outer iteration:
Step 1. Double all weights. For all i, we have

0 {10 if biobil st bik—l =0,
w. =
* bbb, 0 otherwise.

1

Step 2. Take O(1) Newton steps to obtain from x,_, a point x% such that
F(x%)— F(w?)<0.00125 (note that wj = w,_,).

Step 3. Add 1’s and —1’s to some weights.

Define the ith goal weight G, by

G _{1 if by by - b, =0,
e biobil v bi if biobil e b 760.

K -1

(i) Setj=1.
(ii) Partition the index set I ={1,..., m} into sets I}, I, I3, where

Ii={i:byb, -+ b, =0},
Ii - {l: biobil ‘ot bikvl # 0 and bik = O},
I} ={i: b b, - - - b,

-1

#0and b, =1}.

(iii) Define v;, 1=<i=m, by
l—p/Vmwi’ iEI}c’
Vi = 1, ieli,
1+p/Vmw;, iel;.

Fori=1,...,m,set w, = yw! '. If multiplying by v; causes over-shooting of the
ith goal weight, then just set w/ =G, . p is a constant to be specified later.

(iv) Take O(1) Newton steps to obtain point x] such that F(x}) — F(w4) <0.00125.

(v) If all goal weights have been met, set x, = x] and stop inner iterations.
Otherwise set j=j+1 and return to (iii).

Step 4. If G, = w; for all i, then halt. Otherwise set k = k+1 and return to Step 1.

Note that the inner iterations are executed in Steps 3(iii) through 3(v). Further-
more, since each weight w; is at least 1 and p is a constant, there can be at most
O(¥'m) inner iterations. It is also clear from previous discussion of the method that
there are |log, W| +1 outer iterations, where W is the largest of the weights on the
planes. The algorithm starts from the unweighted analytic center in which all w;’s
are equal to 1. This starting point may be found as described in [9] or [12]. That
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O(1) Newton steps suffice in Steps 2 and 3(iv) will be proved in Section 5. So
the algorithm executes a total of O(vm log, W) steps of Newton’s method, and
as discussed earlier the total number of arithmetic operations performed is
O((m"*n+ mn®)log W).

3. The functions F and &

Crucial to the development of the proofs will be a way to approximate the values
F(x)— F(w) from local information at x. It will also be convenient to use a
generalized notion of nearness to x, or a ball about x. The next several lemmas will
develop some useful relationships.

We should note here that the function F depends both on x and the weights
(wy, ..., w,). That is, each time a weight is changed, we have a different logarithmic
barrier function. However, since great care will be taken to specify the weights at
all stages of the algorithm, and since within each inner iteration the weights are
held constant, we will refer to each member of this large family of barrier functions
as F(x). The reader should understand that the precise meaning of F(x) depends
upon the current weight settings. Furthermore, the results of this section are results
on the function F that are independent of the weight settings (except where specified)
and so no subscripts or superscripts on the arguments will be needed.

First, two definitions.

Definition.
¥ (z):=VF(2)"(V’F(z))"'VF(2).

Definition.

T p—
ﬂx_z_) <rforalli=1,...,m}.

3(z,r)= {x:

alz—b,

The quantity ¥(z) has many useful properties that have been pointed out by
several authors, including [3], [7] and [13]. Nesterov and Nemirovsky [8] called
Y (z) “Newton’s decrement” of F(z) at z. The reason for their terminology is that
¥ (z) represents the decrease obtained in the quadratic approximation to F by
taking a Newton step. It is also clear that ¥ (z) is the square of the inverse Hessian
norm of the gradient of F. 3(z, r) is a generalization of a ball about z. Its shape
depends both on the planes that make up the polytope and on the distance of z
from each facet of the polytope.

The following lemma allows us to relate the quadratic form determined by the
Hessian evaluated at any point in X(z, r) to the quadratic form in which the Hessian
is evaluated at z. Creating a region in which the Hessian doesn’t change too much
is a useful idea in proving convergence of barrier minimization algorithms. Similar
lemmas are proved in [3], [7] and [13].
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Lemma 1. If x€ 2(z, r) where r <1, then for all £€R",

EVF(2)E_ ron _E§VF(2)¢
(1+r)2 \§ v F(x)f\ (l_r)Z

Proof. First note that

m wa‘a-.r
VF(x)=Y —5 -
(X) igl (aiTx— bi)z

So,
mow(aTEY M owi(aTe?  (aTz—b)
§TV2F(X)§: Z wl(a,f) _ z W,(a,g) . (a,z 1)

i=1 (a;rx_ bi)z_ i=1 (aiTZ_ bi)2 (aiTx - bi)z.

Since x € X(z, r), we cansay 1 —r<|(a;x —b;)/(a}z—b;)|<1+r for all i. As a result,
we have

1 & Wi(ain)z <m w,-(a,Tf)z
(1+ r)2 l:igl (aiTZ_bi)z:I - igl (aiTx—bi)z
b [§ o]
\(1“’)2[1':1(0?2‘1);‘)2 ' =

The next lemma will convert Lemma 1 into a result on the quadratic form of
the inverse of V’F(x). For a positive definite matrix A, define E(A,x, r):=
{y: (y—x)"A(y —x) =< r’}. Using the Karush-Kuhn-Tucker conditions, or just con-
sidering the properties of the elliptic norm, we can say

max wi(y—-x)=rw A 'w. (2)

yeE(Ax,r)
See[6] or[13] for details. Lemmas similar to the following appear in several standard

texts on optimization, as well as in [11] and [13].

Lemma 2. Suppose A and B are positive definite n X n matrices such that §* A¢ = 0¢" B¢
for some 6> 0 and for all £ in R". Then £"A7'¢=<(1/0)"B7'£ for all ¢ in R".

Proof. If £"A¢=<1, then #£"B£<1 by hypothesis. Thus E(A,0,1)< E(B,0,1/V6).
Thus, for any £€R”,

T T
max 'y max ¢z
yeE(B0,1/V6) ze E(A,0,1)

or, equivalently,
(1/VOWE B '¢=VETATE
So éTAT¢<(1/0)¢"B e, O
Corollary. If xe X(z, r), then for all £cR",
(1+1r)6T(V?F(2)) 7 'e= £7(VPF(x)) 62 (1-r)*¢"(V?F(2)) &
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Proof. Follows from Lemma 1 and Lemma 2. [

In several of the proofs to follow, we will need to express function values in
terms of integrals. We will use the implicit function theorem applied to the function
@ :R"'>R" given by P(x, t)=VF(x)—tw where w is some fixed vector in R".
Setting @(x, t) =0 implicitly defines x as a function of ¢, and differentiating both
sides with respect to ¢ gives

VEF(x)x(t)—w=0
or

() =(V2F(x)) 'w. (3)
In most of the applications that follow, we will set w=V F(z), for some fixed z It
is not difficult to prove that x is in fact an analytic function of ¢, the importance of
which is that we will have independence of path in the integrals we shall consider.
Some regularity conditions on F are required in order to use the implicit function
theorem. A detailed verification of the required properties along with a proof of
the analyticity of x(¢) can be found in [13].

The next two lemmas and following theorem will begin to give us information
on the behavior of ¥(x) inside (and outside) the set X(z, r).

Lemma 3. For any x in the polytope P,
T 2 -1
a; (V'(F(x)) aigl
(alTx - bi)2
for all i.

Proof. First we show that E(V>F(x), x, 1) < P. By definition,

» wilai(y-x))* }
E(V’F , 1 ={ : ———=<1.
(V'F(x),x, 1)=1y El (a'x—b )
In our application of the scaling algorithm, we have w,,..., w, =1 throughout.
Therefore,
(al(y—x))*<(alx—b;,)*> foralli
As a result, from (4),
|ai(y —x)|<alx—b, foralli. (5)
If y £ P, then there exists some index j such that a]y—b; <0, hence a;(y—x) <
—a]x+b;=—(ax —b;), which contradicts (5). Thus E(V>F(x), x, 1)< P, and this
along with (2) implies

ai(V’F(x)) 'a;= max  [aj(y—x)F<[aix—b].
ye E(V2F(x),x,1)

4)

Therefore,
al(V’F(x))a,
aVFx) a_, g

(a;x—b;)
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Lemma 4. Let r<1. Let w be a fixed vector in R". Consider the trajectory implicitly
defined by VF(x) = tw and let X be such that V F(£) = tw for some scalar {. Let x = x(t)
be a point on the trajectory such that x € (%, r). Then for 1<i<m,

aTiTx(t; <(1+rWwi(VF(£)) 'w.

i

Proof. Since x(t)=(V>F(x)) 'w, we have

( alx(1) )2 _ (a,-T(VZF(x))_lw>2

aix—b; arx—b;

Now considering
"y (VF(x))"a and = (V2F(x))"*w
Va’l‘rx-b,' 'a:'rx—_bi

and using (u"v)’><|ul)3||lv|3, we get
( aix(t) )2< al(V*F(x))'a, wI(V’F(x))'w

alx—b, alx—b; alix—b,
a’ir(sz(x))_lai 2. T 2 Avy —1
<———_*—(a-Tx—bA)2 “(1+r)w (VF(X)) w.

The last inequality follows from the hypothesis x € (X, r). Now, by Lemma 3, we
know the first term on the right is less than or equal 1. The result follows. [

Theorem 1. Letr <1 and letw € R" be fixed. Let X be a point in R" such that V F (%) = tw
for some scalar f. Let x() be a point on the trajectory defined by VF(x)=tw such
that x(f) is not contained in the interior of (X, r). Then

r—ir?

A+ rVwT(VZE(£) 'w

Proof. Define X = x(7) to be the first point on the trajectory in moving from X to
% = x(f) that lies on the boundary of X (X, r) (see Figure 1). Then there is an index
k such that (ayX — by)/(arx —bg)=1+r or 1 —r. In either case, since r <1, we have

n A
a};x - bk
Now, we also have

ln ( aZf - bk)
azf— bk

|F— 7=

=r—3r.

:H;———“zx(’) dt‘.

¢ agx(f)—by

By Lemma 4,
i T, t i T, t
J abi(1) dt‘sf abi(n |,
¢ apx(t)—by ¢ lagx(t)—by

=|T- A+ r)Ww (VEF(X)) 'w.
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X

it

Fig. 1.

It follows, then, that

1.2
—3F

1+ rWwi(VEF($) 'w

i-f=i-1]>

Lemma 5. Consider the trajectory x(t) implicitly defined by VF(x)=IVF(z). If
w<0.16 and V(z)<2u’, then x(t)eX(z,vu) for all t in [0,1). In particular,
weX(z,Vp).

Proof. Suppose not. That is, suppose there exists 7 € [0, 1] such that x(7) £ 2 (z, V).
Then by Theorem 1, with w=VF(z),
_1

12fi-1]mYET#

(1+VuWo(2)
Thus

_1,.\2
V(z)= (%—fﬁ&) >2u’ (since u <0.16).

Contradiction. Therefore x(1)e X(z,v/u) for all ¢t€[0,1], and so w=x(0)¢e
X(z,vu). O

The next theorem is fundamental. Given only information about ¥ (z), the theorem
will allow us to draw conclusions about the distance of a point z from the weighted
analytic center w, measured in terms of values of F.

Theorem 2. If 1 <0.16 and W(z)<2u’, then
WA=V ¥ (z)< F(z) - F(0) <1+Vr)* ¥ (2).
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Proof. Considering the trajectory implicitly defined by VF(x) =tV F(z), we get

F(z)-F(w)= JXZZVF(x) -dx = JIZI VF(x(t)) - x(t)dt

x=

:J IVF(z)"(V?F(x(1))) 'VF(z) dt (seeequation (3)).

By Lemma 5, we know the entire trajectory over which we integrate lies within
X (z,v/u). Thus, by the corollary to Lemma 2, we can say

Jl tVF(z)"(V*F(x(1))) 'VF(z) dt
0

< Jl t(1+Vp)’VF(z)"(V*F(2)) 'VF(z) dt

=2(1+Vp)* ¥ (2).

The lower bound follows in a completely similar fashion. [

Lemma 5 and Theorem 2 give us a bound on F(z)— F(w) from a known bound
on ¥(z). The next lemma and theorem turn this around and give us a bound on
¥(z) from a known bound on F(z)— F(w). It is interesting to note that our
knowledge of a bound on F(z)— F(w) derives from information about ¥(z). So
in a sense, this result seems circular. However, the proof of convergence of Newton’s
method will be expressed in terms of the quantity F(x])— F(w1), as is typically the
case in convergence proofs for iterative methods. So, to be able to prove that ¥ (z)
also decreases, we will need a bound on ¥(z) when F(x])— F(w%) is made small.
A direct proof of acceptable decrease in ¥ (z) due to Newton steps would be more
difficult.

Lemma 6. Consider the trajectory implicitly defined by VF(x)=tVF(z) where z is
fixed. If v=0.008 and F(z)~ F(w)<v, then x(t)e X(z,5Vv) for all t<[0,1]. In
particular, then, x(0) = w € X(z, 5v/v).

Proof. Suppose not. Let x(7) be the first point on the trajectory from z to w that
lies on the boundary of X(z 5vv). Then by Theorem 1,

_ Vv -Zv

1_t2(1+5\/;)\/‘P(z)'

Thus,

5\/_—71/) . 6)

“"DZWZ)?(T:Q—;‘
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So now,
F(z) — F(@) = F(x(1)) - F(x(0))

= F(x(1))— F(x(f)) (since w is the minimizer)

= Jl tVF(z)"(V2F(x(t))) 'VF(z) dt

t

1

=(1-5Vv)’¥(z) J' tdt (by the corollary to Lemma 2)

=3(1-7)(1-5/v)*¥(z)
=3(1-1(1-5Vv)’ ¥ (2)

5Vv—%v
1+5Vv

> v (since v=<0.008).

=H1-5Vv)? [ ] (by equation (6))

Contradiction. Thus x(t) e 2(z, 5v/v) for all te[0,1]. O
Now the promised analog to Theorem 2.

Theorem 3. If »<0.008 and F(z)— F(w) < v, then
1(1-5Vv)’ W (2)< F(z) - F(0) S :(1+5Vv)* ¥ (2).

Proof. As in the proof of Theorem 2,

1
F(z)-F(w)= J’ IVF(z)"(V?F(x(t))) 'VF(z) dt.
0
By Lemma 6, the entire trajectory over which the integral runs lies within 2(z, 5vv).
Both inequalities follow by the corollary to Lemma 2. [

4. Taking Newton steps

In this section, we begin to prove the convergence of the Newton iterations in Steps
2 and 3(iv) of the algorithm. The relationships between F and ¥ stated in Theorem
2 and Theorem 3 are used extensively. We develop some rather general bounds on
the improvement we can expect from taking Newton steps. In the next section, we
will consider the most advantageous numerical parameters for the algorithm, and
the general bounds will become specific.

We will consider the behavior of F along the Newton direction —», where
n=(V>F(z)) 'VF(z), beginning at a point z. This will, of course, give a function
from R to R. We will get a guaranteed decrease in this function by upper bounding
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its first derivative by a function guaranteed to be “sufficiently negative”. By this we
mean a function that will be sufficiently negative over enough of the interval of
integration to yield a negative value for the integral. The upper bound on the first
derivative will be expressed in terms of W (z), the fraction A of a full Newton step
we choose to take, and the quantity 8 that bounds F(z)— F(w). We will upper
bound the first derivative in terms of these quantities quite simply by upper bounding
the second derivative in terms of these quantities.
The following lemma will prove useful in bounding the second derivative.

Lemma 7. Lety(t)=z—ty, fort [0, A] where n is defined above. If F(z) — F(w) <,
where 8 <0.008, then y(t)e 3(z, AV28/(1=5v8)) for all t[0, A].
Proof. By definition of y and 7,
(y=2)"V’F(z)(y—2)=t*n"V'F(z)n
=1*VF(z)"(V’F(z)) 'VF(z)
=1¥(z2)
<A’W(z) forallte[0,A].
Now, since 8 =<0.008, Theorem 3 implies that

2(F(z)—F(w))< 26
(1-5V6)* (1-5V8)*

Hence (y—z)'"V2F(z)(y—z)<(2A%8)/(1—5V5)? and so for all t€[0, A],
y(t)e E*:= E(V’F(z), z, AV28/(1 —5V3)).

Y(z)=

Thus for all pairs (a;, b;), applying equation (2) and Lemma 3, we have

2126 2078
Toy—))2=—220  aT(y? Na—L 9  (aTr—b)?
g;aEzg(a,-(y z)) (1=573)° a;(V°F(z)) a,<(1_5\/5)2(a,z b;)".
Therefore,
al(y—z) A28
E* 3 l- 1 g .
ye implies a,—Tz—b,- (1_5\/5)

So, E(V*F(z), z, (AV28)/(1-5V8)) = 3(z, Av258/(1—5V8)). It follows that y(t)e
3(z,Av28/(1-5V6)) forall te[0,A]. O

We will now use this fact to get a bound on the second derivative, as promised.

Lemma 8. Under the hypotheses of Lemma 7,

EF(y(0) _ ¥ (z)
dff  (1-Av28/(1-5V8))

forall te[0, A].
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Proof. Since F(y(t)) = F(z—tn), using the chain rule gives
dF(y(1) _

FPE -VF(y(1))™n
and
d’F
LR ek (e

According to Lemma 7, y(t) e 3(z, Av28/(1—5v5)). Consequently, using Lemma
1, we have

TRV e F (v
t
___ n'VF@)n
T (1-AV28/(1-5V8))?
v(z)

=(1_/\\/§.5/(1_5\/5))2 forall te[0, A]. O

Now we are ready to state the general result about how much decrease we can
expect from moving in the Newton direction.

Theorem 4. Assume F(z)— F(w) <& where 8 <0.008. Define n = (V*F(z)) 'VF(z),
and let y = z— An where A €[0, 1]. Then
/\2

1
F(Z)—F(Y)2(1+5\/§)2 |:2/\"(l_Am/(l_sﬁ))zil(F(Z)'—F(w))-

Thus,

1 A?
F(y)—F(m\(l—(ng)z [” ‘(1—m§/<1—5¢5>)2]>
X (F(z)— F(w)).

Proof. By Lemma 8, for 1[0, A],

AU _SFOO) [ EFOLD
dt dt o ds?
=—W(z)+J't*———d2F(y2(s)) ds
0 ds
_ v (z) ¢
AR T Wor TN L o

t
‘(1_(1—NE/<1—5¢§))2> ¥z
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The last expression bounds the first derivative of the restriction of F to the Newton
direction by a function that is ‘sufficiently negative’ for t in [0, A].
To finish the proof, we integrate again:

F(z)=F(y)=F(z) - F(z=An)

__["dF(y(®)
- 4[0 dt a

A t
> ¥(z) j [1_(1—AJ%/(1—5¢§>)2] a

1,2 1
- 1b <1—N%/(1—s¢3»2]‘ 7

Bringing in the result of Theorem 3, which says that since F(z)— F(w)<$§ and
8 =0.008, we have

2
¥(z) E(IT\/E)Z (F(z)— F(w)),

it follows, using equation (7), that
F(z)-F(y)= ! [2)\— »
Y= 0+575) (1-Av28/(1~5v8))

This proves the first statement in the conclusion of the theorem. The second statement
follows simply by rearrangement. [

](F(Z)—F(w))-

5. Selection of numerical parameters and a line search alternative for inner iterations

The first goal of this section is to transform Theorem 4 into a result with a guaranteed
numerical factor of decrease rather than an abstract decrease involving a complicated
formula. Achieving this goal clearly will require us to specify a value for A and to
show that the condition 8 <0.008 can be maintained, as required by Theorem 4.
Recall, however, that our knowledge of 8§ derives from our knowledge of ¥ (z), so
that ultimately the bound a that we place on ¥(z) is the crucial factor. We also
must consider the effect of the parameter p that occurs in Step 3(iii) of the algorithm.
We will see that both @ and p must be selected to maintain a small enough bound
on ¥(z) so that the theorems of Sections 3 and 4 apply. The second goal of this
section is to prove that if the common technique of line search is implemented in
place of the inner iterations, then we are still assured of polynomial convergence.
This fact is of practical significance, although it will not help our complexity bounds.
In applications, line search often accelerates convergence.

To get a concrete form of Theorem 4, we will show that if we choose a =0.03
and p = 0.03 then the conditions ¥ (z) < 0.01 and F(z) — F(w) = 0.008 are maintained
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throughout the algorithm. As a result the conditions of Theorem 4 are satisfied and
F(z)— F(w) decreases by a multiplicative factor in every Newton step executed in
Steps 2 and 3(iv) of the algorithm. Hence the value of F(z)— F(w) falls below the
desired bound of 0.00125 in O(1) steps; in other words O(1) Newton steps suffice
in Steps 2 and 3(iv) of the algorithm.

We begin by considering the effects of the steps of the algorithm that cause
Newton steps to be necessary, i.e., Steps 1 and 3(iii). All our knowledge of accuracy
is contained in our bound on ¥ (z), so we must consider how the specified changes
affect ¥ (z). Note that just as with the function F, changing weights induces a new
function . For the same reasons stated earlier for F, we simply denote each member
of this large family as ¥. At the end of this section, when we consider line search,
we will specify which F and which ¥ by using subscripts corresponding to the
particular inner iteration. Such additional notation is not particularly useful in the
proofs concerning the original algorithm, and so will not be employed there.

Theorem 5. If ¥(z)<2a?’, then after all weights are doubled, V(z)<4a’.

Proof. Trivial. Doubling all weights is tantamount to multiplying the function F
by 2. But then

(2VF(z))"(2V*F(z)) '(2VF(z)) =2VF(z)"(V’F(2))'VF(z). O

The type of adjustment in Step 3(iii) of the algorithm is not so trivial to handle.
It will help us to develop some new notation for considering VF(x) and V>F(x).
We define the m X m matrix D to be the diagonal matrix whose ith diagonal entry
is vVw,/(afx—b;) for 1 <i=<m. We note first that
- wiaia;r

V2F(x) =Y.

_ ATP2
i=1 (aiTx_bi)z A DA ®

To avoid confusion with the transposes in (8), we note that the vector g; is considered
a column vector, although it is the ith row of the matrix A. Alternatively, we could
define a; to be the ith column of the matrix A”.

Define the vector 8 by

0 =[Vw,...,vw.]
Then

wia;

VF(x)=~—
(x) igl a,—Tx - bi

=-ATD6. (9)
It is interesting to observe that
¥(x)=0"(DA)ATD’A] (DA)"4,

although we will not use this fact. We will use the notion of a projection matrix.
The projection matrix arises in seeking the solution of the minimization problem
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min ,g"||b — Bx||,. In general, the solution to this problem is x = B'b, where B is
an n X m matrix called the pseudo-inverse of the m X n matrix B. In our application,
we will set B= DA. When B has full column rank, as it will in the current case
since the polytope is bounded, we have

B'=[B"B]"'B".
As a result, the closest approximation to b in the column space of the matrix B is

BB'b = B[B"B] 'B"b. Thus, the matrix B{B"B] "B is called the projection matrix
onto the column space of B.

Lemma 9. Let vy; be defined as in Step 3(iii) of the algorithm. Then
e (I_Yi)wia.)T 2 kl( a (I_Yi)Wiai) 2
—— ] (V°F ~~ T <
(El a;'l-x -b; ( (X)) iz‘l a-irx —b; p

for any x in the polytope P.

Proof. Define the vector # €R™ by
I =[(1 =y VWi, ooy, (1= Y VWi ).

Straightforward calculation yields

(g (1-;'y,—)w,~a,~> (VZF(x))_l(g (lzyi)wiax)

=, a;x-—b; i-1 a;x—b;
=9T(DA)[V?F(x)] (DA)™®
=3"(DA)[ATD’A] '(DA)™ 9
= 0"(DA)[(DA)'(DA)] (DA)"¢

= g (1- Yi)zwi

= p2_
The inequality above follows because the inner product of a vector with its projection
onto a subspace is certainly less than or equal to the inner product with itself. [

Theorem 6. Suppose W(z)<2a>. If the weights w,, ..., w,, are all multiplied by the
Sactors vy; defined in Step 3(iii) of the algorithm, then the new V¥, call it ¥ (z), satisfies

3
Y,(z) $1—_; [2a%+p?].
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Proof. Let ¥ =min;<;<»¥:. Temporarily let F, be the F that results from the
multiplications by v,’s. For all ¢ in R",

ywi(ai§)’ ,( [€)° yg w,(ai &)’

1(ajz=b)* i (afz~ b.)2: FETVIF(2)E.

£"V2F,(2)¢ = Z
By Lemma 2,
SEVFE) €= E(TRE) 1 forall ¢eR”
Specifically, for all z in P,
VF,(z)"(V*F,(2))"'VF (z)\ VF,(2)T(V?F(z2))"'VF,(z). (10)

Now, define e:=Y"  ((1— yi)wiai)/(a,- z—b;)and h:=V F(z). A quick calculation
reveals that VF,(z) = h— e. Using this fact along with equation (10), we get

¥, (z) =VF,(2)"(V*F,(z)) 'VF,(z)

S%VFy(z)T(VzF(z))“Vla(z)
:% [h—e]"(V2F(z))"'[h - e]

=%{1P(z)—2eT(V2F(z))"‘h+eT(VzF(z))_le}. (11)

By hypothesis, ¥(z)<2a”. We must bound the other two terms in the braces of
equation (11). By Lemma 9, we know that e"(V°F(z)) 'e<p® To bound the
remaining term, we use the fact that

|u"o| < ulllvll, < max{|ull3, |03}
with u = (V?F(z)) "¢, and v=(V>F(z)) "?h. It follows readily that
T (V2 F(2)) " h| < max{e"(V’F(2)) e, ¥ (2)}
< e"(V’F(z)) e+ ¥(z)
<p’+2a° (12)

Now, returning to equation (11), we can say

%{‘I/(z) —2e"(V?F(2)) 'h+e"(V’F(z)) 'e}

1
<< {2a°+2[ p*+2a*]+p%}
Y

_6oz2+3p2
;

2 2

S601 +3p .

1-p .
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Now return to the result of Theorem 4. When 6 <0.008, F(z) — F(w) <38, and
y =z—An where n=(V’F(z)) 'VF(z),

1 A
F(y)~F(“’)S(1_(1+5\/3)2 [“—(lﬂm/(l”ﬁ))z])
X (F(z) - F(w))

for all A in [0, 1]. This result guarantees that Newton steps give a decrease in the
function values. According to Theorem 2, we need ¥ (z)<0.01 (actually, about
0.00998 — we use 0.01 for convenience) in order to ensure that F(z) — F(w) < 0.008.
So, we need to know that ¥ (z) <0.01 at all times. By Theorem 5 and Theorem 6,
to ensure that ¥(z) < 0.01 at all times, we must have

6a”+3p°

max{4a2,
1-p

} <0.01

at all times. The second term is clearly the more restrictive. In choosing « and p,
we have a trade-off between the two desirable qualities of having large factors of
change in the Steps 3(iii), and maintaining less accuracy in x}. We will split the
difference and set @ = 0.03, p = 0.03. The following theorem summarizes these results.

Theorem 7. If a =0.03, p=0.03, and ¥(z)<2a’=0.0018, then after the weight
changes in Step 1 or Step 3(iii) of the algorithm, the new ¥ (z) is less than 0.01.
Furthermore, at the start of Step 2 or Step 3(iv), F(z)— F(w)=<0.008.

Proof. The bound on the new ¥(z) follows from Theorem 5, Theorem 6, and the
above discussion. The bound on F(z)— F(w) in turn follows from the bound on
the new ¥(z) and Theorem 3. [J

Having now ensured that the hypotheses of Theorem 4 hold in Steps 2 and 3(iv),
we note that from empirical observation, for A €[0, 1] and § € [0, 0.008], the function

- _ 1 — )\2
g(A, &)= (1 (1+5V5) [2" (1-Av28/(1 —5J?s'))2]>

is a convex function in A. When & 1is fixed, g is minimized at around A =0.75.
Assuming A is set at 0.75, we find that g(0.75, 8) is a strictly increasing function of
8 for 6§ €[0, 0.008]. We also see that g(0.75, 0.008) < 0.68.

From the above discussion, we can now re-state Theorem 4 in the following more
concrete form.

Theorem 8. Assume F(z)— F(w) <8 where 8 <0.008. Define n=(V>F(z)) 'VF(z)
and let y=z—0.75n. Then

F(z)— F(y)=0.32(F(z)— F(w)).
Thus,

F(y)-—F(w)=<0.68(F(z)— Flw)).
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Proof. Follows immediately from Theorem 4 and the above discussion. O

Observe that since we have set @ =0.03, our approximation xJ, to w4 must satisfy
¥ (x}) =<2(0.03)* =0.0018.
It follows, by Theorem 2, that in this case
F(x])— F(w)<0.00125.

This result explains the occurrence of 0.00125 in equation (1). The following theorem
justifies the statement that O(1) Newton steps suffice in Steps 2 and 3(iv) of the
algorithm.

Theorem 9. After doubling of the weights in Step 1 of the algorithm, or multiplication
of the weights by the factors v;, at most ten Newton steps produce a point x}, satisfying
¥(x])=<2(0.03)%

Proof. Let us refer to the general iterate in moving from xi to xJ"' (or from x,_,
to x% in the doubling case) simply as y;, where y,=x%, (resp., yo=X_,). We have
shown in the discussion preceding Theorem 8 that we always maintain the condition
¥(x4) <0.01. As a result, Theorem 2 implies

F(yo)~F(w})=F(x})— F(w]™) <0.008.
Theorem 8 thus implies that

F(y)—F(wl™)<0.68(F(y,_,)— F(w{'")) foralli=1.
Since the difference in function values only decreases, it follows via Theorem 3,
using the best available v, i.e., v = F(y;,) — F(w}{'"), that

W (y)< 2[F(y:) - F(0i™]

T (1=SVF(y) - Flel™)
_2LF(y) - F(o} ™)
(1-5+0.008)*

2 ; _ i+
g(l?«/ﬁT—OS_)E(Oﬁg) [F(yo) — F(wi' )]

2 - ;
<Zl‘_—5——-— m (0.68)°(0.008)
<(0.03)(0.68)".

In i =10 steps, we are thus guaranteed that ¥(y;)<2(0.03)>. O

For the remainder of this section, we take a different tack. Frequently in applica-
tions, one-dimensional minimization in the Newton direction is found to accelerate
convergence. That is, instead of just taking Newton steps, we minimize the function
in the Newton direction. We want to prove that line search can be used in the
current algorithm with assured polynomial convergence.
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Within some of the following proofs, it is important to identify the weighted
barrier function in effect during a particular inner iteration. We introduce subscripts
on the functions F and ¥ corresponding to the inner iteration number. Qur plan
is to substitute the line search process for the inner iterations of the algorithm in
Section 2. Thus, in the kth outer iteration, we shall be adding 4; to the ith weight,
where A;€{-1, 0, 1}, and minimizing the weighted barrier function

F(x)=— 5 (w)+4)In(aTx—b,).

Of course, the minimizer of F, is wy, the same minimizer that we would be dealing
with in the last inner iteration of the technique described in Section 2. F, is just a
convenient way of denoting the barrier function that results from the full unit weight
changes in the inner iterations. To make the distinction obvious, we will denote the
barrier function we have at the beginning of the inner iterations as F;. That is,

Fo(x):=— % wj In(ajx—b,).
i=1

Convergence proofs for algorithms that minimize logarithmic barrier functions
nearly always fall into the same general pattern. They prove that there is an ellipsoid
about the minimizer such that if the current point lies within the ellipsoid, then
Newton steps lead to linear convergence, while if the current point lies outside the
ellipsoid, then Newton steps give a guaranteed constant decrease in the barrier. We
will not here prove that this fact holds for logarithmic barrier functions, but will
refer the reader to [7], [8] and [12]. Note that this same result applies to a weighted
logarithmic barrier function since the integer weights may be thought of as multiple
copies of a constraint plane in an unweighted logarithmic barrier function. From
this fact about logarithmic barriers, it follows that to prove polynomial convergence
of line search in place of the inner iterations, we just need to prove a polynomial
bound on F;(x}) — F,;(w,), i.e., we want a polynomial bound on the distance from
optimality of the logarithmic barrier function in effect at the end of the inner
iterations as measured at the current point x§ we have at the beginning of inner
iterations.

A clear proof of the polynomial bound on F;(x%)— F;(w,) requires a few further
lemmas about the behavior of the weighted logarithmic barrier function. The first
such result gives us a bound on the error in using the second degree Taylor
approximation of F about z at points known to be in a small ellipsoid centered at
z. Substantially similar results are found in [5] and [14]. We present a proof here
for completeness.

Lemma 10. Suppose F is the weighted logarithmic barrier function and y in R" is a
point satisfying

(y=2)'VF(z)(y-2z)<r’
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for some r<1. Then
F(y)—F(2)=VF(z) (y—2)+3(y—2)"V’F(z)(y—2) +¢

where

r3

3(1—r)

le]<

Proof. The expression for F(y)— F(z) is just the second degree Taylor approxima-
tion of F with error. We need only prove the claimed error bound. Since

n(al(y-o)Y
(y—Z)Tsz(Z)(y—Z)Z.Z‘l W,(—aT—Z:b—> <2 (13)
and w; =1 for all i, we know
T _—
"Z—.T(nybi.) <r<1 foralli

This fact implies that In((a;y—b,)/(a;z=b,))=In(1+ (a7 (y—z))/(alz~b;)) has
the power series representation

§(—1)f“< ai(y- z)>

j=1 ] a; Z_b
Thus
F(y)—F(z)=—ii::1 w; ln(Z'Tz:Il;')
noE (= 1)“‘ al(y=2)
igl g ( a; Z b )

Or, splitting off the first two terms of the expansion,
F(y)=F(z)=VF(z) (y~2)+3:(y-2)"V’F(z)(y —2)
S (—1)j+‘<a?(y—2))j
igl " Z3 ] a'fz — b,— )

j:

So it suffices now to bound the absolute value of

N VN CHEEE))
—i§1Wij§3 ] (az—b )

From equation (13), it follows that for j=3,

n(al(y=2) 1#2
]> 3 el A
[El WI( a;rZ"bi )

T,
= Z wi/? —(Li) (Jensen’s inequality)
i=1 a; Z— b
=3y wl—— (recall w; =1 for all i).
iz a;z—b;
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Thus
noo2 (= 1)’H(aiT(y—Z)> mowilai(y—z) |
igl i :/; aiTZ_bi 123 zzl jla; Z—bi
-5
j=3 J
2
\3(1—r)'

Lemma 11. Suppose that fori=1,...,m,|x|<6 <3 and that Y| |x|< 6~/m. Then

3 [In(1+x)| <36v7.

Proof. By a simpler version of the same power series expansion used in Lemma 10,
we can show that for all i,

In(1+x)=x;—3x+eg

where |&;|=<|x;*/(3(1—|x|). Thus,

m m
Y In(1+x)= T |x—3xi+e
i=1 i=1

. M)
=Yy Ix|+ Z xi+3 ¥
im1 i= 11“‘3‘:’(
5 PR o
=3 lxi|+§ % (since xi<\xil)
i=1 i=1 1_'|xi'

3Tl E [ Gsince <))

<30vm. O

We also need to show that a small value of ¥(z) ensures that o is in a certain
ellipsoid about z. The next lemma can be viewed as a companion lemma to Lemma
5. In the theorem to follow, the fact that @ is known to be in an ellipsoid about z,
rather than in a set of the form X(z, r) as implied by Lemma 5, gives us a stronger
result.

Lemma 12. Define the ellipsoid E(V>F(z),z0.35) by E(V’F(z),2z0.35):=
{yeR": (y—2)"V?F(z)(y—2z)=<(0.35)°} and suppose W(z)<0.01. Then we
E(V?F(z), z,0.35).



D.S. Atkinson, P.M. Vaidya / Weighted analytic center of a polytope 187

Proof. Suppose not. Then consider the line segment connecting z to @ and let x’
be the point where the segment intersects E(V>F(z), z, 0.35). Since F is convex and
is minimized at w, we know

F(x')—F(z)<O. (14)
By Lemma 10 and the fact that x’ is on the boundary of E(V’F(z), z, 0.35),
F(x") = F(z)=VF(z)"(x'~z)+3(x'—2)"V’F(z)(x'— z)+ ¢

=VF(z)"(x' - Z)+%(O.35)2'3(~—(()§%
= —(0.35)V¥(z) +3(0.35)* - ;?0322) (see equation (2))
. (035)°
—(0.35)v/0.01 +1(0.35)*— oS
>0,

contradicting (14). Thus w € E(V°F(z), z, 0.35). O
We can now prove the desired result.

Theorem 10. Let x; be the approximation to w,_, (=w}) in effect at the beginning of
the inner iterations of the algorithm, where w,._, is the minimizer of Fy(x). Let w; (=w}.)
be the last minimizer considered in the inner iterations, i.e., w; is the minimizer of
F,(x). Then

FJ(Xg) — F;(w) =0(m).

Proof. Consider the sequence of analytic centers w{ within the inner iterations
indexed by j=1, 2,3, ... (k should be considered held fixed throughout this proof).
For convenience of notation, for j=—1 define wy':=x}. Also, for j=0, define a
sequence of vectors &;=(dy;,..., 8,;), where 8,=(0,...,0) and, for j=1, §;=
w{k—w,.k. That is, 8; is the increment or decrement put on the original weights

brought in from the outer iteration during the jth inner iteration. Now,

Fy(x0) = Fy(0) = - Z (w, +4,)In (E_x_k_b>
aiwk—bi

m alwl ' —b
_ Z (W1k+A) Z In (?ﬁ—‘)

k= bi
J om atwl ' =b,
- W+ 8,)In [~
jZO lzl (Wk j) n( a;rw{c_bi )
s awl—b.)
+ 5. —A)In| ————). 15
jgo El( v 2 n( a:rw;c_—bi (13)
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With the notations F; and ¥; corresponding to the weight settings w; +8;,i=
1,...,m, ie., the specific definitions of F and ¥ in effect during the jth inner

iteration, the first sum on the right side of (15) can be written

T F(wl )~ Fob.

But we have seen (see the discussion after Theorem 6) that the weight changes in
the inner iterations are such that we maintain the condition ¥;(w{ ')<0.01, and
thus it follows via Theorem 2 that Fj(04 ') — F;(w})=<0.008. Continuing the argu-
ment from the point of equation (15), we can now say

Fr(x9) - F,(wk)<z<ooos>+z > [8,- A\\ (——”ll)’

j=0i=1 wk—b,-

| (a Tw™! b,») ‘
n\——— .
a,T(u kK bi
The preceding inequality follows because |8; — 4,/ < 1. Since ¥;(w} ') <0.01, Lemma
12 implies w} e E(V*F(w] ™), w}™", 0.35). Hence,

J

sé 0.008)+ 3 ¥

j=0i=1

m e S 4
Z (w;, + &,)(a—(—w"—jﬂd) <(0.35)%,
i=1 a,(x)k_bi

and since each weight is always at least 1,

m a,T w? _wj‘l 2
Y (—iTﬁ—)) <(0.35) (16)
i Wk i

i=1
The relationship between the 2-norm and the 1-norm in R™ thus implies that

T(wk wk 1)‘

awk

<(0.35)Vm. (17)

i=1

The inequalities in (16) and (17) show that we have met the hypotheses of Lemma
11, and we may conclude that

13

@

T j—1_ b,
In (%—). <3(0.35)vm.

i=1

So, we have
Fj(xi)—F,(wk)<§ (0.008) + z (1.05)Vm = z (0.008+ 1.05Vm).

Finally, since the number of inner iterations J is O(v'm), we have F,(x}) — F;(wy) =
Oo(m). O
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The results through Theorem 9 in this section have codified the results of the
previous section concerning the algorithm presented in Section 2. We have shown
that by setting a =0.03 and p =0.03 the weight changes don’t change ¥(z) too
much. We have also indicated that the restriction ¥ (x4) =<2(0.03)? suffices to keep
¥(z)<0.01 at all times and thus keep F(z)— F(w) <0.008 at all times. Then, for
the estimates used, we have shown that moving A =0.75 times a full Newton step
gives a guaranteed decrease in function value. As a result, we have guaranteed the
algorithm remains “‘stable”” and converges as claimed.

In the remainder of the section, following Theorem 9, we have shown that line
search may be substituted for the inner iterations of our algorithm without giving
up polynomial convergence. We are assured that the barrier function with full unit
weight changes evaluated at the previous minimizer is only O(m) from its value at
the new minimizer.

6. Applications

The general procedure for finding a weighted analytic center has many applications
both as a subroutine and as a complete algorithm. For each application, the weights
need to be set properly to accomplish the desired goal.

One application alluded to earlier is linear programming. Suppose we wish to solve

max ¢'x
s.t. Ax=b

where A is mxn, beR™, ceR"”, xeR", and we know some value B such that
{x: Ax=b}c{x: ¢"x= B} and ¢"x°"' - B =2°") where

L =1log,(largest absolute value of the determinant of any square submatrix of A)
+log2<mj<1x ci) +log2(max b,») +log,(m+n).

As is customary, we assume the polytope P ={x: Ax= b} is bounded and of full
dimension. Then the weighted barrier function

F(x)=~- § In(alx—b;)—A In(c"x—B)

has a minimum value that becomes closer to the optimum facet of the polytope as
A grows larger. It can be shown that for A =2°", the weighted analytic center is
close enough to the optimal facet that we can isolate an optimum vertex of the
polytope (see [12]). From this fact, it is clear that the weighted analytic center
technique can solve such a linear programming problem in O(v'm L) iterations.
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We can generalize this result a little. Suppose we want to maximize a product of
linear functions

k
Il (c,«Tx—d,-)
i=1

over a polytope P={x: Ax= b}, where each linear term in the product is non-
negative over P. This objective function is a (rather specialized) polynomial. We
can use the weighted logarithmic barrier function

k m
F(x)=-A Y In(cfx—d;)— Y In(alx—b;)

i=1 i=1
on the polytope Q=Pn{x:cix—d,=0,1<i<k}. Although the product
Hf;l (c¢fx—d;) is in general neither convex nor concave over P, it has a special
enough form to give a strictly convex logarithmic barrier function. As A increases,
the weighted analytic center is pushed away from the hyperplanes ¢; x —d; =0, and
toward an optimal solution. Less work has been done on this problem than on the
linear programming problem, but it is to be expected that an exponentially large
value of A should again lead to a bound of O(v'm L) on the number of iterations
to reach a point sufficiently close to the optimum to allow isolation of an exact
solution.

We mentioned in the introduction that general convex programming is a potential
application of our technique. Vaidya’s algorithm in [13] actually used a log-deter-
minant barrier function to locate what was called a volumetric center of the polytope.
A plane passing through the volumetric center divides the polytope into two pieces
of approximately equal volumes (at least in an average sense). Thus, in throwing
away part of the polytope that can not contain the optimum, it is possible to throw
out about half at each iteration. This fact leads to a better asymptotic time complexity
than would be true of the older ellipsoid method applied in the same way.

Although it arises as the minimizer of the log-determinant function, the volumetric
center is a weighted analytic center. In fact, we can produce the weights resulting
in any volumetric center. The difficulty is that these weights are functions of x; the
weights are easily obtainable, but we don’t know them until we have the center. If
some method can be developed to approximate these weights efficiently, the tech-
nique of this paper should greatly facilitate the process of reaching the volumetric
center.

7. Conclusions

We have demonstrated a new technique for locating the weighted analytic center
of a polytope. The scaling technique has allowed us to show a bound of O(v/m log W)
on the number of Newton steps, and a bound of O((m"*n+mn”)log W) on the
growth of the required work, where m is the number of constraints, » is the dimension
of the space, and W is the largest of the weights. This work consists of O(v'm log W)
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Newton steps with O(mn++/m n”) arithmetic operations on the average per step.
Freund’s technique in [2] required O(mW) steps with the same amount of work
per step as our method. A proper selection of weights can move the weighted analytic
center to any point in the polytope, so this technique is very general. Several
applications have been mentioned in the preceding section.

It is an open question how far this scaling technique can be extended. We have
mentioned that potential applications exist for convex optimization with polyhedral
constraint regions. If weights can be changed dynamically so that the weighted
analytic center is a good approximation to the volumetric center, then a good
algorithm for convex optimization would result. The fact that we have a good
algorithm for finding the weighted analytic center would clearly be beneficial. It
may be that scaling the weights can lead to significant improvements in interior
point algorithms for optimization problems with special structure, such as network
optimization problems. We can also extend the notion of weighted analytic center
to regions more general than polytopes. It remains to be seen if the scaling technique
will prove as useful in those cases.
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