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A new interior method for linear programming is presented and a polynomial time bound for
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1. Introduction

The main motivation for this work was the idea that there should exist an easily
understood polynomial time algorithm for linear programming, where both the
algorithm and the proof of the polynomial time bound rely primarily on common
ideas in the non-linear optimization literature (e.g. convergence of Newton’s
method). Although both the ellipsoid algorithm [7, 8] and Karmarkar’s algorithm
[6] are polynomial time algorithms, the main ideas behind those algorithms and
the proofs of their polynomial time bounds are certainly novel as regards the
optimization literature.

The algorithm presented is based on approximately following a sequence of
“centers”” through the interior of the feasible region. It is reminiscent of the ‘“‘method
of centers” of Huard [5].

The algorithm solves linear programming problems in the format

max ¢-X

(1.1)
st. Ax=bh,

where A is an m X n matrix. Assuming the coordinates of A, b and c are integers,
and the sum of the bits needed to represent all entries in A, b and c is L, the
algorithm solves (1.1) (i.e. determines an optimal solution, or unboundedness, or
infeasibility) in O(vm + n L) iterations. The work in each iteration of the algorithm
is dominated by solving a system of linear equations. This requires O((m+ n)n”)
arithmetic operations. The equations are actually only solved approximately, this

This research was supported by an NSF Mathematical Sciences Postdoctoral Research Fellowship

and by NSF Grant 8120790. The research was performed at the Mathematical Sciences Research Institute
in Berkeley, California.



60 J. Renegar / A linear programming algorithm

requiring O((m+n)n’L(log L)(log log L)) bit operations. The total number of arith-
metic operations involved is O((m+ n)'*n’L) and the total number of bit operations
is O((m+n)"n’L*(log L)(log log L)).

For a linear programming problem (LPP) in the form (1.1), Karmarkar’s modified
algorithm first requires that LPP to be recast as an LPP in m+ n variables and m
equations. Then Karmarkar’s bound on the number of iterations required to solve
the LPP is O((m+n)L). On the average (where the average is over the O((m+n)L)
iterations), each iteration requires O((m-+n)*>’) arithmetic operations, O((m+
n)>°L(log L)(loglog L)) bit operations. Thus, for Karmarkar’s modified algorithm,
the total number of arithmetic operations required is O((m+n)*’L), and the total
number of bit operations is O((m+ n)*>°L*(log L)(log log L)).

Comparing, the proven bounds for the algorithm presented herein are identical
to those for Karmarkar’s algorithm if m and n are of the same magnitude, and are
better if m » n. The most important theoretical result in this paper is the O(vVm +n L)
bound on the number of iterations.

The paper is organized as follows. In the next section we present the algorithm,
assuming the problem to be solved fits an appropriate framework. We also state
what we call the “main theorem”. The main theorem does not require the entries
in A, b and ¢ to be rational, but it does assume all arithmetic operations can be
performed exactly. It is dubbed the “main theorem” because it represents the ideas
at the heart of the analysis.

In section three, we describe the ideas behind proving the main theorem. One of
the key steps in the proofis a well-chosen change of coordinates. The new coordinates
are very reminiscent of the context of Karmarkar’s algorithm, a difference being
that only our proofs “live” in those coordinates, not our algorithm. (Also, we do
not rely on a potential function, but instead measure progress directly in terms of
the objective function.)

Sections 4, 5 and 6 are devoted to proving propositions and theorems stated in
Section 3.

In Section 7, we show how to recast any LPP of the form (1.1) into a format
suitable for the algorithm.

Finally, in Section 8, we give a complexity analysis of the algorithm assuming
the entries in A, b and c¢ are integers. We are careful in this analysis to account for
the effects of rounding. The analysis is essentially another proof of the main theorem,
but the technicalities involved with accounting for the rounding obscure the central
ideas that the main theorem and its proof highlight.

In the original version of this paper I wrote that I did not see how Karmarkar’s
algorithm could be carried out with O(L) bits of accuracy (assuming the number
of bits required to represent the original problem is L) as Karmarkar claimed in
his paper. Subsequently, Karmarkar convinced me that this could be done if one
does not rely on rank one updates, as the algorithm in the present paper does not.
The argument, embedded in our complexity analysis, relies on the fact that the
linear equations that need to be solved need only be solved approximately, and this
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can be done efficiently using Cholesky factorization and the fact that the condition
number of the corresponding matrices are bounded by 2°®. Subsequently, Pravin
Vaidya convinced me that O(L) bits of accuracy also suffice if rank one updating
is relied upon, which Karmarkar’s modified algorithm does.

I also wrote in the original version of this paper that it was an important and
open theoretical question whether or not the algorithm in this paper could be
modified in a manner reminiscent of Karmarkar’s modified algorithm to reduce the
complexity bounds. Pravin Vaidya [15] has apparently answered this question in
the affirmative. His stated bounds are O(((m+n)n°+(m+n)">n)L) arithmetic
operations and O(((m+n)n*+(m+n)"*n) L*(log L)(log log L)) bit operations. His
analysis relies on a potential function.

Our algorithm is similar to one presented independently by Sonnevend [13, 14],
who gave no complexity analysis.

There are several people I would like to thank. T would like to thank Lenore
Blum [3, 4], who aroused my interest in interior methods for linear programming
in talks that she gave. I would like to thank Steve Smale [11, 12] for reasons too
numerous to mention. I would like to thank Jeff Lagarias [2,9], who gave a talk
that served as a catalyst for parts of the present work. I would like to thank Nimrod
Megiddo and Mike Shub [10] for several interesting conversations regarding interior
methods for linear programming. And I would like to thank Jim Curry, whose
conversation has helped make for a pleasant year at MSRI. Finally, I would like
to thank a referee for some very useful comments.

2. The algorithm

In this section we introduce the algorithm and state the “‘main theorem” regarding
it.
Assume that we wish to solve

max ¢-x
(2.1)
st. Ax=b,
where zeR"” and A is an m x n matrix. Non-negativity constraints are not distin-
guished from other inequalities. We assume ¢ # 0 and we assume none of the rows
of A are the zero vector.
Let a; denote the ith row of A. Let [ be a positive integer and let A denote the
(m+1) X n matrix
o,
X,y
c
: I times,

»
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¢ being considered as a row vector. Let k” R and let b” € R™*' be the vector
ONT 0 0
(b()) :(blﬁ""b””k()""Sk())ﬂ

where b"=(b,,...,b,,) is the right hand side vector of (2.1). Finally, let (A, b¥)
denote the system of inequalities Ax = b?,

The algorithm is based on approximating the “centers” of a sequence of systems
{(A, b'”)} assuming the center of the initial system, (A, b'”), is given. Now we
develop the notion of the center of a system of inequalities. (Apparently, Sonnevend
[13, 14] and Bayer and Lagarias [2] were the first to develop the following notion
of center, as I learned after I had arrived at the same notion.)

Let (A’, b') be a system of linear inequalities where A’ is an m’x n’ matrix and
b'eR™. We use (A’, b') to denote a general system of inequalities throughout this
paper, as opposed to, for example, (A, b'”) which is specialized. Assume {x; A'x =
b’} has non-empty interior, Int(A’, b’), and let f":Int(A’, b') >R be defined by

£ =% tn(al - x=b)=1n [ (al- x—b)

where In is the natural logarithm, «; is the ith row of A’ and ““-” is the dot product.
(Primes, as in f7, will always imply a relation to the system (A’, b’) and will never
be used to denote a derivative in this paper.) Note that f'(x) goes to —c0 as x goes
to the boundary of Int(A’, b').

We say that ¢’ is a center of (A', b') if £ € Int(A’, b’) and

f(&Y=f"(x) forall xelInt(A,d).

(Thus, the center of the system (A, b”) is the point in Int(A, b”) maximizing
O =1l1mn(c- x—k)+ ¥ In(a;- x—b;),
i=1
I playing the role of a “weight™.)

Proposition 2.1. Assume Int(A’, b") is non-empty and bounded. Then f' is strictly
concave and the system (A’, b’) has a unique center ¢'.

Proof. Using the fact that f'(x) is the composition of the maps XHZ?; In(X;) and
x—(a;-x—=>bi,...,a, - x—b),), it is easily shown that, for x € Int(A’, b’),

Vi =—(A)'D*A, (2.2)

where D, is the diagonal matrix with (i, i) entry a} - x — b,. However, since Int(A’, b")
is assumed non-empty and bounded, it is easily shown that A’ is of full-rank, and
hence, from (2.2), V" is strictly negative definite. Thus, f" is strictly concave. Since
J'(x) goes to —o0 as x goes to the boundary of the bounded set Int(A’, b'), it follows
that (A’, b’) has a unique center. [
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Throughout the rest of this section we will assume Int(A, b”) is non-empty and
bounded, so that by the proposition, (A, b'”) has a unique center ¢'”. We will also
assume that we know ¢, that is, we know its coordinates. In Section 7 we will
show how any linear programming problem can be put in a framework satisfying
these assumptions.

It is easily shown that our assumption that Int(A, b‘*) is bounded and non-empty
implies that (2.1) has an optimal solution, but perhaps infinitely many of them. It
is also easily shown that all optimal solutions for (2.1) are contained in the boundary
of Int(A, b'”). We want to somehow move from the known point £ toward the
optimal solutions.

To move from ¢ toward the optimal solutions, we create a new system (A, b'")
whose center £ is known to lie closer to the optimal solutions than £, and then
we attempt to obtain a “good” approximation to £". The new system (A, b") is
identical to (A, b'”) except that the value k” defining b'” is replaced by a larger
value k'". To guarantee that Int(A, b)) is non-empty, it suffices to choose k"’ <
¢ &9 Then £¥elnt(A, b"). Hence, k" is chosen from the range k'@ <k® <
c- f(o).

The new system (A, b'") is bounded and non-empty. Also, all optimal solutions
to (2.1) are contained in the boundary of Int(A, b'V). Let f":Int(A4, b") >R be
the function

m
fPx)=1-In(c- x—k")+ ¥ In(a; x—b;).
i=1
Then £V, the center of (A, b'V), is, by definition, the point in Int(A, b") that
maximizes f.

We want to obtain a “‘good” approximation to £, Since £ is defined to be the
point maximizing the strictly concave function ¥, it is natural to use Newton’s
method. Since £ ¢ Int(A, b"V), we can initiate Newton’s method at ¢©. Thus,
letting # Newton be a positive integer, define recursively

{0]=¢,
(2.3)
x[i]=x[i~-1]+n{}y;, i=1,...,#Newton,

where n)’, the Newton step at x, is defined to be the vector satisfying
(VI ==V f )"
that is,

(ATD;2A+ )n;” =A"D'e+

T T
(c-x— kP ° (c-x—kM©"

e€R™ being the vector of all ones, D, being the diagonal matrix with (i, i) entry
a;* x—b;, and ¢ being considered as a row vector.
As our approximation to £ we take the point

xM = x[#Newton].
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(Newton’s method can go astray in attempting to find the center of a system of
linear inequalities (A’, b’). In particular, even though xeInt(A’, '), it is quite
possible that Newton’s method will assign to x a point not in Int(A’, b') so that
further iterates of Newton’s method are not even defined. These problems will be
discussed more fully in section three. For now, we simply assume that the sequence
(2.3), and hence x", is contained in Int(A, b'").)

Having obtained x" we begin the process again. That is, we choose k¥ satisfying
KV <k@<c-x™ and let (A, b)) be the corresponding system of inequalities.
Beginning at x"’ we apply #Newton iterates of Newton’s method in attempting to
maximize /). We let x® be the final point obtained, and so on.

Here, then, is the algorithm. Fix 0<<§ <1.

Initially: x@=¢©, j=1.

Step 1: Let kY =8[c- xV""]+(1-8)kY™".

Step 2: Apply #Newton iterates of Newton’s method, beginning at x
attempting to maximize

(=1
J7Y in

f%)=1-In(c- x—kY)+ ¥ In(a;- x—b,).
i=1
Let x* be the resulting point.
Step 3: j+1-j and return to Step 1.

Main Theorem. Let 8 = 1/13v/1and #Newton=1. Then the algorithm is well-defined
in the sense that Newton’s method applied to maximizing £, j=1,2,..., and
initiated at x~V, gives points contained in Int(A, b*”). Moreover, and most impor-

tantly,
4 451 ViV
kPt — ¢ (J)g( _ )( _ ) kcpt_k(o)
e ! 46(m+1) ! 14(m+1) ( ),

where k°P' is the optimal objective value of the LPP (2.1). (Note that k°® —¢- x*
is positive since x' is feasible for the LPP (2.1).) [

Of course the bound provided by the theorem decreases by a factor of

(i)

with each iterate of the algorithm. The best factor of decrease is provided
when /= m. This is the value of / that we will use for the complexity analysis in
Section 8.

Since the theorem provides the best estimate when /= m, why did we bother to
develop the algorithm for arbitrary [ rather than just using the value I=m
throughout? Because the theorem is a worst case bound. In the final steps of the
algorithm when an optimal solution is being ‘“‘zeroed” in on, I expect the best
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progress will be made (with regards to the parameters I, § =1/13v1, #Newton=1)
if I equals the number of active constraints at that solution («; - x = b; is “active”
at y if «;- y=0>b;). For most problems I expect that setting /= m will result in a
slower algorithm than, say, [ = n, but perhaps I am wrong.

Of course the values for the parameters § and #Newton used in the theorem
should not necessarily be used in practice. The value of & is definitely tied to a
worst case analysis and is probably overly pessimistic even in that. Also, in practice
it would probably be wise to choose 8§ “‘large” initially and then reduce it in later
iterations if Newton’s method begins having trouble in approximating centers. The
main function of the parameter 8 is to make sure that x* is “sufficiently close” to
£9*Y 1o ensure quick convergence of Newton’s method.

As of this writing, no attempt at implementing the algorithm has been made.

3. Ideas behind proving the main theorem

The main theorem is proven inductively. The principal inductive hypothesis is
that we begin the (j+1)th iteration of the algorithm with a “good” approximation
x of €7, Then we show that Newton’s method initiated at x“’ converges “quickly”
to £YY. The terms “good” and “quickly” will be defined quantitatively later in
this section, but to begin with we will use both terms loosely.

How astray can Newton’s method go in attempting to find the center of a system
of linear inequalities? Here is a simple example. Let n =1, i.e., one variable, and let

1 0
-1 -1

A= |-11}, b= |-2],
-1 —m

A’ being an (m+1) x 1 matrix and b’ R™"". Then Int(A’, b") =(0, 1), the open unit
interval. For x € (0, 1), simple computations show the Newton step assigned to x is

3

1 1
__.Z -
, X i=11—X
T e
P‘El(i—x)z

Since ZZI 1/(i—x)=oc0 and ¥, 1/(i —x)* converges, it follows that if m is large,
then x +n} will lie far, far away from (0, 1). (Of course what constitutes “large”
depends on x.) In particular, as m - o0, the measure of the set of points at which
we can initiate Newton’s method and obtain convergence to the center goes to zero.
The above example makes it clear that x” must satisfy more than just the condition
x9 e Int( 7, bY*Y) if Newton’s method initiated at x" is to converge to &Y+,
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Since Newton’s method converges quadratically to ¢V if initiated sufficiently

close to €YV, the natural approach to take in attempting to prove the main theorem
inductively is to show that if 8 is sufficiently small, then £, and hence its “good”
approximation x, are “sufficiently close” to £¢”" for quadratic convergence of
Newton’s method. In a sense this is what we do. The trick is describing “‘sufficiently
close” appropriately. The notion of “sufficiently close” that we will use corresponds
to the Euclidean distance defined by a new coordinate system on R”, the coordinates
being determined by the particular system of inequalities whose center is to be
approximated.

Let (A’, b’} be a system of m' linear inequalities in n' variables such that Int(A’, b")
is non-empty and bounded. As will become clear, the following coordinate system
is a natural coordinate system to use for examining the behavior of Newton’s method
applied to finding the center ¢ of (A’, b’). For xeR", define
af - x—bj

(x) w £ b

!

i=1,...,m,

the prime on X{(x) indicating these are the coordinates of x relative to (A’, b’).
These coordinates have a simple geometric interpretation. Defining, fori=1,..., m’
and xeR",

dis;(x) = Euclidean distance from x to the closest point on the
hyperplane {y €R"; a} - y=b}},

it is easily shown that

dis;(x)
disi(f,),

where “+” is used if «] - x= b}, and “—"" is used otherwise.
These coordinates are only a theoretical tool. Being able to compute these
coordinates for a single point x € R" is easily seen to be equivalent to knowing &'.
Note that in the new coordinates ¢’ is assigned the vector e.
Let

Xi(x)==+

A, ={XeR™; X-e=m'and X,>0 for all i}.

The following proposition will be proven in Section 4.

Proposition 3.1. Assume Int(A’, b') is non-empty and bounded and assume x € R™
Then X'(x) - e =m'. Moreover, x € Int(A’, b") if and only if X'(x)e 4,,,. O

A simple consequence of Proposition 3.1 is that if || X'(x)—e| <1, then xe
Int(A’, b’). Keeping this and the fact that & is assigned e in the new coordinates
in mind, the following theorem is our main tool for describing the behavior of
Newton’s method applied to finding the center of (A', b’).
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Theorem 3.2. Assume Int(A’, b') is non-empty and bounded. Assume x € Int(A’, b’)
and e =|X'(x)—e||<1. (Here, ||-| is the Euclidean norm on R™.) Let n, be the
vector satisfying (Vi f)ni=—(V.f)7, wheref'(z)=Y " In(a}- z—b}). Lety = x+ n’..
Then

(1+¢)? N
(1-e)°

IX'(y)—ell< O

Here is a simple consequence of the theorem. If | X'(x)—e| <}, then Newton’s

method initiated at x converges to £'. To see this, just note that if 0<<e <73, then

(l-l—s)2 5
(1-e)®

<&

The claim follows.

Theorem 3.2, which is proven in Section 5, is one of the two main tools to be
used in proving the main theorem. It provides a useful description of what it means
for x to be “sufficiently close” to £&7*" so that Newton’s method will work well.
The other main tool that is needed is a theorem showing that if § is only as small
as a given quantity (i.e. 1/13v7 in the main theorem) and if x'’ is a “good”
approximation to £, then x”’ will be “sufficiently close” to £”*" to apply Theorem
3.2. This is provided by the next theorem.

Let X“'(x) be the coordinates of x*’ defined by (A, b*”), and let XU (x)
be the coordinates of x* defined by (A, bY*"). We assume x"’ e Int(A, b'), i.e.,
thus far the algorithm has been well-defined.

Theorem 3.3. Let 0<8<1, & being a parameter of the algorithm, ie., kU =
8[e xP+(1-8)kY. Let a=|| XV (x) —e| and B =XV (x")—e||. Then

+(1+v1 6)01]3 - [1155

2

[1—2a]ﬁ2—[ L +ﬁ5a]<0. a

1-6

Theorem 3.3 is proven in Section 6. The point of the theorem is that if & and
« <3 are given, then B is no larger than the largest root of the resulting quadratic.
We will use the following specific estimates.

Corollary 34. Assume that [|XV(x)—e||< and 0<8<1/13V1. Then
||X(j+1)(x(j)) _ e|| <%.
Proof. If we let a = || X"(x") — e||, substitution of the assumed bounds gives

1-2a=1-2%>095

2

1
1_6+(1+\/7 S $13—.1‘2+(%)(716)<0.03

L +Vlda= +
1-6 Y1312 13- 46

< 0.0081.
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Hence, letting B = | XY*V(x"’)—e|, we have, from Theorem 3.3,
950087 —3008 —81=0.

But for t =3,
9500¢>—~ 3007 —81=> 117 —34—81>0.

The corollary follows. [

The final tool we need for proving the main theorem is the following proposition,
which will be proven in Section 4 (it is a corollary of Proposition 3.1).

Recall that k°™" is defined as the optimal objective value of the linear programming
problem (2.1). For xe R", let X"”(x) be the coordinates of x defined by the system
( A’ b(j)).

Proposition 3.5. Assume x € R" satisfies c- x= k', Then

IXPx)—ef
Vi

c-x—k(j)zm:_l(l )(k‘“"—k(”). 0

Assuming the theorems and propositions already stated in this section, we can
now give the

Proof of the Main Theorem. We use the following inductive assumptions:
IXD(xD)—e| < (3.1)
and

4561

k°pt—k(j)< [1 -
46(m+1)

j
] (kP = k). (3.2)
Clearly these assumptions are satisfied when j=0.
Corollary 3.4 and (3.1) imply
XU )~ ef <3,

Consequently, Theorem 3.2 shows that one iteration of Newton’s method, applied
to finding the center of (A, b)) and initiated at x*, gives a point x""" satisfying

IXOTI0T) = ] <3,

thus establishing the inductive assumption (3.1). This also shows, by Proposition
3.1, that xY "V eInt(A, bY"V). Moreover, using kY =8[c- x1+(1~8)k"Y, we
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have

kopt k(j+1) JoPt k(}) 5[0 x k(})]

) l 1 )
< k°p‘—k(’)—5[——<l __) opt _ 1.(J) :]
m+1 46 (k k)

45851 .
— e (kOPt— k())
(1 46(m + l))( )

4581 \’*!
s{1-——m—— kOPt_k(O)
( 46(m+ l)) ( )

the first inequality being implied by (3.1) and Proposition 3.5 and the second

inequality being implied by (3.2). We have now established the inductive assumption
(3.2).

Now we establish the bound on k°P'—¢- x" that is stated in the main theorem.
We have

KoPt— ¢ x) = kOt D) [ ¢+ xW) — kU]
< koP _ jD) — [ :l(l—ﬁ)(kopt k(”)]
s( 46(m+l)>< 46?i6i1)>j(kopt_k(0))

- opt _ 1,(0)
<< 46(m+l)>( 14(m+l))(k k),

the first inequality being implied by (3.1) and Proposition 3.5, the second inequality
being implied by (3.2), and the third inequality being obtained by substitution of
8 =1/13+1. This concludes the proof of the main theorem.

4. Proofs of propositions

In this section we prove the two propositions stated in the previous section. For
the reader’s convenience, we restate these propositions before proving them.
Recall that

4, ={XeR™; X -e=m'"and X;>0 for all i}

and that for xeR"™, X'(x) are the coordinates assigned to x with respect to the
system (A’, b').
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Proposition 3.1. Assume x €R". Then X'(x) - e = m’'. Moreover, x € Int(A’, b’ if and
only if X'(x)e 4,,.

Proof. Toshow X'(x) - e =m’forall x e R", it suffices to show that (X'(x) —e) - e=0
for all x eR™. But, by definition of X'(x),

(X'(x)—¢)-e= % (ﬂ‘i’_x;lﬁ_o

=i \aj- &—b]
_ W aix=¢)
_Ela;-f’—bﬁ
=(Vef)(x=¢€)
=0,

the last equality since £’ maximizes f’, and hence V. f"=0.
The claim that x € Int(A’, b’} if and only if X'(x) € 4,, now follows immediately
from the definition of X'(x). [

Proposition 3.5. Assume x € R" satisfies ¢+ x = kY. Then

! ||X(j)(x)—€”> opt _ 1.0
m+l<1— Vi (P = k).

c-x—kV=

Proof. We begin by showing that
c- f(j)—k(j)z——l-(kom——k(j)). (4.1)
m-+1

Let x°" be an optimal solution to the LPP (2.1). (Under our assumptions that
Int(A, b”) is non-empty and bounded, an optimal solution exists.) Let X’ (x°")
denote the ith coordinate of x°™ with respect to the system (A, b'”). By definition
of the coordinates,

kP — kD = XO(xPY (¢ &9 kY, i=m+1,...,m+1 (4.2)

On the other hand, by Proposition 3.1, proven above,

m+1

Y XO(xP) = m+1
i=1

and
XI(x°PYy=0 for all i

Since X%, ,(xP) =+ - - = X, (x°™), it follows that
) +1
X§f>(x°f")sﬂl— fori=m+1,...,m+1 (4.3)

Together, (4.2) and (4.3) imply (4.1).
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Now consider arbitrary x e R". Then for i=m+1,..., m+1
¢ x—kV = X(-j)(x)(c . f(j) _ k(j))

l X .
=>— (]) opt _ 1.(j)
erIX, (x)(k k)

l . )
>—+l(1 =X (x) = 1 (kP = k), (4.4)
the first inequality by (4.1). However, since X/, ,(x) =" X%, (x), we have
IXP(x)—el|=VIXP(x)—1] fori=m+1,...,m+1 (4.5)

Substituting (4.5) into (4.4) concludes the proof of the proposition. [

5. Proof of Theorem 3.2

Theorem 3.2. Assume Int(A’, b') is non-empty and bounded. Assume x € Int(A’, b')
and let ¢ = HX (x)—e|| <1. Let n) be the vector satisfying (Vif)n.=—(V )" and
let y = x+nl. Then,

(1+e)* ,

= )s 0

I X'(y)—ell<

The proof of this theorem in the original manuscript was very long and messy. 1
wrote: “Surely a shorter proof must exist!” The following proof relies on a few key
observations provided by Jeff Lagarias.

Let R denote the strictly positive orthant in R™ and let F:R™ - R be the function

F(X)= g In(X,).

We begin the proof with the following lemma.

Lemma 5.1. If xeInt(A’, b'), then
S (x)=F(X'(x))+ ¥ In(aj- &~b)).
i=1
Proof

f(0)=3 In(al-x=b)

- Zi 1n(i;“—’;—) + f In(al - & —b!)

= F(X'(x))+ g In(al-£—~b). O

Let L:R™ >R™ denote the affine map L(x)= X'(x).
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Since y is, by definition, the point in R” maximizing
q(2) = (Vof )z = x)+3(z = %) (Vaf)(z —x),
it follows from Lemma 5.1 that X'(y) is the point in the image of L maximizing
Q(X) =e"Dyy(X = X'(x)) —3(X = X'(x)) "Dy (X = X'(x)),

where Dy is the diagonal matrix with ith diagonal entry X.
Let Z' denote the point in {X eR™; X+ e=m'} that maximizes Q(X). Then,
assuming X - e=m’, we have

Q(X)=QZ)-5X-2)' Dy (X -2). (5.1)

Since X'(y) maximizes Q over the image of L, since the image of L is contained
in {XeR™; X-e=m'}, and since the image of L is an affine space containing e,
we find from (5.1) that X'(y) — e must be perpendicular to Dx%,,(Z'— X'(y)), that is,

(X'(y)— €)' Dx(Z' = X'(»)) =0.

Hence, Dx'(X'(y) —e) is perpendicular to Dx',(Z'— X'(y)). Consequently,
IDXo(X'(3) = )"+ | D¥'o(Z' = X' (W) = | Dxio(Z' = )

and thus

1

mllX’(y)—€||$

IR N
min(X'(x)) 12/ el

where

max(X)=max{X}, min(X) =min{X}.
We have proven

Proposition 5.2, Let Z' denote the optimal solution of the problem
max e’ Dx(X — X'(x)) =X — X'(x)) "D (X - X'(x))
st. X-e=m'.

Then

<max(X’(x))

1X'(v) el min(X'(x))

1Z2'—e]. O

Now we obtain a bound on ||Z'—e||.

Proposition 5.3. Letting ¢ =| X'(x)—e|, we have that

|Z' —e|<=(1+e)e’
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Proof. It is not difficult to show that

Z,:2X,(x) X(x)e (52)

IIX( )II
Let V=X'(x)—e. Substituting X/(x)=1+V, and
IX' GO =llel*+[X'(x)—e|?=m'"+¢

into (5.2) gives, with a little rearrangement,

1
Zi=1+——(e*—m'Vi+2°V)).
m'+e
Consequently,

1/2
Z-el = [zu m'v%+zszvi>2]

1/2 m’ 1/2
<mi ([z(g m'V,?)Z] +[i§1(2szv,-)2] ) (5.3)

However, expanding and making use of the substitution Z:’il Vi =& shows

Y (sz—m’V?)2=m’[—e4+m’ Y V?]
i=1

i=1

m' 2
= m’[—s4+ m’( )3 V,2> ]
i=1

=m'(m'—1)e".
Also,
Y (2e?V;)? =4¢°.
i—1

Hence, by (5.3),

[m'(m'—1)1"%e*+2¢°
m'+ ¢’

12~ e <

<[m’(m’—1)]1/2 e +2e°

I3

m
2,2 a_ 2
<g’t—e’=s¢e(1+e),
m

the last inequality using m’= 2, which follows from the assumption that Int(A’, ')
is bounded. This concludes the proof of the proposition.



74 J. Renegar / A linear programming algorithm
Combining Propositions 5.2 and 5.3 and using the easily proven fact that

max(X'(x)) B 1+e¢
min(X'(x)) 1-¢

concludes the proof of Theorem 3.2.

6. Proof of Theorem 3.3

Theorem 3.3. Let 0<8<1, & being a parameter of the algorithm, i.e., kV*) =
S[e- xP1+(1-8)kY, where xVecInt(A, bY). Let a=||XV(x")—e| and B=
[ X9 (x) ~el|. Then

[1-2a]8%— [1lfa+(1+ﬁ 5)a]ﬁ—[llfs+\/7 Sa] =0. O

The only assumptions used in the proof of Theorem 3.3 are that Int(A, b*) is
non-empty and bounded and x“’ € Int(A, b*).
To simplify notation throughout this section, we let x =x7 X'V = X(x) and
) ' Cand ‘—‘X(jﬂ)(x(j)).
Lemma 6.1. Fori=m+1,..., m+1
XV =(1-8)X.

Proof. Since kY =§(c- x)+(1-8)kY it follows that

c- x—kUt
¢ x—kW =(1-9), (6.1)
and hence, for i=m+1,..., m+],
X5j+l) (c' X—k('i+1))/(0' g(j+l)_k(j+l))
X = (c- x—kD/(c- 9=

- (1 - 5)(6 . f(j) _ k(j))/(C . ég(j+1) _ k(jﬂ))‘
Consequently, to prove the lemma it suffices to show that
c- §(j) _ k(j) =c- é:(j+1) _ k(j+1). (62)
Let ¢:[0,1]>[k"Y, kY"1 be the map
go(t) — k(j)+ t(k(jﬂ) _ k(j))

and let &£(1) be the center of the system (A, b(¢)), where (b(1))'=
(by,...,b,,o(t),...,¢(1)). To show (6.2), it suffices to show that

c- <%§(I)) < k(jﬂ) — k(j) (6.3)
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since

1
v UV U < ¢ [§<1>+J

0

_(%f(t)dt] — k9D + (k(f) _ k(j+1))

1
=c- f(j)_k(j)""[ c: %f(t) dt+(k(j)-—k(j+1)).

0

Since £(t) maximizes the function
y=1l-In(c-y—@()+ ¥ In(a;- y—b,),
i=1

evaluation of the gradient of this function at £(¢) gives
c+ f ! 0
- . T a; =,
c &) —e(t) iz10; £(1)— b

Taking the derivatives of both sides of the last equation with respect to ¢, and
rearranging slightly, gives

m 1 T i
[_igl (a; f(t)_bi)zai ai](dtf(t)>

sl ) ()]

recalling «; and ¢ to be row vectors. Now the dot product of the left side of this
equation with ((d/dt)&(t)) is non-positive (because the matrix in the bracket is
negative definite), and thus, from the right side we obtain

L= o)) = Gesoo) (o)

Since

this immediately yields (6.3). Thus the proposition. [

Lemma 6.2
m+l X(j) m-+l ) (+1)
kol el I _yU
igl X5j+1)_m+l+i=§+l X5j+1)6(1 Xi ).

Proof. Using (6.1), it is easily shown that for any y e R",

c.y_k(j) c,y_k(j+1)
Pyt SICEL) Sz §
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In particular, letting y = €Y%, we have, for i=m+1,...,m+],

c- é;(j+l)__k(j) 1 1 -
W:l_‘_(l—a) X(_j"'l)_l ‘:X('j+1)[1_8(1‘X$]+1))]_

Multiplying both sides by

e D

X(_n:_c_x_k_l_
i c- f(j)—k(j),

we find that for i=m+1,..., m+1

c- g(ﬁrl)_k(j) ng)

_ (1)
o £k ”ngm[l ~8(1-X{")). (6.4)

Also, for i=1,...,m,
ai'x_bi
j+1 D j
ai‘f(ﬁ)’bi_ ;- £9— b, _ Xy
a;+ 9=, a;-x—b, XYY’
f+1
ai,g(ﬁ—)_bi

{6.5)

But now note that the quantities on the left of (6.4) and (6.5) are the coordinates
of £U*V with respect to (A, b'). In particular, by Proposition 3.1, they sum to m + 1.
Setting the sum of the terms on the right of (6.4) and (6.5) equal to m+1, and
rearranging, gives the identity stated in the lemma. [

Now we can prove Theorem 3.3.

Let U=X"Y—¢ and V=XY""—¢ Of course XU*">0, for all i, since xe
Int(A, b)), Thus, expanding r—1/(1+rV,) around r=0, we have, for all i, the
Taylor series with remainder integral

11 V+J1(1 2V
S SR T R (1+1vy)’
Consequently,

m+1 (1) m4-1 Vz
+1-V-etU-e—-V- U+ 1+ U; 1-t)———=dt
IZI X‘f“’ =m € e IZ ( )J ( )(IJr V)
Substituting V-e=U-e=0, 1+ U;=1-a and 0<1+1tV,s1+¢8 for 0=s¢=<1
(recalling @ = | X7 —e¢|, B=|| XYV ~e]|), we find

m+1 X(_j) m+1 2V2
e mtl-aB+(1-
£ om0 3 [ oo

28°

m dt (6.6)

:m+l—aB+(l~a)Jl(l—t)
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Using the Taylor expression

2 2
1+B =1 B+,[ (1= 1+Bt,3)3d
(6.6) reduces to
m+l )] —a
Z‘l }5‘_}‘1]—)2"1_*_1 a'B+ BBz (67
On the other hand, we know from Lemma 6.2 that
m+1 X(J) m+1 (J)
) =m+lt ¥ Somd(l- —-XU)

= X(j+1) X(J+l)

which combined with Lemma 6.1 implies

m+l () m+1 1
) X(l+1)\m+l+ Y 1——5[1—(1—5)){“’]
i=1 i=m+1
162 m+l )
=m+1+ +5 Y (1-X¥)
1—6 i=m+1
(6.8)
where we used ¥, (1 —Xﬁj))zﬂ a to infer that ¥ (1- X)) <1 a. Combining

(6.7) and (6.8), clearing the denominator 1+ 8 and rearranging, gives the inequality
in the theorem.

7. Recasting an LPP into the proper format

In this section we show how any linear programming problem can be recast into
a problem fitting the framework of the algorithm. Such a recasting can be done in
several ways. The method we develop was chosen primarily for its expository
simplicity.

For the complexity analysis to be performed in the next section we need to relate
complexity measures of the original problem (e.g. number of bits in the representa-
tion) to complexity measures of the recasted problem, and we need to bound the
number of arithmetic and bit operations required for the recasting.

Assume that we are interested in solving

max ¢-x

R R (7.1)
st. Ax=b

where £eR”, heR™ and A is an i x # matrix. (We reserve A, b and c¢ to refer to
an LPP already fitting the framework of the algorithm.)
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For the complexity analysis, we will assume the entries of A, b and ¢ are integers
and we will let

L =sum of bits needed to represent all entries in AA, b and ¢,

in particular, L= A,

In what follows, only those statements referring specifically to the complexity
analysis are based on the assumption that the entries in A, b and ¢ are integers.
Also, for the complexity analysis we will employ “O(ﬁ)” notation in a manner that
we now elucidate. Our recasting of an LPP into a format fitting the framework of
the algorithm will require certain quantities to be specified, for example, upper and
lower bounds on the coordinates of optimal solutions. Using Cramer’s rule and the
fact that all determinants of [A]b] (i.e. b appended to A) have absolute value
bounded by 2%, such upper and lower bounds are provided by 2% and 27L. Rather
than giving spe<:1ﬁc bounds such as these, we will simply say that such bounds can
be chosen of the form 2°) and —2°"| the intended implication being that specific
values (involving L linearly) can be determined by a more lengthy analysis (and
would need to be determined to carry out the actual recasting of the LPP). In practice,
such values would be guessed at. Values like 2" would be ridiculously larger than
what is generally needed.

‘We assume that we know integer values low;, up;, j=1,..., A, such that (i) if the
LPP (7.1) has an optimal solution, then it has an optimal solution x°P satisfying
low; < x{P =< up; for all j, and (ii) if the LPP (7.1) is unbounded, then it has a feasible
solution x satisfying low; < x; < up; for all j. By standard arguments using Cramer’s
rule, we may choose the low, and up; so that —2°5 < low;<up; < <2°D for all j.

To recast (7.1) into the form required for our algorithm, we create a closely related
LPP

max c¢-(x,t)

(7.2)

max A(x,1)=b
where A is an (/i +27 +3) x (A + 1) matrix, and (x, t) e R” xR. The “artificial vari-
able” ¢ is added to guarantee feasibility. We will see that the number of arithmetic
operations required to convert (7.1) to (7.2) is O(miA), and the number of bit
operations is O(rﬁﬁI:(log I:)(log log L)), the factor i(log ]:)(log log I:) arising from
the multiplication of O(I:) bit numbers. Although the number of bits needed to
represent the LPP (7.2) may not be O(]:), we will see that the bit lengths of the
determinants of all square submatrices of [A|b] are O(f), as the entries in ¢. These
are the quantities that will be focused on in the complexity analysis contained in
the next section.

Let v :Zi1 &7, where &; is the ith row of A, and let Pos= {j; ;> 0} and
Neg=1{j; v; <0}.

For s €R, define

b+ (upj low;}+ Y v-up;+ X vj-lowj].

jePos jeNeg

u' M -

T(s)=s(m +2ﬁ+1)—[—

M s
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Choose s*> 0 sufficiently large so that T(s*)> 0. For the complexity analysis, we
may choose s* to be an integer bounded by 290 Then T(s*) is also an integer,
bounded in absolute value by 2°%,
For &;.,€R (to be specified shortly), consider the LPP in A+ 1 variables (x, t) €

R x R,

max ¢ x+Chiqt

st a;-x —(s*+l;i)t>—s*, i=1,...,m,

—(1+v)x —[s*~(1+v)up;Jt=—s*, for je Pos,

=% —[s*—up;Jt=—s*, for j# Pos,
(7.3)
(1-v)x—[s*+(1~v) low,;]Jt=—s* for je Neg,

X;

—[s*+low;]Jt = —s%, for j& Neg,
—t=-1,
T(s*)t=—s*

The LPP (7.2) will be the above LPP with one additional constraint.

The main relation between the feasible region of the above LPP and that of (7.1)
is the following. A point (x, 1) is feasible for the above LPP if and only if Ax=b
and low; = x;<up;, j=1,..., fi. The value &;4, serves as a “‘big M quantity, and
will be chosen to force t =1 in the optimal solution (assuming feasibility).

The last two inequalities in the above LPP bound ¢ above and below. In turn,
these bounds and the inequalities involving j € Pos and j £ Pos bound all variables
x; from above. Similarly, the inequalities involving j € Neg and j & Neg bound all
variables x; from below. Hence the feasible region for this LPP is bounded. Also,
it is easily verified that O is in the interior of this LPP.

Lemma 7.1. Let A denote the constraint matrix for (1.3) and let b denote the right
hand side vector. Then the absolute values of the determinants of all square submatrices
of [A|b] are bounded by 2°7.

Proof. Rearranging slightly, we may assume

A

A
o D -
bl=|_" u b
D,
0

[A]

where u € R™?"*2 and D, and D, are i x /i diagonal matrices (e.g. the (j,j) entry
of D, is —(1+v;) if jePos, and is —1 if j£ Pos) Noting that the absolute value of
the determinants of all square submatrices of A D, and D, are bounded by 20(”
as are the absolute values of the entries in u and b, the lemma follows from performing
cofactor expansion along the last two columns of [A|I;] and making use of the
diagonal structure of D, and D,. [
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Using the fact that all feasible points for the LPP (7.3) have last coordinate t<1,
choose &, sufficiently large so that if there exists a feasible point for (7.3) with
¢t =1, then all optimal solutions have ¢ =1. For the complexity analysis, ¢;,, can be
chosen to be a positive integer bounded by 2°". This is a consequence of (i) the
feasible region for (7.3) is bounded; (ii) by Lemma 7.1 and Cramer’s rule, the
absolute value of the coordinates of all extreme points of (7.3) are bounded by
29" (iii) by Lemma 7.1 and Cramer’s rule, all extreme points for (7.3) with last
coordinate ¢ <1 actually have t <1-2"°®; and (iv) the values l&l,j=1,...,A,are
bounded by 2D

Now choose K sufficiently large so that |¢- x+ &, ,t|< K for all feasible points
of (7.3). Using Lemma 7.1 and our previous bound on ;41 it is easily seen that K
can be chosen not to exceed 2°0,

Finally, the LPP (7.2) (which is the recast version of the LPP (7.1)), is obtained
by appending to (7.3) the additional constraint

—c-(x, 1)=—-K,

¢ being the vector (¢, ;.,). This constraint is added to help make 0 the center of
the polytope. It is easily shown, using Lemma 7.1, that the absolute values of the
determinants of all square submatrices of [A|b] (A and b in the recasted problem
(7.2)) are bounded by 29",

Since (x, 1) is feasible for the LPP (7.2) if and only if Ax=b and low; < x; <up;
for all j, the following proposition is easily proven (relying on the definitions of
¢4+1, low; and up;).

Proposition 7.2. Assume (x, t) is an optimal solution for the LPP (7.2). If t <1, then
the LPP (7.1) is infeasible. If t =1 and low; < x; <up; for all j, then (x, t) is an optimal
solution for the LPP (7.1). If t=1 and x; =low; or x; =up, for some j, then either
(x, t) is an optimal solution for the LPP (7.1) or that LPP is unbounded. [

For I a positive integer, let k*” = —IK. By definition of K, k' is a lower bound
on the optimal objective value of the LPP (7.2). As in Section 2, let (A, b'”) be the
corresponding system of inequalities where ¢+ (x, t) =k occurs I times.

Proposition 7.3. The center of (A, b'”) is 0.

Proof. It is easily seen that 0 Int(A, b'”). Also, we know Int(A, b'”) is bounded.
Thus, to prove the proposition it suffices to show that the gradient of

m+2A+3

SO ty=1In[c- (x,)=k"T+ ¥ Infa;- (x, 6)~b]

evaluated at 0 is 0, where «; is the ith row of A.
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Letting e’ denote the jth unit vector in R”, the first # coordinates of (V,f®) are

i*a,-— S (1+v) 5 _e

18 jePos s j#Pos S

1- 1 I
+ e+ ——c+—c¢
je%eg ( S > ]E%eg S* K lK

=SL[ Y ove— Y ve’:|

jePos jeNeg

RS

i

The last coordinate of (Vo /") is

i ——(s +b) s*—(1+v;) up; s*—up; s*+(1—1;) low;

Ly LYy SOB v .

i= JjePos M Jj#Pos N JjeNeg N
s*+10wj__ T(s*) c,,ﬂ_i_lcn+1

— 1 —
jzgeg S* S* K IK

A

+

(up; —low;)+ % v up;

jePos

NS
S

A A 1
———m—2n—l+—*[—
K ; j

T *)
+ vjlowj:|+ gi)

Jj€Neg
=0

by definition of T(s*). Thus, the proposition. [

In closing this section we remark that if the algorithm is applied to finding an
optimal solution of the LPP (7.2) and the resulting point (x, t) satisfies =1 and
either x; =low; or x; = up; for some j, so that either x is an optimal solution for the
LPP (7.1) or that LPP is unbounded (Proposition 7.2), one can determine which of
these is indeed the case by replacing all low; by low; —1 and all up; by up,;+1 and
running the algorithm again. If the resulting point (x’, 1) satisfies ¢ x'> ¢+ x, then
the LPP (7.1) is unbounded, whereas if ¢- x'= ¢ x, then x is an optimal solution.

8. Complexity analysis

In this section we examine the computational complexity of the algorithm when
applied to solving

max c¢-x
(8.1)

sit.  Ax=b
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A being an m x n matrix and where the entries of A, b and ¢ are integers. We will
assume Int(A, b) is bounded and non-empty, and we will assume that we know an
integer lower bound k‘ of k°'. As in section two, we define

—al- ’— bl T
X_ |%m o _ | bm
A= . R b = O
: m times
| C L k(o)_

We restrict ! to equal m in this section.

We will also assume that the center of (A, b'”) is &9 =0.

We will use L* to denote a known (i.e. efficiently computed) positive integer such
that 2" is an upper bound on (i) the absolute values of the determinants of all
square submatrices of [A|b], (ii) the absolute values of the coordinates of ¢, and
(iii) the quantity n - log,(m).

We will assume that the known lower bound k” of k°" is an integer and that

1<k - k@ <27, (8.2)

H representing some constant independent of L*. The lower bound of 1 on k°*' —k
is assumed in order to simplify certain aspects of the analysis.
In the last section we saw that any LPP

max ¢é-x
8.3
st Ax=8 (83)

where A is an 7 X # matrix and the entries of A, b and ¢ are integers, can be solved
by solving a related LPP (8.1), with m=m+27A+3 and n=1+1, which satisfies
the above assumptions, and where L* of the related problem is O(I:), L being the
number of bits required to represent (8.3). The constant H in (8.2) can then be
determined independently of L. Moreover, the number of arithmetic operations
needed to construct the LPP (8.1) related to the LPP (8.3) is O(i#), and the number
of bit operations required is O(MAL(log L)(log log L)).

Now we describe the slightly modified algorithm that we will study in this section.
The modifications involve rounding, a stopping criterion, and a method for moving
to an optimal solution from an “‘almost” optimal solution.

Each step of the algorithm involves an unspecified positive integer constant, e.g.,
the first step of the algorithm rounds the current value k’ upward to a fraction
with denominator 2%:*" the value K, being the unspecified constant. By carefully
proceeding through the subsequent analysis one could determine exact values for
these constants, independent of L*, that would suffice to guarantee that the algorithm
returns an optimal solution, but I am sure that the values thus obtained would be
too large to be of use in practice. Leaving the constants unspecified results in a
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shorter and more easily read analysis. (An earlier draft of this section, with constants
specified, was unwieldy.)
Here is the modified version of the algorithm that we consider.

Initially: x@=¢9=0, j=1.
Step 1: Let k' be the least fraction, with denominator
to

2% preater than or equal

1 . 1 .
L LUmD +1-——= k(j-l)'
Tavmie X ( 14@)

Step 2: For i=1,...,m, let d”’ be obtained by rounding 1/[«; - xY~" —b,] to the
nearest fraction with denominator 2%2*" and for i=m+1,...,2m, let d¥’
be obtained by rounding 1/[c- xY " — k"] to the nearest fraction with
denominator 2%2*", Let D'’ be the 2mx2m diagonal matrix with ith
diagonal entry d{”’. Compute the integer matrix and integer vector

BY = 22K2L*AT(D(j))2A, b = 22K:L7 ATy

Step 3: Obtain, using Cholesky decomposition, a vector 5" of fractions with
denominators 2% where 7' satisfies the condition that

max [n{” = ([BY] '6)|<1/2"",

(i.e., n*) approximately solves BY v = b""). Let x* = xU=1 4+ 5,

Step 4: If j < K,[vm]L*, let j+ 1> j and return to Step 1.

Step 5: Let S={1,..., m} denote the set of indices i for which a; - x*’ — b; <275,
where J = K,[v'm]L*. Then (as will be proven), the set {y; ;- y=b, for
all i e S} is non-empty. Compute the orthogonal projection of x*’’ onto this
set. This projection is an optimal solution for the LPP (8.1) (as will be
proven).

Assuming the validity of the algorithm, let us examine its computational com-
plexity. For each iteration j < K,[v'm]L*, the work in that iteration is dominated
by approximately solving the system of linear equations with integer coefficients in
Step 3, that is, B’v = b, The coefficients in this system are bounded by 2°".
This is a consequence of (i) the absolute value of the determinants of square
submatrices of A being bounded by 2°“7; (ii) the fact (as will be proven) that
xY Ve Int(A, b*”) from which it follows using (i) and Cramer’s rule that the
coordinates of x“~ are bounded by 2°*"; (iii) the coordinates of x" ™" being
fractions with common denominator 2%:*", and hence, using (ii), ;- xY™"~b, =
1/2° and ¢- xY ™ kY =1/2°%Y; and (iv) the entries in DY being obtained
by rounding the values 1/[a;- XY™V ~b,] and 1/[¢- xY ™ — k] to a fraction with
denominator 25" _so assume K, is sufficiently large. It is now also easily seen
that all entries of 222*" AT(D'")?4 and 2*%:*" ATD¢ can be computed with O(mn?)
arithmetic operations on O(L*) bit numbers, hence with O(mn’L*(log L*)(log
log L*)) bit operations.
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As will be shown in Lemma 8.3, [|(V2£Y) o] <2° 7| v|| for all v, where x = x'.
Here, the constants in O(L*) are dependent on K, and K;. It follows (as in the
proof of Lemma 8.4) that if K, is sufficiently large, then BY is invertible and
I[BY ] v|| < 2°*||v|| for all v (we have implicitly used L*=1log n here.) Using
this and the 2°“” bounds on the absolute values of the coefficients in BY and b,
Wilkinson’s analysis of Cholesky decomposition [16; Section 44] shows that n*
as in Step 3 can be obtained by O(n?) arithmetic operations where each arithmetic
operation is carried out to O(L*) bits of accuracy. Since multiplication and division
require O(L*(log L*)(log log L*)) bit operations to be carried out to accuracy O(L¥)
(e.g. see [1, Corollary to Theorem 8.5]), the total number of bit operations required
in Step 3 is O(n’L*(log L*)(log log L*)).

The projection P(x) of x in Step 5 of the algorithm can be computed by first
determining a maximal linearly independent subset of {a,};cs, letting A be the
matrix whose rows are this subset and b the corresponding right-hand side vector,
computing (AA") ™! and finally P(x)=x—-A"(AA")'(Ax —b). A maximal linearly
independent subset of {a;},.s can be computed using Edmond’s variation on
Gaussian elimination (this is discussed in the appendix) with O(mn?) arithmetic
operations on O(L*) bit numbers, hence with O(mn’>L*(log L*)(loglog L*)) bit
operations. By the Binet-Cauchy theorem (e g. see [107), the absolute value of the
determinants of all square submatrices of AAT" are bounded by 2°9, Hence, the
inverse of AAT can be computed using Edmond’s algorithm with O(n*) arithmetic
operations on O(L*) bit numbers, hence with O(n’L*(log L*)(loglog L*)) bit
operations. Finally, it is now easily seen that O((m + n)n?) arithmetic operations
and O((m+ n)n’L*(log L*)(log log L*)) bit operations suffice to compute the projec-
tion in Step 5 of the algorithm.

Since O(v'm L¥) iterations of the algorithm are performed, overall the
algorithm requires O((m+n)n’vm L*) arithmetic operations and O((m+n) X
n*v'm (L*)*(log L*)(log log L*)) bit operations. Consequently, using the results of
the last section, any LPP of the form (8.3} can be solved (or determined infeasible,
or determined unbounded) by the algorithm with O((m+n)n’*/m L) arithmetic
operations and O((m + n)nzx/W(LA)z(log ﬁ)(log log L)) bit operations.

Now we begin proving that the final point returned by the algorithm is an optimal
solution for the LPP (8.1). We begin with four lemmas. The constants K, ..., K;s
of the algorithm appear in these lemmas, but the proofs of the lemmas are based
only on the assumption that these are positive integers which satisfy whatever
conditions are stated in the lemmas. The constant H of (8.2) appears likewise in
the lemmas.

Besides K, ..., K5 and H, additional positive constants H,, ..., He also appear
in the lemmas. Such constants H; appearing in the assumptions of a lemma can be
taken to be any positive constants. The constants H; appearing in the conclusions
of a lemma are implied to exist, and specific values for them could be determined
by a more lengthy analysis. Although constants H; appearing in the conclusion of
a lemma may depend on H, they do not depend on K, ..., K;, a fact that the reader
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should keep in mind. Also, in the proofs of the lemmas we employ “O(L*)” notation
frequently, where the constants in O(L*) may depend on H and the “H;’s” (as will
be clear from the context), but will never depend on K, ..., Ks.

The format in which the lemmas are presented was chosen to make for ease of
application in the subsequent analysis.

Lemma 8.1. Assume 0< k°P'— kW <2 KHL® - Agqume x € Int(A, b)) satisfies
[ XY —e| <. Let S be the set of indices i for which a;- x —b,<2 %Y If K, and
K are sufficiently large (where what constitutes sufficiently large for K, depends in
part on K5, but not vice versa), then the set {y; a;- y=b; for all i € S} is non-empty,
and the projection of x onto this set is an optimal solution for the LPP (8.1).

Proof. Let v',..., v denote the distinct extreme points of Int(A, b) and assume
o', ..., v7 are the optimal extreme points. Let T be the set of indices i for which
a;- v"=b; for all of h=1,...,q. We begin by showing that if K, and K are
sufficiently large, then T = S, where S is as in the statement of the lemma.

By the representation theorem for linear programming, since Int( A, b) is bounded,

there exist £,=0, h=1,..., Q, where Zho:l g, =1 and Z,?:l e,0" = x. Hence,
q Q A
cox=| Y & |Jk®"+ Y e&(c-v"),
h=1 h=g+1
from which, using Y} _, &, =1 —Z,?:qﬂ g,, we find

Q
kP —c-x= Y &,(k°®—c-o"). (8.4)

h=g+1
However, it can be easily shown that k°®—c-v"=2"°"" for h=q+1,..., Q.
Consequently, since ¢ - x= k", our assumed bound on k°™— k"’ and (8.4) together
imply '
Q

$ e, =000 et (83)
h=qg+1

Now assume i€ T. Then

Q
a;x—b= Y ey(a; v" —b;)
h=1

Q h
= ) &la;v"—b).
h=gq+1
Since 0< a;- v" — b, <2°"" for all h (as is easily shown), we thus have, using (8.5),
that

L*)—K *
ai'x—biﬁzo( ) JHLL .

Hence, if K, is sufficiently large (as determined in part by Ks), then o;* x—b; <
275 proving i€ S.
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Now assume i¢ T. For simplicity we may assume «;- v' # b;. Then, as is easily
shown, ;- v'= b, +2~°""_In particular, since v' is an extreme point of Int(A, b""),
we have

sup=sup{a;- y; y € Int(A, b")} = b, +27°"", (8.6)

However, repeating the proof of Proposition 3.5 verbatim, substituting «; for ¢, sup;
for k°®, b, for k', and using the fact that «;- x> b; may occur only once among
the 2m inequalities in the system (A, b)) (rather than I times as was used for
¢-x—k"Y in the proof of Proposition 3.5), one can show that for any x € R",

1 .
a;r x—b=—(1- ||X(J)(x)—e||)(sup—b,~>.
2m i

Hence, using (8.6) and our assumption that | X(x)—e]| <%, we have o;- x— b; =
279 Choosing K sufficiently large then implies «; - x — b, > 272" proving i £ S.
It is easily shown, using the definition of 7, that if y satisfies Ay=b and a;- y = b;
for all ie T, then y is an optimal point for the LPP (8.1). Hence, since S= T, to
prove the lemma it suffices to show that the projection P(x) of x onto the set
{y; ;- y=>b, for all i€ S} satisfies AP(x)= b.
Using (8.5) it is easily shown that

Q h
Z EpL

h=qg+1

q
x—Y go"
K1

0
$( y e,,) max || o, || < 200K
h=g+1 h

from which it follows, since a;* (Y] _, £,0")—b; =0 for ie § (=T), that
[l = P(x)[| < 20077 KL,

Hence, for all i=1,..., m we have
a; P(x)—b;=a, x — b, =200 KHaL”

Since a;- x—b; =2 %" if i¢ S, it follows that if K, is sufficiently large and i ¢ S,
then a; - P(x)—b;> 0. On the other hand, of course «;- P(x)—b;=0if ie S. In all,
AP(x)=b. This completes the proof of the lemma. O

Lemma 8.2. Assume that kY is a fraction, with denominator 2*1*" satisfying 0<
k°P'— kY < 2HY" Then for any x, y €R",
IXV(x) = XD (p) | = 25 | x ~ y |

(where Hj; is dependent on H ).

Proof. We will show that ¢V, the center of (A, b)), satisfies
o £9—b,=1/2%00Y (8.7)
for all i, and

¢ £D— kD = 1/2K00" (8.8)
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These inequalities immediately imply the lemma since

2 2
) D2 | 2 X=) 78 @i (x—y)
1X7(x) =X (y)] —m[c.§<j>_k<j> L @ £90—b |
To prove (8.7), it suffices to show that for each i there exists z satisfying Az = b,
¢ x=k"Y and

o; z—biBI/ZK"O(L*), (8.9)
because, by Proposition 3.1,

a;'z—b;

(€))] ot
XY (Z)_a,.- .f(j)—bi

=2m.
However, the existence of z satisfying (8.9) is an immediate consequence of
Int(A, b*”’) being non-empty and bounded, the fact that the absolute values of the
determinants of all square submatrices of [A]b") are fractions with numerators
and denominators bounded by 2% and Cramer’s rule. (Choose z to be a vertex
of Int(A, b*”) such that o; - z—b, #0.)

The inequality (8.8) is proven similarly. [

Lemma 8.3. Assume that k' is a fraction, with denominator 2*\*" satisfying 0<
koPt— k9 < 28" Also assume that the coordinates of x € Int(A, bY) can be expressed
as fractions with common denominator 2", Then, for all veR",

(V3O ol =25 g

(where H, is dependent on H).

Proof. We first note that the determinant of every square submatrix of ATA is
bounded in absolute value by m"2*", and hence, 2°*". This is a simple consequence
of the Binet-Cauchy theorem. Thus, by Cramer’s rule, each entry of (ATA)™" is
bounded in absolute value by 2°*”. It follows that for any weR" we have
wTATAw = |w|?/2°"7, and hence, since ATA=mc"c+Y ala;, for any weR"
there exists some a; (or ¢) such that w'alaw=|w|?/2°"" (or wcTew=
| w]|?/2°¢7). Consequently, since the assumption of the lemma implies a; - x — b, =
1/2%0E (and ¢- x — kY = 172K KIOUN) e must have for the same «; (or for
¢) that w'alaw/(a;- x—b,)*=|w|?/2%°% (or wicTew/(c- x— kY)Y =|w|?/
2KHKIOEDY gy WT(V2fDYw = ||w|? /25 K99 for any weR", from which it
follows that [[(Vif)w|=|w|/2 50D and  thus  |(Vif9) o<
2KFKIOUI || for all veR™. [

Lemma 8.4. Assume the same assumptions as in Lemma 8.3 for k' and x. Let DY’
be obtained as in Step 2 of the algorithm by rounding the quantities 1/[ a;- x— b;] and
1/[c- x—kY] to fractions with denominator 2°:*". If K, is sufficiently large, then
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AT(DY)?A is invertible. Moreover, letting n' be as in Step (3) of the algorithm and
)

letting n)’ satisfy
(sz(j))n;j) — _(fo(j))T
we have

“n(j)_ngcj)“$2(K1+K3)H5L*,K2H6L*+\/71-2—2K3L*

(where Hs and H depend on H).

Proof. To ease notation, let
M= Vif(j) M= _AT(D(J'))2A' — _2*2K2L*B(j)‘
It is easily verified that for all veR”,
1t = Mo =200~ o

where H, is a positive constant dependent on H. This, together with Lemma 8.3,
implies that for all veR",

[ M7l = M| < 25 KIOEDHET ) (8.10)
Hence, if K, is sufficiently large, the matrix limit ;. (=1)'[M ~"(M — M)]" exists
and is the inverse of I+ M (M — M) = M""'/M. Consequently, / is invertible and

=T oy u!

— M4 ( Y (1Ml M)]"]Ml.

Thus, (8.10) and Lemma 8.3 imply that if K is sufficiently large, then for any v e R”,
(M~ =t o] < 2K KIOUDTIGHE g (8.11)
Also, as can be easily verified,
(Vo f )T = ATDYe|| < 2000 KaHal”, (8.12)

where Hg is a positive constant dependent on H. Letting N ) be the exact solution
to B?w = b"", the lemma follows from (8.11), (8.12), Lemma 8.3 and the inequality

|| "ij) — 7l§<j)|| =< ”n;j) _ N(J')” + ”N(j) — 77(1‘)”
<[(M7' =t HYATDVe|+|MT[(Vf )~ ATDVe]|

+ ”N(j) _ n(j)”' 0
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We are finally ready to prove that the algorithm is well-defined and that the final
point returned by the algorithm is an optimal solution for the LPP (8.1). We will
show that for any fixed positive integer K, we can choose K;, K, and K; such that
forany j=0,1,..., K,[vVm]L* the following inequalities hold;

IXP(x) ~ el <3, (8.13)
) 1 T
kopt—k(1)<[1~——— koPt— (O 8.14
29V'm | ( ) (8.14)
and
%) t )
kPt — kD= - —=1. _
[ 13vm | (8.15)

The most important of the above inequalities is (8.14), although (8.13) does imply
that the algorithm is well-defined (i.e. can be used to guarantee that x“e
Int(A, b)) so that the algorithm can continue). Inequalities (8.13) and (8.15) will
be used in the inductive proof of (8.14).

Letting H, = H, where H is the constant in (8.2), and letting H,> 0 satisfy

1
[1 —m] Wmi<o™™ forallm=1,2,...,
(such an H, exists since lim, (1—1/t)"=¢"), note that (8.14) implies for J=
K,[vVm]L* that

kopt__ k(]) = 2H1L*~K4H2L*.

Hence, assuming the validity of (8.14) and choosing K, and K sufficiently large,
Proposition 8.1 shows the final point returned by the algorithm is an optimal solution
for the LPP (8.1).

Now we establish the inequalities (8.13)-(8.15) inductively, considering K, and
K as being fixed. Of course (8.14) holds when j = 0, as does (8.13) since x'* = &% = 0.
Also, (8.15) holds when j =0 by assumption (8.2).

Choose K, sufficiently large (independently of L*) so that

LI f(l—_‘1 )KJm]L*z‘KI” (8.16)
13Vm 14/m_ *\" 13¥m : ’

This can be accomplished since (1—1/13vm) ""1is bounded above independently
of m and since L*>log, m.
Next, choose K; sufficiently large so that

Vi R (), ®17)

where H; is the constant in Lemma 8.2.
Finally, choose K, sufficiently large so that

K H L*+(K +K)H L*—K_H L* 1,1 _ 1000
2% s 276 < 5(36 — 766365 (8.18)

where Hs and H are as in Lemma 8.4.
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For the above values of K,, K, and K;, we show that if (8.13)-(8.15) are valid
for j < K,[vm]L¥, then they are also valid if j is replaced by j+1.
Let

k(j+1) — k(j)

8(j+1) = T k(j)’ (8_19)
and
FO+0 = 1 [c- x(j)] + (1 __1__> k9
14vVm 14vVm
)= kD14 kY. (8.20)

14«/—[6 X

Since kXYY is obtained by rounding kY upwards to a fraction with denominator
2% it follows from (8.19) and (8.20) that

1_4_\/:< G0 < 14\1/_ o 1k(])]2K _ (8.21)
However, Proposition 3.5, (8.13), (8.15) and j < K,[vm|L* imply
oo xP = k) = Bk — k)
1 K4[M]L*
2‘9‘;(1 W) . (8.22)
Together, (8.16), (8.21) and (8.22) imply
14;_ 5<,+n<# (8.23)

We will use these inequalities in several ways.
Using the definition (8.19), the fact that ¢- x'”’ < k°", the upper bound given by
(8.23), and the inductive assumption (8.15), we have

koPt — k(j+1) = [OoPt — k(j) _[k(j+1) + k(j)]
= kPt — k(j) 6(1+1)[C x k(])]
= (1 _ 3(j+1))(k0pt_ k(;))

1 j+1
= <1 ——)
13Vm/)

establishing the inductive assumption (8.15).
On the other hand, since Proposition 3.5 and (8.13) imply ¢ x“—k“=
$(k°" — k), using (8.13) and the lower bound in (8.23) we have

koPt— U = popt _ () _ 8(]+1)[c x k(])]

4580+
s{1-
( 92

>(k0pt — k(j))
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<(1-——) &P k©
( 29\/?71) ( ),
establishing the inductive assumption (8.14).

Together, (8.13), the upper bound in (8.23) and Corollary 3.4 (using & = 8Y"")
show | XY™ (x) —e| <3. Consequently, Theorem 3.2 shows that one iteration of
Newton’s method, applied to finding the center of (A, bY*"), gives a point 7
satisfying | XY™V(5) — e|| < s56. Hence, Lemmas 8.2 and 8.4 show that the vector

xUT) = x4+ nY9 computed in Step 3 of the algorithm satisfies

"X(j+1)(x(j+1))__e“ <416060506+2K1H3L*+(K1+K3)H5L*—K2H6L*+\/; 2K1H3L*4K3L*‘

Together with (8.17) and (8.18), this establishes the inductive assumption (8.13).
This concludes the complexity analysis.

9. Appendix

The results in this section are certainly “common knowledge”, but I do not know
of a reference where they are carefully proven.

Here we describe the variation of Gaussian elimination due to Edmonds [8].
Actually, what we describe is itself a slight variation of Edmonds’ work. Edmonds’
motivation was to compute the rank of a matrix efficiently. But, with only a little
care, his algorithm can be used to solve linear equations efficiently.

Assume we wish to solve a system of equations Mx =y, where M is an nxn
integer matrix (we assume M is a square matrix for simplicity) and y is an integer
vector. As in standard Gaussian elimination, but with a slight modification to be
described, through row operations we convert [M|y] to a matrix ready for back
substitution. We will also assume, for simplicity, that M is of full rank.

Assume that at the present stage the algorithm has converted [ M | y] to the matrix
[m}], where mj;=01if i >j, j <jo<n, and where mj; # 0 if i = j, j < j,. (This includes
the simplifying assumption that m; ; # 0-row permutations might be required.) Now
we want to pivot on m), ; to obtain a new matrix with all zeros under the (jy, jo) entry.

Just as in standard Gaussian elimination, to obtain a zero in the (i,j,) entry,
where i> j,, multiply the ith row of [m};] by m; ; and subtract from the resulting
vector the vector obtained by multiplying the jith row by mj, . Then divide the
difference by m; _, ; _, (defining m) _, ; _, = 1if j,=0). Doing this for each row i> j,,
we obtain a new matrix [m}] all of whose entries (as Edmonds shows) are deter-
minants of square submatrices of [ M |y], in particular, they are integers with apriori
bounds on their bit lengths. If one does not perform the above division, then
examples can be constructed where the bit lengths of the resulting entries “blow-up™.

Proceeding with the above algorithm, we obtain a matrix, say [M | 1, ready for
back substitution. Now we need to show that the back substitutions can be accom-
plished without intermediate fractions occurring whose numerators or denominators

are “too” large. Although by Cramer’s rule, one can show that in reduced form the
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numerators and denominators can be bounded in terms of the determinants of
[M|y], blind back substitution does not necessarily produce fractions in reduced
form. Moreover, if at some stage of the back substitution the coordinates (of the
solution) obtained thus far do not have a common denominator, then clearing the
denominators in the next equation to be solved results in the next coordinate being
expressed as a fraction with even larger denominator. If the fractions are not
somehow reduced (which adds to the complexity), the resulting bit lengths can grow
exponentially with the number of coordinates solved for thus far.

Let & denote the determinant of M. We can efficiently determine the coordinates
of the solution to Mx =y through back substitution in [M |71 by making use of the
fact that all coordinates of the solution can be expressed as fractions with common
denominator &.

Edmonds shows the (n, n) entry in [Mf)?] is precisely &. Thus, assuming Mx =y,
we have x, =7,/ 9. Substituting this for x, in the next to last equation, substituting
z, 1/ D for x,_;, clearing the common denominator & and solving for z,_, algebrai-
cally (the division by #1,_, ,—, that occurs will be exact), we are able to obtain x,_,
as a fraction with denominator &%, where the bit lengths of the intermediate numbers
occurring during the solution process remain “nicely” bounded. Proceeding through
all the variables in this manner (i.e., substituting x; = z,/ %), we find that the back
substitution process can be carried out in O(mn) arithmetic operations on numbers
whose bit lengths are of order equal to the bit lengths of the determinants of square
submatrices of [M|y], plus log, m (to allow for addition of m numbers).

This concludes our discussion of the bit complexity of solving linear equations.
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