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Abstract. The particle transverse momentum spectra 
recently measured in relativistic heavy-ion collisions at 
CERN and BNL are analysed within an expanding fireball 
model. All the particle spectra at a given beam energy 
can be reproduced simultaneously with a single set of 
intensive parameters for the initial state of the fireball. 
As typical freeze-out parameters in this beam energy 
region we find a freeze-out temperature T y -  110 MeV 
for most hadrons, and an average transverse expansion 
velocity at freeze-out of (v/c > ~ - 0 . 4 -  0.45. The striking 
enhancement at transverse momenta Pr < 200 MeV/c in 
the CERN pion data cannot be fully explained by the 
existence of transverse flow. 

1 Introduction 

Nuclear collisions at relativistic energies are expected to 
form hot and dense nuclear matter under extreme 
conditions. According to QCD, a phase transition to a 
deconfined phase of quarks and gluons may occur under 
such circumstances. A prerequisite for the formation of 
a quark-gluon plasma is the deposition of a large amount 
of energy in a small collision region. Therefore, in order 
to assess the chances for creating a QGP in present or 
future relativistic heavy-ion collision experiments, it is 
necessary to establish the collision dynamics and to prove 
the formation of a hot and dense initial "fireball" from 
the recent experiments at the CERN SPS and the 
Brookhaven AGS. 

In this paper we analyse the measured hadronic 
particle spectra from those experiments and argue that 
they provide evidence for the formation of the fireball 
and its subsequent collective expansion. 

This work extends and improves upon a previous 
analysis [ 1] in which we successfully fit the pion transverse 
momentum spectra with an expanding fireball model, i.e. 
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by a superposition of local thermal motion and global 
collective expansion. In this model we start from an initial 
state specified by the initial energy density and the initial 
baryon density, (eo, Pb,0), and then we follow the 
expanding system along an isentropic path in the phase 
diagram until freeze-out. For each particle species the 
freeze-out temperature is estimated via a kinetic 
freeze-out criterion which compares the scattering time 
scale and expansion time scale. Assuming at the freeze-out 
point local thermal equilibrium momentum distributions 
in each fireball volume element, superimposed by a global 
collective expansion, the particle spectra can be obtained 
by Lorentz-transforming a local Boltzmann distribution 
with the collective expansion velocity profile into the 
laboratory frame. By varying the initial state of the 
fireball, an excellent fit to the pion momentum spectra 
measured by the WA80 [2] and NA35 [3] collaborations 
in central 200 A GeV O + Au collisions was obtained [1]. 
We noted that the generally concave shape of the pion 
transverse momentum spectra (which in a parametriza- 
tion in terms of purely thermal emission requires the 
introduction of two or more sources with different 
temperatures) is nicely reproduced by including the 
additional flow component, except perhaps an unexplain- 
ed excess of negative pions in the NA35 data (also seen 
by NA34 [4,5]) at very low transverse momenta 
(Pr < 200MeV/c). Hard scattering contributions which 
lead to a flattening of the pion spectra above 
Pr ~ 1.5 - 2 GeV/c in proton-proton and proton-nucleus 
collisions [6], and for which indications are also seen in 
peripheral nucleus-nucleus collisions [2], appear to be 
completely covered by the collective flow component in 
central nucleus-nucleus collisions up to Pr = 2.8 GeV/c 
[1,2]. 

We pointed out, however, that a fit to the pion spectra 
alone is not sufficient evidence for the validity of the 
underlying picture, and that a conclusive separation of 
thermal and flow components in the spectra requires a 
simultaneous study of the pr-spectra of heavier hadrons. 
The reason is that the influence of a collective flow 
velocity on the observed hadron momentum increases 
with the mass of the hadron, while (at a given 
temperature) the average thermal momentum is the same 
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for all particle species. Spectra for more massive particles 
have recently become available from the same CERN 
experiments mentioned above [7-9] and will therefore be 
studied in this paper as a test for our flow hypothesis. 
We will find that the same set of initial fireball parameters 
used for the pion spectra also yields a good fit to the 
proton and A transverse spectra, i.e. all spectra appear 
to show the same combination of random thermal motion 
and transversally directed collective flow. 

Furthermore, the E802 collaboration at Brookhaven 
have recently measured [10, 11] transverse mass spectra 
of 7c +, r~-, K +, and K -  mesons, protons, and deuterons 
in central Si + Au collisions at 14.5 A GeV. These spectra 
will also be analysed with our model, and we will see 
that again a single set of fireball initial conditions, leading 
to a well-defined combination of thermal and collective 
motion at freeze-out, yields a good description of all these 
spectra. Models which do not incorporate a flow 
component must postulate strongly varying freeze-out 
temperatures for different particle species for which no 
theoretical motivation exists. We will take the success of 
our model at both BNL and CERN energies as direct 
evidence for collective flow in the directions transverse 
to the beam. 

The situation with longitudinal flow is much less 
clear-cut: Experimentally [10] the slope parameters 
extracted from the BNL proton spectra vary with rapidity 
y as the inverse of cosh y. A qualitatively similar 
behaviour has now been confirmed for the pion slope 
parameter [ 11]. This agrees with a spherically symmetric, 
purely thermal distribution, while the y-variation 
predicted from our spherically expanding fireball model 
appears to be somewhat flatter. This failure of the model 
is expected, since it probably indicates a non-spherical 
component in the expansion flow. This will be studied 
in a future paper, employing an extension [12] of the 
model which uses only cylindrical symmetry. Different 
flow velocities in the longitudinal and transverse directions 
are even more evident at the higher CERN energies, 
where e.g. the measured rapidity distribution of produced 
charged particles [3, 13] is much wider than any spherical 
model predicts [13]. This points to a strong longitudinal 
flow component in the experiment, due to either partial 
transparency [14] in this case or to the strongly 
anisotropic expansion of an initially highly longitudinally 
compressed Fermi-Landau fireball [15]. 

The spectra of K § and K mesons are of special 
interest as they may contain information on the 
formation of a quark-gluon 01asma [16]. We find, 
however, that the still insufficient statistics of the available 
kaon data does not yet allow for a clear conclusion on 
this point. The E802 collaboration also measured [11] a 
large K § § ratio of ,-~ 20~ in these collisions while the 
K - / g -  ratio was lower, ~ 4~.  These numbers, as well 
as the observed strong increase [101 of these ratios with 
Pr, will also be studied here in the context of our model. 

Throughout this paper we will work with transverse 
mass (m r = x ~  + p2) rather than transverse momentum 
(Pr) spectra. As is well known [17], purely thermal 
radiation produces a transverse momentum spectrum 

dN/prdpr "~ (mr /T)Kl (mr /T)  ~ x / m ~  exp [ -- mr/T1 

which, if plotted logarithmically against mr, looks nearly 
like a straight line, with a very slight convex modulation 
by the prefactor. Any deviations from such a behaviour, 
such as a concave curvature of the spectrum and different 
slopes for different particles, are then cleanly identifiable 
and indicate deviations from purely thermal behaviour 
with fixed temperature. If plotted against Pr instead, the 
same thermal spectra exhibit a shoulder in the region 
p r < m o  which forbids a clean interpretation of the 
(strongly varying) spectral slope in this region and, 
through its mass dependence, tends to obscure the 
interesting mass dependent effects from a possible 
collective flow which were mentioned above. 

The paper is organized as follows: In Sects. 2 and 3 
our model is explained with particular focus on recent 
improvements of our earlier version [1]. In Sect. 4, 
various particle spectra measured by the NA34, NA35 
and WA80 groups at CERN and by the E802 
collaboration at Brookhaven are analysed within our 
model. The pT-dependence of the K+/~ + and K - l i t -  
ratios is calculated and compared with the data. Our 
conclusions are presented in Sect. 5. 

2 Model for the fireball evolution and freeze-out 

As mentioned in the introduction, we will restrict our 
discussion entirely to spherically symmetric systems. 
Since the main focus of the paper is on transverse 
dynamics, and all longitudinal coordinates are integrated 
over, this restriction is not expected to be very crucial 
while it considerably simplifies the description. However, 
we will see the model fail as soon as rapidity (i.e. 
longitudinal momentum) dependencies are analyzed. A 
strong longitudinal flow at freeze-out appears to be 
necessary to explain the observed rather broad rapidity 
distributions, and it could considerably influence our 
estimate of the initial energy density if it were also caused 
by hydrodynamical effects (as in the Landau model) and 
not a remnant of the fireball initial conditions, due to 
partial transparency. A more general cylindrically 
symmetric analysis is under way [121. 

Since a detailed explanation of our model was 
presented elsewhere [11, only its main features and a few 
recent improvements [121 will be described in this 
section. Three stages of the heavy-ion collision are 
considered. 1) The initial stage of the collision when a 
hot and dense fireball is formed and evolves towards local 
thermal and chemical equilibrium. Most of the entropy 
of the fireball is generated at this stage. 2) Expansion 
stage: The expansion will be adiabatic and maintain local 
thermal equilibrium. Chemical equilibrium is also 
assumed throughout this stage, but is not crucial for the 
shape of the particle spectra (although it would be for 
their absolute normalization, which we do not discuss). 
3) Freeze-out stage: Thermal equilibrium breaks down at 
this stage and particles decouple from the collective 
expansion; they then stream freely into the detectors 
where they deliver information on the local temperature 
and collective flow velocity at freeze-out. 
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2.1 Initial stage - format ion  of  the fireball 
and its equation of  state 

During the initial stage of a nucleus-nucleus collision, a 
fireball is formed which is described in terms of its initial 
energy density e o and baryon density Pb.0. The entropy 
of the fireball is generated by converting part of the 
kinetic energy of the incident nuclei into random thermal 
motion in the fireball. We do not specify how this 
conversion of energy happens, and how it gets equi- 
librated; also we do not require full stopping, i.e. full 
conversion of the beam energy into thermal motion, 
although in this case the picture employed below of a 
spherical fireball would perhaps be best justified. The 
assumption of local equilibrium is a drastic approxima- 
tion of our model and needs to be justified by a kinetic 
analysis which is beyond our present abilities. We con- 
sider it as a working hypothesis subject to experi- 
mental tests. The initial state parameters (Co, Pb,0) 
cannot be reliably calculated and thus are taken as fit 
parameters in our analysis of various hadron spectra. In 
a more microscopic description they would depend on 
the amount of stopping experienced by the nuclei, i.e. on 
the fraction of beam energy initially converted into 
internal excitation of the fireball. The values extracted 
from the data by this procedure can in the end be used 
to gain qualitative insight into the initial stopping and 
pre-equilibrium processes. 

We do not assume vanishing baryon number in the 
collision zone, as is often done in the description of the 
central rapidity region at ultrarelativistic energies. Rather, 
we assume that, for a reasonably central heavy-ion 
reaction, the fireball contains all the baryons from the 
(so far) smaller projectile nucleus and a fraction of the 
target nucleons contained in the tube swept out by the 
impinging projectile. For  central O + Au collisions this 
picture yields AFB = 16 + 52 = 68, for central S + S we 
have AFB ---- 32 + 32 = 64, and for central S i + A u  
collisions AFB = 28 + 75 = 103. 

Through an equation of state, which assumes a 
hadronic resonance gas in thermal and chemical 
equilibrium, all other thermodynamic quantities are 
expressed in terms of the temperature T, and the baryon 
and strangeness chemical potentials, #b and #~. The 
resonance gas contains all members of the baryon and 
meson ground state octets, the q' and p mesons, the A 
resonance, and all their antiparticles. The condition of 
vanishing net strangeness in the fireball throughout the 
evolution (implied by the absence of weak processes due 
to the short collision time) determines the strangeness 
chemical potential p~ as a function of T and #b" 

From the initial temperature and chemical potentials, 
also the initial specific entropy S/A can be determined 
which crucially influences the further evolution of the 
system. 

2.2 Expansion stage - isentropic expansion 

The hot and dense fireball expands hydrodynamically 
under its high internal pressure. We assume that in this 
stage the initially produced entropy is approximately 

conserved which can be justified (at the 10-20~ level) 
by kinetic analyses [ 18, 19]. During isentropic expansion, 
the system cools and dilutes; the thermal energy per 
baryon decreases which means that part of the initial 
thermal energy has to convert into collective flow energy. 
This adiabatic conversion of thermal energy into 
expansion flow is governed by the hydrodynamic 
equations. Through their solution for a specific (say, 
stationary) initial condition we would obtain the 
collective velocity field p(r, t) for each fireball volume 
element as it developes in time. Since (in view of our poor 
control over the pre-equilibrium stage) the choice of 
initial conditions is to a large extent arbitrary and must 
in the end be justified by comparison with experiment, 
the hydrodynamically calculated flow profile at later 
times can only be as realistic as the chosen initial 
condition. 

Therefore, we use an alternative and much more 
economical approach: we calculate from the condition of 
entropy conservation an expansion trajectory [20, 21] in 
the phase diagram, pb(T), and for each point of this 
trajectory we assume the form of the velocity profile p(r). 
Since in the end the hadronic spectra are only determined 
by one point of this trajectory, the freeze-out point Ts, 
we actually need the velocity profile only there, and 
parametrizing its shape at freeze-out is as good as fixing 
the initial flow conditions for a hydrodynamic calcula- 
tion. 

Given the shape of the velocity profile, which we can 
adjust by varying the power n in the following 
parametrization for spherical expansion: 

~(r, T) = fls(r)e,, (2.1) 

the scales fl~(T)( = surface velocity) and R(T)(  = radius of 
the expanding fireball) are determined by baryon number 
and energy conservation: 

A = ~jU(r, r)d~ru(r); ETO T = ~ T~ T)da,(r). (2.2) 

Here ~r(r) is any (spherically symmetric) space-like hyper- 
surface with cartesian components % ( 0  = (%(r), r sin 0 
cos qS, r sin 0 sin qS, r cos 0), for example a surface of 
constant local or of constant global time. Its normal 
vector 

dau = - eu ' z "  Or 80 O(o drdOd4) (2.3) 

(with e ~ , a o = - e  "vxo being totally antisymmetric and 
normalized by e ~ = + 1) takes the form 

~G o 

dtru =d3r 1 , - -~ r r e ,  )- (2.4) 

Inserting this and the ideal fluid decomposition ju = pbu u, 
T uv = (e + P)uUu ~ - Pg u~ with u u = y(r)(1, fl(r)er) into the 
conservation laws (2.2), we obtain 

Oa o \ 
A=4n,o(,)Ir2dr?pb 1 - ~ - r  fl);  

~o(,) L c3r ] 

(2.5) 

P ]  (2.6) 
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(7 = l /x/1 - fiE). The radial integrals have to be perfor- 
med from 0 to the fireball radius R (which is not yet 
known, but to be determined by these equations) along 
the specified hypersurface, i.e. for each value of r the 
integrand has to be evaluated at the corresponding time 
resp. temperature. We will discuss two specific choices 
for this hypersurface in more detail below. 

To avoid confusion it should be noted that the specific 
shape (2.1) of the expansion velocity profile is postulated 
along the hypersurface a~ so the same parametrization 
for different hypersurfaces corresponds to different 
choices for the profile. Fortunately, we found the results 
to be not very sensitive to the detailed shape of the profile 
(e.g. the power n), as long as the general features (zero 
expansion velocity in the fireball center, maximum 
expansion on the surface) remain intact. For the two 
hypersurfaces discussed below, among the choices n = 0,5, 
1, and 2 the value n = 2 always gave a slightly better fit 
to the experimental spectra than the other values (this 
agrees with our intuitive expectation that flow begins at 
the surface and only later proceeds inward, leading to a 
concave flow velocity profile), so we will from here on 
fix n = 2 in (2.1). 

2.3 Freeze-out 

As the fireball expands, its density decreases, resulting in 
ever longer mean free paths for the particles, Furthermore, 
due to the growing rate of collective expansion, all the 
particles recede from each other increasingly fast, thus 
further reducing the rate of particle-particle collisions. At 
some point, local equilibrium (the basis of hydro- 
dynamics) can no longer be maintained and the particles 
freeze out, i.e. they decouple from the collective hydro- 
dynamical flow and stream freely into the detectors. 

These considerations show that freeze-out is a kinetic 
process and cannot be properly described in a hydro- 
dynamical language. Cascade simulations of the hadron- 
ization and expansion process for a quark-gluon plasma 
[22] show that the points of last interactions for the 
emitted hadrons are widely scattered in space-time, i.e. 
they do not occur along a sharp and well-defined 
"freeze-out surface". However, by connecting the points 
of largest density in such a scatter plot, an idealized 
freeze-out hypersurface can be defined, although such a 
definition should in principle allow for fluctuations to 
simulate its intrinsic fuzzyness. In this paper we will not 
be able to account for this latter stochastic aspect, but 
we will try to incorporate the basic kinetic features of 
freeze-out by determining our idealized freeze-out 
hypersurface from kinetic, arguments [16], rather than 
by just fixing it to occur at a certain critical temperature, 
energy density, or baryon density as is usually done 
[23, 24]. 

We will use as freeze-out criterion [25] that it should 
occur when the mean collision time begins to exceed the 
rarefaction time scale, 

"['scat t ~> T e x p a n s i o n ,  (2.7) 

i.e. when during the time it takes the particles to 
transverse one mean free path by their thermal motion, 

they have collectively receded from each other by the 
order of one more mean free paths. We have checked 
that in our applications this generally occurs before the 
mean free path exceeds the size of the fireball, and that 
thus the dynamics is more important for freeze-out than 
the finite nuclear size. 

At each point T of the expansion trajectory, the 
scattering time scale is determined, for each particle 
species separately, by the expression 

1 
z (~ ITS-  (2.8) 

s c a t t ,  , Ej(VljO.Ij)T,Oj(T)' 
where the sum is over all particle species, (v i / r i j ) r  is the 
relative velocity between the scattering particles times 
their total cross section at the appropriate collision 
energy, averaged over a thermal distribution with the 
temperature T, and pj(T) are the partial densities of the 
particle species at the same temperature. We use an 
approximate form for this expression [1, 12] which, as 
far as the cross sections are concerned, treats all baryons 
as nucleons and all mesons as pions; also, instead of 
performing a proper thermal average, we take the thermal 
velocity of the lighter collision partner times a represen- 
tative cross section from the particle data booklet in the 
momentum region corresponding to a thermal distribu- 
tion with temperature T. Still, through the cross 
sections the formula is particle-specific, i.e. it predicts 
earlier freeze-out of weakly coupled particles (e.g. K + 
mesons in a baryon-rich environment [16]) than of 
strongly coupled particles (pions and nucleons). 

The rarefaction time scale for a spherically expanding 
fireball with the velocity profile (2.1) is approximately 
given by [12] 

1 _ (n + 2)fl(r, T)7(r, T) (2.9) 

"Cexpansion(r , T) r 

Nonrelativistically (7 = 1) this timescale is r-independent 
for a linear velocity profile (n = 1) such that in this case 
freeze-out occurs homologously (i.e. at the same time 
resp. temperature) across the entire fireball. Relativistical- 
ly, and also for other velocity profiles, this is no longer 
true, and our freeze-out criterion predicts that different 
shells of the fireball freeze out at different temperatures. 
However, once one considers taking into account this 
effect, one should for consistency also include realistic 
temperature and density profiles from the beginning. This 
is presently being studied, for both spherical and 
cylindrical expansion geometries [ 12]. Here, however, we 
will neglect these complications and simply evaluate 
Zexpansio n o n  the surface, postulating instantaneous (in 
either local or global coordinates, see below) freeze-out 
as soon as the freeze-out criterium is satisfied on the 
fireball surface. (Since we are here using homogeneous 
density distributions this simplification should not be too 
unreasonable.) 

2.3.1 Freeze-out at constant local time. The transforma- 
tion between global (i.e. fireball center-of-mass) co- 
ordinates (t, r) and local coordinates (f, f) attached to the 
fluid elements in the fireball is given by a radial Lorentz 
boost with the flow velocity fl(r) at the position of the 



fluid element: 

?t - 7/~r = [; 

7r - ~,/~t = f. (2.10) 

A surface of constant local time is defined locally by 
d[= O, leading to the relation 

7dr - 7~dr = 0 

between the differentials in the global frame. Thus the 
complete surface of constant local time [ can be obtained 
by solving the differential equation 

dt 
- -  = fl(r, t), (2 .11)  
dr 

if the velocity profile along this surface is known. 
For this subsection we will assume that freeze-out is 

to occur across the entire fireball at constant local time 
once the freeze-out criterion (2.7) is satisfies at the surface. 
We model the fireball using constant temperature and 
baryon density profiles from 0 to R along space-time 
slices of constant local (or "proper") time, such that 
freeze-out occurs automatically at a constant temperature 
T:. The radius R:  of the fireball at freeze-out and the 
amount of collective flow at this point (i.e. the value of 
fl~) are determined through energy and baryon number 
conservation, (2.5/6), which for a constant-local-time 
hypersurface with Oa~ = fl (2.11) read [26] 

R,/ 4 ~  3 
A = 47r ] 7pb(1 -- fl2)rZdr = ~R:pb.: f , ( f ls) ,  (2.12) 

0 3 

ETOT =4~  I er2dr= eorR} , (2.13) 
0 

where (with ~ = r/R:) 
l y 2 A ~  1 

= 3 3 ! (214) 
o ~(0  ""  " 

From (2.13) and E~o~ = (4~/3)%R~ we obtain immediately 
the freeze-out radius 

R y =  R o ( e ~  1/3, (2.15) 

while/~ is obtained from (2.12) by solving 

f,(fls) - (e/Pb)Y - (Eth*'m/A)f (2.16) 
(~/Pb)o (EToT/A) 

The index 0 indicates the initial fireball conditions, while 
f denotes parameters at freeze-out (i.e. at temperature 
T:). 

2.3.2 Freeze-out at constant global time. A constant- 
global-time hypersurface is defined by 8~~ = 0 in 
which case the conservation laws take on the more 
convential form [1] 

g :  1 ~2d~ (2.17) 
A : 4 ~  o ~ ?Pbr2dr:4rcR~Pb':!x/1-B2g2"'.~ 

Rf 

ETO x = 4~ y [72(e + P) -- P]rZdr 
o 
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= 4~zR} (e:- + P:) ~ 2, 
ot-fls~ 

Now constancy of ~, P, Pb, T as well as the parametriza- 
tion of the velocity profile are understood at con- 
stant global time. Here it is easer to first obtain ]~s 
from the total energy per baryon EToT/A (Rf drops out 
from the ratio), and then insert the result into (2.17) and 
solve for R:. 

2.3.3 More realistic freeze-out surfaces. In [12,57] we 
have studied the shape and properties of freeze-out 
surfaces resulting from the freeze-out criterium (2.7) when 
using more realistic, smooth initial transverse density and 
temperature profiles. We found the quite surprising result 
that (2.7) also in this case automatically leads to freeze-out 
surfaces which have a rather well-defined temperature 
and flow velocity in the sense that the bulk of the matter 
decouples with more or less the same T: and (/3). 
Although in this case most of the particles emerge from 
the time-like sections of the freeze-out surface, the 
resulting particle spectra show small deviations from the 
ones calculated in this paper (using the less physical 
freeze-out surfaces of Sects. 2.3.1/2), and only in the 
low-mr-region mr < 400 MeV. In the following sections 
this region will, therefore, always be discussed separately 
from the rest of the spectrum. The full analysis of all the 
spectra using the realistic freeze-out surfaces of [12] is 
not yet complete and will be published separately [57]. 

3 T r a n s v e r s e  m a s s  spec tra  

For fixed initial values eo, Pb,0 (or, equivalently, a fixed 
pair of parameters EToT/A, S/A) the freeze-out 
temperature T: and the corresponding value of/~s have 
to be determined iteratively: for each new guess for T: 
one calculates from the EOS at the given value of S/A 
the quantities e.:,pb, r, Po:, then from (2.12/13) resp. 
(2.17/18) R:  and r such that the time scales (2.8/9) can 
be evaluated and the freeze-out criterion (2.7) can be 
checked. 

Once the correct freeze-out parameters for a specific 
particle species have been found, their energy spectrum 
is in our model given by a local thermal distribution with 
the freeze-out temperature T:, boosted by the local 
velocity field/~(r, T:). Thus, with n = 2 already fixed (see 
above), three parameters determine the shape of the 
spectrum: the particle mass, the freeze-out temperature 
T:, and the surface velocity at freeze-out, p~(T:). The 
general expression is [27] 

d3N d3N g [ e-(E-u)/rnudcr E - - - (3.1) 
dp 3 2~dypTdpr tz~)'" ,3 ~:~ - u, 

(g is the spin-isospin degeneracy factor), where E = pUu u 
is the particle energy measured in the local fluid frame. 
In this expression we have already used the Boltzmann 
approximation which is in most cases adequate; 
generalized expressions containing also quantum stati- 
stical effects have been derived in [28, 12]. 
With 

E = p " u .  = ~ ( E  - p .  p) = ~ ( E  - t ip  cos 0), (3.2) 
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Fig. 1. The various contributions to the transverse mass spectrum 
(1/mr)dN/dm r for pions and protons. (The absolute normaliza- 
tions for each particle are arbitrary, by the relative normalization 
between the F~ is correct.) The freeze-out parameters correspond 
to the last line in Table la 

where 0 is the angle between the direction of observation 
(i.e. the direction of p) and the flow velocity of the fluid 
element, and from (2.4) 

p"d% = E -- p c?r cos 0 rZdrd(cos O)d~, (3.3) 

we can easily do all the angular integrals. After also 
integrating over rapidity, we obtain for spherical 
expansion the general form of the pr-spectrum 

dN ge "/r R 
- -  - ~ dy ~ r~drEe-'~lr 
prdpr 7z o 

[sinhc~q T ~a~  cosh~)  1 (3.4) 

where e = flyp/T, and for all parameters their freeze-out 
values are understood. 

For  final evaluation energy and momentum in the 
integrand have to be rewritten in terms of rapidity y and 
transverse mass mr (or momentum Pr). We find 

dN dN gR3e "IT 
- - -  ( F l ( m r )  - F z ( m r ) ) ,  (3.5) 

prdpr mrdmr 

where (with r~ r = ymr/T) 

1 sinh 
F l ( m r ) = m T ~ d y c o s h y ~ 2 d ~ e - ~  . . . .  hy ; (3.6) 

0 O~ 

1 {~o -0 e-mTc~ / / sinh ~ \  
Fz(mr)=  T~dy ~ ~2dr dr ~ ~coshc~- ~ ) .  

0 \ 
(3.7) 

One sees that Fl(mr)  is the contribution from a 
hypersurface of constant global time (Sect. 2.3.2), while 
any local variations of the freeze-out surface due to 
0o~ r 0 (see Sect. 2.3.1) contribute to the spectrum via 
F 2. Even for a constant expansion velocity the two 

contributions have a different mr-dependence [29], due 
to the two different Bessel functions sinhcr 

x /~I1 /2 (c~)  and cosh e - sinh c~/c~ = x / ~ I 3 / 2 ( c 0  enter- 
ing the respective integrands: for example, at y = 0, while 
Fl(mr) approaches for pr--*0 a constant limit, F2 
vanishes in this limit as (pr/T) 2. For &r~ > 0 (as in 
the case of a constant local time freeze-out surface) the 
difference between these two cntributions leads to 
concavity of the combined spectrum in the region Pr < T. 
However, a more realistic treatment using smooth density 
profiles yields [ t2]  freeze-out surfaces with ~o~ < 0  
(including timelike sections of the surface), and the same 
is true for hydrodynamical simulations if freeze-out at a 
critical energy or particle density is postulated [24, 28, 
29]. In this case F 2 contributes with the opposite sign 
and, depending on the details of the rapidity average (for 
example whether one integrates over all y or only selects 
a small window around y = 0), the resulting spectra may 
tend to be slightly convex in the small-pr (Pr < T) region 
[29]. To what extend this really happens will be discussed 
in Fig. 2. Please note that this effect has practically no 
influence on the slope in the medium- and large-p r region 
(Pr > T). 

Figure 1 shows an example of this for a freeze-out 
surface of constant local time, i.e. c3~~ = fl(r). The 
spectrum is integrated over rapidity through the interval 
- 1.6 < y .... < 1.6; as a result the contribution F 2 does 
no longer vanish at Pr = 0  as is the case at y = 0  for 
spherical geometry (see Fig. 2a) and at any y for a 
cylindrial geometry with longitudinal boost-invariance 
[29]. The solid line shows the difference F1 - F 2  which 
describes the full spectrum for constant-local-time 
freeze-out; compared to F1 alone which describes 
constant-global-time freeze-out, a slight enhancement of 
the concavity of the spectrum for small m r is observed. 
The combinatin F 1 + F 2 (dashed-dotted line) indicates 
qualitatively the behaviour expected for a more realistic 
freeze-out suface which, according to the discussion 
above, has negative Oa~ Here only for pions a slight 
tendency towards convexity at small mT is observed, in 
contrast to the boost-invariant cylindrical case studied 
in [29], where the vanishing of F2 at  m r =mo leads to 
a much stronger flattening of the combination F1 + F 2 
in this region. 

For mT -- mo> 0.2 GeV both combinations, Ft - F 2 
and F~ + F2, show concavity, the pions more so than the 
protons. This is different from the behaviour of thermal 
radiation at constant temperature. The origin of this 
concave curvature is analyzed in Fig. 2. We plot the 
various contributions to the spectrum (1/m3r/2)dN/dmr 
(with the additional factor m r 1/2 extracted to facilitate 
comparison with thermal radiation) for pions, kaons and 
protons for different dynamical assumptions and cuts. 

Figure 2a shows the spectra at y = 0 for a spherical 
shell of temperature T =  l l0MeV, expanding with 
constant velocity fl = 0.45. The contributions F1,  F2,  and 
F ~ -  F2 (see (3.5-7)) are shown separately. (While the 
relative normalizations for F1, F2, and Ft - F2 are correct, 
the total spectra F1 - F 2  for each particle species have 
been arbitrarily normalized to 1 at m r = too. This facilitates 
the comparison of slopes.) The (arbitrarily normalized) 
purely thermal radiation spectrum is integrated over y 
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and has been calculated for an effective temperature 
corresponding to a blueshift of the true one by the absolute 

value of the flow velocity, T, ff = Tw/O + fl)/(l - fl). One 
sees that on a rough scale all contributions to the spectra 
approach the same slope at large m r corresponding to 
this blueshifted temperature. Looking in more detail one 
realizes that they stay a little steeper, due to contributions 
from volume elements with longitudinal flow components 
whose transversal blueshift factor is smaller than the 
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maximum one reached by volume elements whose flow 
points purely in the transverse direction. (This deviation 
from the aysmptotic slope with maximum blueshift is 
somewhat stronger in Fig. 2b where the spectrum 
is integrated over y which gives more weight to 
contributions from longitudinally moving volume 
elements.) At small m T the global-time contribution F1 
turns slightly concave for pions, but has a convex shape 
for protons. Kaons lie in between. The convexity for 
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protons is nearly gone in the local-time spectrum F~ - F2, 
while the concavity of the pion spectrum is enhanced, in 
agreement with our above discussion. 

For very large constant expansion velocities (fl > 0.65) 
we found it possible to produce a small dip in the proton 
spectrum near roT=rap and thus a peak in the 
roT-spectrum [30]; however, this peak weakens with 
integration over y and usually vanishes once the spectrum 
is integrated over a realistic velocity profile. 

Figure 2b shows the same spectra as Fig. 2a, but now 
integrated over y. The convexity of the proton spectrum 
becomes less pronounced, while the concavity of the pion 
spectrum gets slightly stronger. 

In Fig. 2c, d we additionally integrate the spectrum 
over a parabolic radial flow velocity profile with the 
surface velocity chosen such that the same average flow 
of ( f l ) =  0.45 is recovered. We thereby reproduce the 
spectra shown in Fig. 1. Now we observe strong concavity 
in all global-time spectra F~, and this feature is not 
qualitatively affected by the F 2 contribution. The 
asymptotic slopes now are much flatter than expected 
from a blueshifted temperature calculated with the 
average flow velocity; they correspond more closely to a 
blueshift factor calculated with the larger surface velocity 
fl~. Thus in the large-mr tail of the distribution the fast 
expanding outer shells of the fireball dominate. Hence 
the strong concavity is primarily due to the fact that 
different shells with different flow velocities contribute 
different effective temperatures. Figure 2d shows that if the 
spectra from different particles are normalized onto each 
other, a nearly universal curve is obtained, with only 
small differences due to the different masses. The different 
average slopes obtained for different particles [1, 12] in 
a fixed internal of PT (or of transverse kinetic energy 
mT- too) are just a reflection of the intrinsic concave 
curvature of this universal curve: small-p r protons probe 

larger values of mT than small-pT pions and thereby a 
region of flatter slope. 

In Fig. 3 we investigate to what extent we can 
simulate the curvature in the spectra of Figs. 1, 2d (caused 
by the parabolic velocity profile) by thermal emission 
without any flow at all, but with a varying temperature. 
The solid line shows for comparison the radiation 
spectrum for a constant temperature To.45 = 179MeV 
(which corresponds to a radiation temperature T =  
l l 0MeV blueshifted by an average ( f l )=0.45) ,  i.e. 
dN/(m3/zdmT)~Kl(mT/To.45). The dashed line 
shows an integration with constant weight of thermal 
contributions in the interval TI<=T<=T2, where 
T I = T I = l l 0 M e V  and T2=To.75=291MeV (cor- 
responding to a radiation temperature T =  l l0MeV 
blueshifted by the surface velocity fls=0.75), i.e. 

dN/(m~/2dmr)~ w/-~'f KI(mT/T)dT. Finally, the 
T2 

dash-dotted line shows an integration over the same 
interval, but with a variable weight: dN/(m3r/2dmT)~ 

T2 
~ T  I a(T-T')/(T2-TO Ka(mT/T)dT, with a = 3"10 -4 .  

T1 
While the straightforward integration over temper- 

atures within reasonable intervals always reproduces 
spectra which are nearly exponential and very similar to 
simple radiation spectra (although with a different 
effective temperature), a reasonable reproduction of 
the flow spectra of Fig. 2d has been achieved by the 
dash-dotted curve using a rather strange-looking weight- 
function which strongly suppresses the contributions 
from high temperatures relative to those from low- 
temperatures. This could be the situation in a system 
which is expanding only longitudinally, with a time 
dependence such that the systems cools very fast initially, 
but rather slowly towards the end. It is not clear to us 
whether such a dynamical picture may be realistic. 

4 Results: the experimental evidence 
for collective flow 

4.1 Analysis of CERN data 

In [1] we used the model described above to obtain an 
excellent fit to the 7t ~ transverse momentum spectra [2] 
from central O + Au collisions at 200 A GeV. Since the 
fireball radius scales out from the spectrum and thus does 
not affect its shape, but only its normalization (which is 
anyway theoretically uncertain since it strongly depends 
on the degree of chemical equilibrium reached in the 
collision), it only enters the final results in a very weak 
way through the rarefaction time scale (2.9) in the 
freeze-out criterion. Thus it essentially has to be 
determined independently (for example by 2-pion 
interferometry [31]). If we leave it as a free parameter, 
we obtain from our fit to the 7t ~ spectrum a whole set of 
possible initial conditions (Co, Pb,o) (see Tables 1 and 2 
[26,32]). It is interesting to note [1,12] that they all 
correspond roughly to the same initial thermal energy of 
the fireball, i.e. EToT/A, and only differ in its specific 
entropy. Thus, for a given spectral shape, fixing the 
fireball radius is in our model equivalent to fixing S/A. 



I I  

Initial conditions Freeze-out for nucleons Freeze-out for K + mesons 

To Ro TN RN fl~.N TK + RIr fis,K* 
% Po MeV S/A fm MeV fm c MeV fm c 

1.0 0.64 150 7.52 2.9 110 4.6 0.74 140 3.2 0.38 
2.0 1.33 154 6.08 2.3 106 3.8 0.77 137 2.7 0.47 
3.0 2.03 156 5.42 2.0 103 3.5 0.79 133 2.0 0.52 

b 

Initial conditions Freeze-out for nucleons Freeze-out for K + mesons 

To Ro TN RN fls,N TK+ RK+ fl~,K+ 
e0 Po MeV S/A fm MeV fm c MeV fm c 

1.0 0.58 161 8.62 3.0 112 4.7 0.72 148 3.3 0.38 
2.0 1.27 164 6.65 2.3 108 3.7 0.72 143 2.7 0.45 
3.0 1.94 167 5.90 2.0 105 3.4 0.74 140 2.4 0.50 

a 

Initial conditions Freeze-out for nucleons Freeze-out for K + mesons 

T o R o T N R N fl~,~ Tr162 RK~ fl~,K* 
% Po MeV S/A fm MeV fm c MeV fm c 

1.0 0.62 153 7.79 3.4 109 5.6 0.78 141 3.8 0.42 
2.0 1.29 161 6.47 2.7 108 4.7 0.80 140 3.2 0.51 
3.0 1.94 167 5.90 2.3 107 4.2 0.83 140 2.9 0.57 

b 

Initial conditions Freeze-out for nucleons Freeze-out for K § mesons 

To Ro TN RN fls,N TK + RK + fls,K + 
eo Po MeV S/A fm MeV fm c MeV fm c 

1.0 0.62 151 7.61 3.4 104 5.2 0.70 137 3.8 0.39 
2.0 1.31 157 6.24 2.7 102 4.3 0.72 135 3.1 0.48 
3.0 1.99 161 5.63 2.3 99 3.9 0.74 132 2.8 0.52 
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Table  I a, b. Different initial conditions of 
the fireball which fit the measured pion 
spectra in central 200 A GeV O + Au 
collisions, and the corresponding freeze-out 
values for nucleons and K + mesons. 
a Freeze-out at constant local time; 
b freeze-out at constant global time 

Table 2 a, b. Different initial conditions of 
the fireball which fit the measured pion 
spectra in central 14.6 A GeV/c Si + Au 
collisions, and the corresponding freeze-out 
values for nucleons and K + mesons. 
a Freeze-out at constant local time; 
b freeze-out at constant global time 

In pract ice  we have for concreteness  assumed that  the 
initial  fireball radius  is equal  to the t ransverse  radius  of 
the (smaller) projecti le;  i.e. for O + Au, Si + Au, and  S + S 
coll isions we took  R o = 2.5, 3.0, and  3.1 fro, respectively. 
The consis tency of  this choice will have to be checked in 
the future by  an independen t  de t e rmina t ion  of  the specific 
en t ropy  (e.g. f rom part ic le  ra t ios  [33])  or  of the radius  
at  freeze-out from 2-part icle  interferometry.  Accord ing  
to the analysis  of 2-pion cor re la t ion  da ta  by the NA35 
co l l abora t ion  there are indica t ions  for a very large t rans-  
verse freeze-out rad ius  (of o rder  5 - 6  fm in S + S coll isions 
and up to 8 fm at mid rap id i ty  in O + Au collisions). Their  
fit, however,  does no t  take  into account  the possible 
effects of  a s t rong radia l  flow on the cor re la t ion  function. 
Such an analysis  should  be per formed  before judging  
whether  or  not  the cons iderab ly  smaller  freeze-out radii  
in our  model  (see Table  1) are inconsis tent  with the data.  

I t  is surpr is ing to find that  all pa r ame te r  sets in Tables  
1 and 2 co r respond  in the initial  s tate to near ly  the same 
thermal  energy per  baryon,  Eo/Pb,o = EToT/A _~ 1.5 GeV/  
nuleon, independent  of the beam energy. O n  the other  
hand,  the init ial  states for O + Au and  S + S collisions, 
which have app rox ima te ly  the same n u m b e r  of 
par t ic ipants ,  co r respond  to different initial  energy 
densities because in the S + S  case we al low the 
par t ic ipants  to be spread over  a large init ial  volume. This 
is definitely an art i fact  of our  assumed spherical  geometry;  
incomple te  s topping  will a l low the ba ryon  number  to 
spread over  a larger  rap id i ty  range,  thereby reducing the 
initial  ba ryon  density. This d i lu t ion effect will be 
relat ively s t ronger  for the oxygen induced reactions.  This 
will a t  the same t ime resolve ano the r  p rob lem with our  
initial  state parameters ,  namely  tha t  it is imposs ib le  to 
ob ta in  with an init ial  energy per  ba ryon  of only  1.5 GeV 
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Fig. 4. a Transverse mass spectra for pions, kaons, protons, and A's 
in central 200AGeV O+Au collisions, obtained from the 
parameter set in the Table la (constant-local-time freeze-out) 
interpolated to an initial radius Ro = 2.5fm. All the curves are 
arbitrarily normalized at mr = too. b The same for the parameters 
of Table lb (constant-global-time freeze-out) 

a final pion to proton ratio of order 5 to 10 as observed 
in the S + S collisions near midrapidity I-8]. As the initial 
energy density, temperature and pressure cannot become 
appreciably smaller than the values quoted in Tables 1 
and 2, because such high values are needed to reproduce 
the flatness of the observed transverse mass spectra, the 
initial energy per baryon (and thus the specific entropy 
and the observed pion/baryon ratio) will increase by this 
mechanism. In this sense the estimated values for S/A 
from this work have to be considered as lower estimates. 
Indeed, independent analyses based [33] on measured 
particle ratios seem to point towards considerably larger 
values [34]. 

In Fig. 4a, b we show (for the two cases of constant- 
local-time and constant-global-time freeze-out) our 
theoretical curves obtained from a fit of the initial 
conditions to the pion data, as well as the predicted 
shapes for other hadron spectra. Except for the K + 
mesons, all hadrons shown freeze out essentially together, 
due to their strong coupling with each other via the 
nucleons which here form the dominant fraction of the 
particle density. Basically, since a~N and o~N are 
resonance dominated in the momentum region of interest, 
while a,~ is much smaller, the nucleons serve as a heat 
bath and their freeze-out temperature determines the 
freeze-out temperature also for the other particles. Only 
the K § mesons are different, since they have a very small 
interaction cross section ( <  10 mb) with nucleons, and 
their (isospin averaged) interaction with the (in our 
applications) less abundant pions does not exceed 60 mb 
even in the peak of the rather narrow K* (892) resonance 
[35]. Thus they freeze out considerably earlier (see Table 
1). At this point the temperature is higher (which should 
lead to a flatter spectrum), but the flow is less developed 
(which counteracts this effect). The final result from our 
calculation here is a K § spectrum which for small PT is 
marginally flatter than the K -  one, but nearly straight 
(i.e. thermal) due the small flow velocity. In contrast, the 
K--spectrum is visibly curved as an effect of the stronger 

flow velocity at K -  freeze-out, leading to a flatter slope 
than the one of the K + mesons at large PT" The cross-over 
point between the two slopes depends somewhat on 
which freeze-out surface is chosen and here lies in the 
region between 0.5 GeV < m T - m o < 1 GeV. 

It should be kept in mind that this calculation was 
done with a hadron gas EOS and should thus not be 
confused with our earlier prediction [16] of a steepening 
effect of a Q G P  phase transition on the K + spectra. In 
[16] the initial conditions for a hadron gas EOS of the 
fireball were estimated from a compression shock 
calculation and corresponded to much higher initial 
temperatures. As a result the kaons froze out at a higher 
temperature, too, mainly because flow developed earlier, 
and the combination of these two aspects results in a 
K+-spectrum which in the case of a hadron gas EOS 
was always flatter than the K -  one. This led us to suggest 
that the steeper K + slope from a hadronizing Q G P  
(where kaon freeze-out occurred at a lower temperature 
which actually was quite similar to the K + freeze-out 
temperature obtained here with a hadron gas EOS) could 
be a unique signature for a Q G P  phase transition and the 
cooling effects [16] of quark-gluon plamsa formation. 
We see now that the experimental data appear to drive 
us towards such a rather cool initial state anyway, leaving 
apparently no more room for a clear distinction between 
the two scenarios. Of course, this should be further 
studied by comparing the analysis of the present paper 
with one which allows for Q G P  or mixed phase 
formation. Furthermore, the results could also drastically 
change if, in the course of relaxing the spherical symmetry 
constraint, initial conditions with smaller baryon density, 
but higher temperatures should also prove consistent 
with the data. Obviously, this is point for further research, 
and it makes also the experimental study of the kaon 
spectra very interesting. 

While the small difference between K + and K -  
spectra, at least in the 1ow-pT region, is very hard to 
measure and requires very high kaon statistics (first 
experimental data from the E802 spectrometer will be 
discussed below), we see in Fig. 4 that the predicted 
splitting between the slopes of pions, protons, and A's 
due to the flow effects is much stronger and thus easier 
to test. This is done in Fig: 5, using the pion, K~ 
and .A roT-spectra from 220A GeV O + Au collisions 
I-3, 7]. 

In Fig. 5a we show our fit to the pion spectra together 
with the very high statistics data from WA80 [2] (which 
were the basis of our fit) and the negative particle spectra 
from NA35 [3] (which have a small O(10%)) kaon 
contamination). The fit with a constant-global-time 
freeze-out surface appears to be somewhat better than 
the one corresponding to constant local time; however, 
it should be noted (see Table 1) that the two fits 
correspond to slightly different initial conditions, 
resulting in somewhat different freeze-out temperatures 
and flow velocities. While the fit is excellent for the WA80 
data which do not give information below Pr = 400 MeV/c 
but reach out to transverse momenta of nearly 3 GeV/c, 
the NA35 data seem to overshoot the theoretical curve 
at very small transverse momenta Pr < 200 MeV/c. Given 
the fact that more realistic freeze-out surfaces rather tend 
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to flatten the theoretical spectra in this region (see 
Sect. 2.3), our model is not able to reproduce such a 
behaviour, which would thus require a different 
mechanism in the very-low PT region. One might think 
of a cold target spectator contribution, but since the data 
are selected for a central rapidity slice where the total 
pion multiplicity is very large, any target spectator 
component leaking into this y-interval would be much 
smaller and make a small correction to the spectrum. 

In Fig. 5b the predicted shape for the K ~ = ( K ~  
/'(~ is shown together with the data [7] (see also J. 
Harris [-8] for a similar comparison). We show two curves 
for comparison: the flatter one (labelled K - )  corresponds 
to /~o only, the steeper one to a mix of K ~ and /~o 
according to the relative abundances of kaons and 
anti-kaons measured in the Brookhaven E802 experiment 
(see Sect. 4.2). Since we do not know for the NA35 
experiment which fraction of K ~ stems from K ~ and/~o, 
respectively, and the two contribute differently to the 
spectrum due to the predicted different freeze-out 
temperatures, it is hard to say which of the two theoretical 
curves is more realistic. The better fit is obviously 
obtained by the curve labelled K - ,  i.e. by assuming that 
the K ~ mesons stem from neutral kaons which froze out 
at a late stage together with the pions, protons and 
hyperons, rather than at any early stage as predicted for 
the K +. 

Therefore, the situation with kaons is not at all clear. 
Further indications for a possible discrepancy with our 
theory arise from preliminary results from the HELIOS 
spectrometer [9, 36] which identified K + and K -  from 
200 A GeV S + W collisions in the target fragmentation 
region 1 < y < 1.3, 0.5 GeV < mr < 0.7 GeV. These data 
show a slope for the K -  mr-spectrum which is slightly 
steeper than the pion one in the same m r region, while 

the K + slope is considerably flatter than the pion one. 
To the extent that the Pr coverages overlap, these findings 
are in qualitative (and within errors even quantitative) 
agreement with the results from the E802 collaboration 
[11] at much lower beam energies (14.5 A GeV). Although 
qualitatively these features are also reproduced by our 
theoretical curves (at least in this low-pr region, see 
Fig. 4), in quantitative terms the measured K + spectrum 
appears to be significantly flatter than predicted. The fact 
that the K ~ spectra from NA35 (even if they come from 
a more central rapidity slice) show the same tendency also 
at larger rn r goes in the same direction. More data with 
better statistics over a larger rn r region will be needed 
to settle this question. 

Fig. 5c shows the A and ,4 spectra from the O + Au 
collisions [7] together with our prediction from Fig. 4. 
The theoretical curves for A's and A's are identical, since 
we assumed simultaneous freeze-out for both species. The 
agreement with the data is quite good and demonstrates 
that hyperons have indeed a flatter spectrum than pions 
in the measured range of transverse kinetic energies 
rn~.-mo or, in other words, that the "universal" 
mr-spectrum shown in Fig. 2d is indeed curved. 

It is worth noting that even when using the formulae 
(3.5-7) from our model to analyze the data, such an 
immediate success is not guaranteed if one does not 
properly include the freeze-out concept. In other words, 
doing a free fit of Tr and fls to the spectrum of a single 
species of hadrons without checking the compatibility of 
this pair of parameters with the freeze-out criterion will 
in general lead to failure with other particles. In 
particular, if e.g. in the pion spectrum a hard scattering 
component at large PT becomes visible (as is, for example, 
the case in peripheral nuclear [2] or proton-nucleus 
collisions [6]), a l.m.s, fit of the spectrum inevitably leads 
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predicted by the spherical model do not agree with the data (see 
Fig. 8), the theoretical curves have been integrated over y. Globally 
the fit to the pion spectrum shown here (global-time freezeout) is 
a little better than the one in Fig. 6 (local-time [reezeout), however, 
the low-Pr "anomaly" appears more significant 

to a combination of low T s and large/~ (the latter being 
enforced by the strong bending of the spectra at large P r  

which however in this case has nothing to do with 
collective flow); the high/~s would in turn influence the 
heavier A's very strongly and lead to a much too flat 
predicted spectrum. 

Several studies [37, 38] have shown that in a free fit 
to & given spectrum the compatible values of T and fl are 
anticorrelated, and the fit quality may allow for a rather 

wide variation (high-T, low-fl combinations giving 
similar quality fits as low-T, high-fl ones). In contrast, 
the freeze-out criterion provides a direct correlation 
between these parameters: high flow values lead to earlier 
freeze-out (i.e. at high T), and vice versa. Combining both 
pieces of information considerably restricts even for a 
single particle species the allowed range of parameter 
pairs, and a careful comparison with other particle species 
finally constrains the system completely. 

The available particle spectra from 200 A GeV S + S 
collisions [8] can be fit by the same set of initial 
conditions (we only changed the initial fireball radius to 
the one for sulfur). Since in this case in central collisions 
all projectile and target nucleons are involved, the baryon 
number of the fireball is nearly identical to the O + Au 
case. Our results for pions and protons (experimentally 
obtained by subtracting all negative from all positive 
tracks [8] rather than direct identification) are shown in 
Fig. 6. Again the predicted flatter slope of the protons is 
borne out in the data. 

In Fig. 7 we show the same data (with slightly different 
kinematic cuts [8c]), including also kaon and A data 
from the S + S system. We here chose to plot ( 1 / m S / 2 ) d N /  

d m T  as in Figs. 2, 3 where we compared spectra with 
flow to purely thermal ones. One sees that in this 
representation, with the different spectra normalized onto 
each other at the point m r = m o, both the theory and the 
data lie rather well on a universal curve with concave 
curvature. In the data the curvature is clearly visible only 
up to m r ,~ 1 GeV (i.e. it is mostly due to t!he pions), while 
for larger m r the data could also be well represented by 
a straight line with a slope parameter of about 200 MeV. 
It is clear that more data at larger values of m r  are 
required to settle the question of continuing concave 
curvature in the spectra and thus to clarify whether or 
not there is collective flow. Theoretically, it has to be 
studied whether there are other mechanisms, in particular 
in the pion channel which is mostly responsible for the 
apparent curvature, which can explain the nonthermal 
nature of their roT-spectra. An analysis of resonance decay 
contributions to the spectra is under way; it appears that 
a large fraction of the IOW-pT enhancement in the pion 
data, which we find so hard to fit by our flow hypothesis 
(see Figs. 6, 7), may be due to resonance decays from o9 
and p mesons [58]. 

Figure 7 clarifies why it was found in [37] that it is 
also possible to fit the proton and A o spectra by a purely 
thermal distribution with a single temperature (this is not 
possible for the pions). The resulting values for T are 
much higher than those obtained with the flow hypothesis 
and are different for different particle species; calculating 
for example a thermal pion spectrum with the apparent 
A temperature yields a much flatter spectrum than 
measured. Such different temperatures for pions, protons 
and A's are hard to understand theoretically, while the 
collective flow hypothesis yields a much more natural 
interpretation of the data with one single set of 
parameters. 

In Fig. 8 we show that our spherical fireball picture 
fails to describe the longitudinal momentum distributions. 
The rapidity distribution from our flow model is even 
slightly narrower than a purely thermal one with an 
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Fig. 8. Rapidity distributions for negative pions from central 
200A GeV O + Au and S + S collisions [3,8]. The theoretical 
spectrum uses the parameters from Fig. 4 which fit well the 
mr-spectra 

effective temperature of 200MeV (i.e. the asymptotic 
slope parameter in Fig. 7). Clearly the assumptions of 
spherical symmetry is too restrictive, and the much wider 
experimental rapidity distribution is an indication for 
much stronger flow occuring along the beam axis than 
in the transverse directions. We will present a combined 
analysis of both the transverse and longitudinal momen- 
tum distributions within a flow model with only cylindrical 
symmetry in a future paper. 

The failure of the spherical model with respect to the 
rapidity distributions renders a quantitative interpreta- 
tion of the initial state parameters %, Pb,o very dangerous: 
obviously, our analysis includes in the energy balance 
only the kinetic energy from transverse collective flow 
(which had to come from thermal energy density initially). 
If one interprets the measured rapidity distribution as 
evidence for even stronger collective flow in the 
longitudinal direction, and furthermore assumes that also 
this flow energy was at one point thermalized 
(Fermi-Landau model [15,39]), one of course obtains 
much higher estimates for the initial energy densities [39, 
40]. We will further discuss this issue in the conclusions. 

4.2 Analysis of E802 data 

The E802 collaboration has measured various particle 
spectra in central Si + Au collisions at 14.5 A GeV. In 
contrast to the situation at CERN, at this energy large 
target nuclei can stop the projectile completely [41, 42], 
leading to a very large baryon density in the collision 
zone. Hence this experiment is especially suitable for 
testing the idea [16] that if a baryon-rich QGP is formed, 
the inversion of K + and K - slope parameters may signal 
the short-lived existence of a baryon-rich QGP. Even in 
the case that the collision is purely hadronic, the 
measurement of particle spectra for a large variety of 
hadron species will seriously test our model and the 
possible formation of a fireball during the collision. 

When the measured mr spectra of pions, K § and K -  
mesons, protons, and deuterons were first presented [10], 
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Fig. 9. a Transverse mass distributions for pions, kaons, protons, 
and deuterons in central 14.5 A GeV Si + Au collisions, obtained 
from the parameter set in Table 2a (constant-local-time freeze-out) 
for an initial radius of 3.0 fm. All curves are arbitrarily normalized 
at m r = mo. b The same curves for the parameter set in Table 2b 
(constant-global-time freeze-out) 

it was immediately noticed [43] that the data show 
qualitative agreement with the predictions from our 
above model. Furthermore, the y-dependence of the slope 
parameter extracted from the proton m r spectra shows 
a behaviour compatible with that of protons isotropically 
emitted from a spherical fireball [10]: 

Toff(yom) 
Weft(Y) - -  cosh(y - Ycm)" (4.1) 

In this section we will now analyze these experimental 
findings in detail, following the same procedure as in the 
previous section, with a fireball containing AFB ~ 103 
baryons (see Sect. 2.1) and having the initial radius of 
the Si projectile. 

Again we begin by determining a set of initial stage 
parameters such that after expansion and freeze-out the 
measured pion spectra are reproduced. The results are 
tabulated in Table 2 (Sect. 4.1). Once the initial state is 
thus fixed, the slopes of all other particle spectra are 
found to come out right without any adjustment of 
parameters. 

The particle spectra obtained from the initial 
conditions in Table 2 are shown together in Fig. 9. Again 
the theoretical spectra are normalized arbitrarily, in order 
to concentrate on their shapes. There is a large difference 
between the slope parameters calculated for pions, 
protons and deuterons; the difference between pions and 
kaons is smaller, and the details also depend somewhat 
on the choice of freeze-out hypersurface. While for 
local-time freeze-out the K + spectrum is considerably 
flatter than the K -  one up to mr -~ 1 GeV, this is not the 
case for global-time freeze-out where the two slopes come 
out nearly equal in the low-m r region while at large m r 
the K + are steeper. 

In [11] the mr-spectra were fitted under the 
assumption of purely thermal radiation, with a 
Boltzmann distribution centered in the middle of the 
measured rapidity interval (1.2 < y < 1.4 for pions, kaons 
and protons) and not integrated over y. The data explore 
roughly the regions 0.2 GeV < m r - m o < 0.8 GeV for ~+ 
and ~- ,  O<mr-mo<O.5GeV for K + and K - ,  and 
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Fig. lOa, b. Comparison of the theoretical curves in Fig. 9 with the 
E802 data. a Pions from [10] and kaons from [ I I ] .  For K + the 
results for local- and global-t ime freeze-out are indistinguishable. 
b Pions, protons, and deuterons from [ I0 ] .  Al l  normalizations are 
arbitrary 

0 < m r -  mo< 1 GeV for protons. In these regions the 
following effective temperatures were found: Teff(n +) = 
Teff(n- ) = 126 _ 10MeV, Tell(K-) -- 140 + 25 MeV, 
Teff(K+)= 160_+ 15MeV, and T~ff(p)= 187_+5MeV, 
corresponding to the pattern T~ff(n) < Toff(K-) < T~ff(K +) 
< Toff(p). While for the pions the spectra for the two 
charge states are identical to high accuracy [11], this 
does not appear to be the case for the kaons. In Fig. 10 
we show that, within the error bars, this pattern can be 
quantitatively reproduced by our model. Of course, the 
statistics on the kaons are not yet good enough to clearly 
say whether or not there is a difference in slope between 
the two charge states; within the errors, both our 
local-time and global-time freeze-out curves pass through 
the data. Still, there are indications for some small 
differences between the K + and K -  data, not only in 
abundance but also in the spectral shape; this is very 
interesting and should be further studied with higher 
accuracy. 

In Fig. 10 we show our fit to the pion spectrum and 
the predicted spectra for the other particles togeth'~r with 
the data. While the pion and kaon spectra are for all 
practical purposes parallel, and (in contrast to the pions 
at CERN energies) one cannot see a strong curvature 
within the measured mr-ranges, the presence of the 
curvature is implicit in the different slopes seen for pions, 
protons and deuterons. This is very clearly demonstrated 
in Fig. 10b, which shows that the larger mr, the flatter 
the spectra become, both in the flow model and in 
experiment. 

That  the deuterons show the flow so clearly may seem 
surprising at first sight, since they are only weakly bound 
and certainly will not exist as elementary particles in the 
hot fireball. Instead they will form by coalescence of 
protons and neutrons at freeze-out. However, the weak 
binding of those two nucleons in the deuteron requires 
a very small coalescence radius in momentum space, such 
that the nucleon momenta (which carry both the thermal 
and flow information) add up to a deuteron momentum 
which is exactly as it would have been for an elementary 
deuteron in the same temperature and flow velocity field. 
This feature was observed previously at the BEVALAC 
(for reviews see [44]), where the coalescence model 
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Fig. 11. K/n ratios as a function of Pr from the E802 experiment 
[10] and from our model. The theoretical curves are normalized 
to the measured integrated K/n ratios 

proved very successful in explaining the properties of 
small nuclear fragments. A calculation of the deuteron 
spectra within a relativistic coalescence model applicable 
to BNL and CERN energies is under way. 

The kaon data of Fig. 10a have also been presented 
in a different way [10] which has given rise to some 
excitement: Fig. 11 shows the kaon-to-pion ratios as 
functions of Pr. Both ratios rise with Pr, but the slope 
is significantly steeper for K+/n + than for K-/n- .  On 
the other hand, the n+/n- ratio is 1 independently of Pr 
[10, 11]. Also shown in Fig. 11 are the predictions from 
our model. For this the theoretical spectra were first 
reevaluated as a function of PT, then normalized relative 
to each other according to the measured integrated KIn 
ratios and finally divided by each other. The second step 
is necessary since our model implicitly assumes chemical 
equilibrium all the way until thermal freeze-out, and thus 
we did not a priori expect very good agreement of our 
integrated Kin ratios with the experimental ones. 
However, the deviations are surprisingly small: we obtain 
K+/n + = 0.24 and K-/~-  = 0.056 for local-time freeze- 
out (K+/~ + =0.31 and K-/n-=0.045 for global-time 
freeze-out), while the experimental values [11] are 
K+/n + = 0.192 + 0.03 and K - / n -  = 0.036 + 0.008. Thus 
the measured integrated ratios, which are different from 
those in pp collisions at similar energies [45, 10, 11], 
indicate a strong approach towards chemical equilibrium 
even in the strange sector. This was also found in [34], 
and similar indications come from the strong rise with 
collision centrality of the A,,4, and K~ 
multiplicity ratios found by NA35 [46], and by the 
enhancement of ~ meson production in central O + U 
and S + U collisions found by the NA38 collaboration 
[47] (for an analysis see [48]). 

We see in Fig. 11 that the pr-dependence of the 
K-In-  ratios is very well described by our model, while 
we do not quite reproduce the very strong rise in the 
K+/n + ratio. This again indicates (as for the kaons at 
CERN energies) that the measured K + spectra are 
somewhat flatter than predicted. Data for larger mr and 
with better statistics would be very valuable for further 
illuminating this potential problem. 

In Fig. 12 we show the rapidity dependence of the 
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slope parameters for the proton transverse mass 
spectrum, (1/mr)dNp/dmr. The data points [10] corres- 
pond to a straight exponential fit ,-~ e x p [ -  mr/Teff] of 
this quantity within the acceptance region. The dashed 
line is a naive fit [10], assuming a non-expanding 
spherical fireball moving with Ycm = 1.2 and radiating 
with a temperature of 230 MeV. The solid lines are the 
predictions of our flow model, for an expanding fireball 
(with initial conditions given by the first line in Table 2a) 
located at Ycm = 1.2 (i.e. at the peak of the data points). 
New data on the rapidity distributions of pions from the 
E802 experiment [11] show that they peak at a somewhat 
larger value, ype,~ = 1.46, and that (in contrast to the 
CERN data, see Fig. 8) they can be successfully fit by a 
spherical fireball model with the fireball located at Yp,ak" 
(Although in [11] the fireball was assumed not to expand 
collectively, an expanding fireball would have done an 
equally good job since the rapidity distributions are 
nearly identical in both cases, see Fig. 8.) That the slope 
parameters in Fig. 12 peak at a smaller y (this is also true 
for the pion slope parameters, see [11]) may be an artifact 
of the spectrometer acceptance. This can be seen from 
Fig. 12 in the following way: 

Since in our flow model the proton spectra show a 
concave curvature, the effective slope parameter of the 
spectra depend on Pr, with smaller values (steeper spectra) 
at small Pr and larger values (flatter spectra) at large Pr- 
[The curvature is strongest in the central rapidity slice 
(i.e. in the fireball c.m.) and becomes weaker in the 
forward and backward rapidity slices.] Since the E802 
spectrometer is sensitive [11] only to very small values 
of p r in  the forward direction, the effective slope is there 
dominated by the steeper low-momentum part of the 
spectrum. On the other hand, in the backward region the 
pr-acceptance ranges to much larger values, thereby 
probing also the flatter parts of the spectrum. This leads 
to a systematic shift of the maximum of the slope 
parameters towards smaller values of y. In Fig. 12 we 
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have not accounted for this shift because this would have 
required a folding of our model calculations with the 
experimental acceptances. We believe that the largest part 
of the difference in shape between the data and our curves 
is due to such acceptance corrections and the resulting 
y-dependence of the pr-averaging process used in fitting 
the slopes. 

In order to test our prediction of curved spectra as a 
result of transverse flow, i.e. a Pr- and y-dependence of 
the slope parameters ("effective temperatures"), we 
suggest taking data with higher statistics and plotting 
the slope parameters for various Pr bins as a function of 
y as done in Fig. 12. 

5 Conclusions 

We have analyzed the particle spectra measured in central 
200 A GeV O + Au and S + S collisions and in central 
14.5 A GeV Si + Au reactions within a thermal fireball 
model with collective expansion flow. After reviewing 
the model and deriving general expressions for hadronic 
momentum spectra from thermalized systems with 
spherical expansion velocity profiles, we analyzed in some 
detail the influence of the shape of the freeze-out 
hypersurface and of the flow velocity profile on the 
spectral shapes. Finally in Sect. 4, we performed a 
quantitative description of the available data within the 
model. 

Although in the practical calculations shown here the 
expansion geometry was restricted to spherical symmetry, 
we found that the model describes surprisingly well all 
the transverse aspects of the collision. For all collision 
systems which we studied, our model quantitatively 
describes the complete set of available hadronic 
mr-spectra w~th a single pair of initial fireball parameters 
%, Pb,o for the hot zone formed by the participants of 
the collision. We find that, as a function of mr, and after 
suitable normalization, the spectra for different hadronic 
species lie on a universal curve which has significant 
concave curvature, i.e. which possesses a flatter slope at 
large m r than at small mr. This translates into flatter 
spectra for heavier hadrons (protons, hyperons, deu- 
terons) than for lighter ones (pions, kaons) if plotted 
against transverse kinetic energy m r - m o or against Pr. 
This flattening of slopes is clearly seen in the BNL E802 
data and somewhat less convincingly in the CERN 
experiments. While it has occasionally been interpreted 
in terms of different effective temperatures for different 
hadrons, it is more elegantly explained by our model 
hypothesis of collective transverse flow. 

The model also makes predictions for differences in 
the spectral shapes for kaons and antikaons; however, 
these differences are small and hard to test without more 
accurate kaon data spanning a larger range of transverse 
momenta. One test is given by the different Pr" 
dependence of the K+/~ + and K - / n -  ratios found by 
the E802 collaboration; we find good qualitative 
agreement with our model, while on a quantitative level 
the measured K + spectra appear to be even flatter than 
our prediction. 

At CERN energies the pion spectra show a 
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pronounced enhancement at low Pr < 200 MeV/c. We 
find it very difficult to satisfactorily fit this effect with our 
hypothesis of transverse flow, in particular if realistic 
freeze-out surfaces are considered. While this disagree- 
ment affects only the region of very small transverse mass, 
m r < 4 0 0 M e V ,  the discrepancy amounts to a large 
fraction of the total pion yield. Recent results from 
an analysis of resonance decay contributions to the pion 
spectrum indicate that p and o meson decays after 
freeze-out may be responsible for this "anomalous" 
low-pr shape [58]. 

The spherical model fails to reproduce the rapidity 
distributions measured at CERN, while the agreement 
with the lower energy Brookhaven data is reasonable 
[13]. This indicates that the idealization of a spherical 
fireball may be not too bad at AGS energies, where 
complete stopping of the projectile in the target has been 
observed, while it badly breaks down at CERN energies, 
where the collisions become partially transparent. 

We argued that the presence of flow should show up 
in a definite PT- and y-dependence of the slope para- 
meters for the transverse mass spectra which can and 
should be further tested by experiment. 

It has to be stressed that our description of the data 
uses the concept of a hot and thermalized hadron 
resonance gas for the fireball and at no point presupposes 
the formation of a quark-gluon plasma. On the other 
hand, the positive indications for flow give support to 
the idea that an extremely dense and quasi-equilibrated 
initial state has existed in these collisions, and this is an 
absolutely necessary condition for a possible phase 
transition to Q G P  during this stage. The initial energy 
densities extracted from our fits by back-extrapolating 
the amount of thermal and collective transverse flow 
energy to the initial state indicate rather large values, 
about an order of magnitude above the energy density 
in cold equilibrium nuclear matter and in the typical 
range where one would expect the beginning of a phase 
transition to QGP. As shown in several papers in [49], 
one obtains even larger energy densities by interpreting 
the measured rapidity densities via Bjorken's formula 
~14] in terms of a longitudinally expanding, boost- 
invariant firetube which was in thermal equilibrium 
already at a proper time of 1 fm/c. Also, if one describes 
the measured wide rapidity distributions in terms of a 
strong collective flow in the longitudinal direction which 
was created hydrodynamically (and is not due to the 
promordial longitudinal motion in a partially transparent 
collision) from an initial thermalized state with vanishing 
flow (Fermi-Landau model [15]), one again obtains 
[39,40] much higher estimates for the initial energy 
densities. In all these cases one is led naturally to consider 
the possibility of Q G P  formation in the initial state. While 
it is, of course, still much too early to draw any 
conclusions in this respect, this road should clearly be 
further explored. 

We would like to close with a few cautionary remarks: 
Since the concave curvature of the mr-spectra is such an 
important ingredient in our transverse flow picture, and 
in the heavy-ion data it is clearly exhibited only in the 
pion spectra and in the deuteron spectra from E802, one 
has to worry about other possible origins for such a 

feature. Based on the experience from BEVALAC physics, 
resonance decays [17] come to mind, and an 
investigation of these in the context of ultrarelativistic 
nuclear collisions is under way. Also, even in pp spectra 
at these and higher energies a systematic flattening of the 
pr-spectra at large Pr has been observed [6, 50]; it has 
been interpreted via the onset of hard QCD processes at 
large PT (for a review see [17]). More along our line of 
thought, an interpretation in terms of an initial hot 
fireball has even been attempted for e § e -  collisions [51], 
leading again to an effective temperature of ,-~ 200 MeV; 
to some extent a flattening of the spectra with increasing 
PT can also be observed in this case [52]. 

Thus, it will be necessary to conceptually disentangle 
hard QCD processes from soft hydrodynamic effects 
before the flow interpretation can be considered fully 
convincing. The flow idea has been applied previously 
[53] to the charged particle spectra from cosmic ray 
events, although there a detailed test using different 
hadronic species was not possible. Also, similar features 
as discussed here, namely a flattening of spectra when 
going from pions through kaons to protons, which 
increased further when passing from peripheral (low 
multiplicity) to central (high multiplicity) collisions, were 
recently observed in the p/~ system at x/Cs = 1.8 TeV [54]. 
This has also been interpreted [55] as evidence for fireball 
formation with collective transverse flow. Thus we seem 
to witness the resurgence, in a dynamical version which 
now includes collective flow aspects, of the 25 year old 
Hagedorn philosophy [56]. Its apparent success for even 
very small collision systems has not become less 
surprising by the years. Still more work has to be done 
to obtain a deeper understanding of all these old and 
new phenomenological successes. 
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