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Abstract. We investigate the role of exact quantum num-
ber conservation in small statistical systems and illustrate
the consequences for pp-annihilation at rest. A group
theoretical projection method is used to calculate a re-
stricted canonical partition function which consists only
of states allowed by the conservation laws. Special empha-
sis is put on the conservation of isospin, total angular
momentum, and C-, G-, and P-parities. Qur analysis of the
partition function shows that it is increasingly dominated
by two-particle states as more of the conservation laws are
included. The constraining effects on various multiplicity
ratios and the deviations from the unconstrained limit are
discussed in detail.

1 Introduction

Compared with the well-studied NN system, the interac-
tion in the NN system is quite different since, due to the
vanishing total baryon number, it is dominated by annihi-
lation into multi-meson final states. Attempts to derive the
dynamics of this annihilation process from the underlying
principles of quantum chromodynamics have not been
very successful up to now. Since the relevant length scale
for the annihilation process is of the order of 1 fm, nonper-
turbative effects dominate and a rigorous theoretical de-
scription is not yet possible. As a consequence the experi-
mental data are usually analyzed on the basis of more or
less phenomenological models, of which the most popular
ones are based on static potentials with a strong imagi-
nary part, on statistical concepts or on the constituent
quark model.

A typical annihilation event at rest produces on the
average 5 pions with a momentum distribution which to
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a good approximation can be represented by a Boltzmann
distribution [1, 2]. This observation, combined with the
lack of knowledge about the fundamental theory of strong
interactions, led in the early days of NN physics to the idea
that the annihilation process proceeds through an inter-
mediate state where microscopic details of the interaction
process are not important and in which all information on
the initial state is lost. This intermediate state was thought
to resemble very closely an ideal quantum gas consisting of
essentially non-interacting mesons and their resonances.
Each final state particle should then appear according to its
statistical weight factor, and the only constraints imposed
on the system would originate from the requirement of
conservation of some specific quantum numbers like elec-
tric charge @, baryon number B, etcetera.

In most cases the ideas developed by Koppe [3] and
Fermi [4], which were first applied in the late forties to
pion-nucleon and nucleon-nucleon collisions, were simply
taken over to the case of NN annihilation. Surprisingly,
these simple models produced rather good results in de-
scribing pion multiplicities, momentum spectra and
branching ratios (see, ¢.g., [5-8], and the survey of the
early works given in [9]).

With the advent of the low energy anti-proton acceler-
ator (LEAR) at CERN and the ability to make quite
precise exclusive measurements of the final state, the exist-
ence of dynamical correlations beyond a purely statistical
description has been firmly established [10, 117. As a con-
sequence, models have been developed which, in contrast
to purely statistical concepts, assume a well defined inter-
mediate state [12-157.

On the basis of these exclusive measurements it is
nowadays widely believed (at least for annihilation at rest)
that annihilation can be effectively described by quasi
two- and three-body final state channels. Based on this
assumption, theoretical analyses of pp annihilation into
mesons have been carried out in the framework of quark
rearrangement and/or quark-antiquark annihilation
[12, 14]. But even though a large part of the experimental
data can be sufficiently well described by such models,
they do not provide a precise and complete understanding
of the annihilation amplitude.
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In view of the successes and limitations of these at-
tempts for a microscopic understanding of the annihila-
tion process, the main interest in a statistical approach to
NN has nowadays turned to the question, which quantit-
ies, channels or other features of a NN annihilation system
are dominated by statistics and general conservation laws,
and which are governed by microscopic details of the
interaction mechanism which go beyond the statistical
approach. Of course, a satisfying answer to this question
requires a proper treatment of all the relevant selection
rules together with the underlying symmetries also within
the statistical approach to pp annihilation.

Early developments in the framework of the micro-
canonical ensemble concentrated on the question how the
conservation of characteristic quantum numbers, like for
example isospin [16-18], should be incorporated into the
statistical description. In contrast to this only very few
attempts have been made to include also the conservation
of angular momentum [19, 207, which in case of NN
annihilation is now known to play a very important role
[10, 11, 21-23]. Owing to the rather complicated and
cumbersome nature of computations within the micro-
canonical approach, no detailed investigation of the influ-
ence of angular momentum conservation (AMC) for multi-
particle production in hadronic interactions exists so far.

During the last decade, however, very useful group
theoretical methods have been developed which allow in
a relatively simple way for the exact conservation of quan-
tum numbers in the framework of the canonical or grand
canonical ensemble [24-28], which from the technical
point of view are much easier to handle. Although one
might be worried about using such a picture for the
description of a system which contains only 5 particles on
the average, the known exponential behaviour of the pion
momentum spectrum, when averaged over many events,
suggests the introduction of a temperature [26, 297]. Fur-
thermore, since in NN annihilation the amount of energy
available for particle pair-creation is rather big compared
to the particle masses, the grand canonical ensemble with
a vanishing chemical potential will be employed through-
out this work.

Following this line, we will present in Sect. 2 our
statistical model in a grand canonical description, where
energy and momentum are conserved on the average
while all other relevant quantum numbers, as there are
isospin, P, C and G parity, strangeness, and baryon num-
ber are conserved exactly. Special emphasis will be put on
the group theoretical implementation of exact angular
momentum conservation. In Sect. 3 we analyze the pp-
annihilation at rest and elaborate in more detail on the
impact of the conservation laws, particularly of AMC,
followed by a discussion of predicted mean multiplicities
and a comparison with experimental data.

2 The projection operator formalism in a
thermodynamical model
2.1 General method

It is well known, that the macroscopic properties of a stat-
istical system can be described by the microcanonical,

canonical or grand canonical ensembles. While in the
thermodynamic limit (V' — co, N/V = const.) all three de-
scriptions lead to identical results, they differ for small
systems. Whereas in the microcanonical approach energy,
volume and all conserved quantum numbers are fixed
exactly, the canonical approach allows for statistical fluc-
tuations of the total energy, which is thus conserved only
on the average, with the temperature 7 as the quantity
controlling the distribution of energy among the degrees
of freedom. In the grand canonical approach the latter is
true for all other conserved quantum numbers. Since the
relative importance of the fluctuations is proportional to

1/\/]Tl where N is the number of particles in the system,
small systems are strongly influenced by these fluctu-
ations. In the case of conserved quantum numbers these
fluctuations are unphysical and may thus lead to serious
qualitative errors in the calculation of certain macro-
scopic observables. Hence they should be excluded, i.e. the
canonical or microcanonical description should be used
rather than the grand canonical one.

On the other hand calculations in the grand canonical
formalism are technically very much simpler than in the
other two approaches. This led to the introduction of
projection techniques into statistical approaches, which
allow to project out the unwanted unphysical quantum
number fluctuations from the grand canonical partition
function (equivalent to removing from the sum all states
forbidden by selection rules) without giving up most of its
technical ease. Among the first to apply such a technique
were Magalinskii and Terletskii [30], and a general group
theoretical foundation was later given by Turko and Red-
lich [24, 25]. In the latter formulation one writes down
a “generating function”

Z(]—; Vaa)ZZZF(T; VaN)

TR B

Here I' characterizes the multiplets, i.e. the irreducible
representations of the symmetry group, dim(I') is the
dimension of that representation, and y is the corres-
ponding group character defined by

1r(@) = trr[RE@)] = 3, Dym(@), 2)

where o denotes the set of group parameters and R(a)
represents an element of the symmetry group. By exploit-
ing the orthogonality relation of the group characters,

| dowdt (@) () (@0) = Orr G

where .#(a) is the group measure, any partition function
Z, restricted to the states of a given irreducible repres-
entation I" can be projected out of the generating function.
Hence, the first step is always to calculate the generating
function, which can be done very easily in most cases by
using [24]

Z(T, V, o) = tr[e PH+10Q], (4)

where Q is the set of generators of the symmetry group.
This method has been widely used in treating both
Abelian U(1)-symmetry groups like strangeness [31, 32] or
baryon number [27] and non-Abelian symmetry groups



like SU(2) -isospin [26] or SU(3) -color [28]. Although,
due to the lack of internal restrictions, the generating
function diverges in the case of external quantum numbers
like the angular momentum (where the set of eigenfunc-
tions is labelled by L = 0, ..., o0), we always will get finite
expressions after the projection is applied. For conveni-
ence, the exploitation of the orthogonality relation (3) may
be reformulated in terms of a projection operator P,
which singles out the contributions belonging to a fixed
I’ when applied to the corresponding generating function.
We will now shortly review this technique and adapt it to
our needs.

2.2 Projection operators for isospin and angular
momentum conservation

The generating function (1) together with the ortho-
gonality relation (3) suggest the following form for a
general projection operator onto an irreducible repre-sen-
tation I' of a finite and compact group:

By = dim(I"){ dewl (o) 7} @). )

The conservation of electric charge Q and isospin I are
not independent from each other since in a system with
vanishing strangeness and baryon number the Gell-
Mann-Nishijima relation yields Q = I5. Therefore, we
have to perform a projection onto the third component of
the isospin in order to take care of electric charge con-
servation. Translated into group theoretical language,
the character contained in the projection operator has
to be replaced by the single matrix element Dj, ;..
The detailed form of the components building the projec-
tion operator depends on the choice of group para-
meters o, which should be adjusted to the geometry of
the system. For the projection on isospin we shall use
Euler angles (o, f8,7), and for I; =0 in particular
we get

dim(I) =21 + 1,

sinf
8n%°

D§,o(, B,7) = Pilcosp), (6)

where P; is the Legendre polynomial of order I. It should
be mentioned here that the group measure .# is already
normalized to the group volume. Finally, the whole pro-
jection operator can be written as

4 ﬁ: 7) =

Priseo = 21 1 Zj daf dp j dy sinB Py(cos ). %)

As the annihilation process takes place at rest, we assume
the geometry of the resulting quantum gas to be approx-
imately spherically symmetric. Hence the projection onto
angular momentum eigenstates should not prefer a certain
direction, and a projection on L rather than on L; should
be sufficient. As a parametrization of the corresponding
rotations in three dimensional space we choose the unit
vector n of the rotation axis and the rotation angle
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o ranging from 0 to z. Accordingly,

dim(L) = 2L + 1,
sin2<9>
M0, w) = —2
'y 27{2 >
SinL + 1) 5‘2’-
x(0, ) =

NN ®
S 5

leading to the angular momentum projector

P, = 2L 2Lt ¢ g dwsm< . >sm<(2L +1) —) ©)

2.3 Calculation of the generating function

Simultaneous projection on isospin and angular mo-
mentum extends the generating function to

Z(T7 I/a oy, aL) = tr[e_’m““rlﬂauL]
= tr[e_ﬁﬁ+i(a,ﬂa)‘)‘l+ia)‘z3]. (10)

In the last step we used the fact that, if there is no
projection on a third component, then the character of
a group can be expressed by the generator of the Cartan
subgroup [33]. In order to work out the trace we choose
as a set of basis functions the spherical harmonics,

e, k, Lom, t, 85 ) = ji(kr) Y76, ¢) -Y3(S, ), (11)

where t and t5 stand for the isospin and its third compon-
ent, just as / and m stand for the angular momentum and
its third component. Since the commutator [L, k] does not
vanish, angular momentum and total momentum cannot
be conserved exactly at the same time, but in a canonical
or grand canonical description energy and total mo-
mentum are conserved on the average automatically.
The trace is most casily evaluated in the occupation
number representation. Let us, for simplicity, discretize
the momentum spectrum and attach an index i to the
various particle types (i = 1, 2, ..., v). Then, with n¥™ be-
ing the number of particles of type i in a state with total
quantum numbers k, [ and m, we get
tr(e — BH + o + iwi;)
)+ ey + i + -

- tr(e—ﬁ(ﬁurﬁz + o ytiol, + o+ )

Z H H 1_[ [D(D,J d[ )"klm iom-nlim

{(n<m} k=01=0 m=—1
><<47zj drr2e=#5 j (kr) 1 ) ], (12)
0
where {n"} denotes all possible partitions

{nktm nlfm ..., 0k} of the various particle species on the

state |klm ». Using the Boltzmann approximation and
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replacing the sum over momentum states by an integral
we obtain

tr(---) = H I1 ﬁ exp {Diij,,g(ocﬁy)-ei””‘4nlj{ drr?-(2m) "3
m j=1 [}
x | dke P ® [ i(kr)]?}

-1 exp{ > DY, (BT, V. l)}

=exp{i DY) i(ay) f B@)Z(T, l)} (13)

i=1 1=0
where

1R '
BT V) =5 § drr2f dke™fes02 (kr) (14)
0

is a modified one-particle partition function, and y,(w) is
given by (8). If we look at the infinite series

jie) =1, (15

IIMg

(2l+ 1)

I

%, is seen to be simply related to the usual one-particle
partition function,

8

Y @+ 1)2(T, V,1) =

1=0

Pl = 7 (T, V). (16)

In principle the generating function should also contain
the degeneracy factors of quantum numbers which are not
projected out, for example the spin factors. These factors
can be put directly in front of the one-particle partition
functions,

E(T, V, 1) —(@2S + 1)-5,(T, V, I). 17)

The evaluation of the function £, itself is discussed later.

24 The projection mechanism

In order to apply the projection operator for isospin or
angular momentum, the exponential function has to be
expanded into terms of fixed particle number n and it can
be seen explicitly that a Gibbs factor for identical particles
18 always included automatically. In our model particles
are “identical” if they belong to the same isospin multiplet
and have the same internal quantum numbers and equal
mass. Because we have classified the particles in mul-
tipletts with respect to the strong interaction, mass differ-
ences generated by the electromagnetic interaction do not
show up here.

Isospin and angular momentum are independent
quantum numbers so that one is allowed to apply the
projection operators independently,

= Z G(L 137 l’l)G(T; V;La n)

n=0

jJI,I3PL'Z~(T; I/, a, ﬂ’ % n, CU)

(18)

Let us first turn to the isospin projection acting on a term
of the generating function with fixed particle number n.

Then G(I, I3, n) consists of integrals of the following type:

21 12n T 2
S = +

1 I(O‘ﬂy t t3 o(oBy). (19)
The explicit form of the isospin matrix element is well

known [34],
1 '
ot o = (L2222

with the Jacobi polynomial

2*t+t3zi3 t—13 I+
V=0 v t—13—v

X (x — 1787 ¥(x + 1)".

P:25(cosf)e ittt ) (20)

PR:s(x) =

As the total isocharge vanishes, the sum of single particle
isocharges must cancel likewise, and

+85+ ... +65=0, (21)

rendering the integrand independent of « and 7. In our
approach, the multi-meson states consist of particles with
isospin t equal to 0,1/2 or 1, and the total isospin I is
restricted to O or 1. In this special case, the projection
integral (7) can be expressed in a compact way:

1 N+1 N N 1— ( _ 1)n+N1,n+1+I
=L+ 1)z :
p=@r )<2> n§0<n>[n+N1,,,+1+I ’

(22)
where
~ 1
N=N1,C +’2‘N1/2
and

N;,, = number of particles with (¢, ¢t3) equal to (1, 0),
Nj,. = number of particles with (z, t3) equal to (1, + 1),
Ni;» = number of particles with ¢ equal to 1/2.

We want to stress here, that the evaluation of (22) reveals
simply the Clebsch-Gordan coefficient for the case that
n single particle states with (¢, £3), ..., (¢%, t3) couple to
a total isospin I and a vanishing third component I5 = 0.

If we apply the angular momentum projection oper-
ator to the generating function, the ingredients of
G(T, V, L, n) are of the following form:

(2L + b § dn vf do sm<620>sin<(2L + 1)% )

21(T> Va ln)

Sy =

Z 'Xan%(Ta V) ll)

Ms

l1

Y o % AL

1= In=0

S Y 0 P PO PR W § (23)

ZUT, VL)

i



where .
22L +1
ALl oy = 2L
T
xjda) s1n<2)sm<(2L+ 1) _)'Xh . (24)

is a well known expression in group theory: it yields the
number of possibilities to form a state with fixed L out of
n states with Iy, ..., [, respectively. The sums over the
I-dependent modified one-particle partition functions are
converging fast enough for a convenient computational
exploitation.

To complete the set of tools needed to evaluate the full
projection integral all that remains to be done is to evalu-
ate the modified single particle partition functions Z;.

2.5 The modified one-particle partition function

The evaluation of the one-particle partition function gen-
erally depends on assumptions made about the shape of
the interaction volume V7. Not only for convenience but
also for physical reasons a smooth surface of the interac-
tion volume instead of a sharp edge would be desirable. In
our further calculations we shall implement this feature by
inserting a Gaussian cut-off into the volume-dependent
part of the integrand and by shifting the upper integration
limit from R to infinity:

dk

(T, V, 1) = 47tjdrr2e3'2/2R2j'(2 7

e FOkn)1%. (29)

The mean square radius is then given again by R. Now,
the volume integral can be done analytically by writing

. [T
jul2) = 2 Jn+1/2

and using*

© s 1 kz kz
_idrre pr J12+1/2(k7') 292 CXp( 2p >11+1/2<2p )
(26)

The remaining momentum integral then has to be evalu-
ated numerically,

g2 kZRZ
(T, V1) ——jdkke Pz mi — R /31M/2< 3 )

(27)

In principle one could solve this integral analytically by
using a series representation of the modified Bessel func-
tion. However, since the resulting series after momentum
integration converges very slowly, this is not computa-
tionally convenient.

In Figs. 1la,b we show explicitly the lowest angular
momentum contributions to the ordinary one-particle

*see, e.g., G. N. Watson: A Treatise on the Theory of Bessel func-
tions, Cambridge, 1922, 395(1)
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Fig. 1a,b. The modified one-pion partition function 27(7, V, /),
multiplied with the degeneracy factor (2/ + 1) and normalized to the
usual one-pion partition function z3 (7, V), as a function of angular
momentum, /, for various fireball volumes a and temperatures b

partition function. We note that in the relevant temper-
ature and volume region mostly the [ = 1 contribution
dominates, and only for very small values of T and/or
Vthe I = O partition takes over. For larger values of T'and
V the contributions from higher angular momenta in-
crease in importance, as can be expected from the classical
definition of the angular momentum, 1 =rxp ({p) in-
creases with T, {r) increases with V).

Since energy-momentum conservation forbids the
decay of pp into a single pion, the quantity shown in
Fig. 1 is only of academic interest. In Figs. 2a,b we show
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Fig. 2a,b. Normalized angular momentum partitions (L =
1, ..., 10) of the three-pion partion function Z(T, V, 3=), for a fixed
volume of 20 fm? at temperatures between 100 and 160 MeV a and
for a fixed temperature of 160 MeV at volumes between 10 and
40 fm*® b The degeneracy factor (2L + 1) is already contained in

Z(T, V, L, 3m)

the analogous decomposition of the 3-pion partition func-
tion Z(T, V, 3xn) into its angular momentum components
Z(T,V, L,3n). The latter contain only those 3z-states
which couple to a total angular momentum L, including
the (2L + 1) degeneracy factor. For simplicity, the conser-
vation of additional quantum numbers is neglected here.
The various contributions are normalized according to

© 7(T, V, L, 3n)
Z(T, V, 3n)

L=0

Again we see that non-zero values of L dominate the total
partition function, with the peak value shifting to larger
L as T and V increase.

Because for a n-pion system L = J, and because for
pp-annihilation at rest the total angular momentum is

- restricted to J <2 (see Appendix), angular momentum

conservation implies a very strong constraint on the parti-
tion function of such a system: all contributions in
Fig. 2 with L > 2 have to be omitted.

3 Application to pp-annihilation at rest

For convenience and because of the strong suppression
of very massive particles in a thermodynamical descrip-
tion, the dilute quantum gas of our model will be assumed
to consist only of the groundstate nonets of pseudo-
scalar and vector mesons. Note that we are considering
annihilation at rest for which the possibility to excite
heavy meson resonances is limited to a mass well below
2mpmton-

First, in Sect. 3.1 we want to make some short remarks
on the relevant quantum numbers of the system in its
initial state (protonium) and its final state (multimeson
gas). In Sect. 3.2 we investigate the partition function
including all conservation laws on the one hand and
compare it, on the other hand, with the partition function
which contains only isospin- and strangeness conserva-
tion. The differences can be illustrated best by splitting the
partition function into the various N-particle contribu-
tions. Some specific particle ratios are discussed in
Sect. 3.3 where the deviations from the unconstrained
behaviour caused by the exact quantum number conser-
vation can be seen explicitly.

In Sect. 3.4 we confront our results with experimental
data. Unfortunately, due to the focus on the microscopic
features of annihilation in recent years, only very few (and
rather old) inclusive data for pp-annihilation at rest are
available. We find that definite statements about the ap-
plicability and limits of our approach would require more
inclusive data.

3.1 Internal and external quantum numbers

For the understanding of the annihilation process in the
pp system a proper treatment of all conservation laws
respected by the strong interaction is crucial. The quan-
tum number combinations of the protonium can be classi-
fied in a spectroscopic notation, and for completeness
a survey of the relevant S- and P-wave states is contained
in the Appendix.

In this work, we will treat the conservation of all
internal quantum numbers (baryon number, strangeness,
electric charge or isospin) exactly. With regard to external
quantum numbers, i.e. quantum numbers connected to
spacetime symmetries, the wusual conservation of
total energy and momentum turns out to be insufficient.
Since the initial state is also characterized by angular
momentum and related discrete quantum numbers, the
exact conservation of total angular momentum J, parity
P, charge conjugation C and G-parity is a necessity.



In principle, once the angular momentum of a multi-
meson final state is determined, well known expressions
for the P-, C — and G-parity can be found in many
textbooks (e.g. [35] ). However, there are some states
which require special treatment, namely those containing
at least one KK*-pair. Zero strangeness provided, there
are two possibilities to construct a KK* isospin eigenfunc-
tion: (K™, K°) ®(K°*, K™ *)or (K°, K7) ®(K**, K’*).In
order to get also an eigenfunction of the C parity operator,
we ought to make a superposition of the two isospin
eigenfunctions, for example

pI=0,C= —1)= \/g(\K’“K‘*> — |K°K%*)
+ |K°K%* y — |[K"K**)).

Because of the factor ,/1/4, the contribution of this par-
ticular KK*-state to the partition function is reduced by
a factor of one half, compared to the situation without
C parity conservation. The G-parity of such a state can be
fixed only after the decay of the kaon resonance.

Together with the generalized Pauli principle [35],
some additional restrictions will be put on the number of
available final states, for example

—two neutral pions always must have even orbital angular
momentum,

[7On® dve L =0,2,4, ...;

— for two charged pions, the sum of total isospin and
angular momentum must always be an even number;

— the #yu-state must have even angular momentum,
=024, ..;
etcetera.

In general, the application of the generalized Pauli prin-
ciple should not be restricted to two-particle states only,
but with increasing particle number n its constraining
power vanishes and we will therefore neglect the influence
of the Pauli principle on states with n greater than two.

Putting all the selection rules together, those arising
from internal conservation laws as well as those emerging
from external invariance principles, we are now able to
simulate the statistical behaviour of the pp-annihilation
system.

3.2 An analysis of the partition function

In order to get a feeling for the reliability of our results, let
us have a closer look at the partition function first. Be-
cause computer time grows exponentially with N and
because experimentally high N contributions to the final
multimeson states are suppressed very strongly [36], we
will limit ourselves to the contributions with N < 7 to the
partition function. This turns out to be a good approxima-
tion for the small interaction volumes expected to occur in
pp-annihilation, if 7T is not too large.

In Figs. 3 and 4 the partition function has been split
into the fractional N-particle contributions, that is
Z(T,V,N)/Z(T, V) (due to the explosion of numerical
effort for large values of N, the denominator used for
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Fig. 3a—c. Fractional N-particle contributions to the meson gas
partition function, Z(T, ¥, N)/Y %-; Z(T, V, N), for a T = 120 MeV,
b T =160 MeV, and ¢ T =200 MeV. Only strangeness, baryon
number, electric charge and isospin are conserved; the conservation
of the external quantum numbers is not included here

normalization in the figures contains actually only the
sum of contributions from N = 1 through 7). In all cases
we ensure strangeness, baryon number and electric charge
conservation. In Figs. 3a~3c we impose additionally
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Fig. 4a—c. Same as Fig. 3, but now also including the exact conser-
vation of the external quantum numbers

isospin conservation, and in Figs. 4a—4c also total angular
momentum, P, C and G parity conservation. Comparing
Fig. 3a with Fig 4a, the difference is striking: for a
temperature 7 of 120 MeV, the dominance of the two-
particle contribution grows drastically if the external se-
lection rules (ESR) are taken into account. This tendency
also holds when the temperature increases, although for

200 MeV the two-particle dominance is restricted to small
volumes. The main reason for this behaviour is obviously
contained in the angular momentum projection mecha-
nism: if N increases, the number of states which are forbid-
den due to the ESR restrictions is also growing, and very
rapidly so. Of course, this will affect the particle ratios
significantly, and as a first result we want to state that it is
absolutely necessary to include the total angular mo-
mentum conservation and the ESR which come along
with it.

As long as the interaction volume is smaller than
about 20 fm®, pp annihilation proceeds for temperatures
up to 200 MeV mainly via two-meson states. As V in-
creases, the terms with N > 6 become more and more
important, especially as T also increases. For large values
of ¥T? we approach the unconstrained limit. However,
since experimental data show a strong suppression of the
high N contributions [36], the acceptable physical region
for the final multi-meson phase just before decoupling
must be limited to rather small volumes. This finding is
rather different to early approaches in the framework of
thermodynamical models where rather large volumes had
to be introduced’ [5, 9, 26, 37]. The reduction of the
volume parameter in our model is essentially the conse-
quence of the exact rather than average conservation of
the quantum numbers of the annihilating system. The
most important conservation law turns out to be the one
for angular momentum.

3.3 Particle ratios

The usval method to extract particle multiplicities from
the partition function is as follows: after assigning to every
particle type i a chemical potential yu; for book-keeping
purposes, the multiplicities are obtained by calculating the
derivative of the logarithm of the partition function with
respect to these chemical potentials at y; = 0

<N1> =T aniln[Z(Ta I/a B; Sa Ia e His ees )]ui=0' (28)
In Fig. 5a we show the primary n°/z*-ratio (ie. before
resonance decays), without angular momentum conserva-
tion (AMC) and associated ESR restrictions, but subject
to S, B, I and I, conservation. In the unconstrained limit
the ratio tends to 1. The behaviour in the domain of small
volumes can be explained in the following way: the sup-
pression of neutral pions at low T comes mainly from the
I, Is-conservation and the dominance of the two-particle
states. As the production of heavy particles is suppressed,
the dominant two-particle states are [z°7°)> and [n ¥z~ ).
The neutral pion suppression then originates in the
Clebsch-Gordan coefficients of the two-pion isospin
wavefunction. As 7T increases, more and more massive
particles, e.g. the isospin singlets #, %', , ¢, are produced
together with a neutral pion in the two-particle channel,
thus effectively removing the selection rule against neutral
pion pairs. At high temperatures, this effect even makes
the n°-yield exceed the n*-yield. Surely, this mechanism is
at work also in states with n > 2, but the effect is strongly
diminished with increasing n because the number of



1.3 T T T —T —T T T

~7T.=200 MeV
12 N\ -
T= 180 MeV

L PR | T=160Mev ]

0.9 T = 140 MeV

0.8 T = 120 MeV T = 100 MeV

0.7
0.6

05 r 7

0.4 t L 1 L 1 a4 L
10 20 30 40 50 60 70 80
a Volume [ fm3 ]

T T T T T T T

T =200 MeV

0.8 T= 160 MeV

T = 140 MeV
0.6 \

0.4

T =120 MeV )
T=80 V/
02 F | T = 100 MeV
¥
O A 1 1 L 1 1. 1
10 20 30 40 50 60 70 80

C Volume [ fm® ]

645

1.3

T T T
Ty 180MeV 1o 160 Mev
1.2 » _
*

L1k
VT rloooMev

0.9 T =120 MeV < > T = 100 Mev

0.8

0.7
T = 80 MeV
06 b
0.5 -1
0.4 ! L L I 1 _ L
10 20 30 40 50 60 70 80

b Volume [ fm3 1

1.2 T T T T T T T
200 MeV.

0.8

140 MeV

0.6

120 MeV
0.4 A
0.2 | 80 MeV 100 MeV
l\
Ll
S
o 1 I 1 ; I 1 L
10 20 30 40 50 60 70 80

d Volume { fm3 1

Fig. 5a-d. n°%/n*-ratio as a function of the fireball volume, for several values of T’ a. conservation of S, B, ¢ and I only, no resonance decay
contributions; b same as a, but including resonance decay contributions; ¢ all conservation laws included, but no resonance decay
contributions; d same as ¢, but including resonance decay contributions

particle combinations, containing charged or neutral
pions, grows with the nth power.

The situation changes drastically when angular mo-
mentum conservation and ESR are included, as can be
seen from Fig. 5c. In all the following figures concerning
AMC and ESR, the angular momentum distribution of
the pp-annihilation system at rest in liquid hydrogen is
simulated (i.e. 92% S-wave and 8% P-wave, cf. Appendix).
States like 7°7° or 7% are now forbidden in the dominant
S-wave channel due to the violation of P parity. This leads
to an overall suppression of the neutral pions, which is
much stronger now than before: even for 7'= 200 MeV
the ratio is clearly smaller than one.

All these effects are washed out to some extent once
the decay of unstable resonances after freeze-out is taken
into account, as shown in Figs. 5b and 5d. As is well
known [38], these decays produce additional pions with
a preference for neutral rather than charged ones. Due to
this effect, the n°/n*-ratio exceeds unity by about 15% in
the grand canonical limit.

In Fig. 6 we show the analogous results for the K°/n*
ratio. This ratio is not so much affected by AMC and by
ESR restrictions (cf. Figs. 6a and ¢). The exact conserva-

tion of these quantum numbers leads to a slight overall
suppression of strangeness production which can still be
seen at rather large fireball volumes. The temperature
dependence of the grand canonical (large V) limit of this
ratio is, of course, due to the K — n mass difference. In the
region of very small volumes, an additional change in the
shape of the curves can be noticed when AMC and ESR
are included: the charged pions feel more restrictions
than the kaons. For example, the final #*n~ state can
only exist, if the S-wave annihilation starts from
a *3S, state (see Table 1). From Figs. 6b and 6d we
observe that resonance decays into (predominantly) pions
and (more rarely) kaons shift all the curves downwards, in
particular at high temperatures where resonances are im-
portant, but leave the shape of the volume dependence
unaltered.

A further example for the striking impact of AMC and
ESR is the p%z* ratio shown in Fig. 7. A remarkable
feature of this ratio is that it seems nearly untouched by
exact conservation of isospin and its third component,
even for very low volumes, Fig. 7a. A deviation from the
unconstrained limit arises only under the influence of
AMC and ESR, shown in Fig. 7c. Again, resonance decays



646

0.45 T T T N L S— T T
T = 200 MeV
0.4 3
0.35 - T = 180 MevV 1
0.3 B
K°® T = 160 MeV
0.25 < E)

T = 140 MeV

T = 80 MeV
0.1 4
T =120 MeV
0.05 //”T—
T= 100 MeV
3 4 rl 3 - )
o
10 20 30 40 50 80 70 8C
a Volume | fm‘?’ ]
04 T —T T N E— — T T

0.35 |

T = 180 MeV

0.3

0.25

T =160 MeV

<E> ]

0.2

T = 140 MeV
0.1

0.05 L\\

10 20 30 40 50 60 70 80
c Volume | fm3)

T = 100 MeV

T =120 MeV 1

Fig. 6a—d. Same as Fig. 5, but for the K°/n*-ratio

Table 1. Conserved quantum numbers and corresponding prob-
abilities of pp annihilation at rest in liquid hydrogen

2+ 1,28+1LJ C P CP G PL,S,J,}
Lig + - — + 0.115
315 - - - 0.115
L3g, - - + - 0.345
338, - - + + 0.345
Lip, - + - - 0.01
31p, - + - + 0.01
L3pg + + + + 0.0033
L.3p, + + + + 0.01
L3p, + + + + 0.0166
33p, + + + - 0.0033
33p, + + + - 0.01
3,3p, + + + - 0.0166

shift the curves downwards as a whole but do not change
the qualitative dependence on T and V, Figs. 7b and d. We
want to emphasize here, that the =z'-multiplicity in
Figs. 7b and d contains the yield from all resonance
decays, including the p° decay. This is done to facilitate
comparison with the data where usually the exclusive and
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inclusive multiplicities are extracted from different
measurements.

The 5/z° ratio also seems to be rather unsensitive to
exact quantum number conservation, see Figs. 8a and c.
However, the ratio decreases slightly if AMC and ESR are
taken into account, at least for small values of ¥. This
behaviour originates in the fact that several two-particle
states containing an 5 (e.g. 7%y, ny, and ny) are now
forbidden in the S-wave, and this effect is even stronger
than the =%-suppression in this region, although not by
very much. It should be mentionend that the 5/z* ratio
would provide a much more sensitive test of the influence
of AMC and ESR: since charged pions are only weakly
affected by the external constraints, the strong sup-
pression effect on the #’s would not be nearly cancelled in
such a ratio. Unfortunately, no such data seem to be
presently available,

From Fig. 8b one observes that without AMC and
ESR constraints the resonance decays (including the
n decay) drastically change the picture, resulting in a com-
pletely different volume dependence. At higher temper-
atures both the # yield and the =° yield from resonance
decays increase, and the curves shown in Fig. 8b reflect the
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Fig. 7a-d. Same as Fig. 5, but for the p°/n*-ratio. In b,d the denominator also includes the pions from the p® decays

intricate interplay between these two effects. No such
strong resonance decay effect on the shape of the curves is
seen once AMC and ESR are included: due to the lack in
the restricted partition function of many two-particle
states containing an #, the effect of increasing #’s at higher
T is reduced, and the only remaining effect is an overall
downward shift of the ratio by the resonance decay pions
in the denominator.

3.4 Comparison with experimental data

The available amount of inclusive data for pp-annihilation
at rest is unsatisfactorily small, and no data for ratios like
7%nt or K%n" can be found in the literature. Thus we
are forced to try to extract these ratios from data on
pp-annihilation in flight [39]-[46] by extrapolating to
Py, = O (cf. Fig. 9), which turns out to be very difficult for
the n°%n* ratio because just in the region of very low
Pj,, the P-wave contribution to the pp-compound changes
very drastically [15], and so does the ratio. This behav-
iour originates in the strong dependence of the n°%-yield on
the partial wave distribution: while some states containing

neutral pions, like 7°7% 7% or n%, are forbidden in the
S-wave state of the pp-system, they are allowed in the
P-wave contribution. Since in our calculations the relative
S- and P-wave contributions were fixed at 92% and 8%,
respectively, our ratios don’t reflect this sensitivity to
a change in the partial wave contributions. On the other
hand, not enough information is available for reliably
modelling this change as a function of Py,,. Therefore it
would be very desirable to have some data for the n%/n*-
ratio for pp-annihilation at rest, where the various partial
wave contributions can be fixed experimentally. Referring
to our results (cf. Fig. 5c), one can say that in the case of
annihilation at rest in liquid hydrogen this ratio (only
primary particles) should always be smaller than 1, and as
our curves are very sensitive to the macroscopic para-
meters V and T, such a measurement can be expected to
yield severe restrictions on the allowed range for these
parameters.

More reliable is an extrapolation of the K°/n " -ratio,
where the data seem to indicate a value of about 0.02 at
rest, Fig. 9. Compared to our results this would suggest
a rather low but not unreasonable temperature of about
100 MeV. The same tendency holds true if we compare
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our computed #/x° ratio (Fig. 8d) with the measured value
of (3.67 + 0.41) x 1072 [47, 48]. On the other hand, such
a low temperature would produce at most two pions on
the average because resonance production is strongly sup-
pressed. This might be a hint that the pion data contain
additional contributions from the decay of heavier reson-
ances which are not yet contained in our model.

4 Conclusions

Let us briefly summarize the most important theoretical
aspects of this work. As far as we know the straightfor-
ward formalism for including total angular momentum
conservation into a thermodynamical model, which was
presented in this paper and applied to pp-annihilation at
rest, is a new development. In order to achieve that goal
we had to use an extension of the projection operator
method to non-Abelian symmetry groups and further
generalize it to include discrete quantum numbers corres-
ponding to external symmetries. We have included all the
relevant quantum numbers and found for small thermo-
dynamic systems strong deviations from the uncon-

strained limit where these quantum numbers are only
conserved on the average.

Most importantly we found that the two-particle con-
tribution completely dominates the total meson gas parti-
tion function in the temperature and volume region rel-
evant for pp annihilation. Since these two-particle chan-
nels experience particularly strong constraints from the
conservation laws, all particle ratios turn out to be rather
sensitive to the exact quantum number conservation.

In particular the production of neutral pions and
n mesons is strongly influenced by exact conservation of
the angular momentum and the connected parity quan-
tum numbers C, P and G. Even for T = 200 MeV the ratio
of n%n* changes by about 50% at small fireball volumes,
and before resonance decays it is always smaller than one.
Resonance decays change these results by about 10-15%,
but the qualitative features are preserved. Kaon produc-
tion, on the other hand, is not very much restricted by the
conservation laws.

At this place we want to make a short remark on the
temperature. Although the temperature range resulting
from our calculations is of about the same order as the
critical temperature T, for the expected phase transition to
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the quark-gluon plasma, we would like to avoid specula-
tions on such a phase transition in the pp system (as e.g.
suggested in [26]). It is, however, true that in order to
justify our treatment we have to assume some interme-
diate state resembling very much an ideal quantum gas,
and that thermal equilibration must be somehow produc-
ed by an unknown microscopic mechanism in the annihi-
lation/particle-creation process. The lifetime of the had-
ron gas itself is much too short for thermal equilibration
[26, 297]. Yet since the microscopic properties of the inter-
mediate kinetic state cannot be treated in the framework
of a statistical model, a discussion about the origin of
thermal equilibrium is rather academic, and the temper-
ature T should simply be considered as a parameter which
controls energy conservation on the average, nothing
more.

For a comprehensive test of this constrained statistical
approach more inclusive data for pp-annihilation at rest
are needed, particularly for the production of charged
pions and kaons. We hope that our model caiculations
stimulate further experimental efforts in this direction.
Further information is expected from the analysis of two-
and three-particle flavor correlations. Work in this direc-
tion within the model presented in this paper is in pro-
gress.
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Appendix: Quantum numbers of the pp system

In many experiments a liquid hydrogen target is used to
deaccelerate the antiproton before annihilation; in this
situation the system annihilates with 92% probability
from the S-wave state (L = 0) and with 8% from the
P-wave (L =1), as can be checked by coincidence
measurements of the X-rays from the preceding electro-
magnetic cascade in the pp atom [49]. These numbers are
used in order to obtain the probabilities of all the possible
quantum number combinations, shown in Table A.l in
a spectroscopic notation.
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