16. . H. C. Wu and R. J. Yang, "Application of the improved endochronic theory of plasticity
to loading with multiaxial strain-path,'" Int. J. Nonlinear Mech., 18, No. 5, 395-408
(1983).

17. H. C. Wu, C. C. Yang, and S. C. Chu, "Further application of endochronic constitutive
equation to loading with nonproportional axial-—-torsional strain-path," Int. J. Nonlinear
Mech., 20, No. 1, 41-52 (1985).

18. H. C. Lin and H. C. Wu, "On the rate dependent endochronic theory of viscoplasticity and
its application to plastic wave propagation,'" Int. J. Solids Struct., 19, No. 7, 587-599
(1983). .

19. K. C. Valanis and C. F. Lee, "Endochronic theory of cyclic plasticity with application,"
J. Appl. Mech., 51, No. 6, 367-374 (1984).

20. I. Z. Pallei, "Experimental investigation of the effect of the history of loading in
plane state of stress,' Vopr. Plastich. Vibratsii, No. 17, 25-39 (1962).

21. Packet of Scientific Programs, FORTRAN IV, PRO.309.004 DZ, Part 2 (1983).

22. R. B. Heming, Numerical Methods [Russian translation], Nauka, Moscow (1968).

ENDURANCE OF STRUCTURAL MATERIALS WITH NONPROPORTIONAL PATHS OF LOW
CYCLE LOADING

N. S. Mozharovskii and S. N. Shukaev UDC 539.432

Stress analysis of structural elements operating under conditions of cyclic processes of
complex loading are among the problems that have received little attention so far. The exist-
ing methods of predicting the load bearing capacity and endurance of structural materials un-
der low cycle loading are based on criteria and equations of state that were experimentally
confirmed for simple loading [1-3]. At present there are available experimental works [4-7]
from which it follows that disregarding the complexities of the process of loading a struc-
tural element may lead to substantial errors in evaluating its endurance.

In connection with the increasing power of modern machinery and mechanisms, and also the
more stringent requirements regarding their reliability and service life, the problem of com-
plex low cycle loading becomes more topical every year, especially in branches of production
such as the aircraft industry and power generating machinery.

The problem of evaluating the endurance of structural elements is solved in several stages.
Specifically, with the use of some calculation theory the state of stress and strain of the
element is determined and its most highly stressed zones are found. Then we study in them the
kinetics of the process of elastoplastic deformation, and proceeding from this we choose the
criterion of strength. The accuracy of the calculation depends equally on the substantiation
of the chosen equations of state characterizing the cycle-by-cycle correlation between the
running values of stresses and strains and on the correctness of the adopted criterion of fa-
tigue strength of the materials.

When the criteria of low cycle fatigue had been classified according to the nature of the
parameters of damage used in them, it was decided to divide them into strength, strain, and
energy parameters. We substantiated experimentally the position that in loading, involving
large plastic deformation, the decisive influence on the process of fatigue is exerted by plas-
tic deformations and by the plasticity of the material; consequently, the basic parameter of
damage is the amplitude of plastic deformation, or in consequence of the insignificant elas-
tic component, the amplitude of full deformation. The deformation treatment presupposes that
failure occurs when one-sidedly accumulated or cyclic elastoplastic deformation or their sum
attains its limit value. A known shortcoming of the hypothesis of low cycle strength in the
strength treatment is that it is applicable solely under conditions of fatigue failure. 1In
the solution of problems of strength, in particular of fatigue strength, the most general is
the approach based on the energy concept of failure which reduces to the assertion that dam-
age is associated with a certain proportion of irreversible work of cyclic deformation [8].

Kiev Polytechnic Institute. Translated from Problemy Prochnosti, No. 10, pp. 47-54, Oc-
tober, 1988. Original article submitted December 10, 1986.
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Fig. 1. Field of the moduli of plasticity (a) and approximation of

the cyclic stress—strain curve in uniaxial loading of steel Kh18N1OT
(sections 7 and 8 were extrapolated) (b).
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In most investigations dealing with the elaboration of criteria of strength in low cycle
loading under conditions of a complex state of stress, up to now the concept of "equivalent"
stresses and strains is used; it presupposes the reduction of multiaxial loading, including
complex one, to "equivalent" uniaxial loading. As a rule, we deal with a relation of the type
of the CoffimManson relation

e* (01‘ 0’*) = C.Nm’ (1)

where e* and o* are the equivalent amplitudes of strain and stress, respectively; ¢ and m are
constants of the material; N is the number of cycles to failure.

However, criteria of this kind do not take into account the effect of the historyof load-
ing, or else they correspond to a special kind of it [4] because they all are formulated in
the form of some algebraic equations. Novozhilov and Rybakina believe that the correlation
between the limit number of cycles and stresses (strains) under complex loading has to be
plotted by using differential dependences and not algebraic ones [9].

From among similar suggestions we pick two approaches which in our opinion are most ex-~
pedient in the scheme of practical realization. One of them is the energy approach to the
calculation of low cycle fatigue with multiaxial loadings [10]. It is assumed that cumula-
tion of damage does not manifest itself in the behavior of material prior to failure, and in
the calculation of endurance we may proceed from the steady state which, asa rule, is attained
after a brief transient stage. It is postulated that endurance up to the instant of the nu-
cleation of macrocracks depends on the work of plastic deformation per cycle Weycle:

N=0W_ . . ) (2)
where
Wc}’cle= S cudaf/; (3)
cycle

04 and degj are the stress tensor and the tensor of increase of plastic deformation, respectively.

To determine the magnitude of Weycle it is suggested to use the theory of plastic flow
and the law of strengthening of Mrous [11] based on the piecewilse linear approximation of the
cyclic strain diagram when a family of loading surfaces is introduced with kinematic strength-
ening corresponding to the points of the break in the diagram.

The second effective method of describing low cycle fatigue is the approach connected
with the use of the kinetic equations of damageability [9, 12-15]. When we follow this ap-
proach, the state of damage of the material is determined by the parameter which is depend-
ent on the entire preceding history of deformation and is equal to zero in the undeformed state
and equal to unity in the state after failure. It was established that failure occurs when
the path of plastic deformation has attained a length inversely proportional to the intensity
of the amplitude of plastic deformation eP; [9]; in differential form this looks as follows:

dQ
E =K.gll?, (4)
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Fig. 2. Experimental (solid lines) and theoretical (dashed
lines) cyclic strain diagrams of steel Khl8H10T with Aeqy =
0.8%, wg = 45°, 6 = 90°,

where L::S']/:%“deﬂ'deﬂ is the length of the path of plastic deformation; K is a constant of

the material; ¢Py is the intensity of the amplitude of plastic deformatiom.

- To develop the given concept, it was assumed that the decisive factor of failure are mi-
crostresses [12], as a result of which Eq. (4) is transformed in the following manner:

dQ
- =MP, (%)

where P = l/ré}pu-pu ié the intensity of the residual microstresses; Pij is the deviator of re-

sidual microstresses; A is a constant of the material.

Movchan [13] provided the energy treatment of the criterion under consideration. For the
case of unidimensional deformation by tension—compression it was shown that within the frame-
work of the presented model the energy of translational strengthening is responsible for fail-
ure. This result once again confirms the generality of the energy approach to problemsof the
mechanics of deformed solids.

Equations (4) and (5) do not express the fact that cumulation of damage is of an approxi-
mate nature and cannot be described accurately by scalar relations only. This circumstance
was noted by a number of authors [14, 15]. The variants for taking the orientation of the
process of damage cumulation into account suggested by them reduce, respectively, to the equation

dQ

de?; =y (6)
I
or
dQ
_‘Fi]’ (7)
where Qj3, ¢1j, Fij are symmetric tensors of second rank the first of which was called the

tensor o% damage to the material [15], and the other two are bound to be specified by the func-
tion of microstresses.

Equations (5) and (6) were verified for the case of axisymmetric loading of conical thin-
walled shells in thermal cycling with the use of the theory of plastic flow and creep under
conditions of translationally isotropic strengthening [14]. A comparison of the theoretical
and experimental data showed that Eq. (5) yielded too low a number of cycles to failure where-
as the results of the calculation obtained with the criterionof the "work of the microstresses"
(Eq. (6)) agreed well with the experiment.

On the basis of experimental investigations carried out with austenitic steel Kh1l8N1QT
under conditions of the state of plane stress with the simultaneous actions of an axial force
P and a torque Mty [17] we show in the present work the applicability of the above-described
approaches to the processes of simple and complex loading. The tests were carried out at room
temperature. In the regime of rigid loading with the components € and vy (¢ 1s axial deforma-
tion, y is torsional deformation) we realized a sawtooth symmetric cyclewith a frequency close
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Fig. 3. Correlation between the experimental and the
theoretical values of the energy of plastic strain
per cycle.

to 1/60 sec™. The test equipment and the methods of carrying out the experiment were de-
scribed earlier [16, 17].

To obtain an analytical description of the dependence of the endurance of steel Khi8BNIQT
on the change of shape of the path of deformation, we used the methods of planning multifac-
tor experiments. In constructing the mathematical model of the process we used the regular
plan 3% x 2'/27 with the power of 3. As independent factors xH,, xH,, x!s determining the

shape and dimensions of the path of deformation we adopted: xﬁ==AEF=V(AeV4-%f(A?V is the dou-

ble amplitude of strain intensity; xH, = we = arc tg (Ay//3be) is the angle of the kind of
state of strain; xHs = 6 is the angle of phase shift between axial and torsional deformationm.
The fourth independent factor xH, characterizing the supply of the material was used simul-
taneously as block factor with randomization of the experiments within the blocks.

The program of the investigations made it possible to include in the examination instead
of the separate deformation paths, like in most works concerned with complex loading, a whole
family of piecewise broken paths plotted in the plane of full axial deformations and torsional
deformations. Then the paths of proportional loading are a subregion of the investigated set
(for 6 = 0).

As a result of the application of the standard procedures of regression analysis we con-
structed the regression equation expressing the change of the logarithm of the number of cy-
cles to nucleation of a macrocrack in dependence on the amplitude of the strain intemsity (%),
the angle of the kind of state of strain (deg) and the angle of phase shift (deg):

InN = 9,865817 — 3,4150985-Ae, + 1,710087 107%.0e— 6,367276- 1075 . o’ —
— 1,5838587-1072.0 + 8,407713-1075.6% + 1,330333- 102 Ae; -0 + 3,1328702-107°- 050 — (8)

—2,4018197- 107 w¢-0 + 1,371823-107%. - 62 — 2,0400045- 107" - 76"
Verification of Eq. (8) as to information content and adequacy showed that the hypothe-
ses on the correspondence of the model to the experiment and its information content are not
discarded at a significance level q = 0.05.

On the basis of the experimental results obtained in uniaxial tensiom—compression tests,
and using the least squares method, we constructed an equation of the CoffinmManson type. The
amplitude of strain intensity €4 served as equivalent parameter:

N =2C.¢], 9
where C = 37.9; mw = —4.09,.

As noted before, endurance may be treated as a function of the work of plastic deforma-
tion per eycle [10]. Concretizing the form of this function, we suggested to approximate it
by the exponential dependence

N=AW

ycle?” (10)
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where A and a are constants of the material determined under uniaxial cyclic loading. For
steel Kh1l8N10T we obtained the following values from tensiom—compression tests: A = 5365;
A = —1.913. Here, Wcycle has the dimensionality MJ/m®.

Figure 1 presents the approximation of the curve of cyclic strengthening of steel Kh18N10T
in tension—compression (sections 7, 8 were extrapolated) and the field of surface plasticity
in the unloaded state corresponding to it which was used in the calculation of plastic energy
per cycle by the method of [10].

A comparison of the experimental and theoretical cyclic strain diagrams and also of their
areas for all the used loading paths yielded quite good coincidence. The standard error Sg¢
in the calculation of W.yc]e, determined as the total area of the plastic hysteresis loops in
tensiomr—compression and torsion, amounted to 0.04314, As illustration Fig. 2 shows the sta-
bilized curves of cyclic strain for the case Aeqy = 0.8%, we = 45°, and 6 = 90°, and Fig. 3
shows the graph of the correlation between the experimental and the theoretical values of the
work of plastic strain per cycle.

The dependence of the number of cycles to failure on the energy per cycle for the load-
ing regimes under consideration in log—log coordinates is presented in Fig. 4a. It can be
seen that the results obtained for different paths of complex and proportional loading lie in
a band between the practically parallel straight lines corresponding to tensiom—compression
(the lower straight line) and reversed torsion. Thus Eq. (10) for cyclic loading with complex
state of stress, even when the cyclic strain curves are ideally described, yields too low a
value of endurance when the calculation is based on data obtained under conditions of tension—
compression, and too high a value when the results of pure torsion are used. The latter is
more dangerous because it may lead to premature failure of structural elements.

Garud suggested that the plastic strain energy of shear be calculated with a view to the
weight coefficient b [10] which is determined by reducing the graph of endurance in pure tor-
sion to the straight line of tensiomr—compression, and then the expression for the total energy
per cycle assumes the following form: (11)

W, o= g ode + b ( T-dy,

cyc
cycle cycle
where o is the normal, t the tangential stresses; de, dy are the increments of axial and shear

strain, respectively.

For steel Khl8N1OT we obtained b = 1/2. The dependences ln N-ln Wcycle plotted with a
view to the weight coefficient b = 1/2 are shown in Fig. 4b. The results of the calculation
of endurance with the aid of the given method for the experimentally realized loading paths
are presented in Table 1 and in Fig. 5. 1In all cases under consideration we obtained good
coincidence of the theoretical and experimental values of endurance.
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TABLE 1. Comparison of the Theoretical and Experimental Values of Endurance

Loading parameters No. of cycles to failure
Expt. ¥
No. Az Ve 8 expt. Eq. (8) Eq. (9) Eq. (10) |Eq. (16)
1 0,8 14 0 1645 1386 1608 919 898
2 1,2 45 0 565 524 306 517 406
3 1 76 0 1291 1417 645 1861 1540
4 1,2 14 45 143 165 306 259 274
5 1 45 45 221 225 645 161 212
6 0,8 76 45 2094 1845 1608 2686 2240
7 1 14 90 276 312 645 415 435
8 0,8 45 90 259 245 1608 225 309
9 1,2 76 90 437 406 306 764 621
10 1 14 0 730 849 645 496 487
11 0,8 45 0 2163 2490 1608 1583 1254
12 1,2 76 0 © 886 868 306 1124 921
13 0,8 14 45 655 618 1608 796 857
14 1,2 45 45 176 156 3n6 85 116
15 1 76 45 1079 1274 645 1390 1091
16 1,2 14 90 248 243 306 250 260
17 1 45 90 191 191 645 104 148
18 0,8 76 90 1102 1195 1608 2484 2246
19 1,2 14 n 458 429 306 304 293
20 1 45 0 1360 1258 645 847 679
21 0.8 76 0 3586 3402 1608 3608 2877
22 1 14 45 403 352 645 429 461
23 0,8 45 45 462 479 1608 348 462
24 1,2 76 45 8n1 726 306 81n 609
25 0,8 14 90 627 591 1608 772 806
26 1,2 45 90 116 122 306 56 84
27 I 76 90 855 768 645 1279 1089
27, th exp . o71/2
Set=n N—‘e—o—N—‘— / 0,0190 0,2785 0,0857 0,0748
st™ 57 N, exp ’ : ' ’

i=1

The applicability of the approach based on the kinetic equations of damage to the calcu-
lation of the endurance of structural materials operating under conditions of complex low cy-
cle loading was verified for different variants of the criterion of microstresses which are
represented by Eqs. (5)-(7). An analysis of the results of the calculation carried out by pro-
cedures-suggested in these equations did not reveal any substantial difference between them;
this has possibly to do with the specifics of the symmetric load cycle. We will describe the
method of calculation on the example of Eq. (5), for the other two cases the calculation pro-
cedures are practically analogous.

The microstress tensor is calculated according to the multisurface theory of plastic flow,
a variant of which was dealt with in [10]. Similarly to [18], the components of the micro-
stress tensor are identified with the coordinates of the center of the region of elastic de-
formations (Fig. 1).

It is known that in real materials the characteristics of strength depend on the kind o
state of stress of the material. To take the effect of the kind of state of stress on the
1imit value of the measure of damage Q into account, Novozhilov suggested replacing the equal-
ity @ = 1 by the following equation [15]:

Q:(gsl—— l)n, (12)

where S, is the largest reduced stress; S is the breaking strength; n is a constant of the
material.

However, the application of Eq. (12) is greatly hindered by the determination of the
breaking strength S, i.e., the normal tensile strength destroying the material without pre-
liminary plastic deformations; this is carried out in tests of cubic tension. In the sug-
gested method of calculation we retained the equality @ = 1; the effect of the kind of state
of stress on the magnitude of damage Q was taken into account by the introduction of the modi-
fied tensor of microstresses

Py kPyy kP
Py = kP, P, kPyl,

(13)
kPg, kPy, Pg
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shift. (Solid lines: statistical model; dashed lines: Coffin—
Manson equation; dot—dash lines: criterion of microstresses; dou-
ble-dot—dash lines: energy approach.)

where k is the weight coefficient determined from uniaxial tensiom—compression and torsion
tests, k = 0.25.

Calculation of these regimes of uniaxial loading showed that X is a linear function of
the double amplitude of the straim intensity. For Eq. (5)

A = A (Ag;)) = 0,00133 Ae,. (14)

When we substitute (13) and (14) into Eq. (5), integrate it in a cycle and sum by cycles,
we obtain the following dependence:

o 9
2 \ A(As,).(_‘;.p;,.p;i)”'dL =1, (15)

n=|\ Ln

where p*j3; is the deviator of the modified tensor of microstresses; L, is the length of the
deformation path of the n-th cycle. For cyclically stable materials, which steel Kh18N10T, in
particular, at room temperature is, Eq. (15) is transformed to the form

N g K(Asl)-(%p;,--p;,)”?dL=1. (16)

cycle

Thus it is possible to suggest a procedure of calculating the endurance of materials based
on the concept of plastic damage realized in the form of Egs. (5)-(7). The initial data are
the standard mechanical characteristics of the material, the low cycle fatigue curves in ten-
siomr—compression, and also the curve of cyclic strengthening. First we carry out a piecewise
linear approximation of the cyclic diagram of strengthening and determine the field of sur-
faces of plastic flow whose parameters, jointly with the mechanical characteristics of thema-
terial, are entered into the program for calculating the damage per cycle Q.ycje- The sur-
faces of plastic flow are described either by Mises' equation or by Trusk's equation. The cal-
culation of Q... is carried out according to the multisurface theory of plastic flow [10].
The function A" 1is determined by "tuning" of the calculation program to the regime of tension—
compression (A is calculated for several levels of Aey, and on this basis the dependence X—
bey is plotted). The value of the endurance curve of pure torsion makes it possible to cal-
culate the weight coefficient k. After that the program is prepared for the calculation of
endurance for arbitrary loading paths (within a cycle).

The nature of the coincidence of the theoretical and experimental data can be judged from
the results presented in Table 1. It can be seen from the table that for the energy approach
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and the concept of plastic damage to the material, the standard errors of the methods are prac-
tically equal to each other, amounting to about 8%, whereas for an equation of the Coffin—Man-
son type they amount to 30%. !

The good description of endurance under complex low cycle loading was attained in the
first place on account of the high degree of adequacy of the equations of the multisurface
theory of plastic flow to the experimental data.

Some authors [19-21] analyzed the applicability of some equations of state to the de-
scription of cyclic plasticity. Thus the following three formulations of the theory of plas-
tic flow with kinematic strengthening [19] were described:

1. transfer of Mises' yleld surface inaccordance withPrager's condition of strengthening;

2. transfer of Trusk's yield surface in accordance withZiegler's condition of strengthening;

3. transfer of Trusk's yleld surface in accordance with the calculation of Mrous' condi-
tion of strengthening within Trusk's steady limit surface.

The authors note that only in the last formulation, i.e., the multisurface formulation
of the theory of plastic flow, is there good agreement between the experimental and the the-
oretical data. The authors of [20] examined the applicability of the single-surface theory
of plasticity with kinematic and isotropically kinematic strengthening to the description of
cyclic plasticity when there are cut-of-phase strain cycles. As a result of the investiga-
tions it was concluded that both models are inapplicable to processes of complex cyclic load-
ing. It follows from another publication [21] that for nomproportiomnal cycling Mrous' model
of kinematic strengthening yields more accurate results than Ziegler's model.

Thus it may be concluded that the single-surface theories of plastic flow are inappli-
cable in nonproportional cyclic loading whereas Mrous' model, which relates to the multisur-
face theories of plasticity, yields good agreement between theoretical and experimental re-
sults. Further development of the methods of determining the endurance of structural mate-
rials operating under conditions of nonproportional low cycle loading is closely bound up with
the use of more developed multisurface models of plastic flow [22-24].

Conclusions

1. As a result of experimental investigations it was shown that the application of equa-
tions of the CoffinManson type under conditions of nonproportional cyclic loading may lead
to substantial errors in the evaluation of the endurance of a material. For some regimes of
complex loading the number of cycles to failure came out four or five times higher when cal-
culated by Eq. (9).

2. The energy approach and the concept of damage cumulation show good agreement between
theoretical and experimental results, and they may therefore be recommended for the stress
analysis of structures operating under conditions of complex low cycle loading.

3. The multisurface theory of plastic flow in the form suggested by Garud [10] made it
possible to describe qualitatively and with a sufficient degree of accuracy also quantitatively
the cyclic strain diagrams of steel Kh18N1OT with nonproportional loading paths.
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