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M E C H A N I C A L  P R O P E R T I E S  O F  M A T E R I A L S  S T U D I E D  

F R O M  K I N E T I C  D I A G R A M S  O F  L O A D  V E R S U S  D E P T H  

O F  I M P R E S S I O N  D U R I N G  M I C R O I M P R E S S I O N  

S. I .  B u l y c h e v ,  V .  P .  A l e k h i n ,  
M .  K h .  S h o r s h o r o v ,  a n d  A .  P .  T e r n o v s k i i  

UDC 620.178.15 

The  m e c h a n i c a l  p r o p e r t i e s  of the t echnolog ica l  l a y e r s  f o r m e d  n e a r  the con tac t  s u r f a c e s  of d i f f e ren t  m a -  
t e r i a l s  c o n s i d e r a b l y  affect  the du rab i l i t y  of c o n s t r u c t i o n s  m a n u f a c t u r e d  f r o m  c ompos i t e  m a t e r i a l s  such as  b i -  
m e t a l s  p r e p a r e d  by s o l d e r i n g  o r  we ld ing .  Owing to the b r i t t l e n e s s  and the s m a l l  s i z e s  of the l a y e r s ,  t he i r  p r o p -  
e r t i e s  u sua l l y  cannot  be d e t e r m i n e d  by u t i l i z a t i on  of the n o r m a l  p r o c e d u r e s .  The  method  of m i c r o i m p r e s s i o n  
by an  inden to r  and  p lo t t ing  of the r e s u l t s  of the t e s t s  a long  two c o o r d i n a t e s ,  v iz . ,  p lo t t ing  the load on the i n -  
den tor  a long  the a b s c i s s a s  and the depth of the i m p r e s s i o n  a long the o r d i n a t e s  [1] is  one of the few methods  
p e r m i t t i n g  the m e c h a n i c a l  p r o p e r t i e s  of such m a t e r i a l s  to be e s t i m a t e d .  F o r  "un i fo rm"  m a t e r i a l s  th is  method  
should  be c o n s i d e r e d  a highly e f f ic ien t  mic t -omechan ica l  t e s t  p r o c e d u r e .  

TABLE 1. Some P h y s i c o m e c h a n i c a l  P r o p e r t i e s  of the M a t e r i a l s  E x a m i n e d  

Sample 
N o .  

Material 

30 KhGSA 
30KhGSA 
Steel 45 
L62 
D16T 
Ti alloy 
Glass 
Fe2Als 
FeAI a 

~b, kgf/mm z 

79 
130 
9O 
46 
6O 

Pmax, gf 

250 
365 
365 
250 
250 
250 
90 

200 
300 

HV, kgf/ 
m m  2 

250 
446 
246 
133 
161 
247 
625 
915 
718 

| H/HV 

1,07 
1.I0 
1.11 
1,09 
1,05 
1.085 
0.91 
0,91 
0,88 

E.IO-3.  
kgf/mm z 

20,5 
20.0 
19,5 
9,5 
7,8 

E d. 10 - 3 ,  
kgf/mm z 

21,0 
21,6 
19,5 
9,8 
8,02 

13 
7,37 

13 
II,0 

8H, % 

5 
2 
4 
0 
2 
9 

0 
0 

4,% 

20 
9 

20 
12 
6 
9,5 

12 
1,5 
1,5 

Note. 1.Pma x denotes tim load on the tndentor at the moment of unloading; HV and H are the hardnesses calculated 
from the diagonal and the depth of the impression of Bikk~rs pyramid; E and Ed are the values of Young's modulus 
calculated from tim stretching and impression tests. 2. Each value is the result of five to ten impression tests carried 
out in an equipment analogous to that described in [3, 4]. 
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Fig. 2 

D i a g r a m  of i m p r e s s i o n  by an i d e n t o r  and  s o m e  p a r a m e t e r s .  

F i g .  2. P l o t s  of m and n vs  the r e l a t i v e  p r e s s u r e  in the c e n t e r  of the i m p r e s s i o n  
(a) and  the r e l a t i v e  load  on the i nden to r  (b, c ) :  1) 30KhGSA s t e e l ,  o b = 79 kgf 
/ mm2,  P m a x  = 250 gf; 2) 30KhGSA s t e e l ,  cr b = 130 k g f / m m  2, P m a x  = 365 gf; 
3) g l a s s ,  P m a x  = 90 gf.  

One of the  i m p o r t a n t  c h a r a c t e r i s t i c s  of the  m a t e r i a l  - the  Young ' s  m o d u l u s  - can  be  found f r o m  the un -  
l o a d i n g  b r a n c h  of the  i m p r e s s i o n  d i a g r a m  (F ig .  1). If the l oad  i s  r e l i e v e d  a f t e r  the r e l a x a t i o n  p r o c e s s e s  
under  the  i m p r e s s i o n  have  c o m e  to an end ,  the in i t i a l  s t a g e  of un load ing  is  a p u r e l y  e l a s t i c  p c o c e s s .  In 
th i s  s t a g e  l o a d i n g  and un load ing  a r e  r e v e r s i b l e  p r o c e s s e s  and can be  d e s c r i b e d  by the t h e o r y  of e l a s t i c i t y .  
The  s a m p l e  can  be c o n s i d e r e d  to be an  e l a s t i c  s e m i s p a c e  ff i t s  l i n e a r  s i z e s  e x c e e d  the d i a m e t e r  (diagonal)  
of the i m p r e s s i o n  by a f a c t o r  of about  ten o r  m o r e .  Then  d u r i n g  e l a s t i c  i m p r e s s i o n  of a r i g i d  c y l i n d e r  
wi th  a p l ane  end f ace  of d i a m e t e r  d (when the p r e s s u r e  on the con tour  of the a r e a  of  c on t a c t  t ends  to i n -  
f in i ty)  the  l oad  P d i s t r i b u t e d  ove r  the s u r f a c e  of the i m p r e s s i o n  is  r e l a t e d  to the v e r t i c a l  d i s p l a c e m e n t  z 
of the  c e n t e r  of the i m p r e s s i o n  by the r e l a t i o n s h i p  [2] 

P = .--~-~ z, (1) 
e 

where e = (1-#)/E (# and E are Poisson's coefficient and Young's modulus of the semispaee). For elastic 
impression of a spherical punch of radius R the formula reads 

p 4 ] / ~  z:~/2 
3 e 

T h e  f o r m u l a  fo r  a cone wi th  the apex  ang le  2~  r e a d s :  

2 1 p - -  z 2. 
ctg q~e 

(2a) 

(3) 

Since in the f i r s t  funct ion  d = cons t . ,  We sha l l  d e t e r m i n e  the d e r i v a t i v e s  d P / d z  of t h e s e  func t ions .  

i t  fo l lows  tha t  d P / d z  = d / e .  

F o r  func t ion  (2a) d P / d z  = ( 2 / e ) ~ - z - .  Since 

d~ (2) 
R = "6Pa ' 

and z = ( 3 / 2 ) ( P e / d ) ,  on ly  two of the p a r a m e t e r s  P ,  z, d, and  R a r e  independen t ;  we m a y  t ake ,  e . g . ,  P and 

d a s  independen t  p a r a m e t e r s .  A f t e r  s u b s t i t u t i o n  we ge t  d P / d z  = d / e .  
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Fig .  3. M o n o g r a m  s u i t e d  fo r  c a l c u -  
l a t i n g  the  m i e r o h a r d n e s s  f r o m  the 
func t ion  n = f (p ) .  

F o r  the t h i r d  func t ion  ( second  l i m i t i n g  c a s e  w h e r e  the  p r e s s u r e  in the c e n t e r  of the i m p r e s s i o n  tends  
to inf ini ty)  d P / d z  = ( 4 / ~ ) . ( z / e t g  q~e). On the  o t h e r  hand  [5], z = (T r /4 )dc tg  ~. A f t e r  s u b s t i t u t i o n  we f ind 
the s a m e  v a l u e  d P / d z  = d / e .  

C o n s e q u e n t l y ,  the f inding  tha t  the  s l o p e  of the  i n i t i a l  un load ing  b r a n c h  of the l o a d i n g - i m p r e s s i o n  
d i a g r a m  is  i ndependen t  of the  d i s t r i b u t i o n  of the  p r e s s u r e  u n d e r  the i m p r e s s i o n  i s  an  i m p o r t a n t  p r a c t i c a l  
p r o p e r t y  of  the  c u r v e  o f  e l a s t i c  un load ing  of  a p l a s t i c  i m p r e s s i o n .  We s h a l l  e x p r e s s  the l i n e a r  s i z e  d of 
the  i m p r e s s i o n  by the a r e a  F of i t s  p r o j e c t i o n :  

d 2 V~- (4) 
d P / d z  = T = l , r -~  " e 

T a k i n g  into accoun t  the e l a s t i c  p r o p e r t i e s  of  the  i n d e n t o r  we f ind e = e t + e 2 = ( 1 - # 2 ) / E  + (1- l . t2a) /Ea,  
w h e r e / ~ a  and E a denote  the  e l a s t i c  c o n s t a n t s  of  the i n d e n t o r .  Solv ing  Eq.  (4) wi th  r e s p e c t  to E ,  we d e r i v e  

2 V-fd~/dP--e, (5) 

A s s u m i n g  p = 0.3,  we d e t e r m i n e  E to an  a c c u r a c y  of +3c/0, ff 0.25 _< p < 0.35. 

In  o r d e r  to a p p l y  the p r o p o s e d  p r o c e d u r e  to a s q u a r e  i m p r e s s i o n  in  a p l a n e ,  we c o m p a r e  the  v a l u e s  
of z fo r  a round  (zc~ a n d a  s q u a r e  i m p r e s s i o n  (zo)  a t  i d e n t i c a l  a r e a s  F .  In the c a s e  of  a u n i f o r m  p r e s s u r e  
on r o u n d  and  s q u a r e  a r e a s ,  r e s p e c t i v e l y ,  w e  f ind [2] 

2 (1 --  ~)  P . 
z v =  - - - - r - - - .  V-~ -  , 

2(1--1~,) In t /2"+ I o 
z~ rd~ l r~ --  l V~f 

I t  i s  e a s i l y  shown tha t  z O ~ 1.0056 zE]. C o n s e q u e n t l y ,  the p r o c e s s e s  and equa t ions  which  d e s c r i b e  t h e m  
a r e  a l m o s t  i d e n t i c a l .  Since the a c t u a l  d i s t r i b u t i o n  of  the  p r e s s u r e  under  the i n d e n t o r  i s  not  u n i f o r m  but  
i n c r e a s e s  upon p a s s i n g  t o w a r d s  the c e n t e r  of the i m p r e s s i o n  and ,  owing to the  d e c r e a s i n g  d i f f e r e n c e  b e -  
tween  the m o m e n t s  of the  f o r c e s  wi th  r e s p e c t  to the i m p r e s s i o n  a x i s ,  the equa t ions  d i f f e r  s t i l l  l e s s ,  i t  can  
be conc luded  tha t  Eqs .  (4), (5) a r e  a p p l i c a b l e  both to a round  and to a s q u a r e  i m p r e s s i o n .  

An  e x p e r i n a e n t a l  check  of the  p r o c e d u r e  p r o p o s e d  showed  tha t  Young ' s  modu lus  E d e t e r m i n e d  f r o m  
s t r e t c h i n g  t e s t s  a g r e e s  f a i r l y  we l l  wi th  Y o u n g ' s  modu lus  Ed  d e t e r m i n e d  f r o m  i m p r e s s i o n  t e s t s .  It shou ld  
be no ted  tha t  the va lue  E d  i s  s l i g h i l y  h i g h e r  than  E fo r  two t h e o r e t i c a l  r e a s o n s .  If  F de no t e s  the  a r e a  of  
the  i m p r e s s i o n  and F K deno t e s  the a r e a  of the  co n t a c t  be tw e e n  the i nden to r  and the s a m p l e ,  the l a t t e r  a r e a  
s l i g h t l y  e x c e e d s  the a r e a  of the i m p r e s s i o n ,  owing to the  e l a s t i c  c on t a c t  a t  the  con tou r  of the  i m p r e s s i o n .  
T h e r e f o r e ,  E d > E in f o r m u l a  (5). The  p r e s e n c e  of a h y d r o s t a t i c  p r e s s u r e  which  r a i s e s  Y oung ' s  modu lus  
i s  t y p i c a l  of the s t r e s s e d  s t a t e  unde r  the i n d e n t o r .  A c c o r d i n g  to da t a  of [5, 6] th i s  r i s e  equa l s  5% when 
the  p r e s s u r e  i s  i n c r e a s e d  by 0.01 E .  F r o m  th i s  i t  fo l lows  tha t  E d = E(1 + k ( H V / E ) ) .  A c c o r d i n g  to t a b u -  

l a t e d  da ta ,  k -~ 2 - 0 .  

The  c a p a b i l i t y  of the  m a t e r i a l  to r e l a x  the  s t r e s s e s  in the  c o u r s e  of the  t i m e  6H was  c a l c u l a t e d  f r o m  

the  f o r m u l a  
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F i g .  4. H y s t e r e s i s  in the s a m p l e s  No. 
1 (a} and No. 2 (b) of 30KhGSA s t e e l  (the 
a r e a  of  the  loop of  the  f i r s t  c y c l e  (a} i s  
ha t ched ) .  

ql/qf 

0,8 rn': 2 _ ~  

8.6 I ,  
0.~ 

0.~ 

1 ,/~ i i 
0 ~Z O, 0.6 t~8 P/Pmar 

qflq~ a 

~176 f 
o,o 

o.2 

I t 0 I i l ~ i I ._L..~I 
2 1,8 1.5 I,Z m 

b 

F i g .  5. V a r i a t i o n  of the m e a n  p r e s -  
s u r e  unde r  the i m p r e s s i o n  d u r i n g  u n -  
l oad ing .  

6 H  ~ H ~  Ht N 2Ah 
Ho ~ ho+A h , 

w h e r e  H 0 = c ( P / h  2) ( see  F i g .  1) deno t e s  the h a r d n e s s  found f r o m  the l oad ing  b r a n c h ;  H t i s  the h a r d n e s s  a t  
the  m o m e n t  t (the r i s e  of the l o a d i n g  b e i n g  s t o p p e d  a t  t = 0} a f t e r  which  the h a r d n e s s  p r a c t i c a l l y  did  not  
change  f u r t h e r .  The  t i m e  t f o r  the v a r i o u s  m a t e r i a l s  v a r i e d  f r o m  a few s e c o n d s  to s e v e r a l  m inu te s .  The  
s l o p e  of the a r c  which  c o r r e s p o n d s  to the t i m e  l a g  i s  not  c o r r e l a t e d  to the p r o p e r t i e s  of the m a t e r i a l  (the 
l a t t e r  a r e  d e t e r m i n e d  by the p a r a m e t e r  6H} and c h a r a c t e r i z e s  the r i g i d i t y  of the s p r i n g  in the  equ ipmen t  
wi th  which  the f o r c e s  a r e  m e a s u r e d .  

T a b l e  1 con ta in s  s e v e r a l  p r o p e r t i e s  of the  two m e t a l  a l l o y s  Fe2A15 and FeA13, which  have  been  h a r d l y  
e x a m i n e d  so  f a r ;  s i n c e  they  a r e  b r i t t l e ,  they  cannot  be s t ud i e d  by  m e a n s  of the usua l  me thods .  

R e l a t i o n s h i p s  (1)-(3) d e r i v e d  above  p e r m i t  a g e n e r a l  exponen t i a l  funct ion P = a m  z m  to be i n t rodueed  
fo r  d e s c r i b i n g  the ac tua l  e l a s t i c  p r o c e s s  of un load ing ;  in th i s  func t ion  1 -< m -< 2, a s  fo l lows  f r o m  the two 
l i m i t i n g  c a s e s ,  the va lue  of m c h a r a c t e r i z i n g  the d i s t r i b u t i o n  of the p r e s s u r e  under  the inden to r  [2, 7]. If  
the  p r e s s u r e  in the  c e n t e r  of  the  i m p r e s s i o n  and  the m e a n  p r e s s u r e  a r e  deno ted  by q and qF ,  r e s p e c t i v e l y ,  
q / q F  = 0.5 a t  m = i ( for  th i s  c a s e  we t ake  z = 1); a t  m = 1.5, q ~ F  = 1.5, z = 1.5; at  m = 2, q / q F  - -  0% 
z = 2; a t  q - - q F , z  = 4 /7 r .  The  p lo t  of q / q F  = f(m} in F i g .  2a was  c o n s t r u c t e d  f r o m  t h e s e  da ta .  

To d e t e r m i n e  the va lue  of m in any po in t  of the un load ing  c u r v e  c h a r a c t e r i z e d  by  the p a r a m e t e r s  P ,  
z ,  and  d P / d z ,  we have  two equa t ions  P = a m  z m  and  d P / d z  = m a m  z m - l .  Solving the f i r s t  equa t ion  wi th  
r e s p e c t  to a m ,  s u b s t i t u t i n g  the  e x p r e s s i o n  thus  o b t a i n e d  fo r  a m  in the s e c o n d  equa t ion ,  and  so lv ing  the 

l a t t e r  wi th  r e s p e c t  to m ,  we f ind:  

m = d P I d z  : P / z .  (6a} 

In the  c a s e  of g r a p h i c a l  d e t e r m i n a t i o n  of  d P / d z  the  d i f f e r e n t i a l  dz = Az.  Th~ , the d i f f e r e n c e  Az should  be 
so c h o s e n  tha t  d P =  P i  ( see  F i g .  1),  w h e r e  P i  deno t e s  the va lue  of  the load  in the c o n s i d e r e d  po in t  of the 

c u r v e .  Then 

m : z /dz .  (6b) 

F i g u r e  2b and c shows  the v a r i a t i o n  of p a r a m e t e r  m for  t h r e e  m a t e r i a l s  du r ing  unloading ,  f r o m  
which  the d i s t r i b u t i o n  of the  p r e s s u r e  unde r  the  i n d e n t o r  can  be e s t i m a t e d .  

T h i s  e v a l u a t i o n  of  the  tmload ing  b r a n c h  i s  a u n i v e r s a l  p r o c e d u r e  and can  be  u s e d  in many  p r a c t i c a l  
s t u d i e s ,  e . g . ,  in the c o n s i d e r a t i o n  of the  un load ing  b r a n c h  when the l a t t e r  i s  d e s c r i b e d  by the equa t ion  

1 0 8 7  



P = da n [8]; however ,  in the l a t t e r  case  n is  v a r i a b l e .  Consequent ly ,  the functions n = f(p) or n = ~(h) can 
be found expe r imen ta l l y .  This  function e s s e n t i a l l y  d e s c r i b e s  the effect  of the sca le  fac tor  dur ing i m p r e s -  
sion. The equation which is analogous to Eq. (6b) (see F ig .  1) r e a d s  

n = h/d~. (6c) 

~'rom a c o m p a r i s o n  of the data obtained by evaluat ing  the loading and unloading b ranches  for  the m a -  
t e r i a l  30KhGSA in two s t r uc tu r a l  s t a t e s  and those for indus t r i a l  g l a s s  (see F ig .  2b and c,  where  eve ry  point 
r e p r e s e n t s  the ave rage  over  five to ten tes t s )  it is  evident  that  m i n c r e a s e s  as  the index n d e c r e a s e s  (the 
r i s e  of the ha rdnes s  i n c r e a s e s  when the s ize  of the i m p r e s s i o n  d e c r e a s e s ) ,  i . e . ,  the p r e s s u r e  under the 
apex of the indentor i n c r e a s e s ,  which is e spec i a l l y  no t iceable  for g l a s s .  This  is  r e l a t e d  to a cons ide rab le  
extent  to the effect  of the r a t e  of unloading and the dependence of the geomet ry  of the unloading branch on 
this r a t e .  This  dependence does not occur  in me t a l s .  

The continuous function H = r (P) can be cons t ruc ted  f rom the function n = f(P) and a s ingle  known 
value of the h a r d n e s s .  To do th is ,  i t  is  convenient  to u t i l ize  a s impl i f i ed  p rocedu re  cons i s t ing  in d ivis ion 
of the function n = f(P) into p a r t s  to which a constant  value is ass igned .  Then by applying some t r a n s f o r -  
mat ions  we de r ive  f rom the power function P = ahnthe  e x p r e s s i o n  dH/H = [ ( n - 2 ) / n ] d P / P .  In tegra t ing  the 
l a t t e r  e x p r e s s i o n  and subst i tu t ing the in tegra t ion  l i m i t s ,  we find 

l n H j H 2  = 2--1,1 l n P z / P ,  at Pa -" Pr n (7a) 

In H21Hi = 2 - - n  In PilP2 at Pa . /P i -  (7) 

A plot  of these  equations along loga r i thmic  coord ina tes  is a s t r a i g h t  l ine and the s lope of this  l ine,  
equaling ( 2 - n ) / n ,  indica tes  the ra t io  between the change of the loga r i thm of the h a r d n e s s  and the change 
of the l oga r i t hm of the load,  e .g . ,  a t  n = 1.9 this  r a t io  equals  1 / 1 9  and at  n = 1.5 it equals  1 / 3 .  F igure  3 
shows a nomogram sui ted for  ca lcu la t ing  the h a r d n e s s  f rom known values  of n. Such a nomogram may be 
cons t ruc ted  a l so  along the coord ina tes  H1/H 2 vs h2/hl, and then the s lope of the r a y s  will  equal 2 - n .  

In the case  of unloading of me ta l s  the va r i a t i on  of m has a complex  c h a r a c t e r  (see Fig.  2b), which, 
evident ly ,  is  r e l a t e d  to the Bausch inger  effect ,  which is r e v e a l e d  by the h y s t e r e s i s  loop found upon renewed 
loading of the i m p r e s s i o n .  F igure  4 shows the h y s t e r e s i s  loops for  30KhGSA s tee l  (see Table  1), where  
sample  No. 1 shows an i n c r e a s e  of the depth of the i m p r e s s i o n ,  whereas  in s e v e r a l  t e s t s  on sample  No. 2 
the depth of the i m p r e s s i o n  r e m a i n s  cons tant  and the h y s t e r e s i s  loops coincide.  "Explosion" of the i m p r e s -  
s ions in the f i r s t  cyc l e s  is  typical  of b r i t t l e  m a t e r i a l s .  The h y s t e r e s i s  

= ~/z (8) 

(see Table  1) for  s amp le s  No. 1 and No. 2 equaled 20 and 9%. r e s p e c t i v e l y .  The value of r thus de t e rmined  
is an analogue of the m e a s u r e  which c h a r a c t e r i z e s  in te rna l  f r ic t ion  and the s o - c a l l e d  absorp t ion  coeff ic ient  

[9]. 

Our investigations proved the general validity of some regularities of cyclic loading during impres- 
sion and in few-cycle fatigue tests on samples of the usual shape when the durability is predicted from the 
width of the hysteresis loop [10]. With regard to the magnitude, the hysteresis during impression is of 
the same order as the Bauschinger effect. Therefore, we shall consider the physical nature of the latter 
effect in more detail. 

The Bauschinger effect appears when the direction of the effective stresses is altered, while the 
magnitude is kept constant or slightly reduced. During unloading of an impression this situation may oc- 
cur, if the mean pressure on the contact area left remains constant or is slightly reduced. We shall 
analyze how the pressure changes in the three cases described by Eqs. (1)-(3). 

If P = d/ez, where d = const, then qF = 4Pmax/7rd2. We shall denote the mean pressure and the 
load during unloading by qf and P, respectively: qf = 4P/rrd 2, from which it follows that 

ql /qr  ='P/Pmax'  (9) 

i . e . ,  in this  case  the mean p r e s s u r e  d e c r e a s e s  p ropor t iona l ly  to the reduct ion  of the load  on the indentor.  

Dur ing e l a s t i c  unloading of a sphe r i ca l  punch the following equation hoIds:  

P = cO/6Re, (2b) 
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f rom which it follows that 

P / P m , •  ~ (d/dm,x)'~, 

where dma x denotes the diameter  of the contact  area  at the moment of unloading; d the diameter  of the con- 
tact a rea  during the unloading p rocess .  On the other hand, we can always write P = 7r d2/4qf or P / P m a x  
= q f / q F ( d / d m a x )  2. Consequently, P / P m a x  = (d/dmax)3 = q f /qF(d /dmax)  2. Substituting p from Eq. (2b) 
for d and dmax, we get 

ql/qF = (P/Pm~x)' 13, (10) 

i .e . ,  the mean p res su re  dec reases  considerably slower than the load. 

In the third case by substituting z = (Tr/4)dcot q~ in Eq. (3) we find P = (n /8)  �9 (cot r : cF,  from 
which it follows that 

c = P / F  = const = qe '  (11) 

o r ,  in other  words ,  in this limiting case the p ressu re  remains  constant during the unloading process .  

Figure 5 shows how the mean p res su re  q f / q F  depends on P / P m a x  at three fixed values of m and m 
at fixed values of P / P m a x .  

Since Eqs.  (1)-(3) hold both for round and for square impress ions ,  the plots shown in Fig. 5 are  
evidently applicable also to a square impress ion  in a plane. 
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