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T H E R M A L  E L A S T I C I T Y  O F  A H O L L O W  S P H E R E  W I T H  

T E M P E R A T U R E - D E P E N D E N T  T H E R M A L  C O N D U C T I V I T Y  

I .  N .  M a k h o r k i n  UDC539 .377  

Consider  a hollow sphere  f ree  of ex te rna l  loading, the inner sur face  of which (r =R i) is subjected to 
heat ing by a heat  flux of constant  densi ty q, while the outer  sur face  (r =R2) is mainta ined at  a constant  t~m-  
pe ra tu re  T 0. 

As was indicated e a r l i e r  [1], the t e m p e r a t u r e  dependence of Young's  modulus E,  P o i s s o n ' s  ra t io  v, and 
the coeff ic ient  of t he rma l  expansion r~ t is i m m a t e r i a l  for  many  crys ta l l ine  d ie lec t r i c s ,  and these quanti t ies 
can be cons idered  constant .  The coeff icient  of t he rma l  conductivity X t depends heavi ly on t e m p e r a t u r e .  

To  de te rmine  the s teady t e m p e r a t u r e  field t(r), th~ rad ia l  d i sp lacement  u(r),  and the t e m p e r a t u r e - -  
s t r e s s  components  a r r '  (~acP=aO0 , we have in this case  the following re la t ionships :  

-7 i - -  ~ r2~.t (0 ~ = O; (1) 

E [ d~ - ] 
O'rr= (l -~ v) (l --  2v) (1 --v)--aT-+2V-'F'-- 'czt(l  + , ~ ) t ( r )  ; 

E [rU_~ au (1 + v )  t (r)]" (2) o ~ =  f l e a =  ( l + v ) ( l - - 2 v )  + v ~ - - ~ t  , 

d [ l d ] at(l-[-v) d 
d--7- "7 r" --aT (r'u) ---- - 1 -- v ~7- it (r)], (3) 

as well  as boundary conditions 

[1] 

[ at 1 ; T o = t i e R , ;  (4) q = [ - -  X= (t) ---~-Jr=R t 

o .  I~=R~ = 0; o,~ I~=R, = 0.  ( 5 )  

If the law governing the change in the coeff icient  of t he rma l  conductivity with t empe ra tu r e  takes the f o r m  

k Xt (0 = - / - ;  k = const, (6) 

one obtains f rom Eq.  (1) with considera t ion  given to Eq.  (6) and Eq. (4) this exp res s ion  for  de terminat ion  of 
the s teady t e m p e r a t u r e  field: 

a. R=--r 

t (r) = Toe R" " , (7) 

where  

qR~ 
r - -k  

In tegra t ing  Eq. (3) with cons idera t ion  given to Eq.  (7), we have 

a t (l + v) Cr D 
u -  (l _ ~) r-h-- 0 (r) + - 3 -  + -Tr"  (8) 
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Fig. 1. Distribution of tempera ture  (a), and c i r cum-  
ferent ial  (b) and radial  (c) s t r e s s e s  as function of r / R  2 
with outer surface at tempera ture  of 27~ and with 
internal surface heated by heat flux. 

0 (h = -~- To eT- (r + ~)] - -  ~sEi 

where E l ( a / r )  is an integral  exponential function. 

Solving Eq. (8) for boundary conditions (5), we can determine the constants of integration 

C =  

D 

Substituting relat ionship (8) in Eq. 
perature  s t r e s se s  

~t  (I - 2~,) [e CRy) - -  e (R~)]; 

(9) 

% (I + -~) [R~e (R~) - -  R~O (R~)]. 

(2) with considerat ion given to Eq. (9), one obtains the des i red  tern- 

Grr 2Eat I e (R,) -- e (R,) ~ e  (R,) -- R]e (R,) e (~) .l. 
R~3 _ R~ - -  ,~ (R~- R~) " ] ' 

ate [ 2[O(R~)--O(R01 
%,p = %0 = q-:--q- 1 R~-R~ 

+ R~e (R,) - R~e (R,) e (r) t (r)} 
,-, ( ~ -  ~?) -~ ,~ 

(I0) 

The tempera ture  field and field-induced temperature  s t r e s s e s  in a sphere made of 98% polycrystal l ine 
aluminum oxide A1203 with k =2.8 c a l / m m  � 9  deg were computed from Eqs.  (7) and (10). The resul ts  of 
the computations are presented in Fig.  1 f rom which it follows that the maximum tempera ture  is observed on 
the inner surface of the sphere .  Radial  s t r e s se s  reach a maximum value when r /R  2 =0.945, and c i r cumfe ren -  
tial s t r e s se s  are maximum on the inner surface of the sphere;  in this case ,  the lat ter  exceed the maximum 
radial  s t r e s s e s  by a fac tor  of ~20. 
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