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1. Introduction

The theory of microfluids was introduced by Eringen
(1,2) to study a class of fluids which exhibit certain
microscopic effects arising from the local structure
and micro-motions of the fluid elements. A subclass
of these fluids which shows the microrotational effects
and micro-rotational inertia was named the micropolar
fluids by Eringen (3). The micropolar fluids can support
couple stresses and body couples only. Physically,
they may represent fluids consisting of bar-like or
sphere-like elements (3,4). The mathematical model
underlying micropolar fluids may be considered to
represent the behaviour of certain polymeric fluids,
animal blood and liquid crystals (3,4, 5, 6).

The flow problems of the micropolar fluids through
various configurations have been studied by Eringen (3),
Ariman et al. (5), Ariman (7), Willson (8,9) etc. The
stability problem for micropolar fluids for the plane
Poiseuille type of flow has been considered by Liu (4).
The boundary layer concept in micropolar fluids was
introduced by Willson (6) to obtain the solution in the
stagnation region of a two-dimensional body using
Kdrman-Pohlhausen technique. He found that the
standard length of the micropolar fluid plays -an
important role in determining the structure of the
boundary layer.

It has been well established that similar solutions of
laminar boundary layer equations for Newtonian
fluids provide a relatively simple and exact method of
solving a number of viscous problems. As far as the
author is aware, the similarity solution of the boundary
layer equations for micropolar fluids has not been
considered in the available literature. Therefore, the
aim of this investigation is to obtain the similar solution
of the steady laminar incompressible boundary layer
equations of micropolar fluid past an infinite wedge.
The governing coupled equations have been solved
numerically using fourth order Runge-Kutta-Gill algo-
rithm. The velocity and microrotation profiles and
the surface shear stress for a range of parameters have
been presented. The significant role played by the
standard length of the micropolar fluid in determining
the structure of the boundary layer has been discussed.

2. Governing equations

We consider the steady incompressible two-
dimensional flow of a micropolar fluid in the
190
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neighbourhood of the stagnation point of an
infinite wedge. We assume that all the physical
properties of the fluid are constant. It is also
assumed that the microscopic inertia term
involving J (where J is the square of the charac-
teristic length of the microstructure) can be
neglected for steady two-dimensional boundary
layer flows in a micropolar fluid without
introducing any appreciable error in the solution
(6).

"Under these assumptions, the governing
boundary layer equations for micropolar fluids
(neglecting the effect of the transverse curvature
etc.) and their boundary conditions can be
expressed as (6)

[1]
[2]
[3]

uu, +vu, = UU, + vu,, + K, 0,
Gyo, —20—u,=0

uy+v; =90

u(0) = v(0) = 0, u(0) - U(x) }

a(0) =0, a(c0) =0 [4]
where x is the distance measured along the
surface from the stagnation point of the body,
y is the distance measured perpendicular to the
body, u and v are the velocity components
along x and y directions respectively, U is the
velocity of the potential flow, v = (u + S)/p is
the apparent kinematic viscosity of the fluid,
u 1s the coefficient of viscosity, S is the constant
characteristic of the particular fluid, p is the
density, ¢ is the microrotation component,
K, = §/p(K; > 0) is the coupling constant and
G(G; > 0) is the microrotation parameter, and
suffixes x and y denote partial derivatives with
respect to x and y respectively.

We know that for similar solutions the
velocity of the potential flow in the neigh-
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bourhood of the stagnation point of the body is
given by
Ulx) = ux™

and that the equation of continuity [3] is
integrated by the introduction of a stream
function ¥(x,y), so that

u=0y/0y; v=— 0Yjox

where u; and m are constants. Egs. [1] and [2]
can be reduced to ordinary differential equations
by writing

mel UN (m+1 )b =t
n=y — )=y —Jx
2 VX 2 v

2vu 1 m+1
b= (s fe s [5]
+1 1 3 @Gm-—-1
a=<mzv >2 u’x % g
so that

u=u x"f'0n) =Uf'(n)
1 _
v = —(mglvulxm_l>2[f+ :Z_Fir]f’} [6]

Substituting for u,v, s and y from eqs.[5]-[6] in
egs. [1}1-[2], we get

S+ B~ )+ Kg =0 [7]
Gg"— Qg+ /12 —-p=0 [8]

where K = K,/v and G = G,U/vx are non-
dimensional coupling and microrotation para-
meters respectively, f = 2m/(m + 1) is the pres-
sure gradient parameter and prime denotes
differentiation with respect to . The boundary
conditions for f and g can be expressed as

fO) = f'0)=0; f'(0)=>1
g(0) = 0; g(0) > 0.

[9]

From the relation between m and f (ie.
m = B/2 — p)), it can be observed that m — o
as f§ — 2. Hence the magnitude of § should be
less than 2.

The shear stress function 7 can be expressed as

[10]

Hence the surface skin friction coefficient c; is
given by

t=(u+Su, + So = p[vu, + K,0].

¢; = [29/pU%]y=0 = [2/{2 — P)Re}*]
LS + Kg)]y=o
= [2/{2 — B)Re}*] f"(0)

[11]
where Re = Ux/v is the Reynolds number.
It may be remarked that for micropolar fluids,
the surface skin friction coefficient ¢, does not
contain microrotation term explicitly because
g(0) = 0.

It may be noted that the two-dimensional
stagnation flow and the boundary layer on a flat
plate at zero angle of incidence are the particular
cases of the present solution. The former for
f = 1 and the latter for § = 0. As in Newtonian
fluids, it can be easily shown that the governing
equations for the axisymmetric stagnation point
flow can be obtained from egs. [7] and [8]
by putting § = 1/2 and using the transformations

n=n, fn) =@M, 9tn) = @ g:(1.).
[12]

3. Structure of boundary layer

It can be easily shown (6) that the structure of
the boundary layer in micropolar fluids depends
upon the magnitude of the non-dimensional
standard length

LL=G[2~HR—KI]; K=—"c5 f£2),

: [13]
It may be remarked (3) that for micropolar
fluids u > 0, S = 0, hence K is always less than
one (0 < K < 1) and the case K =1 corre-
sponds to limiting (but unphysical) situation of
infinite S. For a fixed § and K, L < 1 implies
G < 1. It is important to note that the case
G — 0 is a classical singular perturbation prob-
lem as the highest derivative in g in eq. [8] is
dropped and then the problem can be solved
by well known singular perturbation techniques
(10). It can be conjectured {6) that for L < 1, the
boundary layer splits into two tegions: the
contact layer adjacent to the wall and an outer
layer. It has been shown that (6, 11)

ﬂappzu+% as L'*O,

[14]

Happ =+ S as L - 0.

4. Results and discussion

The governing set of coupled egs. [7]-{8]
subject to the boundary conditions [9] have been



852 Rheologica Acta, Vol. 14, No. 9 (1975)

12
G=15
K=0.01
———— K=1.00
1.0

o
®

VELOCITY, f'(7)
o
¢}

1%
IS

0.2

50 . Fig. 1. Velocity distribution

12
G=35
—— k=0.01
-~—— K=1.00
1.0

o
®

=—0.19991

VELOCITY, f'(7)
©
)]

o
IS

0.2

0 1.0 20 3.0 4.0 5.0 Fig. 2. Velocity distribution



Nath, Similar solutions for the incompressible laminar boundary layer 853

1.6
G=3.5

K=0.01

——— K=1.00

SHEAR STRESS, 1)

-0 1 . .
© 10 1.10 2‘.0 3.0 4|.o 50 Fig 3. Shear stress distribution
1
p=-0.16
A2
O.l5— (¢ K=0.0I
2.5
5
~~
£
9 oo
z
(]
=
Q
v
o]
2
Y]
=2
O.OSL
| 1 | | |
1.0 20 30 4.0 5.0 6.0

Fig. 4. Microrotation distribution



854 Rheologica Acta, Vol. 14, No. 9 (1975)

P:—o.lo
K=0.0I

MICROROTATION,, ~g(n)

| Fig. 5. Microrotation distribution

o.1cF

MICROROTATION , -g( n )

Q.05

o e 20 30 20 56 60

n Fig. 6. Microrotation distribution



Nath, Similar solutions for the incompressible laminar boundary layer 855

0.5

P:O.S
K=0.0l

-~
—
o 0.0
]
z
o
’_
ol
[0}
«
Q
x
1)
=
0.05
3
n Fig. 7. Microrotation distribution
0.15

MICROROTATION, ~ g(r’l)

P:I.O

6\_5 K=0.0l

il Fig. 8. Microrotation distribution



856

Rheologica Acta, Vol. 14, No. 9 (1975)

solved numerically using fourth-order Runge-
Kutta-Gill algorithm on IBM 360 digital com-
puter for a range of values (0.01 < K < 1) of
the dimensionless coupling parameter and a
range of values (1.5 < G < 4.5) of the dimen-
sionless microrotation parameter. The pressure
gradient parameter § was varied from —0.19991
to 1.0.

Figs. 1-2 depict the velocity profiles f'(y) for
different values of K, G and f. It is seen that
the velocity profiles are more sensitive to
pressure gradient parameter § and the coupling
parameter K, but they are rather little affected
by microrotation parameter G. The shear stress
profiles f"() for some representative values
of f, K and G are shown in fig. 3. The micro-
rotation profiles — g() have been plotted graphi-
cally in figs. 4-8. It is evident from these figures
that —g(x) attains a maximum value at certain
y and for a given K, the maximum value decreases
as G increases. For a prescribed G, it is rather
insensitive to change in K. The effect of pressure
gradient parameter § is to shift the location
where —g(n) attains the maximum value and
also to decrease its magnitude. It can be observed
from figs. 1-2 that like classical boundary layer
theory, the velocity profiles for accelerated flow
(f > 0) have no point of inflexion, whereas in

the case of decelerated flow (§ < 0) they exhibit
a point of inflexion. It may be remarked that the
surface shear stress parameter f”(0) depends on

three parameters , K and G where as in the
classical boundary layer (Newtonian fluids), it
depends only on f. Figs. 1-3 show that £”(0) = 0

for f = —0.19991 when K = 0.01, G = 3.5 and

f'0)=0 for § = —0.199 when K = 0.01 and

G = 1.5 where as in the classical boundary

layer also f"(0)=0 for f=—0.199 (B =

—0.19884 (correct upto 5-decimal place)). These

results indicate that separation occurs for almost .
the same value of § as in Newtonian fluids when

K < 1.

Table 1 presents values of the surface shear
stress f”(0) and the gradient of microrotation
at the surface ¢'(0) for various values of K, G.
and f. It is evident from Table 1 that f”(0)
changes very little with G and K provided K is
small (i.e. K < 0.1). However, for large K (i.e.
K = 1), f"(0) slightly increases with G, but for
prescribed G, it decreases with K. It is important
to note that f"(0) is largely influenced by
the pressure gradient parameter S and it
increases with . On the other hand, —g'(0)
decreases as G increases, but it changes very
little with K, while other parameters are kept
constant.

Table 1. Values of shear stress and the gradient of microrotation on the surface

70 —g'0)
B
o K| om 0.1 10 0.01 01 10
—0.16 15 0.1902 _ _ 02242 _ _
—016 25 0.1902 0.1845 0.1242 0.1782 0.1786 0.1839
—0.16 35 0.1902 0.1849 0.1268 0.1516 0.1518 0.1548
—0.16 45 0.1902 0.1851 0.1297 01333 01335 0.1354
—01 15 0.3185 - _ 0.2939 - _
—01 25 0.3186 03122 0.2449 0.2244 0.2247 0.2287
—01 35 03186 0.3127 0.2510 0.1858 0.1859 0.1885
—01 45 03187 0.3133 0.2552 0.1603 0.1605 01619
0 15 0.4687 0.4604 0.3769 0.3585 0.3585 0.3638
0 25 0.4688 0.4620 0.3892 0.2651 0.2653 02678
0 35 0.4689 0.4628 03975 0.2149 02151 02164
0 45 0.4690 0.4634 0.4045 0.1826 01827 0.1838
05 15 0.9267 0.9182 0.8296 0.4353 0.4354 04362
0.5 25 0.9269 0.9202 0.8502 0.3023 0.3023 0.3026
0.5 35 0.9270 0.9213 0.8627 0.2352 0.2352 0.2354
0.5 45 0.9271 0.9221 0.8712 01939 0.1939 0.1940
10 15 12318 12247 1.1520 0.3688 0.3688 0.3687
10 25 12320 12267 11727 0.2473 0.2473 02472
10 35 12321 12278 11842 0.1882 0.1882 0.1882
10 45 12322 12285 11917 0.1527 0.1527 0.1527
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5. Conclusions

The main contribution of the present analysis
is to show that a similarity solution exists for the
two-dimensional flow of a micropolar fluid in
the stagnation region of an infinite wedge. The
results indicate that the velocity and the surface
shear stress are little affected by the micro-
rotation parameter provided coupling para-
meter is small. On the other hand, the micro-
rotation profiles are appreciably affected by the
microrotation parameter for a given coupling
parameter, but they change very little with the
coupling parameter. It is to be noted that the
pressure gradient parameter has considerable
effect on the velocity and the microrotation
profiles and also on the surface shear stress.

Zusammenfassung

Die vorliegende Untersuchung liefert Ahnlichkeits-
16sungen fiir die stationdre inkompressible laminare
Grenzschichtstromung einer mikro-polaren Fliissigkeit
langs einem unendlich ausgedehnten Keil. Die zu-
grundeliegenden Gleichungen werden unter Verwen-
dung einer Runge-Kutta-Gill-Methode vierter Ordnung
numerisch gelost. Die Ergebnisse zeigen den Grad,
bis zu welchem die Profile von Geschwindigkeit und
Mikrorotation, sowie die Wandschubspannung durch
die Parameter von Drehmoment, Mikrorotation und
Druckgradient beeinfluft werden. Die wesentliche
Rolle, welche die Standard-Lénge der mikro-polaren
Fliissigkeit fur die Struktur der Grenzschicht spielt,
wird ebenfalls diskutiert.

Summary

This paper presents the similarity solution for the
steady incompressible laminar boundary layer flow

of a micropolar fluid past an infinite wedge. The
governing equations have been solved numerically
using fourth order Runge-Kutta-Gill method. The
results indicate the extent to which the velocity and
microrotation profiles, and the surface shear stress are
influenced by coupling, microrotation, and pressure
gradient parameters. The important role played by the
standard length of the micropolar fluid in determining
the structure of the boundary layer has also been
discussed.
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