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C O M P U T A B L E  F A M I L I E S  
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In this paper we introduce the concept of a computable family of const ruct ive  models  and we then 
study the construct ivizat ion of strongly const ruct iv izable  model ~ .  Sufficient and n e c e s s a r y  conditions are  
adduced for the nonautostabili ty of 6~ with r e spec t  to s t rong construct ivizat ions  and for the existence of 
weak construct iv izat ions .  The possible numbers  of s t rong and weak construct iv izat ions  a re  determined.  

§ 0 .  D E F I N I T I O N S  A N D  N O T A T I O N  

Let ~ -  <A,6~  be a countable model of language ~ and let d raN= ¢~. We call mapping ~ of the 
set A/ of natural  numbers  onto A an enumerat ion of model /~ while the pair  CO)b, ~) is called an enumerated  
model. If (~, V) is an enumerated model then ~¢ is the model  obtained from 0~ by adding to its s ig -  

nature all the natural  numbers  which, with this,  a re  then interpreted by means  of enumerat ion v. Enu- 
m e r a t e d m o d e l  C/~, ~) is const ruct ive  if the set /.O{gEy) of all atomic,  and negations of a tomic,  a sse r t ions  

which a re  true in model ~e  is a computable set, and is s trongly const ruct ive  if 7"~ (gE e) is computable,  

this being the theory  of model ~v" In these cases ,  ¢ is called, respec t ive ly ,  a const ruct iv izat ion and a 
s t rong construct ivizat ion.  A const ruct iv izat ion which is not s t rong we shall call  weak. Construct ivizat ions  
¢, and dz of model O~ are  auto-equivalent  if there  exists an automorphism ~ of model ~ and a g . r . f  (gen- 
eral  r e c u r s i v e  function) ?e such that the following diagram is commutat ive:  

N f , N 

~ , gg 

Let /( be some c lass  of const ruct iv izat ions  of model 4 .  Model ~ is autostable with r e spec t  to ~ if any 
two construct iv izat ions  of K are  auto-equivalent.  Apparently,  from the point of view of the theory of con- 
s t ruct ive models ,  auto-equivalent  enumerat ions  should not be considered as distinct, just  as, in ordinary  
model theory,  one does not distinguish isomorphic  models .  

If we are  given an a r b i t r a r y  c lass  ~ of const ruct ive  models  of s ignature ~ ,  we may be interested in 
the question of the possibi l i ty of specifying this c lass  by means of a single effective p rocess .  In this case 

is called computable.  

Definition 1. Class  ~ is (strongly) computable if there  exists a g.r .f .  7eC:r,~/) such that, for each 
fixed xa, the function 2 (at0, ~) computes  I7"/z (C~))2(g"[~),  where (~ ~} is auto-equivalent  to some model  

of family ~ and, for each model of ~ ,  there  exists  a cor responding  :r o . 

This definition can be special ized in various ways. For  example, if ~ is specified effectively and 
indexed by the natural  numbers ,  it can then be requ i red  that one find effectively from X 0 the cor responding  
model,  and converse ly .  The usual diagonal argument  shows that the c lass  o f  all const ruct ive  models of 
given infinite s ignature  is not  computable.  Certain proper t ies  of s t rongly computable c l a s ses  are  obtained 
in the f i rs t  theorem.  
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Everywhere  in the sequel,  ( ~ , y )  is s t rongly const ruct ive  (s.c.),  ff(a)=a.n , 7"=7",~ (0~), and 7e$ is a 

s ingle-place p.r . f ,  (partial  r e c u r s i v e  function) with ordinal number 3, while f :  is the port ion of it com-  

puted up to step ~ ; ~oo, ~ . . . . .  ~ . . . .  :is the GBdel sequence of all  a s se r t ions  of language ~ t]N ; m. 
,,, +, and are  natural numbers;  and ] are  var iables;  % ,  and and 
a re  finite sequences of natural  numbers ,  e lements  of model ~ ,  and var iab les  of identical  length; g :  W--A/ 
is the identity mapping. 

§ 1 .  S T R O N G  C O N S T R U C T I V I Z A T I O N  

The theorem of this section gives a nece s sa ry  and sufficient condition for  the exis tence  of nonauto- 
equivalent s t rong construct ivizat ions  of given model ~ .  

THEOREM 1. Let  (~,/~) be a s trongly const ruct ive  model of complete  theory  7". Then, the following 
conditions a re  equivalent:  

(1) 0~ is not autostable with r e spec t  to s t rong construct ivizat ions;  

(2) there  does not exist  a finite sequence ~ of e lements  of model ~ such that ~ is a s imple model 
of 7-(a 0 ) and the family of sets  of a toms of the Boolean a lgebras  F -  ( 7" (~))  is computable;  

(3) there  exis ts  a s t rongly computable family of models  ~L~,/u o ), . . . ,(~,/Zs),  ... whose t e r m s  are  pa i r -  
wise e lementar i ly  cons t ruc t ive ly  nonembeddable in one another;  

(4) there  does not exis t  a strongly computable family of models  of s ignature ~ containing all the 
strong construct ivizat ions  of model f~. 

Proof .  Evidently, (3) ~ (1), (4) ,- (1), and (1) ~ (2) <~----> q (2) ~ q (1). 

We now prove n (2) , n (1). For  ~o, let  ~ be a s imple model  of 7" (no) and le t  the family of sets  
of a toms of a lgebra  F (7"(ao}) be computable.  For  the proof,  it suffices,  from two s imple models  of 

7-(5ol, ~ , ,  and ~2, with basic set  N, such that (~r[~, ~) and (~/$, ~) a re  s.c.  models ,  to be able to cons t ruc t  

a general  r e c u r s i v e  e l ementa ry  mapping 7 c. ~°n--~t°T 2. Tempora r i l y ,we  denote by [ ~  the atom of a lgebra 

~n (7"(~-o)/ sat isf ied by sequence ~ of length n in model ~z (found effect ively,  by hypothesis) .  We de- 

fine f = {--rn~,no> . . . . .  < m t , ~ >  . . . .  }. By Vaught's Theorem [7], ~ is an i somorphism if, for  any 

, ~.~:mo,...,m~>] ,.= [<%,.../Z~] ~. By induction we set  m2~ =rn~n (N ~'- Jm~, ..., mz~_~}) and 

nz~+~= rn~n I N  ", ~r~ o . . . . .  ~z~ } ) 

and 

We find nz~ and mz,,÷1 
N onto N. 

We now prove (2) 

r,z~+~ = rn~,n { ra : [ ,: t % , . . . ,  rn u , m > ] ,  = [<~0 ... . .  ~u+, >]z" 

effect ively since (7/I,~) and (~ , i )are  strongly Constructive. Obviously, ~ maps 

(3). The steps by t we define by an effect ive p rocess .  On step ~ +!  we 
E+! .t-l~ ~+t 

cons t ruc t  the finite enumerat ions  /"o . . . . .  /~t ' and the finite sets  T t+! o " " ,  ~ of a s se r t i ons  in the language 

d u N Moreove r ,  for  s ~  ~, in some p t :  ordinal numbers  a re  labeled by the t r ip les  "¢Po, qSo,~o>" .... ":/v,V 
~Z,~> of the set, o rde red  by type o9, of t r ip les  of natural  numbers ,  where  / ~ .  The p rocess  will possess  
p roper t i e s  1 °- 8 °.. 

ordinal  numbers .  1% The t r ip le  <p,~,Z> on step ~ can label some /z~ and some /zg 

2 ° . If Tp ~= T / ( ~ ) ,  then ~ is def inedon  the numbers  of m and ~ P ~  g~ t T~ ( ~  Cm))~. 

t 3 °. If, on step ~, we have t r ip le  ~p,~,g> then, among the ]dp and /d~ ordinal numbers  labeled by 

it we can find sequences ~ and E such that,  for some formula  9 (~ )  of language D, there  holds 
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n ~ (~)  ~ , ~P C~) e. and  • r~ , ~-. 

Thus, ]e z wil lnot ,  henceforth,  definethe e lementary  embedding of (~,/Zp) in (~,/d~) . 

We now fix step $, enumerat ion u ~, and set of asser t ions  7" t =  7-t (r~ , ~  , ~  ) Let t .  r~ - - - - ~  
f-P ulafq~ ( ~ " ~ : ~ "  " The type of sequence ~ ,  in / d /  relat ive to ~ is what we c a l l  forPm ~ )~ .~,~ 7"t~5 ,.~ ~ , ]  ] 

0 ~' ,~ P ~ ?~ :/~ 
o f  language ~ U E  o. If, on step g, t r iple  <,p,~,,~> is not established while ~ :  is defined on the numbers  
of ~o and ~ ,  where m0 consists  of all the /Z~ ordinal numbers  labeled by smal le r  t r ip les ,  and asser t ion 

(t~o,m~, mz ) is such that 

we then define the action of ~0 on the tr iple <p~, '~>  in ~ : 

1. ~ establishes in ]dp ~ the t r iple  ~fl, ~, ~> . if ~ - ~ p ( ~ o , ~  ~ 

and 

r 

2. In flz~, ~ has no effect on tr iple ,C/p, ~, ~>. if 

C • 

3. In ~ ,  ~ does have an effect on <p,~,~>, if 2 does not hold. It is understandable that if ~ ( ~ o , ~ , ~  ) 
has an effect on <p,~r>,  then -~5~_[~ 7"0~o,~'~,~-.z)£ ~ (~o,  m, , ~ ) ]  establishes </o,~,,~>, and if ~ es-  
tablishes ,cp,  ~?,,~ > , then too -7 ~o Zestablishes ,c~,q,'l>. 

The Inductive Definition. Step ~ + / .  For  . S ~  we define f i rs t  the enumerat ion /.t~ , then / z :  ÷r-  

/zs u I<r~s, ~z~ >},  where m,:  mLn { m :  m is not a /s s ordinal  number}, while zzs= m/,n {n" % does not 

have a ~/S ordinal number}. 

Let ~pr~>~ = ~(~) and <~>~ = p  . We proceed differently in the following situations: 

1. In ~/p, ~(r~) establ ishes the t r iple  ,:p,~,e> on the set of the f i rs t  ~ t r iples  and does not affect 
smal ler  t r iples ;  

: rn • n and C~ ~ ~p (/.z; (~) ,  while ~o(~ in ~/~ has no effect on any tr iple  less  than <~,~Z,~> • 

In this case we set  

Tp•*• ~ -~+f r ~ u { 9 ~ } '  

t t 

~ ^ ~  is such that C~ ~ & ~t÷~ (/zp (~)) Moreover ,  enumerat ion ~Zp on m0 coincides with /~p and on 

all elements of ~ which, under that renumbering,  lose their  own / ~  ordinal numbers  are  furnished with 
t t  

new /dp ordinal numbers.  For  s ~ p ,  we h a v e  P =Ys • 

~÷t grit All the /~p and /. /  ordinal numbers  are labeled by the tr iple ~p,9,z>. 

2. ~ ~ ~(/.// (~/) and ~ t~ )  in /J~ has no effect on any of the f i rs t  ~ t r iples .  
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We se t  

3. In any o the r  c a s e ,  /2 = / g s  ' s , and no new t r i p l e s  a r e  e s t a b l i s h e d .  The  def ini t ion is  c o m -  
p le ted .  

Obvious ly ,  fo r  any s and ~ we have  7"f c T :  ~/. We se t  T s --- t o T~s" P r o p e r t i e s  1°-3 ° a r e  v e r i f i e d  
i m m e d i a t e l y .  

I t  fo l lows f r o m  the induct ive  def in i t ion tha t  in our  cons t ruc t i on ,  each  e l e m e n t  of  m o d e l  C$ obta ins  

s o m e  y s ~ - o r d i n a l  n u m b e r  and each n a t u r a l  n u m b e r  b e c o m e s  a z a : o r d i n a l  n u m b e r .  M a r e  than that ,  

4 °. F o r  any  too, a l ,  and 8 t h e r e  ex i s t  s t ep  ~ ~ , e l e m e n t  a%, and n u m b e r  to, such tha t ,  ~ ~> ~ r: 

t 

fs ~%~ = ~o ~ Hs(~o ~' 

Indeed,  i f  /.l:(ma) 7 ~/z:+i(mo) and,  on s tep  5, the  / / : - o r d i n a l  n u m b e r  of  rn had  not been  l abe l ed  then,  

on s t ep  2+ 1, it is l abe led ;  if, h o w e v e r ,  on s t ep  ~ rrg a had a l r e a d y  been  l abe led  then,  on s tep  #+  t,  it is 

l abe l ed  by a t r i p l e  l e s s  than  a l l  the  t r i p l e s  l abe l ing  it on s t ep  $. Such a s i tua t ion  can  a r i s e  only a f ini te  
tel rd ina l  n u m b e r  of t i m e s .  And, if  the  /2 : -  a n d / z  s - o  n u m b e r s  of  e l e m e n t  Qa, a r e  d i f fe ren t ,  the ana logous  

s i tua t ion  s u p e r v e n e s .  

5 °. F o r  each  i t h e r e  ex i s t s  a s tep  #~ beginning  with which new t r i p l e s  f r o m  the s e t  {<fa ,]o 'za> ..... 
</~,~lb,'ai> ~ a r e  not  e s t ab l i shed .  

6 °. If, on s t ep  ~, a s s e r t i o n  ~f e s t a b l i s h e s  in / / ;  the  t r i p l e  < p , ~ , * P , t h e n  on s o m e  s t ep  ~I(~>~) ,  

t h e r e  ac tua l ly  a r i s e s  a t r i p l e  l e s s  than,  o r  equal  to,  <p,~,,  ~ > . 

P r o o f  is  by induct ion on the m a g n i t u d e  of the t r i p l e  ,C/p ,~ , ,>  . Indeed,  on a su f f i c ien t ly  l a r g e  s t ep  if 
we t ake  a s  ~P e i t he r  a s s e r t i o n  ~ or  i ts  nega t ion  then c a s e  1 of  the  induct ion h y p o t h e s i s  o c c u r s ,  O t h e r w i s e ,  
on th is  s t ep  we can  find an a s s e r t i o n  which e s t a b l i s h e s  a s t r i c t l y  s m a l l e r  t r i p l e ,  and then  induct ion is  a p -  
p l i cab le .  

R e m a r k  1. If, on s tep  ~ . ,  t r i p l e  </~,~7~ ~ ~ > is  not e s t a b l i s h e d  while funct ion ~z~ ~ is  def ined on the  

/2p~ - o r d i n a l  n u m b e r s  of  fW a , l abe l ed  by  l e s s e r  t r i p l e s ,  then on it no a s s e r t i o n  can  have  any e f fec t .  S t a r t ing  

with step sequence consis ts  of A ordinal numbers of one and the same sequence of e lements  
- L  

Zo" 
If, fo r  ~/(-->ffi), funct ion . i s  def ined on ]U~ ord ina l  n u m b e r s  of a s equence  of length K and ~ ,  and 

~ r ~  = ¢ ,  then  the type  of ~ ,  with r e s p e c t  to ~ in /~p is the a tom /=~ {7"¢~)). 

7 °. If  funct ion ?gzi is  g e n e r a l  r e c u r s i v e  then,  on s tep  ~a, t r i p l e  < P ~ , g a ,  z~ > s t ands .  

T h e  p r o o f  is  by con t rad ic t ion .  

We a s s u m e  tha t ,  on s t ep  $~ t r i p l e  Z.pi,~.i,~> does  not  l abe l  anything,  and we le t  funct ion g~i be  
, ; % 

defined on the /~z h-ord ina l  numbers of ~ . labeled by smal ler  t r ip les.  Two cases are possible: 

a) There exists a sequence of elements of model ~ ~ generating a nonprinoipal  type over ~ . 

By property 4°, f rom some step ~ ~ ( ~ )  ~, has a constant sequence of/~p~ ordinal  numbers ~, and 

function F~ is defined on the numbers of ~,. By the previous remark,  sequence ~ with respect to 

in /~p~ has the definite type ¢~ ( ~ , ~ )  which must be an atom. We ar r ive  at a contradict ion. 

b) The fami ly of sets of atoms of algebra ~', (T (~ )  is not computable. 
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Let  ? ( f fo ,~)  be an a rb i t r a ry ,  but compatible  with 7"(~ ), formula  of language ~ u ~ which is not 
sat isf ied by sequences  containing e lements  of ~a and ~, of length K. By using induction, s tar t ing  with step 
~i, we will know whether  q~ (ba , .~)  is an atom of a lgebra  A-~ (7"(~o~). In model  /~ the re  is a sequence of 
e lements  a, such that 

We can find step t '  (> ~i ) for which ~, has a / / f l i - ° r d i n a l  number of fW I , while m0 and ~, enter  into 

the domain of definition of function {~.'. By the preceding r e m a r k ,  the type of ~ i  with r e spec t  to ~o in 
- s . .  

is an atom compatible with ?C~o,~,, ). Thus,  continuing the p rocess  f rom step ~Z , we can expect  there  
4 

to be a step ~ on which the type of some sequence of /~p -ordinal  numbers ,  enter ing into the domain of 
t definition of function ~ t .  with r e s p e c t  to ~ in /dpi is compatible with formula  ~o(~,  ~ ), and we can 

compare  them. If they coincide then ~( '5o , .~  j ~ is an atom of ~(T(5o~). Thus,  the family of sets of atoms 
of a lgebra  ~" ( r 6 ~  ~) is computable.  We a r r i v e  at another  contradict ion.  

Since, on each step, no more  than one t r ip le  can be establ ished then, by 7", any sequence of / d ~ - o r -  
dinal numbers  for some i is labeled by some t r ip le  < p / . , ~ . i , ¢ i  >. 

8". Let  //Pi : ~ - "  ~ and 0~ ~ ~(~). Then, ~(~)e  7". We can find step ~ / ( ; ~ )  such that 

/~; (m) 1 ~ a n d  ~ ( ~ ) =  9~:£>$ . By definition 5 ° for step ~i ' 9 ~ (fW) cannot exer t  any influence in / ~ .  on 

T ~'~'' t r ip le  ~:p~,~, ~>.  That  is to say that case  2 of the inductive definition holds, and ~(tW)¢ "Pi " 

It follows from proper ty  4 ° that all the /~p a r e  enumerat ions  of model ~ .  They a r e  s trongly con- 

s t ruct ive ,  by v i r tue  of 8". It follows from 7 ° that all the models  (6[,/z~) . . . .  ,(G~,/.Ip) . . . .  a r e  pai rwise  e lemen-  

tar i ly  cons t ruc t ive ly  nonembeddable in one another .  

(2) ; (4). P r o o f  is by contradict ion.  

Let  the re  be a s t rongly computable family containing all the s t rong const ruct iv iza t ions  of model ~ .  
The inductive p rocess  of the proof  of (2) • (3) can be so defined that f o r / o ~ 0  the s t rong cons t ruc t iv iza-  
tions of our family a re  computed. Then, for / , - o ,  we compute the s t rong const ruct iv izat ion of model  ~ , 
which is not equivalent to any of the const ruct iv iza t ions  of this family.  Theorem 1 is proven.  

COROLLARY 1. Strongly cons t ruc t iv izable  model ~ is autostable with r e spec t  to s t rong cons t ruc t iv i -  
zations if and only if, for some sequence ~ of e lements  of &~, the sys tem ~ is a simple model 2"~(~,~) 
and the family of sets  of atoms of a lgebra  ~" ( 7"/~ (~.~,~)~ is computable.  

Example 1. If CZ is sa tura ted  over  finite sets ,  2"~ (Fig) is not a K o - ca tegory ,  and CZ is s t rongly con- 
s t ruc t iv izable ,  then (~6 has infinitely many s t rong construct iv izat ions .  

Example 1' [6]. A denumerable  unsatura ted  model decidable by /(i, ~ Ko-ca tegor ica l  theory  has in- 
f initely many s t rong const ruct iv iza t ions .  

Example 1" (A. I. Mal ' t sev  [4]). A complete  t o r s i on - f r ee  Abelian group of finite rank is autostable,  
while an infinite one is not autostable.  

Example 2 (E. A. Palyutin,  M. G. Pere tya t 'k in) .  If T is decidable and K~ ca tegor ica l , then  the family 
of se tso-f  a--~-ooms ~-al~b-raa ~ { - r )  ]-s h o t - - i f  and only if function 7e(~) = I ~  (r) l  is not general  
r e cu r s ive .  Examples  of such theor ies  were  independently const ructed  by E. A. Palyut in  and M. G. P e r e t -  
yat 'kin.  By Theorem 1, denumerable  models  of these theor ies  admit  infinitely many s t rong cons t ruc t iv i -  
zations.  

§ 2 .  W E A K  C O N S T R U C T I V I Z A T I O N  
/ 

It is known [1] that a cons t ruc t ive  model  of a complete  m o d e l - c o m p l e t e  decidable theory  is s t rongly 
cons t ruc t ive .  

LEMMA 1. If, for  some finite sequence ~ of e lements  of /~, theory  T/~ (g/, ~o ) is decidable and, for 
an a r b i t r a r y  sequence ~ ,  any formula  ? (Jo, ~ )  which holds on ~ follows f rom some 3 - f o r m u l a  ¢f(~,  ~ ) 
which holds on a-~, then each const ruct iv iza t ion  Y of model  ~ will be strong. 
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Proof .  It suffices for us to know whether ,  for  a r b i t r a r y  formula {0 (ao,~)  and sequence of numbers  
~ ,  ~ ~ ,  ~ (r~)) is t rue  or  not. By vir tue of the cons t ruc t iveness  of enumerat ion g we can effect ively 
enumera te  all 3 - f o r m u l a s  of theory  T(~) which hold on sequence Y(~).  By using the decidabil i ty of 
"]'(ao)' we can also effect ively enumera te  all thei r  consequences among which, by hypothesis ,  the re  neces -  
sar i ly  occurs  e i ther  ~(~Yo,~'~) or n99(~o,~,) • This  gives a decision p rocedure  for Th (C~). 

THEOREM 2. For  s trongly const ruct ive  model (CZ,/d) the following conditions a re  equivalent: 

(1) C~ has a weak eonstruct ivizat ion;  

(2) O5 does not sat isfy the conditions of Lemma 1; 

(3) there  exis ts  a denumerable  computable family of weakly const ruct ive  models  (~,da),..,(C~ ~).... the 
t e r m s  of which a re  pai rwise  e lementar i ly  cons t ruct ive ly  nonembeddable in one another .  

Proof .  (3) , (1). Obvious. (1) • (2). W e a s s u m e t h e e o n t r a r y a n d u s e L e m m a l .  (1) ~ (3). By 
induction on ~ we define an effect ive p roce s s  duringwhich,  on each step ~,  t he re  a re  defined finite enumerat ions  

~ . and the cor responding  d iagrams ~ t ,  • .. ,27 s .... i .e . ,  if $p(~) is e i ther  an a tomic,  
of model  ~ #o . . . . .  s , "  • ' 

o r  the negation of an atomic,  asse r t ion  of language ~ U N, then 9~(tW} e fis t < ~ the numbers  of ~ are  

~: ordinal  numbers  and ~ ~ ~ ( f : (~ ) )  • By type a) we o rde r  the set  of all pa i rs  <p,e> and t r i p l e s< /q%z>  
(p~] )o f  the natural  numbers  and put them into a one- to-one  cor respondence  with the marks  ~ < ... < ~ <. . .  
The p roces s  to be defined will possess  p rope r t i e s . l ° -6  °. 

1 °. For  any $ and ~, it is t rue  that Da~ ~ - P : + / .  

2". On step ~, the mark  corresponding to the pair  </o,z>, can label some ~ ordinal number• In 

this case,  we can find an as se r t ion  of language 6 u N 90~ ( ~ ) ,  such that all the numbers  of ~ a re  labeled 

by this mark ,  7g: (x) -~- O, but 

Thus, function 7£~ will not be the cha rac te r i s t i c  function of 7"~ ~ /~) .  if ~p on t~ coincides with 

3 °. On step ~, the mark  corresponding to t r ip le  </0,57,~> may (and only simultaneously) label some 

¢ and ~ ;  ordinal  numbers .  In this case ,  among the y ;  and ~; ordinal  numbers  labeled by it, one can 

find sequences r~ and K and formula  ~ )  of language ~ such that 

• : :  t~ ---~ ~-; 

a 

That  is, ~unction f~ will not define an e lementa ry  embedding of model (f~,¢p) in ~ , O f ) ,  if ~ and ~g on 

Inductive definit ion.  Step O. For  any S, it i s  true that - -  and 4 " =  

• a n d  Step ~ 4 t  For  any S~<~= P we have ~ = 
.%÷I 

Before  defining enumerat ion ~%+t and placing the marks ,  we adopt enumerat ion  ~p~'. Then, ~ = 

tip . ~ t t %1 ~, Ul<ma,,7,o> ) , where  tr~=rnOzirrr; rn i s n o t a  % ordinal  number} and n.=rn/n~, ,+, t a:att  does n o t h a v e  ~; 

ordinal  number}, while -Dp ~` cor responds  to ¢ + f  : i f  the mark  is not placed on step ~ all the y~ ' p 

ordinal  numbers  labeled by smal le r  marks  enter  into mo and ~p: t~ a , ~ ,  //-7; = -P(t~o, m , ) ,  ~P,~>: = 

~a(~a,~), L~ ~ ~P ( p (/~a ^ ~ )  and with 7"(~ ~ the following formula  is compatible:  
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¢ a 

we then ver i fy  the following condition: 

A. M a r k  ~ co r r e sponds  to the pa i r  < p , ~ >  

and 

o r  

and 

o r  

= 

2. 

B.  M a r k  F~>-~e c o r r e s p o n d s  to the t r ip le  , : / 2 , ~ , g > , ? e ; : ~ - - ~ ; ~  

z ' i ' t  _ a - 

¢t 
If A, 1 or B, 1 holds,  then enumera t ion  9p on ~ coincides with ~t  and on ~ is such that  

M o r e o v e r ,  all  the e lements  of ~ which, as  the r e su l t  of such an enumera t ion ,  lose  the i r  own 9 :  ordinal  
# 

number s ,  a r e  equipped with new 9~ ordinal  number s .  

All the ~ ordinal  number s  in case  A, and all  the --~;+~ and v~ ordinal  number s  in case  B, a r e  

labeled by the m a r k s  I<#>e~d, and all  l a r g e r  m a r k s  a r e  taken down. In all other c a se s ,  9 t ' ~  9~, and a l l  

m a r k s  r e m a i n  in thei r  previous  locations.  This  comple tes  the definition. 

P r o p e r t i e s  1°-3 ° follow immedia t e ly  f rom the inductive definition. P r o p e r t i e s  4" and 5 ° a r e  com-  
ple te ly  analogous to the p r o p e r t i e s  f rom the proof  of T h e o r e m  1. 

4 °. For  any na tura l  number s  f~o, f/r, a n d p ,  we can find a suff icient ly r e m o t e  step ~ / , and n u m b e r s  
/7 o and m 1, such that,  for any # > ~ ,  

and 

5 °. For  any ~, we can find step ~ on which all  the m a r k s  ~ . . . . .  1~- ¢1 . ~ a r e  s tabi l ized.  

6". Let  m a r k  i c o r r e s p o n d  to a) pa i r  <p , z> ,  b} t r ip le  <p, ~ ,~  >, and let  fz be genera l  r e c u r s i v e .  

Then, on s tep ~i m a r k  [ ]  will stand. We a s s u m e  that,  on step ~ ,  m a r k  [ ]  nowhere  appea r s ,  and le t  

~o be the /lp ~i ordinal  number  labeled on step ~i by m a r k s  l e s s  than [ ]  . It  is unders tandable  that, when 

> ~., it is t rue  that  ~;; (~o)  = ~ ( ~ ) =  ~ "  By hypothes is ,  we can find a fo rmula  ~ ( ~ ,  ~1 ), compat ib le  with 

7- ( ~ )  , and a sequence 5-~ of e lements  of model  gg such that  ~ ( ~ , : ~ )  is t rue  on ~-¢ and does not follow 
f rom any of the 3 - f o r m u l a s  which a r e  t rue  on ~ .  Fo r  some  sufficiently r e m o t e  step t / ( >  ~i} and sequence 
of na tura l  numbers  z~ ,  we have 
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and 

"~' is defined By vir tue of the general  r e cu r s ivenes s  of function ~ we can also assume that,  in case  a), T~ 

on ,~>;,  and, in case  b), that 7¢~ is so defined; ~ ^  ~v~-~ ~ ^  ~1 and all the numbers  of ~o ^ h-~ a re  y~ 

ordinal  numbers .  By the inductive definition of step ~ ÷ / ,  mark  [ ]  must  stand on step ~ ~-/. We have 
a r r ived  at a contradict ion.  

Finally,  it follows f rom proper ty  4 ° that, for any p ,  a ~ -enumera t ion  of model  ~ is const ruct ive  

by vir tue of 1 °. It follows from proper ty  6" that all the models  (~, ~o ) ,'" ",(~, gp)"'" are  weakly const ruct ive  
and pairwise  a re  e lementa r i ly  const ruct ively  nonembeddable in one another.  Theorem 2 is proven.  

COROLLARY 2. Weakly construct iv izable  model Cg does not have weak construct ivizat ions  if and 
only if  there  exists  a finite sequence ~'o of e lements  of /~ such that, for any ~ and q~(~,~ ~, if 0~ 
~(ffo,~f} then there  exis ts  an _-7-formula ~ f ( h - 0 , ~  such that C ~  ~ ( ~ o , ~ )  and T(~,~o) F--'lf(5o,~ ' 

Example 3. If, in the foregoing coro l la ry ,  T~ (Cg,5 s)  is / (o-categorial ,  it then turns  out to be model  
complete.  

Example 4. In [5] there  was const ructed  a model whose theory is ca tegor ia l  in all cardinal i t ies .  It 
can be verif ied that it is autostable with r e spec t  to s t rong construet ivizat ions  but, by the previous  example,  
has infinitely many weak ones. 
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