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On the boundary integral equations approach
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Summary. An orthotropic semi-infinite strip under arbitrary boundary conditions is considered. By means
of Fourier transforms, boundary integral relations of special type with moving and motionless singularities of
the Cauchy type are obtained. These relations lead to a system of singular integral equations corresponding
to the various mixed boundary value problem. The power of singularities at the corner points, stresses and
stress intensity factors are calculated for different loads and various material properties.

1 Introduction

The problem of the isotropic semi-infinite strip has received considerable attention in the
literature. Specifically, in [1]—[3] by means of singular integral equations an isotropic one has
been studied and in [4] an orthotropic material was discussed. However, the method used in these
papers allowed to consider only prescribed boundary conditions, particularly only first mode
conditions on the longitudinal sides and homogeneous conditions on the strip end. In this paper
boundary integral relations of a special type are derived. These relations give the possibility to
formulate the system of singular integral equations for any boundary conditions on the strip
edges.

2 Formulation of boundary integral relations

Consider the orthotropic semi-infinite strip shown in Fig. 1. Let in the points x = £, y = +4
concentrated forces (+ Fy, Fy) be symmetrically applied, and boundary conditions are arbitrary
for a time.

Assuming a state of plane strain, the stress-displacement relations are
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-h 0 h * Fig. 1. The orthotropic semi-infinite strip

and the corresponding displacement equations of equilibrium become [5]

52 8%u *v
Agq Fael + Ase EE + (As2 + Ago) M = —d(x =& &y —n) Fsx,
1
&% foa) 0*u v .
Az W + Asge 2 T (A12 + Ass) oy —d(x — &) oy — n) Fy,

where A;; denote the stiffness coefficients for the orthotropic materials. Results for the
corresponding problem of plane stress can be obtained from the present formulation by a simple
rearrangement of the elastic constants, namely A;;, Ay, Az should be replaced by
Ayy — Af3/Ass, A1y — A13Aas/Ass, Ay — A33/As3 respectively.

We introduce the following functions:

U(X, 0) = Q(x), Txy(xu O) = 611(x);

@
u(th y)=£F(), to{thy =)
In order to solve the differential Eq. (1) we introduce the finite Fourier transforms
h h
i(p, y) = [ u(x, ) sin(wpx)dx, &p,y) = [ v(x,y)cos(wpx)dx, @ =mn/h
0 o]
in which case 7 and 7 are governed by the ordinary differential equations
d*a d s 2. - _
Ass d_yz ~ op(A;; + Ase) E — @’p*Aqii = —(y — 1) sin(wpl) F, + (—1)" A110pF(y),
25 dii
Azz 5 + @p(diz + Aes) 7= — w?p*Ae6h A3)
dy dy
duh, y)
= —08(y —n) cos (wpd) F, — (=1 f(y) — (1) Ay2 dy

(we have taken into account that due to symmetry u(0, y) = 0 and dv(0, y)/0x = 0). Applying next
Fourier transforms with respect to the y-coordinate,

o0

a(p, ) = [d(p, y)cos(ty)dy, &p,1) = [i(p, y)sin(ty) dy,
0 Q
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to Eq. (3), we arrive at the following algebraic system with respect to & and 7:
(A110%P* + Aest®) i + (A12 + Age) 0PI

= cos (t) sin (0p&) Fx + A120pQ(p) — §1(p)— (— 1 A1 0pF(D),

(A12 + Age) wptil + (Aesw’p* + A2st*) T

= sin (tn) cos (wpl) Fy + A22t0(p) + (= 1P1i(t) — (= 1) A12tF(0),

where

@

& &
O(p) = [ O(x) cos(wpx) dx,  g1(p) = | 4:(x) sin (wpx) dx
0 0

Fo =

Q= g

F(y)cos(tyydy, Ji() = [ fi(y)sin(ty) dy.
0

The determinant of the system (4) results in
D = Ay Agelo*p* + 2a,20%pt? + a,%t),
where
17 = (A1 A2 — 2412466 — AT2)/(2A11Ag6), 02" = Agp/Ay;.

Next we assume that a;2 > 0,2, i.e. we consider the most general type of orthotropic material
classified as type I [6].

Solution of the system (4) and use of inverse Fourier transforms lead to the following
expressions:

: .
T =g 2 [Stenoaas |00 i+ 5o,

. ®
T =g 2 [Lenoa0as (R o+ 3 e,
where - ’

2:(t) = QW f)=FQ.

The formulas for S;, E;, L;, R; and other expressions needed for their calculation are given in the
Appendix.
The following values are defined by the external load:

ol

a (X, J’) = 16’1 z {Fxsle x s ‘fs ) Fyejle{xa B2 é: T’])},
o 2
5 (x: = Z ]1X X5 Vs 6’ ) yrjlY(x y;i ’7)}

where X; and Y; are given in the Appendix.
Extracting in (5) singular components of the integrands we obtain the following formulas for
strains and stresses on the strip edges:

u'(x,0) = Q,(x) + 7(x, 0), (6)
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a,(x, 0) = Qy(x) + &,(x, 0),

v'(h, y) = Q5(y) + 7'(h, y),

ox(h, y) = Qu(y) + 6x(h, y),

where

Gx, 0) = A5,0(x, 0) + A;,0(x, 0),

&x(h9 y) = Allﬁ/(ha y) + AIZﬁ,(ha y)>
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(™)
®)
9

h
2
Qix) = 4 Z, Vij f [B(x, £) + xMfx, )] g£t) dt + 2 J-[Cij(x’ 1) 4+ wM; 1 o(x, £)] fi(0) dt
-

1
T
0]
h
1 2
Qia(y) = i f [Dify, ©) + %M1 2 [y, )] gA0) dt
=
—h

+ JV[MHz,jG()’a O+ xMiig 000 O dt » i,j=1,2.

0

Singular components of the kernels in the expressions (6)—(9) are the following:

By ) | 1
Y Xt i—x 2h+ x4+t

1 1
Gy, t) = — + —
(1) —5 iy

t t
Cilx, ) = i [tz =P At x)/kdz]

t t

+ Uij+2 l:tz Tl — x)/kz]z + 2+ [((h + x)/k,)?

D) — h—t h+t
AP D=z G Ty Bt 0+ ()
. h—t _ h+t
TR B = UyP (07 + Ry

and the regular ones can be written in the form

2 2 2
Mij(x, 1) = —ctg <g> + + =, o=ot—x),

2] 2m— ¢ 2m+o o
M 2%, 1) = pyk Hy(x, 1) + 54 2k Ho(x, 1),
M2 /(3,0 = Y2 N1(3, 1) + Viv 2,4 2Na(y, 1),

M; 20, 8) = ril(y, 8 + ral 2y, 1),

My jea(3,0) = (Arre + A ) D, 0 + (Aviez; + Aara) (v, 1), 4,j=1,2
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where expressions for H;, N;, I'; and values needed for their calculations are given in the
Appendix. In the last expressions functions M;(x, tye H (i,j = 1, 4), and H is the class of Hdlder
functions [7].

Formulas (6)—(9) can be called boundary integral relations (BIR) for any orthotropic
semi-infinite strip. They are very convenient for systems of singular integral equations
formulation corresponding to prescribed, especially mixed boundary conditions at the strip
edges.

3 Solution for fixed end conditions

To illustrate the correctness of BIR, we consider the problem in question under the previously
reported boundary conditions [1], [2], [4]:

v(x,00=0, ux,0=0, I|xl<h, (10
oth =0, 1,(thy=0, y>0, (11.1,2)

i.e. the end of the strip is fixed and the longitudinal sides are traction free.
It follows from (10), (11) that g,(x) = 0, f1(¥) = 0, and from relation #'(x, 0) = 0 and Eq. (11.1)
we obtain the following system of singular integral equations:

h @0

yu1 § [B(x, 8) + %M y1(x, ] q1(2) de + 2 [ [Cra(x, 1) + %M 4(x, )] f2(2) dt + 4 (x,0) = 0,
—h (4]

xe(—h, hy,
" o (12)
th [D21(y, 1) + #My41(y, 9] 4a(2) dt + (I) [1426(p, 8) + %xMaa(y, O] 2(0) dt + 4n6x(h, y) = 0,
y€(0, ).
The solution of (12) has the form
q(t) = %, L) = fz—:(t—) (13.1,2)

where ¢q,*(1), f*(t)e H and 0 < Re(a) < 1.
Next we consider Eq. (13.1) for x - h — 0 and Eq. (13.2) for y —» +0 and use the method
based upon Cauchy type integrals [7]. This yields the following relations:

[1 + cos(na)] . i . .
y_(zh)(* ") + (a2ks® + p1aka®) (€320 4 %) £4(0) = ,°(x) (h — XFlsen-o,
Yarky T+ pazk, "

i (e~ (2mi | =213 4 #(h) + 21501 + cos (n)] £,*(0) (14)

=&,°(¥) Y- +0

where @;° (i = 1, 2) can have weaker singularities than the functions (13). It follows from (14) that
the non-zero solution of this system appears if « satisfies the following equation:

di[cos (ma) + 1] — do6 — daf~% — d, = 0, (15)



110 V. B. Govorukha and V. V. Loboda

where
ki

0= E‘; dy =7Vi1Haz, A2 = Yaafhiz, 43 = Va1f1a,  da = Varflio + Vasiia-
2

It is important to note that for any values of A;; the solution of (15) coincides with the roots of
the corresponding equation (47) of [4], which were obtained by using another approach.
The numerical solution of the system (12) has been found under additional conditions,

n
[oy(x,0)dx =P,,
0

h

[ qi(t)dt =0,

—h

and for various positions of applied forces. It turned out that for previously reported cases in {2],
[4] the values of a,(x, 0) and 7,,(x, 0) are in good agreement to each other.

4 Mixed boundary conditions at the strip end

We consider now the problem shown in Fig. 2, where a rigid stamp of width 2a is acted without
friction to the strip end. Boundary conditions are the following:

(x,0)=0, TolX, 0) =0, x| < a; 16)
o,x,0 =0, Tol%, 0) =0, a<|x|<h; (17.1,2)
u(+h,y)=0, o(+hy=0, y>0. (18)

Taking into account that in this case g,(x) = 0, f2(y) = 0 and g,(x) = 0 for |x| < a and using
relations (6)—(9) we obtain from Eq. (17.1) and v'(h, y) = 0 (y > 0) the following system of
singular integral equations:

Va2 j [B(x, t) — B(x, —t) + %(Mzz(x, t) — Mzz(.x, —t))] qz(t) dt

+ 2 j' [Cll(xs t) + %M23(x7 t)] fl(t) dt = 07 XE((I, h): (19)
0
S -
-Q o (24
_h 0000000 h X

Fig. 2. Orthotropic semi-infinite strip under frictionless
20 action of a rigid stamp



A semi-infinite strip investigation 111

A
I[D12(ys t) — Dya(y, —1) + (Maa(y, ) — M3s(y, —0)] g2(0) dt

a

+ f[ﬂSlG(ya B+ xMss(y, 1)) fi(0dt =0, ye(0,0). (19)
]

In the last relations, due to St. Venant’s principle, we use ¢ > h instead of co.
The solution of the system (19) we present in the form

_ a0 G
qZ(t) - ]/;_—_(,_1 (h — t)“’ fl(t) t‘z ]/CT[’

The power of singularity « in this case has the same value as in (13).
The additional conditions for the system (19) yield the equations of equilibrium and can be
written in the form

g2*(8), fi*(eH. (20)

[f0d=—0, [o0m0dx=—-0. e
0 0

For the numerical solution of the system (19), (21), a numerical method based upon the
Gauss-Jacobi integration formula [8]

[ f@ w0 de = Y, Aufe) )

was used. In this formula w(t) = (1 — 7) "% (1 + 1)~ #; 4; are weight coefficients; 7, are the zeros of
Jacobi polynomials P,(~%~#)z). To apply formula (22) to the singular integral evaluations we
used the zeros z,, (m = 1,2, ..., n — 1) of the second kind Jacobi functions [9]

1

O M) = — f

-1

Py =8 () wit) de

T—2

as the points of collocations. Application of this method to the system (19), (21) yields the
following algebraic equations:

{2722 z Al B 1 t16) — B(X1m —E1x) + MM 25(X 15 t18) — M2(X1my —t1))] 42*(t1)
k=1

+2x Y AnlCat(Xim, tan) + xM33(X1m, tai)] f1¥(t2s) =0

k=1

{2 Z A1 D15(X2ms £18) — D12(Xoms —118) + WM 32(¢3m, t1) — M 352(X2m, —t1)] g2*(t11)
k=1

+x z Aol pt31G(X 2 t2i) + #M33(X2m, t26)] f1*(t2i) = 0
k=1

where

e =00+ 0t ta=x(1 + 1), X =00+ 0221w, Xom = X1 + 224),

_h-i—a h—a

{1 P s CZ = ) s

_c
X—z-
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Fig. 3. Normal stresses under rigid stamp acting Fig. 4. Delamination of rigid stamp from semi-
to the semi-infinite strip infinite strip

The solid line in Fig. 3 shows the variation of the normal stress acting under the stamp for nearly
isotropic material with v = 0.3 and various relative stamp widths a/h. Dashed lines relate to the
exact solution for a semi-infinite plane [10]. It is clear from Fig. 3 that for relatively small stamp
widths these results almost coincide, but for stamp widths nearly equal to strip widths their
differences are essential.

Next we consider the bonded rigid stamp pull off the end of the strip (Fig. 4). To avoid the
oscillating singularity we introduce two frictionless contact zones [—b, —a] and [, b] at the
stamp corners. In this case the boundary conditions are the following:

u(x, 0) =0, v(x,0) =0, x| < a; (23)
v(x,0) =0, Toy(X, 0) = 0, a<|x| <b; (24)
Tox, 0) = 0, o,(x,0)=0, b < x| < h; (25)
o £hy) =0, ty(Lthy =0, y>0. (26)

It follows from the last equations that g,(x) = 0 for |x| > a, g2(x) = Ofor |x| < band f,(y) = 0. By
means of the remaining boundary conditions satisfaction we arrive at the following system of
singular integral equations (similarly to (19) we use here ¢ > h instead of o0):

a h
Y11 _f [B(x, 1) + %M 1(x, )] q1(t) dt + Vlzj [B(x, 1) — B(x, —1) + %(Mlz(x: ) — My,(x, '—t))]
b

—-a

X qa(t) dt + 2E[C11(x, 0+ xMis(x, 0} f1()dt =0, xe(—a,a);
0

Y21 | [B(X, 1) + xM (X, £)] q.() dt + 22§ [B(x, 1) — B(x, —1) + (M a(x, 1) — Mas(x, —t))](27

—a

)
X @alt) dt + 2 [ [Cas(x, ) + #Mas(x, ] i) di = 0, xe(b, h);
(4]
a h
j [D11(y, ) + xM31(y, 1)) q1(8) dt + HDlz(ya £) — Dio(y, —1) + e(M3a(y, 1) — Maa(y, _t))]

—a

x q(t) dt + [ [1316(y, t) + xM3a(p, 01 /1) dt =0, ye(0,0).
0
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Table 1. Stress intensity factors for interface crack between rigid stamp
and semi-infinite strip

afhr A K, K, K
0,2 1072 0,483 0,594 0,812
1073 0,276 0,759 0,823
1074 0,180 0,802 0,828
0,5 1072 0279 0,421 0,526
1073 0,132 0,492 0,513
107¢ 0,065 0,498 0,510
0,7 1072 0,235 0,382 0,462
1073 0,085 0,440 0,450
107+ 0,016 0,443 0,449

Unknown functions we present in the form

q4:*(t) 42*(t) S1¥(1)

g9 = l/ﬁ, 9:(1) = m, S = t“]/E:’

411, 42*(0), f1*()e H

28
and o is the same as earlier. Additional conditions are the following: @
(ffl(t) dt =0, (j‘:ay(x, 0)dx =0, _f q4(t)dt = 0. (29)

Next we introduce the following stress intensity factors at the points a and b:
Ky = 1151301/2(17——;) (0 Ky= lim }/2a —x)y(x,0). (30)
It follows from (28) and (7) that
K, = Ve ® et
4(h — by* l/a

A numerical solution of the system (27), (29) was obtained by the method outlined above. The
values of K, = K,/(201/h), K, = K,/(2Q)/h) and

R Joki7K2 o=t
20 Vﬁ 3—4y

for various a/h and A = (b — a)/(2b) are given in the Table. A nearly isotropic material

with v = 0.02 has been used. It can be easily seen from the results that in spite of

K, and K, essentially depending on A, parameter K similarly to infinite domains [11]

is quasi-invariant with respect to A.

5 Conclusions

The method of orthotropic semi-infinite strip investigation under arbitrary boundary conditions
is described. It is based upon boundary integral relations of special type. Good agreement with
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previously reported results was found for a particular case of boundary conditions and external
load. New results corresponding to the interaction of strip end with a rigid stamp have been
obtained by approximate solution of the boundary integral equations.

Appendix

Hix, 1) = msg—(i% -2 él [wkit]? + [: fc:t(—l)" ox]?

Nilwn &) = (w:)inJr(ac);z) (wk;y) t? ,,i (=¥ (n + (i;:"(;ﬂlz)nfiwkfy}z;
100 - [t GO

2 2
Sj(xa y: z sl] (X yy H Ej(x> ¥, t) = z eij’E(xa Vs t)»

i=1

2
lijzi(xs ¥V, t): Rj(xa Vs t) = z rijTi(xa Vs t)a

IRk

Lix, p,0) =
i=1 P
_ sin [@(t — x)]
Zix, y, 1) = cos [w(t — x)] — ch(wk;y)’
’E(X, ¥, t) _ 2 Sh[a)ki(t + (_ 1)n y)]

= chlokft + (— 1" y)] + cos(wx)’

: sin[w(¢ + ¢,x)]

= cos[f€ + X)) — chlokfn + (=1 y)]’

Xj(an/;é, ’1) =

L shiwkn + cuy))
B Y361 = 2 ot + el — cos (e + (— TP

Y= Sut S22 = Apa(s 820 + Aol + ), vai=lu, yaie2 =l

Vai = AurSu + Aszlie, Yaura = Arssy + Aiohi, pu=eulky, iz = eilks,

tai = (A1zer; + Azari)fky,  Hoen = (A1zea; + Anatadlka,  pai = rufky + 1ok,

tai = (Aries; + Aparifky + (Agiea + Aprafka, sy =02 my, €=My jaa,

by=kims iy, Ty=hkima_ip  my=gy+ (=0 gier g1 = (411027 + 4es )oa,
g12 = [(A1102%) 7" — Agd)fos,  gaalA1af(A1y2®) — 1)/, 833 =0,

gsa = —(A12 + Ago)/(attsA11466),  8aa= —2, gas = (A1142; — A12)/(204%54 11 466),
ky = (g + as)fon®,  ky = (0 — as)/0s®, ey =co=1,

cz=c¢=—1, w=w/2, j=1,2.
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