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Transient response of a piezothermoelastic circular disk
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Summary. Transient temperature, displacement, stress and electric field intensities in a finite circular
piezothermoelastic disk undergoing axisymmetric surface heating are examined. Exact solutions to the
equations of equilibrium and electrostatics are obtained using a potential function approach based upon two
piezothermoelastic potential functions, three piezoelastic potential functions and a piezoelectric potential
function. The disk under consideration is assumed to exhibit hexagonal material symmetry of class 6 mm.
The initial temperature of the disk is zero; thereafter one face is subjected to linear heat transfer from an
adjacent medium (Newton’s law of cooling), while the temperature of the other face remains constant. Both
faces are taken to be free of traction. The cylindrical boundary of the disk is thermally insulated, electrically
charge-free, and constrained against radial deformation. Numerical results are obtained for the stress and the
electric potential distributions in a cadmium selenide disk.

1 Introduction

Piezoelectric materials have attracted considerable attention recently, due mainly to their
potential for use in smart structural systems. Owing to the coupling that exists between the
thermoelastic and electric fields in piezoelectric materials, thermomechanical disturbances can
be determined from measurement of the induced electric potential, and the ensuing response can
be controlled through application of an appropriate electric field. For successful and efficient
utilization of piezoelectrics as sensors and actuators in intelligent systems, further research on
piezothermoelastic behavior is needed.

Among the important earlier studies on piezothermoelastic response is the work of Tiersten
[1] who derived nonlinear equations of thermoelectroelasticity, and Chandrasekharaiah [2] who
presented a generalized linear piczothermoelastic formulation. Nowacki [3] considered steady-
state problems involving thermopiezoelectric infinite and bounded bodies. Maysel’s influence-
function approach to thermoelasticity was generalized for static thermopiezoelectricity in [3],
and was later generalized for piezoelectric vibration problems by Irschik and Ziegler [4]. Other
investigations dealing with piezothermoelastic response of beams, plates and adaptive structural
systems include the works of Dube et al. [5], Jonnalagadda et al. [6], Lee and Saravanos [7], Rao
and Sunar [8], Shen and Weng [9], Tzou and Ye [10], and Xu and Noor [11].

The present authors proposed a general solution procedure for three-dimensional problems
of piezothermoelastic solids of class 6mm in Cartesian coordinates [12], for a two-dimensional
problem of an infinite plate of class mm?2 [13], and for axisymmetric problems in cylindrical
coordinates [14], [15]. More recently they examined the response of a finite circular disk, one face
of which is in contact with a heated body [16]. The inverse problem was solved to determine the
surface temperature when the electric potential difference between the faces of the disk is known,
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assuming a stationary temperature field. The possibility of utilizing piezoelectric elements as
temperature sensors was thus demonstrated. In the present paper we extend the previous
investigation [16] to include transient piezothermoelastic response of the disk.

2 Governing equations

Consider the axisymmetric response of a piezothermoelastic solid of crystal class 6mm.
Constitutive equations for the elastic field are

Oy = C1184 + C128gp + €136, — e(E, — B1T
G99 = C128 + C11809 + C138,; — €1 E, — f1T
02z = C138p + C13809 + 338, — €3E, — B3T
Oup = Ca4€qp — e4Er

where o;; represent the stress components, g; are the strain components, E; are the electric field
intensities, T denotes the temperature rise, ¢;; are elastic stiffnesses, ¢; are piezoelectric constants,
and f; are stress-temperature coefficients. The corresponding strains are related to the
displacements u; as

1

& = “r,,ra Egp = ? Uy, &z = uz,z: Ezp = uz,r + ur,z- (2)

For the electric field, the constitutive relations are
Dr = €48z + 171Er7 Dz = €18y + €189 + €38z, + 173Ez + p3T (3)

where D, are the electric displacement components, #; are dielectric permittivities and ps is the
pyroelectric constant.
The temperature is assumed to satisfy the Fourier heat conduction equation

T
AT+ T, =2 4
where
2 190 y) oT
A= 20 2t 12 5
=ty PN ot ©)

in which /; are coefficients of heat conduction, and » denotes thermal diffusivity. For the problem
considered here it is convenient to represent the temperature as the sum of two functions, namely
T, z, t) = To(z, 1) + Tq(r, z, 1).

The equations of equilibrium are

1
Urr,r + O-rz,z + ; (Urr - 0_99) = 07 O—'zr,r + Gzz,z + ? Oz = O: (6)
and the equation of electrostatics is

1
Dr,r+Dz,z+7Dr=0- (7)
r
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3 Solution procedure

Solutions to the equations of equilibrium (6) and electrostatics (7) are obtained using the
potential function method introduced in [14] and [16]. In particular, the displacement and electric
field intensities are expressed, respectively, in terms of potential functions as

=W+ %), u="Po+kVP +j¥,). ®
E,=—(91),, E.=—(Po+ P, ©)
where

VYi=¢1+ w1+ w2+ s (10)
¥y =¢s+ Liw, + Lo, + Lap; (11)
Yo, = 7170 ) (12)
D) =y + (M + may, + n3y3), (13)
Do, = 72To. (14)

As indicated in the following Section, the piezothermoelastic potential ¢; and the three
piezoelastic potentials y; (i = 1, 2, 3) are governed by uncoupled differential equations; the
piezothermoclastic potential ¢, is expressed in terms of ¢; and T} ; and the piezoelectric function
x depends on ¢, and T;. The various coefficients appearing in Egs. (8)—(14) are given by [14]

C11V; — C44 , kyvyeqq c11(es — ney) UE!
ki=—e, j=k— + ' RN =—

€13 + C4q Cqq (e1 + es) (cas + e4”/n1) N1
_ Bans —esps _ C33p3 + Paes
= = (15)

C33f3 + €3 C3s3f)z + €3

vi— W m—k vy — ) (v — 4
Li=fi—1= 1 I‘Ll= i : 1’ ni=(1 Mz)(Vz .ul)
&y J £:&,
viks €3 — ey e+ ey
é=(c3+c4)|:—— j|: by = —
! ! 4 Cas  (e1 + es)(cas + es®/n1) 2 C11

where v; (i = 1, 2) are roots of the equation

2

€4 2 2
€11 <C44 + 1’[—> Ve |:013 + 2¢13C44 — C11C33 +
1

(c13 + cas) ey + es) es — crie308 — c44e42} v
U

€384

¥ ea <c33 . _~) —0 (1)

"1
and y; (i = 1,2, 3) are roots of
12— v+ va + 1 — aly) 1+ [viva 4+ vy 4 v2) — (vias + bo) & — a1é:8]

—qvivy + vib&s + 08, =0 17)
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in which

+(1+k k + 1+ ]
A L L ) (19)
M1 N1 N1 11

The equations of equilibrium (6) and electrostatics (7) are then satisfied, provided the
potential functions ¢;, y and ; satisfy the equations [14]

3? o2 02
<A1 + U ‘“) <A1 + U2 —> <A1 + Ua _> ¢y = dody ATy + di ATy + do Tz (19

922 0z> oz*
1
b2,z = E_ (4101 4+ v1¢1,.: — 0, TY) (20)
1
1
Lz= f_ (4192 + v203,.. — 6,T)) (21)
2
Ay + upi . =0 (i=1to0 3) (22)
in which
5. = ﬁ _s 5. = (e1 + e4) [k1valcaa + €a?/n1) B1 — caalBs — psea/ni)]
! €11 2 : ci1l(caa + €a®/n1) (e1 + eq) kyvy — caales — ney)]
<14
do = n(vy01 + £10;) — br£28, + % (23)
1

di =v301 + &6y + 101 — 28201,  dy =94,

4 Application

Consider a circular disk (0 £ r £ a, 0 £ z < b) of piezothermoelastic material, initially at zero
temperature. One face (z = b) of the disk is subject to linear heat transfer from an adjacent
medium at temperature @(r) (Fig. 1). The temperature of the other face remains constant, while
the cylindrical boundary is thermally insulated. In this case the initial and boundary conditions
are expressed as

T=0 at t=0 (24)
T=0 on z=0 (25)
T.+hT=hOF) on z=5H (26)
T,=0 on r=a 27

where h = H/4,, in which H is the coefficient of surface heat transfer. It is convenient here to
express the temperature of the contacting medium as

O) = Go+ 3. Grdolonr) (28)
n=1
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L rigid ring piezoelectric disk Fig. 1. Circular piezoelectric disk

2
0,= ma—) Jr@(r) Jolo,r) dr. (29)
0

The solution to the heat conduction equation (4) satisfying conditions (24) —(27) has been ob-
tained using the Laplace transform technique. The resulting temperature T= T, + T; is given by

Ty = Ao - ot 2 Ao sin (Vz > (30)
i sinh (a,z/A) i mZ
Ti= % Jofewn) [A,, Tbﬁi g o SiD (V ; >] (31)
where
o 2400 g ~*Im™
Ago = 1—‘—9‘5 Aom = o ; (32)
+ hb Pml(1 + hb) cos (yub/4) — (ymb/4) sin (y,b/A)]
Jhé, 201y, 0 0~ *n T rmt
AnO =

Ah + a, coth (o,b/2)’ Aum = (02 + P2 [(1 + hb) cOS (ymb/A) — (ymb]A) sin (y,,b/2)]

and a, and y,, are, respectively, the roots of the equations

J1(,a) = 0 (33)
Vm €OS (Ymb/2A) + Ak sin (p,,b/A) = 0. (34)

We next examine the induced elastic and electric fields, assuming the faces of the disk are free
of both traction and electric charge, while the cylindrical edge is constrained against radial
deformation (e.g., by a rigid ring as shown in Fig. 1) and is charge free; i.e.,

G,,=0,=D,=0 on z=0,b (35
u,=D,=0 on r=a. (36)

The piezothermoelastic potential function ¢, in Eq. (19) is represented in a form similar to the
expression for temperature T in Eq. (31), namely

© inh (2, ) 0 "
$i=Y Jo(oc,,r)[ % 2 B,, sin <y : )] (37)

n=1
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By substituting Eqgs. (31) and (37) into (19), the coefficients B,y and B,,, are found to be

JHdy3* — d 22 + do) Ao
anz(.ul - /12) (2 — 12) (us — /12)

WHdy 2 0,  + d Py + doye) Aum
(PPa® + paya) (PP + paym) (AP + paym)

BnO =

Bnm= -

(38)

The piezothermoelastic potential ¢, is then found by integrating Eq. (20), with the result

w© sinh (a, z//l) s YmZ
= J n Cn RN nm
92 n; o) [ sinh (4,5/2) ; ¢ Sm( p 39
where
(v — 2%) ,*Byg — 6147 Ao (v17m + 2*,") By + 6 /IZAnm
Cn = ) Cnm = 40
° 510%2 il'ym ( )

Likewise, integration of Eq. (21) for the piezoelectric potential y gives
D,,m &"— cos <%>} (41)
A A

— A 0, 2Co — 6,424, 220.2) Cym+ & /12A,,,,,
D,y = (vo — A%« (; 24 o p = (vaym + Aoy’ + 42)
&ty 52)’m

o o, cosh (o,z/4)
1= 2, Jolowr) [D " 7 sinh @b/h) |

HMS

The piezoelastic potentials y;, which represent solutions to Eqs. (22), are

pi= Y Joloun [E sinh (o2/)/1s) . cosh (2. ﬂ)] (i=1t03) (43)
sinh ( oc,,b/]/;l cosh (e,b/)/ ws)

where E;, and F;, are unknown coefficients. The displacement function ¥, obtained by
substituting Eqs. (37) and (43) into (10), then becomes

& sinh (ot,z/2) VYmZ
Y, = ngl Jolo?) {Bno ——~——( 57) Z B, sin < i )

: sinh Ofnz/]/_) § cosh (o,2/]/ 1:)
+ ) [ " inh anb/|/7 cosh (ot,,b/l//;i)}} (44)

while substitution of Eqgs. (39) and (43) into (11) gives
® sinh (oc,,z/l VYmZ
Y, = J e
2 ngl O(O‘nr) {Cn (Otnb//l) Z Cnm 11’1< ). >

[ Sl g, eV

and substitution of T, given by Eq. (30) into (12) leads to

z3 A2 VZ
ql |:A00 6‘1) — mg AOm 'J)Z sin < 7 >:| (46)

n=1

i=1

i=1
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The electric potential @,, found by introducing Egs. (41) and (43) into (13), is
i %,  cosh («,z/4) Vi VmZ
o, =57 Dy et 2 Do
1= 2 Jolon) {,1 " Snh @b/l mZ Pl e W
3w, cosh ( oc,,z/]/,LT,) sinh (2,2/)/ 1)
+ Y m E;, + Fiy ) 47)
SV sinh (et,b/}/ ;) cosh (a,b/)/ ;)

and substitution of Ty into Eq. (14) gives

Qo =7, I:Aoo = 2 AOm COos (VZ >:| (48)

Finally, inserting the expressions for ¥y, ¥4, ¥,, @y and @, into (8), (2), (1), (9) and (3) yields
respectively, the following relations for the displacements, stresses and electric displacements

- sinh (oc,,z/l ® VmZ
U, = —ngl Ot 1 (0tF) {(Bno + Cho) sinh (a,b/2) g (Bum + Cum) s1n< i )

2, sinh (ot,.z/ 1/7) i cosh (o,z/}/s)
" i;1 a [ " sinh (anb/f) cosh (a,b/ 1/;1)]}

cosh (0,z/A) 2 Vm ) YmZ
J n k B,l C,, T T A —(k Bnm Cnm T
Z o{oar’) { (k1Bano + jCno) sinh (@,b/7) +m§1 7 (k1Byum + JCym) co8 7

z B e ™ )

+ 71 |:Aoo Z AOm cos <yzz)] (50)

o C
O = — 3, % [{Jo(anr) [cn(Bno + Cuo) = 5 (k1Byo +JCuo) — 2 Dy +5 i A,,o}
rn=1

—(c11 —cra)——— J1(r) (Bno + )} M

(49)

# sinh (x,b/4)
13?m . eﬂ’%z B
+ Z JO OC,,T cll(Bnm + Cnm) +53 3 lz 2 (k Bnm +]Cnm) + /12“ 2 Dnm + FAnm
Ji(on,r
—(c11 —¢€12) 1(tr)

(Bom + Cnm)} Sin (ymz/4)

n

3 m; n; Ji(or
+ Z {(Cnf — C13 ‘”— — & >J0(°‘n7’) (€11 —c12) s « )}
i=1 i

12 1 “nr

el el |

(51)

m=1

+ (c13f1 + e172 — B1) {Aoo + Z Agp, sin (sz/i)}
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v n

4 . e B
Ogg = — Z IZ{JO (o0 )|:012(Bn0 + Cho) — ﬁ (kyByo + jCuo) — }_;Dn() + a_lg Ano:l

sinh (a,z/4)
sinh (a,b/2)

Jl(anr)

i)

+(c11 — €12)

(Buo + Cno)}

2
+ Z {JO OC,, |:612(Bnm + Cnm) 1123%; (k Bnm + Jcnm) /121;)",2 Dnm + % Anm:l

J 1(06,,7‘)

n

3 C12li — ; — €1 — il Jolowr) — (c11 — €12) 4 J1(r)
v u

i Hi &p¥

+ (Cll - 612) (Bnm + Cnm)} Sin (ymz/})

{228 (;z% /)|

+ (e3Pt +e172 — By ){Aoo + Z Aoy Sin (sz//b)} (52)

m=1
© 5 C33 . €3 Bs
Ozz = — Z oy JO(O‘nr) 613(Bn0 + CnO) - ;_2 (lenO +]Cn0) DnO + AnO
n=1 v

sinh (a,z/4) < Ca3Vm
IR Bnm Cnm k Bnm + Cnm
X b bl T2, [c”( * Com) + 72,7 1B+ Con)

/122

2
e3Vm B .
+ _l;a s Do + 5 2 A,,m] sin (ymz/A)

§ (Cla L Hz) [Ei sinh ( ocnz/f  cosh (anz/ﬂ)} 53

* i sinh cx,,b/]/— Fir cosh (oe,,b/l/,LTi)
v 2 caaf{(l + k) Buo + (1 +)) Coo 4 cosh (a,z/7)
7= = L o) {[ p T 770 | Sinh (b))

+ Y I eas{(l + k1) Bum + (1 + ) Com} + €4Dm] €08 (hmz/A)
o o

m=1 n

3 caalli +my) + e4ni[ ~ cosh (o z/f P, sinh (ocnz/l/;i):|} “
YA e B/ s ) (54)

v 2 eaf(1+ k) Byo + (1 +) Coo 111 | cosh (oz/A)
Dr= = 2 @il {[ ) 70 | sinh (ab/A)
+ 2 ;y; lea{(1 + k1) By + (1 + ) Cumy — 711D ] €08 (yz/4)
m=1"Yn

3 elli + my) — mm ~ cosh (ocnz/]/_ ~ sinh (2 1ts)
i; l/;l I:El sinh (oc,,b/]/;l) Fon cosh (oz,,b/]/;t_,'):|} )



Response of a piezothermoelastic circular disk 9

i e
Dz = - Z aanO(fxnr) {l:el(BnO + CnO) - /1_2 (lenO +an0) + 11_; DnO - 5_3 AnO:I

n=1 '1 n2
sinh (o,2/4) & esVa N3¥m ps
Bnm Cnm k Bnm Cnm - Dnm - Anm
X Sinh @bl T 2, [el(  Com) + 72, 7 CsBun + Cm) =235 g

3 : . A
X §in (yuz/2) + Y (elfi - e3 Lt s n,) [Ein sinh | (oc,,z/]/;z) +F, cosh (“"Z/fi)]}_
<1 i s sinh (o,b/}/ ;) cosh (2,b/]/ ;)

(56)

The 6n unknown coefficients E;, and F;, (i=1,2,3; n=1 to o) in these equations are
determined through application of the boundary conditions. Conditions (36) are satisfied
identically by expressions (49) and (55). Conditions (35) governing the stresses o,, and ¢,, and
electric displacement D, imply, respectively,

Ew+

i=1 1/;, sinh (oc,,b/]/;,-) " J sinh (a,b/2)

2 caalti + m) + eqm Caal(1 + k1) Byo + (1 +j) Col + €4 Dno:l

+Z

1) Bum + (1 + ) Co] + €4Dp} = 0 (57)

i ) [Ein coth (2,b/]/ 1)) + Fiy tanh CRAV)
i=1 l/[z

n c4al(1 + k1) Byo + (1 + ) Cuol + €4 Dyo

] th (a,b/4)
+ Z T {044 (1 +k )Bnm + (1 +]) Cnm] + e4Dnm} cos (ymb/;“) =0 (58)
m=1
3 m; n,] 1
C13fi — Cz3z— — e3 =0 59
i; [ " > cosh (oc,,b/]/—) )
3 mi
Z |:C13/ - e3 :I(Em + Fln)
i= ﬂi Ui
C33 . €3 B3
+ ¢13(Bpo + Cio) — 2 (k1Byo + jCpo) — 2 DnO + 5 Ao =0 (60)
3 m; ni:I 1
effi—e3—+n—|——FF;,,=0 (61)
i; |: ! w7 i cosh (b} 13)
3
Z |:el/ —63—+113 ](Etn+an)
i=1 Hi Hi
€3 . _ P
+ el(BnO + CnO) - P (lenO +.]Cn0) + }'2 D o -y AnO =0. (62)

n

Equations (57)—(62) are sufficient for the determination of E;, and F;,
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5 Numerical example

As an illustrative example, the temperature of the contacting medium is presumed to have
a distribution described by

OF) =Ty <1 - 2f ;—z +f ;—i) (63)

in which T, is a constant and f is a specified parameter.
The disk material is considered to be cadmium selenide, with the following properties [17]:

c11 =741x10°Nm™2,  ¢;, =452%x10°Nm™2%, ¢;53 =39.3x10°Nm™2,

€33 = 83.6x 10°Nm™2, ¢y = 132x10°Nm™2,

B, = 0.621 x 10°NK~'m~=2, By = 0.551 x 10SNK~m~2,

e, = —0160Cm™2, e3=0347Cm"2, e, = —0.138Cm™2, 64)
7y =826x 107 12C2N"Ym"2, 5y =903 x 10" 12C°N"'m~2,

ps = —294x10"°CK 'm™2, Y, =428x10°Nm 2,

o0 =44x107 K1, d, = —392x10"12CN"!

where Y, is Young’s modulus, «, is the coefficient of linear thermal expansion, and d; is the
piezoelectric coefficient. Since the values of the coefficients of heat conduction for cadmium
selenide could not be found in the literature, the value 2> = 4,/4, = 1.5 is assumed.

The following dimensionless quantities are introduced for convenience in the presentation of
the numerical results:

_ b _r _ oz _ut - T
b=—, Ff=—, Z=—, f=—, By=ah, T=_—
a a a a Ty
65
_ U; _ Oij & |di] @ = D; ( )
Uyy=—"-—, 05j5=—""""-, = P o
ClOC,TM ! O‘rYrTM aarTM |d1| OCrYrTM

Response quantities were calculated by retaining the first 50 terms in each of the
corresponding infinite series. Figure 2 shows the nondimensional surface temperature distribu-
tion at various times { for a disk of thickness b = 0.2, in the case of a Biot number B; = 1 and
parameter f= 1. The resulting radial distributions of electric potential difference
[Pls=5 — [®]5=0, Stresses [G,, Gosls—5 and radial electric displacement [D,];— 5 are given in
Figs. 3 — 35, respectively. The maximum (absolute) value of each response quantity is seen to occur
when the temperature reaches its steady-state value (at f = o0).

Figures 6 —9 show the influence of the parameter f upon the distributions of temperature,
electric potential difference and stresses, again for the case of # = 0.2 and B; = 1. Note that in the
case of a uniform temperature @ = T, of the contacting medium (described by the curve f = 0in
Fig. 6), the induced electric potential difference and stresses are independent of 7 for all times 7.

The influence of disk thickness 5 on the temperature, potential difference and stresses at 7 = 0
is illustrated in Figs. 10— 12 for the case f = 1 and B; = 1. For very small time 7, the thickness
b has little effect on the response quantities; however for larger time f, the greater the disk
thickness, the greater the (absolute) value of the response quantities.
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Fig. 6 Fig. 7

Fig. 2. Distributions of surface temperature at varjous times. Fig. 3. Distributions of electric potential
difference at various times. Fig. 4. Distributions of radial and circumferential surface stresses at various times.
Fig. 5. Distributions of radial electric displacements at various times. Fig. 6. Influence of parameter f on
surface temperature. Fig. 7. Influence of parameter f on electric potential difference
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Fig. 10 log (1) Fig. 11

-0.3
-4

) B
log(t)

Fig. 12 ]Og ( t )

Fig. 13

Fig. 8. Influence of parameter f on radial stress. Fig. 9. Influence of parameter f on circumferential stress.
Fig. 10. Influence of disk thickness on temperature. Fig. 11. Influence of disk thickness on electric potential
difference. Fig. 12. Influence of disk thickness on radial and circumferential stresses. Fig. 13. Influence of Biot
number on temperature
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0

x 1072

-0.5

=0

]f:O,z

s— 1P

-1.5

[®]i-0.

log () log (1)
Fig. 14 Fig. 15

Fig. 14. Influence of Biot number on electric potential difference. Fig. 15. Influence of Biot number on radial
and circumferential stresses

Figures 13 —15 show the effect of the Biot number B; upon the surface temperature, electric
potential and stresses at 7 = 0. The special case B; = oo corresponds to the case where the
temperature is prescribed on the top surface of the disk; B; = 0 implies zero heat flux into the
disk, in which case all response quantities are zero.
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