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Abstract. Three kinds of zero-sum Markov games with stopping and
impulsive strategies are considered. For these games we find the saddie point
strategies and prove that, the value of the game depends continuously on the
initial state.

In the paper the following three kinds of zero-sum, two-person Markov
games are considered: games with stopping, games with impulsive controls
and games with impulsive control and stopping. These games do not exhaust
the variety of the zero-sum games with stopping and impulsive strategies but
are typical in this theory.

The form of the associated cost functional depends on the kind of game.
For instance, for the game of the first type the functional is of the form:

T/\8 —as — T —a
Jx(T98):Ex{'/(.) € f(xs)dS+X‘r<Be ‘I'l(xf)+Xs<7e Bq'z(xa)}

If » and & are stopping times chosen by the first and second player
respectively, then the first player pays to the second one in average the total
amount equal to J (7, 5).

A similar, but a more complicated functional is in the case of games with
impulsive controls, and games with impulsive control and stopping,.

Under assumptions introduced by M. Robin in [8], we prove the
existence of the saddle point strategies for these games. We show also that the
values of the games depend continuously on the initial state. This way we
generalize Bismut results contained in {2] and solve a problem posed by M.
Robin in [8].

An analogous game to the one with impulsive controls was considered
independently and under stronger assumptions by J. P. Lepeltier in [6].
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1. Stochastic Game with Optimal Stopping
1.1.  Introduction

Let (E, B) be a locally compact, with countable base state space endowed with
the Borel o-field B, and X = (x,, F,, P,) a right continuous, homogeneous Markov
process on the space E.

By C we will denote the space of all continuous, bounded functions on E, by
C, the sub-space of C of functions vanishing at infinity and by (®(7)),. o the
Markov semigroup associated with the process X. We will assume

(Al) YfeC, t=0 @(1)feC
(A2) YfeC,, t=0 ®()fEC,

(A3) if d denotes metric compatible with the topology on E, such that every
ball is compact (it is well known that such metric exists), then

def
YT > OyT(R)Ze sup Px{ sup d(x,,x)>R} —» 0asR - o©

x€E O0=<<T

Let us consider the following two person zero-sum game. The players choose as
their strategies Markov times. If 7 and § are the strategies of the first and second
player respectively, then the first pays to the second one the total amount equal to
J.(7,8). The functional J (7, §) has the form

1(r8) = B [ e ot x, e ()
0
FXamrt OW(x5)) (11)

where « is a positive constant, and functions f,¥,, ¥, satisfy the following
assumption

(Ad) f,¥,¥,€C, xE€E ¥ (x) = ¥y(x)
We define lower and upper value of our game, v and v respectively

vo(x) =supinfJ(7,8) ©(x) =infsupJ (7,8) (1.2)
§ T T 8

Under the above 4 assumptions we will prove that the game has valuev: v=v =10
and that the value is continuous function. Moreover we will find the saddle point
strategy (7, 8), such that v(x)=J (7, 8). These results will be obtained with the
aid of the penalty method, introduced for stopping games by N. V. Krylov [4,5].
This method consists in finding for each B>0 a solution of the following
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penalized equation

of = Ra[f_ﬁ(vﬂ_‘l'l)++:3(UB_‘I'2)7] (1.3)

and showing that v® — v as B — .

Zero sum stochastic game with optimal stopping appeared first in Dynkin’s
paper [3] for stochastic sequences. Continuous time analog of this game was
considered first by Krylov in {4, 5].

From the point of view of variational inequalities and for diffusion processes
such games were investigated by Bensoussan and Friedman in [1]. Bismut in [2]
studied similar games using results from convex analysis. In the Part 1 we present
similar results to those obtained in [1,2,4,5], but proved under very general
conditions (A.1), (A.2), (A.3), (A.4) introduced by Robin in [8].

1.2.  The Main Result

First we have to establish solvability of the penalized equation (1.3).

Proposition 1. If the assumption (Al) and (A4) are satisfied then exists unique
solution vP of the equation (1.3). Moreover, vP€ CND;, where D denotes the
domain of weak infinitesimal operator A.

Proof. Proof is almost identical with the proof of Corollary 1 [10] where the

general case of Dynkin’s game is considered. Namely from the Lemma 1 [9] we
know that (1.3) is equivalent to

of = R, 4| F—B(0F=0,)" +B(0F—¥,) +Bof] (1.4)
Since the function F(x)=a — B(x —b)" + B(x — ¢)”~ + Bx for b = cis lipschitzian
with the parameter 8, the equation (1.4) can be solved with the aid of Banach
principle. O

Now, our aim is to obtain the existence of the value v of the game. The next
two lemmas will play an important role in the proof of this fact.

Lemma 1. The solution v* of the penalized equation (1.3) has the following form

vf(x) = inf sup I(u',u?) = sup inf I (u',u?)
u'€ Mg u'e My u’e My u'e My

= I (a'%, 4%) (1.5)

where My is a family of progressively measurable processes (uy); . o with values from
the interval [0, B] and

I(u',u?) = Exfooexp(—ft(a—l— u£+us2)ds)
0 0

X[ f(x,) +ul¥(x,)+ ul¥,(x,)] de
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and

B ifvP(x,)>¥(x,) B if vf(x,) <¥y(x;)
alf = 0%k =

. (1.6)
0 ifvP(x,)<¥/(x,) 0 ifof(x,)=T,(x,)

Lemma 2. The following two identities are true
. TAE ' _ —ab
vA(x) = inf supEX{f e “f(x,)dt +x,_se W (x,)F X5 W (x5)
T é 0
—aT + —
+X'r<5e (Uﬁ_\lil) (XT)_XBSTe d
X(0f =) (xy))

TN
= sup inf E,{ [T, diok x5, ) X ()
) T 0

+XT<89\M(U&_‘I’1)+(xr)_XagfeHas(Uﬁ_?2)7(x5)}
(1.7)

First lemma is a Markov analog of Corollary 2 [10] and the second one is proved
in the second part of proof of Theorem 3 [10]. Using these lemmas we show the
main theorem.

Theorem 1. Suppose the assumptions (A1)~(A4) are satisfied. Then there exists
the value of the game v, which is the continuous function and v >vas B0
uniformly on each compact. Moreover the times 7,0

#=inf{s=0:0(x,)=¥(x,)} §=inf{s=0:0(x,)=",(x,)} (1.8)
are the saddle stopping times, that is,

o(x) = J(#,8)
(We suppose that in (1.8) infimum over empty set is equal + o0).
Proof. We will prove only the first part of the theorem since the second one is
almost identical with the proof of existence of the optimal stopping time in [8]. So
we need to establish the convergence of v to the value of the game v. Similarly as

M. Robin in the proof of Theorem I 2 [8] we will base on the fact of density in C,
of the domain D, of infinitesimal operator 4 in C, and we consider three cases:

) ¥, ¥, D,, 2)¥,¥,€C,, and 3)¥,,¥,€C.
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Step 1. Suppose ¥, ¥,€ D,. Then since
avf — Avf = f— B(vF—¥,)" +B(vF—¥,)"
and
a(vf—W,) — A(oP~¥,) = f— a¥, + A¥, — B(vF —¥,)"
+B(vf—¥,)

we have

0Z0f — ¥, = R (g—B(0P+¥,—¥,)" +B(c") ) (1.9)

def
where g :if— a¥, + AY,.

So from Lemma 2 we obtain

8#(x) = sup inf Ex{/owexp(—[)S(a+ul+u,2)dr)(g(xs)

ule My u'e My
()~ ¥i(x,)) (110
and therefore

where ¢ is constant such that (| gl <c.
On the other hand, analogously

5 (x) = vA(x) — ¥,(x)

= inf sup Ex[fooexp(—fs(a+ul+u,2)dr)(g’(xs)
uIEMB uZEMB 0 0
c
L) v sl < g (1)

def
where g’ = f—a¥, + A¥, and lIg'l <c,.

Thus summarizing (1.7), (1.11), and (1.12) the following two approximations
are true

max{c,c,}

s (1.13)

Hvﬁ— inf supJ(, 8)“ <
T 8
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and

max{c, ¢}

oy (1.14)

vf — sup ian(T,S)“ <
8 T

If B tends to + oo we obtain the assertion of the theorem in the case 1.

Step 2. Let ¥, and ¥, belong to ;. Since D, is dense in C, then there exist two
sequences (V') -,  and (¥;'),-,, . of functions from C such that

Y- ¥, ¥ - ¥, mCasn - o
and
Vn ¥, ¥ € D,, ¥ = ¥

Let us define
525.8) = B [ e ) dot e ¥ (x,)
0
X W (x0)) (1.15)

Since
(. 8) = Ji(r, )| < 1, — ¥7 1+ 11, — ¥l

then

inf supJ,(r,8)— inf supr"('r,S)US 1, — e+, — ¥l (1.16)
T 8 T 8

From the Step 1 we know that for each n =1,2,...

of — inf supJ"(fr,S)Ha 0 as B - (1.17)
T [
where

vf(x) = inf sup Ex[fwexp(’fs(a%— ul+uf)dr)(f(xs)
uleMﬁ uZEMB 0 0

+u;w<xs)+u3\1f;(xs>)ds}
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Moreover,

lof(x)—vf(x)|< sup sup Ex{/;wexp(—fs(awLu}—kuf)dr)

u'e My uZEMﬂ 0

(1.18)
X (a9 ) = 7 ()] )~ ¥ ) )

< |, — ¥l + 1%, — 7|

Summarizing (1.16), (1.17), and (1.18) we obtain

=

inf supJ (r,8)—vf
T 8

inf supJ, (7, 8)~— inf supJ"(r, 8)”
T 8 T 8

+

inf sup J(7,8)— v+ I vf — vf|
T 8§

< 2(11%, = ¥+, — ¥ 1))

+

of — inf supJ"(1,8)
T 8

Passing with 8 - + oo and then with n — + oo we have the convergence

v# —inf supJ(r,98) inCasf - o
T 8

The analogous considerations lead to the convergence

vf -supinfJ(7,8) inCasfB — o
5 7

Step 3. Suppose now that ¥, ¥,€ C. As we know, there exists an increasing
0
family of compacts K, such that |J K, =F.

=1
Let for each n=1,2,..., h,: E- [0, 1] be a continuous function with compact
support, equal 1 on the set K,. We put

() En(x) Bi(x) W) h(x) Ty(x)

Obviously
Vu [[¥P < I 1 < 1,1, ¥ =¥} ¥ and ¥ E ()

and ¥|'> ¥,, ¥ > ¥, uniformly on each compact as n— . In the second
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step we proved that
Y v,f’ - v, = inf supJ"(7,8) uniformly as 8 — oo (1.19)
T &

Now we will show that v, - v = inf supJ(r, §) uniformly on each compact.

T 68
Let K =K(x,, R))={x:d(xy, x)<R,} be a closed ball with center in the
point x, and the radius equal R,. For T7>0, R >0 we define the sets:

D= {w: sup d(x,(w),x)SR}

Oos:<T

K = {y:d(x, y)<R,+ R} = K(x,, R, + R)

We have
M (7,8) = J2(7,8)| <[ EsxrarXs<se™ ¥ (x,) = ¥ (x,)|
+ExX8<TX3<reia8|\I'2(xs)_‘I'zn(xa)l] (1.20)
+2e (I I+, 1)) = T+ 11
Further,

I = ExXD[XTSTX‘r<8e7a7|\I,1(xT)_ lI’]n(x‘r)l

+X8<TX8$Te—-a6.\I,2('x8)_ \I'zn(xa)u

(1.21)
+ ExXQ\D[X‘rSTX1<8eiaT|\I,l(XT) - \I,ln(x‘r)l + XSSTXSg‘re-MS
X W, (x5) — ¥4(x5)|] = HI+1V
From the definition of y,(R) (see the assumption (A3)) we obtain
IV < 2y, (R)(I1¥, 1+ 11, 1) (1.22)
Moreover,
I < sup |[¥,(y) = ¥7(y)|+ sup [F(y) — ¥ (y)] (1.23)
yek ye€K

uniformly with respect to x € K. Thus (1.20), (1.21), (1.22) imply

sup [J(7,8)—J7(r,8)| < I+ I +1IV < 2(e™*"+y,(R))

x€K
XM 1+ 10 1) + sup [¥,(y) — ¥ (»)]

yek

+ sup |(¥,( ) — ¥ ()]

yek
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and since the right hand side is independent on 7 and § we have

sup |inf supJ (7,8)— inf supJX"(T,S)‘
xeK' r ) T [
< 2(e "+ y,(R)) (1,11 + 1, II) (1.24)
+ sup [W,(y) = ¥7(p)| + sup [¥(y)— ¥ (»)|
yEK ye€K

Now we see that since

sup |inf supJ(7,8)— vﬁ(x)‘

xeK' 7 [

< sup
xe K

inf supJ, (7,8)— inf supr"(T,8)‘ (1.25)
T 8 T 8

+

inf supJ™(7,8)—vf|| + sup [vf(x)—vA(x)|
T 8 x€K

we have to estimate the last term of this inequality. Using the similar considera-
tions as in the proof of inequalities (1.8), (1.20)—(1.23) we obtain for x€ K

oP(x)—vf(x)|< sup sup E, wexp — at+ul+u?)dr
n
u'e My ule My 0 0

< ) = )] e = 2, ] |
= Sup sup [Ex{foTXD(' © )ds} +Ex{j(;TXQ\D(' e )ds}

’ B+Ex{/;°(,..)ds}}

< sup |¥,(y) =¥ (»)| + sup [¥o(y)— ¥'(»)]
yeK yeK

+2(e™ T+ v (R)) (1%, 1|+ 1%, 1) (1.26)

The last approximation is uniform with respect to x€ K. Thus summarizing
(1.24), (1.25), and (1.26) we have

sup |inf supr(fr,S)—vﬁ(x)’ < (e + Yr (R, 11+ 118, 11)
xeK'! 7 8

+2 sup [¥,(y)—¥(y)|
yek

+2 sup [¥(y)— ¥(y)|
yEI%

+

inf supJ”(7,8)—vf
T 8
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Going to the limits with 8 — o0, n = 00, R = oo and finally with 7'— oo we obtain

lim sup |inf supJ (7,8)—0f(x)| =0
Blo yexl v &

Changing the role of operators inf and sup we have the same convergence for the
lower value of the game.

Thus v# tends simultaneously to the lower and upper value of the game. So
v# tends uniformly on each compact to the value of the game.

1.3.  Some Additional Results

The aim of this point is to introduce some new characterizations associated with
Dynkin’s problem. These results will be useful for the game with impulsive
controls. The first theorem is an analog of Theorem I 32. [8], which put the
interpretation on optimal reward in stopping as the maximum element in certain
class of functions.

Theorem 2. Suppose the assumptions (A1)-(A4) are satisfied. Then the value of
the game v is the greatest, bounded, continuous function w satisfying the inequalities

w(x)<¥,(x)

w(x)< EX{/(;S/\’ef‘“f(xs) ds + e“"g“w(xgm)} (1.27)

fort=0

where 8§ = 8(w)= inf{s = 0: w(x,)<¥,(x,)}
On the other hand, v is the least bounded, continuous function w satisfying the
inequalities

w(x) = ¥,(x)

w(x)= Ex{foM’e“”f(xs) ds + e*‘”‘“w(xmt)} (1.28)

fort=0

where = #(w) =inf{s = 0: w(x,) =¥ (x,)}

The proof of this theorem is similar to the one of Theorem I 3.2 [8] and can
be found in [11].

Sometimes, particularly in the case of games with impulsive control, inequal-
ity ¥, =¥, is not satisfied. This situation consider the following

Theorem 3. Ler f,¥,,V,€ C and the assumptions (A1)—(A3) are satisfied. Then
zero-sum game with the functional (1.1) has the same value as the analogous game
with the functions ¥,V ¥, = max{¥,, ¥, }, ¥, instead of the functions ¥, and ¥, in
(1.1).
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Proof. Let’s denote

v(x) = inf supJ (7,8) &(x) = inf supJ(r,8)
T 8 T )

where
~ TS _
Tr8) = Ef [ ) ds eV ()
0
+Xa<76~a8‘1’2(xa)}
First note that

v(x) = infJ(7,0) = ¥,(x), o(x) <sup/(0,8) = ¥, V ¥,(x)
T 8

From Theorem 1, for arbitrary Markov times 7, 8 we have

J(7,8) < J(#,8) =o(x) < J(,8)

F=inf{s=0:5(x,) =¥,V ¥(x,)}
§ = inf{s=0:6(x,) =¥,(x,)}

We will show that (7, 8) is the saddle point for the functional J, too. Since
7 S TAE —as —ar
Jx(T, 8)= Ex{j(; e f(x,)ds + X <8X{¥,(x,)<¥y(x,)}€ ¥, (x,)

t X <X (v, (x> {'2(x,)}e7a7\1,1(xr) +X§< Teﬁag‘l'z(xs" )}

(1.29)

on the set {¥(x,)<¥,(x,)}, we have 6(x,)=¥,(x,) and then 7>§, thus

{(¥(x,)<¥,(x,)} C{r=6}. Hence
J(7r,8)=J/(r,§)  for each Markov time 7
Particularly

J(7,8) = J(7,§8)

On the other hand for each time § we have trivially

(1.30)

(1.31)

(1.32)
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Summarizing (1.30)—(1.32) for Markov times 7 and § we finally have
J(7,8) < J(7,8) = J(7,8) < J(r,§) (1.33)
which finishes the proof of theorem. d

Remark. One can consider the zero-sum game with the functional J!
TAS
15.8) = B{ [ e s(x,)
0

X ) Xp M (5y) | (1.34)

We can easily notice, that the value of this game is identical with the value of the
game with functional J,. For new game we have the theorem analogous to the
previous one, with the functions ¥,, and ¥, A ¥, = min{¥, ¥,} instead of ¥,
and ¥, in the functional (1.34)

2. Stochastic Game with Impulsive Controls and a Constant Time Delay
2.1.  Formulation of the Problem

In this part we consider games with impulses and we will frequently use results
from the second Chapter of Robin’s dissertation [8].

Let &= D(0,00; E) be the space of right continuous with left hand limits
functions from R* in E,

x(w) = w(s), B (w)(s)=w(s+t) fors,t=>0,
0, is a translation operator, and
F'=o{x;:s<t}, F°=F

We denote by F, and F the universal completions of F°.

Next assume that X =(Q, F,,0,, x,, P,) is the homogeneous Markov process.
Moreover we introduce function f defined on E and functions ¢,d on E X E,
compact sets U;, U, C E and a constant number 4 > 0. Besides of the assumptions
(A1), (A2), (A3) we introduce the following assumption (A5):

(AS5) fed(C, and ¢, deC(E X E)—the set of bounded, continuous, real
functions on E X E

Let us assume now that two players choose strategies W and Z respectively of the
form:

W= {7 2 & L)
Z={8 98 n5....8,;...) (2.1
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where (7'),—, , and (8'),_, , . denotes increasing sequences of (F,),., stopping
times, and £',y' are F,: or Fy respectively measurable random variables with the
values ¢’ in U; and %' in U,.

The first player shifts process at times 7/ + & to the states &, provided that in
the interval [7', 7° + /] no other shift of the process is done. This means that first
player comes to decision of shift at time 7/, and unless no other shifts in the
interval [7/, 7/, + h] have appeared, this one is realized with the constant time
delay equal A. The second player has the analogous possibilities of control.
Moreover, if both players decided to shift process at the same moment, then it is
passed according to the desire of the second player (obviously one can consider
the analogous game in which such advantage will have the first player). If the
player decided to shift process at time 7/, then provided that in time interval
[7/ — k; 7] no one came to decision of shift, no influence on the evolution of the
process in the time interval (7', 7'+ h) is possible—all decisions in the interval
(7', 7"+ h) are cancelled.

The decisive role in the run of the controlled process will play the following
stopping times

W, Z)=7"A8'=7" A&
AW, Z)=1"N§" (2.2)

where
r'=1 s'=1
r?=min{i: v'=p' + h)} s?=min{i:§'=p' + h}
r"=min{i: 7' ="'+ h)} s"=min{i: §'=p" "'+ h)

If a minimum is taken over the empty set, then we put suitable r’ or s equal plus
infinity. We assume also that

def def
7 =40 and 6=+ 0.

Let us denote first, that 7' and 8*' for i=1,2,... are (F),» ¢ Markov times.
So in fact the following impulsive control is active on the process X

viw,z) = {p,¢" 0%, 8%...0,0,...) (2.3)
where
{,:{gl if 7' < §!
7' ifr'=6!

Obviously we have o'+ h<p'*! for i=1,2,..., and {' is F, measurable.
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Under the influence of impulsive control ¥ the new measure P” on the space
of trajectories D(0, oc: E) is constructed. One can find this construction in second
chapter of [8]. We will rely on the following properties of such measure:

P/ =Pl on Fui,- (2.4)
where
PXO = PX
P. =P on F-
PX‘(AOG)pThlB) = E)?[XAPSH(B)] for each 4 € F,-
BE F,where pl, =p' + h

PI=P/"" on Fup-

PI(AN®;'B)=E[*'[x,PnN(B)]  foreach AEE,

def
BE Fwhere p! = p" + h 2.5)
Now we can consider the functional of the game:

Jx(W’ Z) = Ev{j(;wegasf(xs) ds + § e_arri/\yi[xf"<Ssic(xr’i’ gri)

i=1

+X6si<,rid(x55i,nsl)]} (2.6)

The first player using the strategy W wants to minimize the functional, while the
second one with the aid of strategy Z is interested in maximizing it. Let us denote
the upper value of the game by v

o(x) = irl;/f sgp J(W,Z) (2.7)

We will show later that v presents in fact the value of the game.

2.2, Characterizations of the saddle strategies

Let us define first two operators M, and M, by
Mw(x) = inf [c(x, &)+ e " w(¢)]
€U

Myw(x) = sup [d(x,n)+ e *"w(n)] (2.8)

nel;
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and the function ¥
def
¥(x) = {f"e“wf(xs)ds} (2.9)
0

Since sets U, and U, are compact, M; and M, transform C into C, and there exist
measurable functions &( x) and 7( x) realizing infimum and supremum in the
definition of M| and M,, respectively. Moreover, from the assumptions (A1) and
(AS) we have that Y& C.

The following lemma will play an important role in this section
Lemma 1. Let the assumptions (A1)—(A3), (AS) be satisfied. Then the equation

TAS
o(x) = inf supEx{f e f(x,)ds + e oD
T 8 0

X[ s M3 () 0 M () + ¥(x,00)] | (2.10)
has unique bounded, continuous solution v.
Proof. We define on C the transformation I

r:csg-TI(g)=inf supEx{/TA‘Se—asf(xs)ds+e—a(ma)
T 8 0

X[ sMi8(x) X Mo (53) + ¥(x, 00)] | (2.11)

We easy notice (Theorems 1 and 3, Part I), that I" acts from C into C. Since for
g1 8€C

| Mg, — Mg, |l <e g — gl i=12
then

IT(g1)—T(g)] < e™*"lig, — &1l (2.12)

and I is the contraction on C.
Further we will proceed to show the identity ¢ =v. With this aim we will
need the following lemma

Lemma 2. Assume the assumptions (Al), (A2), (A3), (A4) are satisfied. Let
T8
w(x) = inf sup E,{ [ e g, ds+ e D, #(x,)
T 8 0
+Xo=a(50)] (2.13)

= inf{s = 0:w(x,) = ¥,(x,)}
§ = inf{s=0:w(x,)=¥,(x,)) (2.14)
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p is arbitrary Markov time, and § is F, measurable random variable. We put
pp=p+h F=p,+70, §=p,+80, (2.15)

On the space (2, F, P) we define a new probabilistic measure P satisfying the
properties

P=P on F-
On

P(4n®, 'B) = E(x,P(B)) foreach A € F,_
AC{p<+x} and BEF

(such measure there exists from Lemma 11 1.1 [8]). Then

e Piw(g) = E{fnge"’sf(xs)ds+e"“(;A§)[X;<S‘I’1(X;)

Py

+ x5<¥(x5)] |Fp;} P almost surely (2.16)

Moreover for a Markov time 1,72 p, we have P almost surely

e rw(g) < E{/”\Se‘”f(xs)ds+e""(M§)[XT<S‘I’1(x7)

Ph

+ x5 (x| E; (2.17)
and for a Markov time 8 = p,

e ®iw(g) = E{fane‘”f(xs)ds+e_“(;A6)[X;<8‘I'1(X;)

Py

+Xa<;‘l’2(xa)]|Fp; (2.18)

P almost surely.
The proof of this lemma is similar to the one in [8] and is in [11].
The following theorem contains the main result of part 2.

Theorem 1. If the assumptions (Al), (A2), (A3), (AS) are satisfied then
o(x) = o(x) (2.19)

where v(x) is defined in (2.7) and ©(x) is the solution of the equation (2.10).
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Let us introduce Markov times

# = inf{s>0: Mo(x,)V Myo(x,)+¥(x,)=0v(x,)}
§ = inf{s=>0: Myo(x,)+ ¥(x,)=0v(x,)} (2.20)

and assume that (x) (4(x)) is a measurable function realizing the infimum in
£ c(x, £)+ e *o(§) on U, (supremum in m— d(x,n)+ e~ *"v(n) on U,).
Then the saddle strategies (W, Z) are defined in the following way

Pth+io@yy, on O, ({#<w0)n{s<8})
INTORE o h _ -
Frl= Ptht808;,,+7 on 85!, ({§<%})
) on 05, ({# =400, 8=+00}) (2.21)
b= E(xp) on {1 <o0)
arbitrary £,€ U, on {#' =+ o0}
s 8 ifé<?
++g if4<8 @2)
Pth+8.0,,, on 05 ({§<0}N(§<7})
i+l = +h+'ro®~+h+l21 on @;)Tlh({'?<¢§}) (2.23)
on Oz, ({§=+w}N{f=+c})
i = A (xg) on {§' <o) (2.24)
arbitrary n,€U, on {§'=+ o0} .

Proof. First we will show that for the strategies defined with the aid of
(2.21)~(2.24), where v is replaced by v, we have the identity

o(x) = J(W. 2) (2.25)
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In fact, from the Lemma 1
5(x) = Ei’{f e f(x, ) ds oA
0
X [XpedMiB(xp)+ X< p Myb(x5) + ¥(xp05)] } (2.26)

Using the definition of &' and #' we have
e M 5(xp) = [c(x;. ) +e "6(21)] e
e“"‘quZE(xsﬁ) =[d(xp,7)+ e 5 ()] e

and hence

1_)(x) — E)?[f‘?'/\é‘*#he*asf(xs)ds_i_ea(?l/\sﬁ)
0

X[xs<pe(xp, &)+ xpond(xp, @)+ ea(TAlMuh)’j(Sc])] (2.27)

where we set

¢ = gl iffl<§!

7 if#'=8!
O L Ll (2.28)

7 if =8 '

Now we exert (2.16) from Lemma 2. We obtain
efa(fma'uh)a(gn) — E):{/ffz/\1§2+he—asf(xs)ds
pt+h
+e Py p M5 (x5)+ X MyB (x52)] |
F(p' +h)'} (2.29)

So from (2.27) we have inductively for i =1,2,...

5(x) = B ‘{f A ey ) ds b S e
0

j=1
X [ ;/<§/C(X¢1, é’) + Xa‘fsffd(xa“f,ﬁj)] + e—a(ﬁi+h)ﬁ(§i)} (2-30)

Since p' = 7' A §" — o0 as i — o0, the proof of the identity (2.25) is established.
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The proof of theorem with be finished if we assure that W and Z are the
saddle strategies indeed. Suppose the strategy Z is arbitrary

Z={8" ;8% }

Then we take the strategy W of the form

7 if #<8'
Al — h
o+ = ifdl<t
2
pl — ,f_l /\61
plthtieB,, 0n®pTih({'?<oo})ﬂ{pl+h+-?o®P1+h<8s2}
72 = 6&%% on {g'+ h+700,,,> 8"
00 on O], ({f=00})N{8 =00}
,DI — f)i /\831
pth+ie0,, @i, ({F<w))N{p+h+700,, <"
1 = as"“+§ on {p +h+400,,,>8"")
o0 on @7}, ({(f=0})N{8" '=)

(2.31)

where s is defined in (2.2) and & in (2.22). Let us note that on the game
influences in fact not strategy Z but Z

Z= (8%, 9,8, 72, ) (2.32)
We will prove the inequality
o(x)=J(W,2)=J(W,Z) (2.33)

First from (2.10) we have
5(x) = Ex{/ e f(x, ) ds + e N oy My (x;)
0

+ X8S1g$M26(x851)+ ‘P(-x?/\sxl)]}
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Next to simplify the notations we put §'=8and y°'= 7. Since
Mo (xg) = d(xg,7') + e *5(n')

then

71 ta g, a
5(x) = Ef{ [ ey ds e

X [xorcpe(xp, E)+ xp<pd(xp, )]+ 7oA M5(c) | (2.35)
where this time {’ denotes

(= g if#'<d!
qoifel<dt

¢ = {é" if #7 <"

n if8n<#n

(2.36)

From (2.18) we have

e_a(?l/\8|+h)6(§l]) > E;{fffzf\ﬁz—khe—asf(xs)ds

ol +h
+ e*a(;zAaz)[X$2<82M16(x?2) + X32<?2M26(x82)] I
Epl+h)»} (2.37)

Thus inductively we obtain

o i ) )
o(x) = Ei“l{fT ne +hef"‘sf(xs)ds+ DI A
0

j=1

X [xpr<or¢(x5, 8 )+ Xgspid (x50, 07 )| + e“(pi“)ﬁ(fi)} (2.38)

Since p' =%/ A8’ > oo as i — oo the inequality (2.33) is satisfied.
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It remains to prove for each strategy W the inequality
J(W,Z2)<J(W,2) (2.39)

The proof of this fact is based on the Lemmas 1 and 2, and is analogous as the
one of inequality (2.33). So the proof of theorem is established. O

3. Stochastic Game with Impulsive Control and Stopping

3.1.  Introduction

In the third part we consider more complicated situation. There are two players.
The first one controls a Markov process by means of the instantaneous impulses
and the second one only stops the game. Shifts are realized immediately, without
any delay. Similarly as in Part 2 we consider Markov process X =(, F, x,, P,),
where £ = D(0, 00; E). But to describe the evolution of the process, controlled by

instantaneous shifting, we need to take new probability space & = Q", F= F®", p.
Let us introduce the projection subspaces of £

Q,=0x9,.. Q =(@"" (3.1)
and their o algebras

F'=F®F.. F'=(F)"""" (32)
We also define a translation operator @, , for

[w], = (@, 0p,...0,4 () € Q,

(®n,t[w]n)(s) = (®twl(s)""®twn+l(s)) (3.3)

an impulsive control W consists of a sequence of pairs W=(1',£"),_,, of F/!
stopping times 7' and F,i-: measurable random variables ¢’ with the values in
U-compact subset of E.

Let us denote by G,1,...G,. the following o-fields

G, = o{E}\-,Fi®{2,2}}
G, = o{Fi  Fi'®{2,Q}} (3.4)

Then from the Lemma A2 of chapter 5 in [8] the projections P" of the measure
P = P" of the controlled with the aid of strategy W process X on the spaces "
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for n=1,2... have the following properties

PX"ZPX"“®8% on G,
1PM©, 1B|G,. ) =eq, @ - Dey, . o BPertor,_p(B) (3.5)

P! '®e¢, a.e.on {7"<co} where BE F.
¥y

9,EQ,9(t)=y  foreachr=0
The process controlled by W has the following form (,),~ ¢

y(@) = xF'"w, ) forr € [7%, 7571 (we put r° =0) (3.6)
Suppose the assumptions (A1)-(A3) (Section 1) are satisfied and

0<fecC
(a6) lvec
c(x,€)=k>0 isa continuous bounded function on E X U

The second player chooses as his strategy stopping time §, which is a positive
random variable, F; Markov time on the interval [/, 7*1).
We define for our game the functional

J(W.8) = lim JX(W.5) (3.7)

where
N+1

PNHL B ’
JHW.8) = Ef{fo e () ds+ 3 [xoepelath, €)

n=1

Xe_aT"+Xs<r"e_as‘I’(Ya)]} (3-8)

and the lower value of the game v

o(x) = 51;p inf  J(W,9) (3.9

So we have a zero-sum game, where the first player proceeds to minimizing (3.7),
using the impulsive control W, while the second one with the aid of Markov time
§ wants to maximize (3.7).
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3.2. Main theorem

Similarly as in Sections 1 and 2 we are interested in the saddle strategies for the
game.
The following theorem holds:

Theorem 1. Under the assumptions (A1)—(A3), (A6), function v(x) is continuous
and presents the value of the game. Moreover we have the following saddle strategies

#'=inf{s=0: 0(x,) = MoV ¥(x,)}

é( x;1) where &(x) is the measurable function realizing the infimum in
Mo(x)= inf {c(x,§)+v(§)}
tevu

{’f.z(wla w,) = ”A'l(‘*’l)+ "A'l(“’z)(al,?‘(wl)

”A'n(“’l’---‘*’n) = fnﬁl(wl""wn*l)_*— "A'l(‘*’n)®1,?"*’(w1,.“w,,,1)
E=&(x4) (3.10)
8" = inf{s=>0: v(x,) = ¥(x,)) (3.11)

Proof. The proof consists of three steps. First we will show the continuity of
o(x) using the uniform approximation of v.

Step 1. Let us consider the same game, but with impulsive control consisting
only in »n shifts. We denote by v, the lower value of such game. It turns out, we
have the following identities

Lemma 1. vy(x)= supEx{fsef‘“f(xx)ds + ef"‘s‘I'(xa)}
8 0

TAS
v,(x) = sup infEx{f e f(x,)ds+x,s¢ “Mv,_,
& T AYO

V() xpart W (xy) |

The lemma can be proved by induction basing on the suitable (in our situation)
version of Lemma 2 2.

Step 2. Using the technics due to Menaldi [7] we prove similarly as Robin [§]
uniform convergence v, to v, as n — 0o0. For the details see [11]. Since from the
Lemma 1 for each n, the function v, is continuous, then v is continuous too.
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Step 3. It remains to check that strategies (3.10) and (3.11) are saddle indeed.
We prove this similarly as in Theorem 2 1 using the version of Lemma 2 2. O

Final Remarks

This paper is based on the part of the author’s thesis which was written under the
guidance of Prof. J. Zabczyk. In his dissertation the author considers in addition
the approximations associated with the game with stopping. He introduces
similarly as Robin in {8] for stopping, two kinds of approximations. Namely:
approximation of the process and approximations of the functions ¥, and ¥, in
the functional 1 (1.1). Moreover, the error of the penalty method for this game is
obtained.

Last time the game with impulses has appeared in J. P. Lepeltier paper [6].
She considers for diffusion the same game as the author in part 2, under the very
strong assumption that there exists positive 8 >0, such that

1 .
—(supf—inff)+ B < inf ¢(x, y)— sup d(x, y)
o YeU, Yebu,

for each x€ E.
The case of Markov nonzero-sum games with stopping or impulses seemed so
far to be unsolved.
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