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Introduction 

In this paper, we define Teichmiiller modular forms (of degree => 3) as global 
sections of the automorphic line bundles on the moduli space of algebraic 
curves, which are seen to be, over C, holomorphic functions on the Teichmiitler 
space satisfying the automorphy conditions. Restricting to the jacobian locus, we 
obtain Teichmtiller modular forms from Siegel modular forms. On the other 
hand, the Mumford form for algebraic curves of genus 3 induces a Teich- 
mtiller modular form of degree 3 and weight 9, which is expressed by the 
square root of a Siegel modular form but cannot be induced from Siegel modular 
forms. 

Since the Teichmtiller space of degree > 2 is known to be not a homogeneous 
space [13], there is no Fourier expansion of Teichmtiller modular forms. Our aim 
is to construct an analogue of Fourier expansion for Teichmtiller modular forms. 
This expansion is expected to equal, over local fields, the expansion with respect 
to the Koebe coordinates (: the fixed points and the eigenvalues of generators of 
Schottky groups associated with Riemann surfaces and Mumford curves), and is 
expected to have the following properties: an analogy of the q-expansion principle 
and a factorization principle. 

We state our conjecture more precisely. Let x• y~ (i = 1 , . . . ,  g) be variables, 
and let Ag be the ring of formal power series over Z[xi ,  H t /(xj  - x k )  ] 

L j<k J 
(i, j ,  k E {~ 1 , . . . ,  :1:9}) with variables Y 1 , - . . ,  Yg" Let p~j E Ag (i, j = 1,. . . ,  g) 
be the univers'~ periods of curves [5] which are expanding the infinite product 
expression of the multiplicafive periods of Riemann surfaces and Mumford curves 
[7, 14] with respect to the Koebe coordinates. For any commutative ring R with 
unit element, let T.q,h(R ) (resp. Sg,h(R)) denote the space of Teichmtiller (resp. 
Siegel) modular forms over R of degree g > 3 and weight h > 0. Then we 
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conjecture that there exists a functorial R-linear map 

n R :Tg,h(R ) "--+ Ag~R 

satisfies the following: 
(1) If R is C or a complete nonarchimedean valuation field, then for any 

f e Tg,h(R), nn(f)  is equal to, under a canonical trivialization, the expansion 
of f with respect to the Koebe coordinates. 

(2) n n is injective. 
(3) If R '  is a commutative ring containing R and f E Tg,h(R') satisfies 

nn,(f) E Ag~R, then f C Tg,h(R). 
(4) For any (p E Sg,h(R), let ~[..~g be the Teichmtiller modular form obtained 

by restricting ~ to the jacobian locus, and 

Fn(~) c RIq,j,H1/q~j][[ql,, . . . ,qgg]] (l <= i , j  ~ g) 
k J i < j  

be the Fourier (q)-expansion of ~ constructed by Faltings [3]. Then 

nR(~l-f~9) = Fn(~)[q~3 :pi3 

(5) There exists a functorial R-linear map ~P:Tg,h(R ) --+ Tg_l,h(R ) such that 

nn(~z(f)) = nR(f)lug= o ( f  E Tg,h(R)) 

and that 

where q~:Sg,h(R ) --* Sg_l,h(R) denotes the Siegel C-operator. 
The main result of this paper (Theorem 3.2) says that such a expansion 

exists for Teichmtiller modular forms over fields of characteristic =~ 2, where 
(5) is shown in a weakened version. To prove this, we consider the expansion 
of Teichmiiller modular forms with respect to the Koebe coordinates over the 
power series field k((z)) (k: the base field), and show that the coefficients of the 
above expansion belong to k using the universal jacobian and the (global and 
local) Torelli theorem. Therefore, this proof cannot work if the base field is of 
characteristic 2 because the local Torelli theorem does not hold in this case. 

1 Teichmiiller modular forms 

1.1 Here we recall a summary of moduli theory on algebraic curves and abelian 
schemes. Let g and n be positive integers, and let .~g,,~ denote the moduli stack 
of smooth and proper curves of genus g with symplectic level n structures [2]. 
Let 7r: ~ ~ ~ g , n  be the universal curve, and let A be the invertible sheaf on 
J~g,n such that for any scheme S over ./~g,n, 

/~(S) = A g T r . ( ~  xS/S)" 
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Let 3~g,~ denote the moduli stack of principally polarized abelian schemes of 
relative dimension g with symplectic level n structures. Let Q:Jg --~ ~9,n be 
the universal abelian scheme with zero section e:~'~g,n ~ -/g, and let # be the 
invertible sheaf on 5g~,~ such that for any scheme S over ~ , n ,  

lz(S) = Ag o * ( ~ x S / S )  = Ag~ * ( ~ x s / s ) .  

Then the Torelli map r:J~,9, n ~ 2~g,n satisfies that r*(#)  = A. Let ff~ be a 
primitive n-th root of 1. Then as is shown in [1] and [2], the geometric fibers 
of .~g and ,~ over Z[(n , 1/n] are all irreducible. The action of Sp2g(Z/nZ) 
on symplectic level n structures of abelian schemes induces the action on ~W~9, ~ 
and ~ , ,~ ,  and hence we have 

~ g  ~ SP2g(Z /nZ)  ' ~9 -~- ~g,n/SP2g(Z/nZ),  

where J/~g = .~g,1 and ' ~  = 3'~,,. If  n ~ 3, then it is shown in [11] that 
~ 9 , n  and "~g,n can be represented by schemes smooth over Z[(~, I/n] which 
we denote by Mg,n and Xg,n respectively. The multiplication by - 1  on level n 
structures induces an involution on ~//~g,n and Mg, n which we denote by 6. 

Assume that g ~ 3, let k be a field whose characteristic char(k) is not 2, 
and assume that n ~= 3 is prime to char(k) and k ~ ~n. Then by the Torelli 
theorem and a result of Oort and Steenbfink [12], "r:Mg, n ---* Xg,n induces the 

isomorphism (Mv,,Vk)/(6)~T(Mg,~/k) which implies that for any h, 

F(Mg,~/k ' /k| = F(7.(Ma,~/k) ' #| 

where Mg,~/k = Mg, n |162 k, and V (~) denotes the fixed part of V 
under the action of t. By a result of Faltings [1, Chap. 5], there exists the 
Satake compactification Xg,n of Xg, n with invertible sheaf which is a unique 

extension of #. We denote this invertible sheaf by # again. Let r(Mg,n/k) be 

the schematic closure of r(Mg,~/k) in )fg,~ |162 k, and let Ng,~/k be its 

normalization. Then Ng,~/k is finite over T(Mg,~/k), and contains r(Mg,~/k) 
as an open subset because r(Mg,~/k ) ~ (Mg,~/k)/(t) is normal. Any point of 

T(M9,~/k) - T(Mg,~/k) corresponds to J1 •  • Jm with canonical polarization 
and symplectic level n structure, where Ji (i = 1 , . . . , m )  are the jacobian 
varieties of algebraic curves of genus gi > 1 (i = 1 , . . . ,  m) satisfying 

m 

gi < g except m = 1 and gl = g- Hence under g > 3, the codimension 
i=1 
of Ng,,~/k - 7-(Mg,n/k) in No,n~ ~ is greater than 1. Therefore, there exists an 
invertible sheaf/2 on Ng,~/k which is a unique extension of p, and for any h, 

F(r(Mg,n/k), #| = [ . ( N g , n / k  ' / 2 |  . 

Let Ma,n/~ be the normalization of Ng,n/~ in the function field of Mg,,~/~. Then 

Mg,n/~ is an open subset of Ma,,~/~ whose complement has codimension > 1 

because 2~7/~,n/~ is finite over Ng,~/~. Hence there exists an invertible sheaf 
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on Mg,n/k which is a unique extension of A and is the pull back of/5, and for 
any h, 

F(Mg,n/k~ | = F(~g,n/k,  5,| �9 

Let H be the group with generators s i and t i (i = 1 , . . . ,  g) satisfying the single 
g 

relation YI(si t is~lt~ 1) = l, and let Aut(H) § be the group of automorphisms of 
i=l 

H preserving the cup product 

H I ( H , Z )  • H I ( H , Z )  ~ H2(H,Z)  ~ Z. 

Then it is known that Aut(H) § is a subgroup of Aut(H) of index 2 and that 
the homomorphism r  Aut(H) --~ Aut(Z 2g) induced from the natural projection 
H --~ H/[H,  HI ~ Z 2g maps Aut(H) § onto SP2g(Z ). For a positive integer n, 
we define the subgroup Aut(H) n of Aut(H) + by 

Aut(H)~ = r  C Sp2g(Z) ] G z I2g mod(n)}). 

Let X = (R, {a~, bi}l<i<g) be a Riemann surface R of genus g with generators 
{ai, bi} of 7q(R) (: the fundamental group of R with fixed base point) satisfying 

g 

~I(aibia~lb~ 1) = 1. Then the period matrix Y2(X) of X is given by 
i=l (/ ) ((/ ) )1 

Y2(X) = ~j ~j , 

i,) i,j 

where {wy}l<j<g is a basis of H~ Y2R). Let ~ g  denote the Siegel upper half 
space of degree g, and let .~'~ denote the Teichmfiller space of degree g which is 
the complex manifold as the moduli space of the above pairs X = (R, {ai, bi) ) 
with Y2(X) E .~g. Then Aut(H) § acts on ~ via the isomorphism ~:H-Z~1q(R) 
given by ~(si) = a i and ~(ti) = b i (i = 1 , . . .  ,9), and for any n, the quotient 
stack :Tgg/Aut(H)~ is isomorphic to the analytic stack (orbifold) associated with 

~/~ g,n ~Z[~n,1/n] C. 

1.2 Let g > 3 and h _>_ 0 be integers. For any commutative ring R with unit 
element, put 

Tg,h(R) = r(~/z~ | R, :~| 

and we call these elements Teiehmiiller modular forms of degree g and 
weight h over R. Let S9,h(R ) denote the space F ( ~ |  #| of Siegel modular 
forms of degree g and weight h over R. Then the Torelli map ~-:JZ~ 9 --~ .~g 

induces an R-linear homomorphism T* :Sg,h(R) -~ Tg,h(R). For each ~ E 
Sg,h(R ), we denote T*(~p) by cp[.g 9 and call it a Teichmfiller modular form 
of Siegel modular type. 

Assume that g = 3. Then by (f, f~) --~ f f~ (f, f~: sections of 7r,(Y2~/. ft3) ), the 

symmetric product $2(7r, (Y2~/.~/~3 )) of 7r, (f2c/../~3 ) is isomorphic to 7r, (Y)~.//~3 )' 
and hence 

,~| = A6~2(71.,(f2~/,~3)) ~ A67t.,(~'-2~. z,~3) . 
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By this isomorphism and the canonical isomorphism A | ~ A671",(~./~3 ) 
by Mumford [10, Theorem 5.10], we have a Teichmtiller modular form f3 9 "of 
degree 3 and weight 9 over Z which has no zeros on ~/~3. Since $3,9(Q) = {0} 
and $3,18(Q) is 1-dimensional, f3,9 is not of Siegel modular type and (f3,9) 2 is, 
up to Q• equal to the Siegel cusp form of degree 3 and weight 18: 

H {  ~exp(TrV/-Z- l (~+~.Y2. (~+~+27rx / -S- f (~+a- ) -b)} ,  
~,~ ~r 3 

where ~ and brun through ( l /2)Z 3 such that 4~. b'--z 0(2) and f2 E ~ 3 .  

1.3 Proposition. For any field k of characteristic ~ 2, To,n (k) is a finite dimen- 
sional k-vector space. 

Proof Let n => 3 be prime to char(k), and put k t = k(~) .  Since 2f[9,,/kt is 
proper over k', 

r~,h(k) c r(M~,~/k,, A | :/~(~rg,~/k,, ~| 

is finite dimensional over k'. 

1.4 Proposition. To,h (C ) consists of holomorphicfunctions f :  ~ --~ C satisfying 

f@(X)) = det(C[2(X) + D)hf(x)  (0 E Aut(H) § , X E 3~), 

where r = ( ;  BD ) .  

Proof. Let Fg,h be the space of holomorphic functions Jgg --~ C satisfying the 
above automorphy condition, which is the space of analytic sections of A | on 
the analytic stack (~f~o | c)an associated with ,//d o | C. Then Tg,h(C) C Fa, h, 
and by the principle of GAGA, for n => 3, 

F~,h c r((~9,~/c)% X | = r(~39,~/c, X| 

and hence Fg,h C Tg,h(C). 

2 Schottky uniformization 

2.1 In this section, we review the Schottky uniformization theory on algebraic 
curves over local fields and its universal version. Let K be C or a complete 
nonarchimedean valuation field with multiplicative valuation ] [- Let PGL2(K) 
act on PI(K) by the M6bius transformation. A Schottky group F C PGL2(K) of 
rank g is marked if selecting a sequence "h . . . .  , "Tg of its free generators such 
that there exist 2g open domains bounded by Jordan curves if K = C (resp. 2g 
open disks if K is nonarchimedean) D + I , . . .  , D~g C PI(K) satisfying 

D~ A Dj = 0 (i ~ j) ,  "~i(OD_i) = OD~ (i = 1 . . . .  , g). 
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Then for each i = 1 , . . .  ,g, we can take uniquely c~• E D+ i and fli E K • with 
I~1 < 1 such that 

,,h= ( 1  i c~_~) (10 0 )  ( (  c~ ~) -1 1 ~i 1 mod(K • 

We call (a+i ,/3i)1<i=<g the Koebe coordinate of (F; 71 , . . . ,  79). For a Schottky 
group F over K,  let C F denote the smooth and proper curve over K uniformized 
by F [6, 8] which is the quotient K-analytic space UF/I", where 

( ) 
"~EF \ i=l 

is an open subset of Pl(K) whose complement is the closure of fixed points 
of elements of F - {1}. For a marked Schottky group (F ;71 , . . . ,  7g), let F t 
be the Schottky group generated by "/1,. . . ,  7g_,, and let C F, be the associated 
algebraic curve over K.  Then one can show that under/3g --~ 0, C F becomes 
the degenerate algebraic curve obtained by identifying a s and a_g in CF,. 

2.2 Let xi, x_i, and Yi (i = l , . . . ,  g) be variables, put 

Ag = Z xi' . xj [ [Yl , ' " ,  
i 

and let ~ be its quotient field. Let fi be 

1 0 
f i= ( x~l x l i )  ( 0  Yi)  

and let F be the subgroup of PGL2(~2 ) 
is a flee group with generators fi. Let 

yg]] ( i , j ,k  E { + l , . . . , + g } ) ,  

the element of PGL2(s given by 

i x- i  mod(s • 
1 

generated by f~ (i = 1 , . . . ,  g). Then F 

[a, b; c, d] - 
(a - c)(b - d) 
(a - d)(b - c) 

denote the cross-ratio of four points. For i , j  = 1, . . .  ,g, let r :F  --~ ~•  be 
the map given by 

Yi (if i : j and f e ( f i ) )  
r = [xi,x_i; f(xj), f(x_j)] (otherwise). 

Then it is easy to see that r depends only on double coset classes ( f i ) \ f / ( f j )  
( f  E F). 

2.3 Proposition.  For any f = f a ( l ) f a ( 2 ) " "  fa(n) (if(1) E { + l , . . . ,  +9}) satis- 
fying a(l):~ -- a(l + 1) (l = 1 , . . .  ,n  -- 1), put y = Ya(1)Y~r(2)"" "Ya(n)" Then for 
i :~ + a(1) and j ~ 5= a(n), [xi, x_i; f(xj), f(x_j)] E 1 + yAg. 

Proof. This is shown in the proof of Lemma 2.3 and Proposition 2.4 in [5]. 
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2.4 Corollary. For any i , j  = 1 , . . . ,  g, the infinite product 

P i j ( { f l , " ' ,  fs}) = H r 
f 

( f runs through all representatives of (fi) \ F /  ( f  j) ) is convergent in A s, and if 
i , j  <-<_ g -  l, then 

Pi j({ f l , . . . ,  fg})[ug=0 = Pij({ f l , . . . ,  fs-1}) �9 

2.5 By results of [7] and [14], it is known that pij = pij({~/1,... ,Tg}) E A s 
are convergent for the Koebe coordinate (a+i, fli)l-<_iSs of a marked Schottky 
group (F ;71 , . . .  ,Ta) if K is nonarchimedean, or K = C and/3 i (i = 1 , . . .  ,g) 
are sufficiently small, and that the multiplicative periods of C r are given by 
specializing Pij with respect to the Koebe coordinate, i.e., the jacobian variety 
J r  of C r is isomorphic as a K-analytic space to the quotient of (K•  s by its 

subgr~ { (j=~ qij%) l<i<g nj E Z} ,  where q~j =Pij[x•177 " 

3 Canonical expansion 

3.1 In this section, we construct a canonical expansion for Teichmiiller modular 
forms over fields of characteristic # 2. Let A 9 and ~2 be as in 2.2, and let 

Y be the subgroup ofG~,~(f2) givenby { ( f l p i j ~ J ~  nj E Z} .  Let 
j=l  / l<_i<. 9 I 

r  --* X = Hom(Gg~, Gin) be the homomorphism given by 

r pijn5 ( ( X i ) i )  = n ,  

\ k j = l  I l l  i=l  

Then r satisfies the axiom on polarizations given in [9]. Since A a is regular, 
there exists a semi-abelian scheme G of relative dimension g over Ag with 
principal polarization r whose multiplicative periods are Pij [1, Chap. 3]. Let 
Xi (i = 1 , . . .  ,g) be the basis of X over Z defined by Xi((xj)j) = x i. Then 
F(G, ~2G/A) is known to be a free Ag-module generated by dxi /xi  (i = 1 , . . . ,  g) 
[1, Chap. 5], and hence AgF(G, $26/A9 ) is an invertible Ag-module generated 
by 

a~ = (dxff x1) A (dx2/x2) A ... A (dXJXg). 

Let k be a field of any characteristic, and let K = k((z)) be the complete valuation 
field over k with prime element z. Let Sg/K be the set of marked Schottky groups 

of rank g which becomes a K-analytic subspace of (pl (K) x p l (K )  x K x )g taking 
Koebe coordinates, and let ~N:Sg/K --* .~dg | K be the morphism defined 
by ~K(F) = C F ((F;"/1,..., '3,g) E S~/K). Then for any ring homomorphism 
u:Ag ~ K such that (u(x+~),u(yi))l<=~<s E Ss/K, there exists a canonical 
isomorphism G | K ~ J r ,  where F is the Schottky group over K with 
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Koebe coordinate (u(x• , u(Yi))l<=i<=9. Hence w induces a canonical generator 

of AgF(Jr,  12jr~K) which we denote by w again. For a f C Tg,h(k), ~4(f)cd -h 
is a K-analytic function on Sg/K. As is shown in [4], Sg/K contains an open 

subset D K which consists of (c~• E K 3g satisfying c~j # c% (j # k) 
and 

0 < I/Jil < min{l[c~i,c~_i;~j,~k]l;j,k ~ •  (i = 1 , . . . , g ) ,  

and hence * - h  ~K(f)w is a K-analytic function on D K. Therefore, there exists 

nk(f)  C Zg[  [ I1 /Y i]  ~ t f  such that f~ any (a+i'fl~)l<i<g E 

3.2 Theorem. For any field k of characteristic ~ 2 and f E Tg,h(k), nk(f)  E 
Ag@k, and ~k : Tg,h(k) ---+ Ag~k  satisfies the following: 

(1) ~k is injective. 
(2) Let c:k --+ k' be any homomorphism offields. Then for any f ~ Tg,h(k), 

~k'(c(f)) = c(~k(f))" 

(3) Let U be any field extension of k, and let f be any element of  Tg,h(k') 
such that nk'(f)  E Ag@k. Then f e Tg,h(k). 

(4) For any ~ E Sg,h(k ), 

where Fk(~) denotes the Fourier expansion of qo with respect to the trivialization 
by w h. 

(5) For any qo E Sg,h(k), 

~k(~l t ~  )lyg=0 = '~k(~(~)l J~9_, )- 

3.3 In what follows, we prove Theorem 3.2. Let n > 3 be prime to char(k), and 
put 

A k = Ag@k, ' Ak,,~ = Ak[~n,(3)ij) I/n ( i , j  = 1, . . .  ,g)]. 

By Proposition 2.3, for any f ~ (fi) (fj) ,  

[Z~,Z_~;I(Zj),f(z_j)I~/n = ~ 1 n {[z~,z ~;f(zj) ,I(z ~)] -- 1} k 

k=O 

1/n 1/n~ 
belongs to A~, and hence Aa, n = R[[y~ , . . .  ,Y.q II, where 

R = Akin, ~, [xi, x_i; Xj, X_j] I/n (i # j ) ] .  

Let a be a symplectic level n structure of G ~A Ak,n" Then it is shown in 

[1] that there exists a unique morphism ~ :  Spec(Ak,,0 ~ Xa, n | k such that 
qva(Spec(Fa,n) ) E Xg,n | k (Fk,n: the quotient field of A~,,~) and 

(.~, S )  •  Spec(F~,n) = (G | Fk,n, O') 
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where (.~,  S )  denotes the universal abelian scheme with sympelctic level n 
structure over X9, n. 

3.4 Proposition. Im(q)~) C ~-(Mg,n/k). 

Proof Let I be the minimal ideal of Ae, ~ such that ~o induces Spec(Ak,n/I ) --* 
"c(Mo,n/k). Then we will prove that I --- {0}. On the contrary, assume that 
[ # {0}. Let L be the power series field over the quotient field of R with 
variable z. Then there exist positive integers m l , . . .  , m 9 such that the R-linear 

1/n 
homomorphism O:Ae, n --, L given by 0(Yi ) = zm~ satisfies 0(I) :~ {0}. On 
the other hand, G | L is the jacobian variety of the curve over L uniformized 
by the marked Schottky group with Koebe coordinate (x+i, znmi)l<i<__ 9, and 
hence the composite of the morphism Spec(L) ~ Spec(Ak,n) induced from 
and ~ factors through T(Mg,n/k). Then Ker(0) 3 1, which is a contradiction. 
Therefore, I = {0}. 

3.5 Corollary. There exists a unique morphism Oo : Spec(Ak,n) ~ No,n/k such 
that ~ = 7r o ~c~, where 7r : Ng,~/k --~ "r(Mg,n/k) denotes the normalization of 

~(M~,n/k). 
3.6 We continue the proof of Theorem 3.2. Since char(k) ~ 2, the involution 
on ~ 9 , n  induces the decomposition Tg,h(k) = T~,h(k ) | T~,h(k ), where 

Tgi, h(k) : { f  E Tg,h(k) tL(f) : =t=f}. 

First let 
f �9 T~,h(k) C F(7"(Mg,n/k), A | = F(Ng,n/k, f~| 

Then ~ ( f )  = r177 for any (a4-i, l~i)l<=i<g E D K, and hence 

because k is algebraically closed in K.  Second let f C Tg, h(k). Then f2 E 

and hence t~k(f)2 E A k. Since ~k(f) E A l c [ f I 1 / y i [  and A k is 
L J i=1 

integrally closed in Ag  [ f l  l / y i l ,  we have t~k(f) E Ak. Therefore, t~k(f) E A k 
for any f C T q,h(k), i=l 

In Theorem 3.2, assertions (2) and (4) follow from the construction of t~ k, (3) 
follows from (1) and (2), and (5) follows from (4) and Lemma 2.4. Therefore, 
to prove this theorem, it is enough to show (1). Let f be any element of Tg,k(k) 
such that ~k(f)  = 0, and let Z be the closed subset of '~//Lq |  defined by f = 0. 
Take a field extension k ~ of k and a smooth and proper curve over k'((z)) with 
multiplicative reduction corresponding to the generic point r / o f  ,~./g~ | k. Then 
by a result of Mumford [8], this curve can be uniformized by a certain Schottky 
group over k~((z)). Therefore, by the construction of nk, Z contains r/. Hence 
by the irreducibility of ..~g | k [2], Z = .  '/~9 | k which implies f = 0. This 
completes the proof of Theorem 3.2. 
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