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0 Introduction

Let X be a complex manifold of dimension »n and u: X —IR a twice differentiable
plurisubharmonic function. The (homogeneous, complex) Monge-Ampére equa-
tion for u is

(Gouy=0, (0.1)
or, in local coordinates z,,...,z, on X,
det 0*u/0z;0%,=0.

When n =1, the above equations reduce to Laplace’s equation Au=0, and, indeed,
the Monge-Ampére equation is the most natural extension of the Laplace equation
to higher dimensional complex manifolds. It first appeared in a paper by
Bremermann [4]. For an extensive reference about work on the Monge-Ampére
equation see a survey paper by Bedford [1].

Here we shall address the following question. To what extent is a solution u of
(0.1), or even X, determined if certain global conditions are imposed on u? We shall
consider plurisubharmonic solutions u(z) of (0.1) that go to infinity as ze X
diverges in X, or, more precisely, such that for any ce R

{zeX:u(z)£c} is compact. 0.2)

In this case u is an exhaustion function of X. A little more generally we shall also
consider bounded exhaustion functions u, i.e. when (0.2) is required to hold only
for ¢ < sup u < co. In this generality there are too many solutions u. For example if
X =Y x Z with Y compact and Z Stein, any smooth plurisubharmonic exhaustion
function v on Z defines a solution u(y, z) = v(z). To eliminate such examples we shall
assume X itself is Stein. Then, however, it turns out that there are no everywhere
smooth exhaustion functions u that would solve (0.1) (see Theorem 1.1). This
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naturally leads us to admit u that have some type of singularitieson a set M C X. In
fact, as Theorem 1.1 shows, this set M must be related to the minimum set of u.

That a global condition, type of singularity, and the Monge-Ampére equation
may uniquely characterize complex manifolds X and functions u on them was first
observed by Stoll. In [12] he considered the situation when M reduces to a point,
in which case the natural (in some sense, minimal) singularity to prescribe is a
logarithmic pole. He proved that in this case X is biholomorphic to €" and u is
equivalent to log|z|. See also [5, 15]. (Actually, Stoll did not a priori assume that M
was a single point, but showed that logarithmic singularity already implies this.)

Later, Patrizio and Wong considered the other extreme, when the singular set
M is an n real dimensional manifold. Here the natural (minimal) singularity to
assume is a “square root singularity”, in a sense to be made precise in Chap. 2, see
[11]. They conjectured that in certain cases the mere knowledge of the
differentiable manifold M determines X and u (viz. when M is diffeomorphic to a
simply connected compact symmetric space of rank 1). They could settle this
conjecture only under the assumption that a more precise information about the
singular behavior of u is available. Also, they constructed examples of X and u with
M a compact symmetric space of rank 1, or a torus. Apart from that, the main
contribution of [11] is the description of the rich geometry that is determined by u.
(That there is an interesting geometry associated with a solution of the Monge-
Ampére equation was, of course, first discovered by Stoll and Burns.)

Further examples of solutions of the Monge-Ampére equation with square root
singularity were found by the first named author, see [10]. In those examples M is a
hyperbolic manifold, and the function u is a bounded exhaustion function of X.

The primary objects of study in this paper are unbounded exhaustion functions
u on Stein manifolds X that satisfy (0.1) and have square root singularity along a
smooth manifold M, dimg M =dim¢X. Following [11], we shall introduce a
Kihler metric on X and its restriction, a Riemannian metric on M. By studying
these metrics, we shall prove that X and u are determined (up to biholomor-
phism) by the metric on M (even when u is bounded). This extends the result of [11]
that applies when M with the above metric becomes a compact symmetric space
of rank 1. This result can also be regarded as defining canonical complexific-
ations of Riemannian manifolds (with real analytic metrics).

We shall also prove that when u is unbounded, the metric on M must be
nonnegatively curved. From this we shall conclude that when M is diffeomorphic
to a torus, X and u are almost uniquely determined: they must be one of the
examples found by Patrizio and Wong. However, the original conjecture
mentioned above does not hold: as shown in a subsequent paper of the second
named author, there is a two-parameter family of inequivalent examples with
singularity set diffeomorphic to the sphere S (See note added in proof)

1 The singularity

Theorem 1.1. On a Stein manifold there is no nonconstant, bounded or unbounded
smooth plurisubharmonic exhaustion function that satisfies the Monge-Ampére
equation (0.1).

Proof. Suppose u is a nonconstant smooth exhaustion function on a Stein manifold
X and (0.1) is satisfied. It can be assumed that minu=0. Put

M={zeX:u(z)=0}.
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Since u is nonconstant, there is a number A such that 0<A<supu. Put
D={ze X :u(z)<4}. Let v be a positive, strictly plurisubharmonic unbounded
exhaustion function of X. If £>0 is sufficiently small, ev<u on éD. Hence by the
minimum principle of Bedford and Taylor, see [3], ev<u on D. (In [3] the
minimum principle is proved only on domains in €", however, the proof, especially
in the case of smooth functions, applies with C" replaced by any complex
manifold.) Thus we came to a contradiction since on M ev>u=0.

Thus we see that an (exhaustive) solution u of the Monge-Ampére equation (0.1)
must have singularities; moreover, the singular set is connected with the minimum
set M of u. In fact, it turns out that the (singular) behaviour of u at M is by and large
determined by M.

Theorem 1.2. Let u, and u, be nonnegative, continuous, plurisubharmonic (bounded
or unbounded) exhaustion functions on a Stein manifold X. Assume that their
minimum sets agree:

{u =0} ={u, =0} = M(+9),

and both u, and u, are smooth outside M and satisfy the Monge-Ampére equation
(0.1) there. Then there is a positive constant C such that in a neighbourhood of M

u/CSu, Cuy. 1.1)

Proof. Let >0 be less than supu, and D={ze X :u,(z) <A}. Thereis a C>0such
that

u,<Cu; on 0dD.
For any >0 M has arbitrarily small neighbourhoods U, such that on dU,
u, <Cuy +¢. (1.2)

The minimum principle now implies that (1.2) holds on D\U,, hence also on D\M.
Letting e—0 the second inequality of (1.1) is obtained. The first is proved by
reversing the roles of u, and u,.

In this paper we shall assume that the minimum set M is an n real dimensional
smooth submanifold (n = dimg X). When, in addition, M is real analytic and totally
real, one can construct a u, as above that is comparable to the distance to M. (For
that one may have to shrink X to a small neighbourhood of M.) This follows from
Example 2.1 if M is diffeomorphic to a compact quotient of R” by a discrete group
of isometries; and in general from the construction in [14]. Therefore, by
Theorem 1.2, any u, as above is comparable to the distance to M.

In the sequel we shall assume a slightly stronger property of the singularity at
M; namely that u? is smooth (even on M). This corresponds with the assumption in
Stoll’s theorem from [12], where the singularity of u is assumed to be such that " is
smooth. As we shall see, our smoothness assumption connects equation (0.1) with
Riemannian geometry on M. A less restrictive class of singularities for u would lead
us to Finsler geometry on M, a direction we shall not pursue here.

2 Formulation of the problem and the main results

Considerations in chapter 1 lead us to the following set up. Let X be a complex
manifold, M a smooth submanifold, dimg M =dim¢ X’ u a nonnegative bounded
or unbounded exhaustion function of X, {u=0}=M. We shall assume that u? is
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smooth and strictly plurisubharmonic, and that u satisfies the Monge-Ampére
equation
(0ouy'=0 on X\M. 2.0

In this case we shall say that the triple (X, M, u) is a Monge-Ampére model (of
bounded type, if u is bounded; no further specifications if u is unbounded).

Example 2.1. Let T be a discrete group of motions of R” such that R"/T" is a

compact manifold. I also acts on €" and €*/I" is a complex manifold. It is easy to
1/2

n
check that the function ( Y (Imz)?) onC"is I invariantso thatitdescends to
i=1

afunction u, on ©*/T. A straightforward computation shows that (C"/I", R"/T’, u,)
is 2 Monge-Ampére model (see [13]).

We would like to classify all Monge-Ampére models with given “center” M.
This could not be carried through completely, but for certain types of centers M we
do have definitive results. Here are the main results.

Theorem 2.2. Suppose that the center M of a Monge-Ampére model (X, M,u) is
diffeomorphic to a compact flat manifold. Then X is biholomorphic to a manifold
C"/T as in Example 2.1, and, moreover, the biholomorphism can be chosen so that
under it u and uy of Example 2.1 correspond.

Theorem 2.3. If (X, M, u) is a Monge-Ampére model then M admits a Riemannian
metric of nonnegative curvature.

Thus, when n=2, only the torus, the Klein bottle, the sphere, and the projective
plane can occur as centers of Monge-Ampere models. That they do occur as
centers follows from Example 2.1 for the first two surfaces and from [11] for the
last two.

Theorem 2.3 can be made more precise if, following [11] we introduce a Kahler
metric on X whose Kihler form is —iddu?. Call this metric h and its restriction to
Mg

Theorem 2.4. Let (X, M, u) be a Monge-Ampére model of bounded type, R =supu.
Then the sectional curvatures of the metric g are = —n*/(4R?).

The estimate in the theorem is sharp, although we shall not prove this. When
n=2, the cases where equality in the above estimate is attained can be described.
According to [13], 2 dimensional models for which the curvature of g equals
—7%/(4R?) in one point of M are in one-to-one correspondence with 2 dimensional
compact space forms of curvature —n/(4R?). When n> 2, cases of equality are not
s0 easy to characterize but it is still true that compact space forms give rise t0
models that show the sharpness of the curvature estimate.

In Theorems 2.2 and 2.3 the aim was to find Monge-Ampére models once M
and the zero order behaviour of u at M is known (i.e., that u=0 on M). If also the
first order behaviour of u at M is given, then the model can always be
reconstructed. Observe that first order behaviour of u at M translates to second
order behaviour of 42, which contains enough information to determine the metric
g on M. We shall prove

Theorem 2.5. Suppose (X, M,u) and (X', M',') are two Monge-Ampére models
(possibly of bounded type). Let g,g be the metrics on M respectively M
associated withu, w'. Assume (M, g) and (M', g') are isometric and supu=supu'. Then
there is a biholomorphic map F.X — X' such that u=u'o F.
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This theorem is proved in [11] in the special case when (X, M, u) is a model
constructed from a compact symmetric space of rank 1.

3 Reduction to the tangent bundle

The aim of this chapter is to show that any Monge-Ampére model (X, M, u) is
equivalent to a model (X o, M, u,) where X is an open subset of TM, endowed with
a certain complex structure, which complex structure and , are determined by the
metric g on M.

Thus, let (X, M,u) be a Monge-Ampére model (eventually of bounded type),
supu= R. Since u? is strictly plurisubharmonic and u satisfies (2.1), tk 0du=n—1
on X\M. Therefore ker ddu is a smooth rank 1 subbundle of the complex vector
bundle T(X\ M), and defines a smooth foliation of X\ M by Riemann surfaces (see
[2]), called the Monge-Ampére foliation. The characteristic property of this foli-
ation is that du, restricted to any leaf L is a holomorphic section of (T1-°X)*|,.

On the other hand, if (M, g) is any compact - or even complete — Riemannian
manifold, in particular, if it is the center of a Monge-Ampere model, TM\M also
carries a natural foliation by Riemann surfaces defined as follows. For e R denote
by N.: TM - TM the smooth mapping defined by multiplication by z in the fibers.
If y:R—M is a geodesic, define an immersion y,:C—»TM by

p(c+i)=N(a). (3.1)

If for two geodesics, y,d w,(C\R) and p,(C\R) intersect each other, then y and &
are the same geodesic traversed with different velocities, hence 1. (€)=1y,C).
Therefore the images of C\IR under the mappings 1, define a smooth foliation of
TM\M by surfaces. Moreover, each leaf has a complex structure that it inherits
from € via y,. (One can check that if ,(C\R)=p,(C\R) then p, and y, define
identical complex structures on this leaf.) The leaves, along with their complex
structure extend across M but, of course, on M the foliation becomes singular. We
shall refer to the above foliation as the Riemann foliation.

Returning to the model (X, M, u) and metric g on M as before, denote by 2E the
smooth function on TM which is g-length squared (i.e., E is the “energy”), and put

TRM ={ve TM:2E(v)<R?*}. (3.2

Theorem 3.1. Let (X, M,u) be a Monge-Ampére model, eventually of bounded type,
R=supu < co. With notation as above, there exists a diffeomorphism ¢ T*"M —>X
such that

1° ¢ maps leaves of the Riemann foliation biholomorphically onto leaves of the
Monge-Ampére foliation;

2° 2E=(u-¢)>.

This theorem is essentially contained in [11]. Although it is never formulated
there as a theorem, the steps to prove it, that we shall briefly present here since [11]
has not been published, are all contained in [11]. See also [13].

So, let (X, M, u) be as in the theorem; the Kéhler metric h is defined on X by

WV, W)= —i00u, JVAWY, V,WeCOT,X

(bere J is the almost complex tensor of X and w denotes the conjugate of W). g is
the restriction of & to TM. Let Y denote the gradient field of u?.

Proposition 3.2. The length of Y is 2u.
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Proof. A corresponding statement with u? replaced by expu (both in the definition
of the metric and that of Y) is proved in Stoll [12]. The computations for u? are
completely analogous and will be omitted. Also, Patrizio and Wong in [11] do the
computations for any function F(u) of u.

Proposition 3.3. Y istangential to the leaves of the Monge-Ampére foliation, that is,
trajectories of Y lie on leaves.

Proof. See the analogous proposition in [12], or in [11].

Proposition 3.4. The leaves of the Monge-Ampére foliation are totally geodesic,
flat submanifolds of X\M.

Proof. Total geodesy (in the case of exp u) was discovered by Burns, see [5], or [12].
The same proof applies in our case, see [11]. Flatness is also contained in [11] but
the computations there can simply be bypassed by the following considerations.
The metric on a leaf L is given by the Kihler form —idd(u?|,). Since du is
holomorphic along L, u, is harmonic. Hence locally a holomorphic coordinate
o+ it can be introduced on L such that u(c + it)= 1. In this coordinate —idd(u?|,)
=do A dt, whence the metric is Euclidean.

Proposition 3.5. If 0<a<b <R, the distance between the level surfaces {u=a} and
{u=b} is b—a. The distance minimizing unit speed geodesics between these two
hypersurfaces are the trajectories of the normalized gradient field Y/|/h(YY)
=Y/(2u).

Proof. (See also [11].) Let y: [0, T]— X be a curve, u(y(0)) = a, u(y(T))= b, such that
$(¢) is of unit length for 0<t=<T. Then

2
2 o =220 upry

_ k6@, YoO) _,
260

by Proposition 3.2. Hence for the length T of y we have

T d
T2 [ 2 ub)di=b—a.

Equality occurs if j(t) is parallel to Y(p(¢)) for every t, whence y is a trajectory of the
normalized gradient field.
Letting a—>0 we obtain

Corollary 3.6. Trajectories of Y/(2u) are unit speed geodesics y(t) issuing from points
of M in directions perpendicular to M. For every t,0 <t <R, they minimize distance

between M and y(t), and this distance is u(y(t)).
Let us introduce the normal bundle /"M C T X}, of M in X, and
NEM ={ve /"M :h(v,v)<R?*}.

The exponential map exp is defined on some open subset of .#"M containing M
and maps it into X.

Proposition 3.7. The exponential map is defined on N/*M and maps NEM
diffeomorphically onto X.
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Proof (cf. [11]). Corollary 3.6 and the exhaustive property of u show that exp maps
ABM into X. Because the trajectory of the normalized gradient field starting in
any point p of X\M eventually arrives at a point m(p)e M, and then per-
pendicularly to M, the exponential mapping is onto X and one-to-one. Also, exp is
smooth (this holds generally). What needs to be proved is that its inverse is also
smooth.

Denote by —v(p) the velocity vector in m(p) of the minimizing unit speed
geodesic from p to m(p). The inverse e of the exponential map is given by

Xaprselp)=u(p)vip)e /'M.

It is known that in general the exponential map is a diffeomorphism on a
neighbourhood of M in A"M; hence e is smooth on a neighborhood of a tube

X,={peX:u(p)<a}, a>0.

On X\ X, the normalized gradient field is smooth, so if for pe X\ X, a{p) denotes
the point where the trajectory through p hits 6X, then o: X\ X, —0X,is a smooth
mapping. Since

_ulp)
e(p)= 2ep) e(x(p)),

it follows that e is smooth on X\X,, hence on the whole of X.
Proposition 3.8. M is a Lagrangean submanifold of X, i.e. JTM=A4"M.

Proof (cf. [11]). By a simple result due to Harvey and Wells [7], in a
neighbourhood of any point 0 € M one can introduce holomorphic coordinates on
X, z,,...,z,, such that

u*(z)= i (1—2)(Rez)* + i (1+4)(Imz)*+0(z]%), (3.3)
i=1 i=t

with 4;2>0. Simple computation shows that the Monge-Ampére equation (2.1) can
be rewritten for u? as

u2(00u?)" = ndu® A Ou® A (00u*y" 1. (349
Plugging (3.3) into this, we conclude ;=1 (j=1,...,n), i.e.
W(z)=2 Y (Imz* 4+ O(iz1?).

Hence the metric h at 0 agrees with the Euclidean metric and ToM agrees with R”
C ", which is a Lagrangean subspace: JIR" is orthogonal to R™.

Proposition 3.9. M is totally geodesic.
Proof (cf. [11]). In coordinates as above, write
ul(z)=2Y (Im‘zj)z +Re(Y apuz;zizi+ Y buzizz)+ o(z|%). (3.5)

M /!
Replacing z; by z; where
n
’
Z-=Z,'_“ Z b-,dz;‘zl
Y -TR

we can assume that b, =0. Substituting (3.5) into (3.4) we find that ay,=0. Thus
w¥z)=2Y (Imz;)* +0(z*).



696 L. Lempert and R. Szoke

This implies that M and R" C €" agree at 0 to third order, and not only the metric h
but also the connection of 4 at 0is the same as the Euclidean connection. Therefore
the restriction of the connection of h to M at 0 is the same as the connection of the
metric h|,, at 0, i.e. M is totally geodesic.

By virtue of Propositions 3.7 and 3.8, we have a difftomorphism ¢: T*M - X
defined by

¢o)=expJv, veTEM. (3.6)

Corollary 3.6 implies that u(¢(v))=]/h(v,v), i.e. 2° of Theorem 3.1 holds. To prove
1° one more step is needed:

Proposition 3.10 (cf. [11]). Let y:IR—>M be a, say, unit speed geodesic. Let
¢,(0+it)=expJN.j(0)= (N j(0)), (3.7
o+iteC, [tf|<R. Then @, is a holomorphic mapping into X.

Recall that on the right hand side of (3.7) N, : TM — T M is multiplication by 7 in
the fibers of TM.

Proof. For brevity, put ¢,=¢. We need to show that

do _O¢
J dc ot
or, equivalently,
Op dp
ik S 8
J at do 38

We shall prove (3.8) when =0 and 120. Put
0p(i7)/0r=9(t),  (0p(o+i1)/00),=0= V(7).

By Proposition 3.3 the geodesic ¢(it) (0=t <R) lies on a leaf L of the Monge-
Ampére foliation. Since L is a complex submanifold of X, J3 is tangential to L.
Also, since 9 is parallel along ¢(it), and the metric h is Kéhler, J3 is parallel, too.
Recall that Lis flat and totally geodesic (Proposition 3.4), which implies that J9isa
Jacobi field along o(it). It satisfies the intial conditions

JSO)=—7(0), Py J9=0. (39)

Next consider V. From its definition as a variation of geodesics it follows that it
is a Jacobi field along ¢(it), and

V({0)=7(0). (3.10)
Since the vector fields dp(c + it)/do and d¢p(o + it)/dt commute, we also have
op(a+it , .
VoV ="V (0 %——_) =WoJ7(0), JIVy)i(0)=0, (311)

where we used that J is parallel and that y is a geodesic not only in M, butin X, t00,

so that 7§ is parallel. _
Now (3.9), (3.10), and (3.11) show that the Jacobi fields J3 and — V satisfy the

same initial conditions, hence they agree for every 7, 0< 1 < R; that is, (3.7) holds.
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Proof of Theorem 3.1. As observed before, ¢ defined by (3.6) is a diffeomorphism:
T*M - X that satisfies 2°. Also ¢ - y, =g, is holomorphic for unit speed geodesics
y by Proposition 3.10, and then by a simple change of variables for any geodesic y.
Hence ¢ is holomorphic on the leaves of the Riemann foliation.

Choose now a geodesic y :IR— M. The corresponding leaf map y, is defined on a

domain
D={o+iteC:|t|<R/|[/h(},%)} .

Put D, ={o+iteD:7>0} and @,=¢-,. As in the proof of Proposition 3.10,
there is a leaf L of the Monge-Ampére foliation such that Ln¢,(D.) contains a
trajectory of the field Y. Since both L and ¢,(D,) are holomorphically immersed
connected Riemann surfaces, it follows by a simple argument involving analytic
continuation that L= ¢,(D,), which then completes the proof.

4 Complex structures on tangent bundles

Theorem 3.1 reduces the study of Monge-Ampére models to the study of certain
complex structures on the tangent bundle of the center. Namely, the pull back of the
complex structure of X by ¢ will be an “adapted” complex structure on TEM in the
sense of the following definition:

Definition 4.1. Let (M,g) be a compact Riemannian manifold, E the energy
function on TM, 0<R =< 0, and TRM defined as in (3.2). A (smooth) complex
structure on T®M will be called adapted if the leaves of the Riemann foliation (with
their complex structure defined in Chap. 3) are complex submanifolds in this
structure.

Because of Theorem 3.1, Theorem 2.5 follows from

Theorem 4.2. Given a compact Riemannian manifold (M, g) and R,0< R < co, there
is at most one adapted complex structure on TRM.

More precisely, we shall see how to reconstruct the almost complex tensor J on
TRM in terms of Jacobi fields on M. We mention here that when (M, g) is analytic,
and R is sufficiently small, then there does exist a (by Theorem 4.2) unique adapted
complex structure on TRM (see [14]). In fact, it seems that analyticity of (M, g)is
necessary in order to have an adapted complex structure on TRM ; but we could
not completely prove that. According to Corollary 5.8 M must have a real analytic
structure such that the geodesics of g in this structure are real analytic curves, and
more analyticity will follow from results in Chap. 5, but this is still not enough to
conclude that g is analytic (equivalently, that in any eventually bounded Monge-
Ampére model u has to be real analytic).

Because of Theorem 3.1, Theorem 2.4, and therefore also Theorem 2.3, follow
from

Theorem 4.3. Let (M, g) be a compact Riemannian manifold such that on T®M there
is an adapted complex structure for some R, 0<RZco. Then the sectional

curvatures of g are bounded from below by —n%/(4R%).

It is not hard to show that when g has constant negative curvature —n?/(4R?)
then TRM does admit an adapted complex structure. For this a construction in

[10] has to be slightly extended.
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Similarly, Theorem 2.2 follows from Theorem 3.1, Theorem 4.2, and

Theorem 4.4. Suppose that on the entire tangent bundle of a compact Riemann
manifold (M, g) there exists an adapted complex structure, and M is diffeomorphic to
a flat manifold. Then g is flat.

Theorem 4.2 is proved in the next chapter, while the proof of Theorems 4.3 and
4.4 is concluded in Chap. 7.

We shall end this chapter by fixing notation concerning the symplectic
structure on the tangent bundle n: TM — M of a Riemannian manifold (M, g). The
canonical (or tautological) one form ® on TM is defined by

(®,v)=g(z,n,v), veT(TM). 4.1)

Q2=d6 is a symplectic form, and the geodesic flow ¢,: TM—>TM (teR) is the
Hamiltonian flow induced by the Hamiltonian E (see [8] as a general source of
information about geodesics).

5 Proof of Theorem 4.2

We shall begin with some remarks about tangent bundles of complex manifolds X.
The real tangent bundle TX and the complex (1,0) tangent bundle T!'°X are
isomorphic as real vector bundles. If J is the almost complex tensor on X, an
isomorphism is given by

TX 3¢ 0=L(¢—iJE)eTH0X. (5.1)
For a holomorphic function F on X we have {F=¢!-°F.
We shall need the following simple

Proposition 5.1. Let U CC be an open set and for —e<t<e f,: U—> X holomorphic
mappings that depend differentiably on t. Let

S=df/dt),-;
this is a section of f¥TX. Then £V° is a holomorphic section of fFT*°X.
Proof. Let F be any holomorphic function defined on a neighbourhood (in X) of

some point of f,(U). To show that £!:° is holomorphic it suffices to prove that
ELOF is holomorphic. Now

d(F - f)

1,0 = =
FOF=gF==p

which is clearly holomorphic.

Proof of Theorem 4.2. We have to show that the almost complex tensor J that
defines an adapted structure on TRM\M is determined by the metric g. Let
ze TRM\M, and € e T(T M) be the tangent vector at z of a smooth curve z(t) e TM,
z(0)=z. (In & the bar, of course, does not mean complex conjugation.) Denote by
g.:R—-M the geodesic such that 7,(0)=z(t) (dot meaning differentiation with
respect to the parametrization of the geodesic). For every t the mapping v,
defined by

lpy,(a + IT) =N t);t(a)
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(cf. (3.1)) are holomorphic from open subsets of € to TM (e.g., ,, is defined on
{o+it:t| <R/)/2E(2)}), and w, (i))=2z(z). Put

d
6""%"’}%

t=0

Then £(i)=¢ and by Proposition 5.1 ¢*:° is a holomorphic section of T*%TM)
along y,,. Vector fields like ¢ will be called parallel (along y,, or along a leaf of the
Riemann foliation). ¢ is obviously determined by &, and the correspondence &+ ¢&
is linear. We can also identify £|R. Indeed,

, (5.2)

t=0

d
Ho)= S Noile)| =5 30

t=0

hence ¢|g is a Jacobi field along y,,.

In the special situation when £ is tangent to the Riemann foliation, y, can be
chosen to be reparametrizations of y,; then also ¢ will be tangent to the Riemann
foliation and £|g will be a Jacobi field parallel to j,. Also JE is tangent to the
Riemann foliation, hence the restriction of the corresponding vector field £’ to R
will be another Jacobi field parallel to y,.

Choose now n vectors &,, ..., &, € T,(TM) so that the vectors &}°°, ..., &3+ ® span
TYTM). Then &, JE,, ..., &,, JE, span T,(T M) over R. We can assume that £, is
tangent to the Riemann foliation. To these vectors construct parallel vector fields
¢;along p, asabove. By taking linear combinations of the £’s (=1, ..., n—1) with
E{, and J&, we can achieve that the Jacobi fields ¢[R (j=1,...,n—1) are all
orthogonal to the geodesic 7, (such fields are called normal Jacobi fields).

Choose next n further vectors 7, ..., 7, € T.(TM) so that together with ; they
form a basis, and extend them to parallel vector fields #,, ..., 1, along v, . We can
again assume that 7, is tangential to the Riemann foliation (in fact, since J is known
on the tangents of the Riemann foliation, we can put 7, =JZ,), and that the Jacobi
fields n,/R are normal (j=1, ...,n—1). We shall now show how to express JE; in
terms of the basis (£, 7j,). The holomorphic sections ¢}°°, ..., &, are independent
in the point ieC (which corresponds to ze TM), hence they are pointwise

independent except on a discrete subset of D= {0 +it: |t| < R/}/2E(z) }. Therefore
there are meromorphic functions f; on D such that

ni0= ‘zlfjké}"’ (k=1,...,n). (5.3)
i=
Because of the independence of the vector fields ¢ }'“l]R, except for a discrete set on

R, the Jacobi fields &|R, ..., &,[R are also independent, so there are smooth real
valued functions ¢ defined on R\a discrete set such that

Mele = 'Zl oul;- (5.4)
i=
Hence
1,0 - 1,0
e |m=j;1 Puli’ R

It follows that
Fule=j- (5.5
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Substituting ie D into (5.3) and separating real and imaginary parts we obtain

o= 3, Refu@E+ T Im G0 56)
Since both 2n-tuples (¢, 7,) and (£}, J,) are independent, the matrix (Im f;,(i)) must
be invertible; let
(e jk) =(Im f_/k(‘)) - (5.7
Then from (5.6)
JE= k; €xh (ﬁk —j;l Ref;'k(i)gj) . (58

Formula (5.8) defines the action of J purely in terms of the geometry of M.
Indeed, given &, 7j;, the fields £}, , are determined by (M, g); hence by (5.4) so are
the functions ¢ . (5.5) now determines f as (unique) meromorphic extensions of
@y (to D), and e, are then determined by (5.7). This proves Theorem 4.2.

Remark 5.2. Because &4, ...,&, 1,14, - -» 1], 1 T€SEricted to R are normal, while £,[IR
and #,JRR are tangential Jacobi fields, in (5.4) we have ¢,, =¢;,=0, hence f, = f;,
=0and e, =e;,=0for 15, ksn—1.

Theorem 5.3. If T*M is endowed with an adapted complex structure and @ is the
canonical 1-form on TM (see Chap. 4) then for ze T*M\M

V,=ker®,nker(dE),C T{TM) (5.9)
is a J invariant subspace.

Proof. First observe that dim ¥, = 2n— 2. Indeed, choose local coordinates {g;} on
M and corresponding local coordinates {g,p;} on TM (ie. a vector
v=_Xp,0/0q;€ T,M has coordinates coming from the coordinates of ge M, and p)).

Then
©=2g,{q)pdy;
and
= LZgij(CI)Pin >
so that

dE=2g;{q)pdp;+1 Y. pipsgi(4).

Thus ker @ and kerdE are transverse (off M), whence dimV,=2n—2.
In what follows, we shall use the same notation as in the proof of Theorem 4.2.
By virtue of Remark 5.2, (5.8) becomes

n—-1 n—1
JE= Z ekh(ﬁk—_z Refjk(i)é}), h=1,..,n—1. (5.10

Thus to prove the theorem it suffices to prove that &, ..., &,_ 4, 7y, ..., ,— 1, belong
to the space V, in (5.9). Let & be any of the above vectors ¢ the correspondlng
parallel vector ﬁeld along y,,. Then ¢|R is a normal Jacobi field along y,, and z is
tangent to y,. Hence, by (4.1) and (5.2)

(8,8 =8(z,m,8)=g(z (n(z))=0 (5.11)
(note that n=N,!)
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On the other hand, since £[R =(dy,/dt), -  is normal, the velocity of y, is the same

as that of y, plus 0(t?), i.e.
d .
(E)FOE(%)—-O-

Since 7(0)=z(t), this implies

d

ZE= (EELO E(z(t))=0. (5.12)

(5.11) and (5.12) mean that £e V,, and we are done.

Remark 5.4. Above we have established that if for a vector field ¢, parallel along a
leaf of the Riemann foliation, the restriction £|R is a normal Jacobi field, then
Ee V.. The converse also holds: if Ee V, then ¢[R is a normal Jacobi field. To see
this, observe that if £[IR is a tangential Jacobi field then £ is tangential to the
Riemann foliation, whence the claim follows by counting dimensions.

Corollary 8.5. On TM

0E—0E=i@ (5.13)
and
65E=%Q. (5.14)
Proof. Let ze TM\M. Because of Theorem 5.3, if
Eeker® nker(dE), (5.15)
then
(OE—QE, &> =0={0,&). (5.16)

Next, with notation as before, we have
E(p, (0 +i1)) = E(NJo(0)) =1 E(2).
Since v, is holomorphic,
w3} (OE —0E)=E(z) (0v* — 01%)=2iE(z)wdo .

Therefore, if

) o @
1=Pyox¥> U=05;+b567?¢ (5.17)

then
d 0
(OE—0E,fj)= <2iE(z)da, az-+ b —a;>
=2iE(z)a. (5.18)

A simple computation gives 7,7 = ajo(0)=az, s0 that
0, iy =ig(z, m,f)=2iE(z)a. (5.19)
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Since T,(TM)is spanned by vectors £ as in (5.16) and # as in (5.17), comparing
{5.16), (5.18), and (5.19), (5.13) follows (first only in points ze TM\M, and then, by
continuity, all over TM).

Finally (5.14) is obtained by taking d of both sides of (5.13).

Theorem 5.6. E is strictly plurisubharmonic in an adapted complex structure on
T*M. VE is plurisubharmonic and satisfies the Monge-Ampére equation
(03)/Ey'=0 on TRM\M.

Proof. First we shall prove strict plurisubharmonicity of E in points ze M. Let 0
+ve T(TM). Strict plurisubharmonicity means that for some (or any) complex
curve C through z in the direction v E| is strictly subharmonicin z. If the two-plane
spanned by v, Ju is transverse to M, then so is C, and E|; has a nondegenerate
minimum in z. Hence El is strictly subharmonic in z. Otherwise we can take C to
be the closure of a leaf of the Riemann foliation determined by a geodesic y. Then
E(yp,(0o +it))=const 1, whence E| is strictly subharmonic everywhere.

Thus E is strictly plurisubharmonic along M. Since by 5.14 d0E is nowhere
degenerate, E must stay strictly plurisubharmonic all through T*M.

Next we shall prove (65[/5)"=0, Because of (3.4) this is equivalent to
2E(POEY*=ndE A OE A (OOEY" ™. (5.20)

In local coordinates as in Theorem 5.3, using also Corollary 5.5, the right hand
side can be written as

H n—1
g(aE-i—a_E)A(5E—6E)A(6<7E)"“= ng/\ i0 A (% sz)

iyt i )
=n (5) (Zgijpidpj+ EZPiP;dgij> A (Zg;ipidq))
AZgd i/\dqj+2pidgij/\dqj)n—l

i\* -~
="(§> Zgijpidpj/\Zgijpidqj/\(zgijd i’\de)" '

since dg;; contains only dg, terms. In any particular point we can assume g;;=0d;
p1=1,p;=0(j=2,...,n), and in that point the right hand side of (5.20) is then

i\ - AY
n<§> dp, ndgy A(Zdpjndg) 1= (-2—> (Zdp; A dg;)".

This proves {5.20).

Finally it suffices to prove plurisubharmonicity of [/E off M. There )/E is
smooth and BEVE can have only one nonpositive eigenvalue, which by virtue of
the Monge-Ampére equation is 0. Thus —id0 VE is positive semidefinite, and we
are done.

Theorem 5.6 shows that finding Monge-Ampére models and finding adapted
complex structures are completely equivalent.

Adapted complex structures on TRM have an important (although fairly
obvious) symmetry:

Theorem 5.7. If TRM is endowed with an adapted complex structure, then the
diffeomorphism N_,: TM~TM is antiholomorphic.
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Proof. It suffices to prove that N_, is antiholomorphic on TM\M. Thus, let
zeTM\M, Ee T(TM), w=N_,z(= —z), k=N_,,Ee T,(TM). The problem is to
relate J& to N_,,J& Accordingly, we shall have to go through the steps of the
proof of Theorem 4.2 and see how the objects connected with w, & are related to the
corresponding objects connected with z, & We shall adopt the notation of the
proof of Theorem 4.2,

Let 6 :R— M be the geodesic determined by w: 4(0) = w. Then 8(a)=y(—0), so
that

wlo +it)=N,0(0)= - Nj(—o)=y,(—0—i7).

If x denotes the paralle] extension of £ along v, then this implies
k(o +it)=&(—o —it). (5:21)
With &, 7, &;, m, as before, define
K=N_,,. &, A=N_, 7,
and let k;, A, be the parallel extensions of X; resp. 4,. As in (5.21), we have
kfo+it)=¢(—o—it), Mlo+it)=nl(—0c—i7). (5.22)

If now hj denote the meromorphic functions on D such that
Al= ¥ hux}®  (k=1,...n)
=1
[cf. (5.3)], then (5.3) and (5.22), restricted to t=0 imply h(0)= fu(— o), hence

hjk(a+ iT)zf]k(_ a_iT) .
Therefore, as in (5.6)

fi= ¥ Remy)+ 3 (miy@)Is,

J

M= i =

Refu(— )+ 3, Imfu(~)J). (523

j=1
Now f; is real on the real line [cf. (5.5)], so that by the reflection principle
Refi(—)=Refu(d), Imfp(—i)=—Imfu().
Substituting this into (5.23) and solving for Jk; we obtain
J’Eh= - Z ek,,(/Tk-— Z Refik(i)kj>'
k=1 ji=1

Comparing this with (5.8):

it

J’Eh= —N—1*me
ie.
IN_1p=~N_1J,
which is precisely the statement that N_, is antiholomorphic.

Corollary 5.8. M is a real analytic submanifold of the complex manifold T® M, and
the geodesics y:IR—M are real analytic mappings.
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Proof. M is real analytic since it is the fixed set of an antiholomorphic mapping.
The geodesics y are real analytic since they are restrictions of holomorphic
mappings ,:D—>TM to R.

6 Special Jacobi fields

The aim of the present chapter is to show that when the parallel vector fields
Els ey Ep N1s +--s Mg in the proof of Theorem 4.2 are carefully chosen, the mero-
morphic matrix (f;)in (5.3) becomes very simple and will be directly connected with
the sectional curvatures of g. Much of what is to be discussed here would be
substantially simpler in the case n=2.

Proposition 6.1. Suppose £ is a parallel vector field along a leaf of the Riemann
foliation. Then for any seR
N, t=¢&, 6.1)

and

Pal=¢. (6.2)
(Recall that ¢, is the geodesic flow.)
Proof. Let y, be a family of geodesics such that £ =(dy, /dt),-,. From
¥, (o +it)=N.j(0)
[<f. (3.1)] follow

Ny, (o +it)=Nyj(0)=vp, (6 + is1), (6.3)
P, (0 +it)=N (o +st)=y, (6 +sT+iT). 6.4)
Taking (d/dt), - of these equations we obtain
N (o +it)={(o +isT), 6.5)
P llo+it)=¢(o+st+i7), (6.6)

which prove (6.1), (6.2).

Proposition 6.2. Let &,n be parallel vector fields along a leaf of the Riemann
foliation. If for a number o,+it e C\R

(00 +ito), nl0o +iT)) =0,
then Q(&,n)=0 along the whole leaf.

Proof. Because ¢, is a Hamiltonian flow, it leaves @ invariant. Simple compu-
tations also show that N*Q=sQ. Since by (6.3), (6. 4) the orbit of the point
P,(00+it0) under repeated applications of N, and ¢, is the whole leaf, Proposi-
tion 6.1 implies £(&,n)=0.

In the sequel we shall need the notion of the connection map. The metric g
defines the Levi-Civita connection on TM, i.e. a splitting of T(TM )(ze TM) into
vertical and horizontal subspaces. The vertical subspace is T,,M, which
canonically sits in T(TM); the datum of a complementary horizontal subspace is
equivalent to the datum of a projection T{TM)- T, M. The collection of these
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projections for every ze TM is the connection map K : T(TM)— TM. K is related

to 2 by the formula _ o
Q& )=g(n, & Ki)—g(m, 7, KE), (6.7)
see [8]. We shall also need

Proposition 6.3. Let £ be a parallel vector field along a leaf of the Riemann foliation
determined by Ee T,(TM), ze TM\M. Then the covariant derivative of the Jacobi
Jield £IR at o is KE(o+i). :

Proof. With notation as in the proof of Theorem 4.2 the covariant derivative in

question is
(450 _ 4 (d0)
do do \ dt

After these generalities, let us return to an adapted complex structure on TRM.
Choose a point ze T®M\ M, and let y be the geodesic determined by z (i.e. 7(0) = z).
Select an orthonormal n-tuple of vectors vy, ...,v, in T, ,M, and lift them to
horizontal vectors &, ...,&, € T(TM). These vectors define parallel vector fields

&5 &, along p,:D>TM, where D={a+it:|t|<R/|/2E(z)}. £; being hori-
zontal, (6.7) implies (&, £,)=0. By Proposition 6.2, therefore

Q(éﬁ 6k)=05 léj’ké.n‘ (6'8)

Proposition 6.4. The 2n vectors &;, JE, are independent on D\IR. Hence on D\R the
vectors &0 =3(¢;—iJ¢)) are independent over C.

d
=K 2 70)li—o=KL(o+1).

t=0

Prodf. First observe that since £ is of type (1, 1) (cf. Corollary 5.5) (6.8) implies
QU dE)=0. (6.9)

Suppose now that a nontrivial combination { = Xa,;{; belongs to the span of J&, in
a point g + it € D\IR. Since the vectors ; are independent off the real axis, £ 0. On
the other hand, in this point { — 2i00E, £ A JEY = Q(&, JE)=Za A&, JE)=0Dby (6.9),
contradicting the strict plurisubharmonicity of E.

As discussed above, T, ,,M can be regarded as a subspace of T,(TM). Thus
v;=n,& e T,,,M determines a vertical vector 7j;€ T(TM):

n, =0, Kij;=v;. (6.10)
Extend 7j; to a parallel vector field #; along v,
Proposition 6.5. The 2n vectors &;, n, are independent in points 6 +ite D\RR.

Proof. By (6.10) and n,.&;=v;, K€, =0, the vectors &, ij, are independent. Therefore
so are their parallel extensions £, #,, off R.

Proposition 6.6. Q(y;,7,)=0, 1=j,k=n.
Proof. By (6.7), (6.10), and Proposition 6.2, 0=Q(i7;, 7,)=Q(n,m). q.ed.
Consider now the n-tuples
E=(y by H=(,...1,),
and holomorphic n-tuples

EUO= (@), HYO=(}C, i),
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Proposition 6.4 implies that #;°° is in the span of ¢}°, at least off IR, but more
generally, where the £j- s are independent: on D minus a discrete set S of reals. We
shall need the fact that 0¢S. Indeed, {{0)=v;€ T, ,\M C T, ,(TM), while J&,(0)’s
are velrgical. Hence the 2n vectors £ (0) and J¢(0) are independent, and therefore so
are £1-%(0).

Thus we can express 7 ° as meromorphic linear combinations of ¢}-9,1i.e., there
is an n x n matrix valued meromorphic function f on D such that

7 LN (6.11)

The poles of f are restricted to S CIR. As in the proof of Theorem 4.2 we have that
fIR is real valued (cf. (5.4), (5.5)), hence, taking real parts

H(o)=E(0)f(6), oe€lR\S. (6.12)
Lemma 6.7. If 6+iteD, 6>0 then Im f(o+it) is a symmetric, positive definite
matrix.
The proof will require several steps.
Proposition 6.8. If o+iteD, 00 then Im f(o+it) is invertible.

Proof. Suppose there is a nonzero column vector v=(v)eIR" such that
Im f(g+it)v=0, i.e, u=(w)=f(6+it)veR" From (6.11), in the point ¢ +it

Z”}’ovj=H1'0v=El,0ﬂ= E flt’o.“‘k'
Taking real parts
Nv= PSTIR
in contradiction with Proposition 6.5.
For 0 eR\S we can view Z(¢), H(o) as linear mappings R"-T,,,M given by

R"s(w)=w—E(c)w= ; wit (o) € Ty

and similarly for H(o). This is consistent with (6.12). We shall denote covariant
differentiation along y by a prime, ¢.g. H'(¢). In the case of a mapping of R into
some fixed space (like f|R:IR\S—EndR") prime will also be used to denote
ordinary differentiation with respect to o, as f'(c).

Proposition 6.9. f(0)=0, f'(0)=Id.

Proof. Put ¢=0 in (6.12). Since n(0)=n,7;=0 (cf. (6.10)), and 0 =n&;=0v,
1 £j<n, which are independent, we obtain f(0)=0.
On the other hand, covariant differentiation of (6.12) in 6=0 yields
H'(0)=E(0)1"(0).

By Proposition 6.3, n{0)=Kij;=v;=£{0), i.e., H'(0)=Z(0), so that f'(0)=Id, as
claimed.

Denote the adjoint of a linear mapping R"— T,,,,M by star (adjoint defined
using the euclidean scalar product on IR” and the Riemann metric on T,,,).

Proposition 6.10. For ccR\S
E™0)E(0)—E*(0)E(6)=H'*(0)H(o) - H*(¢)H'(6)=0.
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Proof. According to (6.7) and (6.8)
0=2(5 =28 ED—28(E5 W (6.13)

where we have omitted the argument ¢. Using the standard orthonormal basis {e;}
of R", we have

885 L) =g(Ze;, Z'e)) =(E"*Eey ¢,
(,) standing for Euclidean scalar product. Thus (6.13) can be written
0=((E*E-5*Z)e,e), 1=5j,ksn,
ie.

p——
E*E—

[n

*7'=0 on R\S.
Similarly, by Proposition 6.6
0=L(n;nm),
whence we obtain exactly as in the case of Z that
H*H—-H*H'=0 on R\S. (6.14)
ged.
Propesition 6.11. f(c) is a symmetric matrix for small ceR.

Proof. If (6.12) is substituted into (6.14), straightforward calculations show

[*EXEf - f*E*Ef =0. (6.15)
Now we bring the Jacobi equation
&(o)+ R (0)é(a)=0 (6.16)

into play. Here ¢ is any Jacobi field along y and R (0): T,,,— Ty, is the “curvature
operator along y”: if £ is the curvature tensor of g, then

R (0)v=R(v,7(0)}(0), veT,,. 6.17)

(6.16) holds for &(a)=¢£ (o) and £(0)=7n4c). Hence
0=E"4+R,E, {6.18)
0=H"+R,H=(EfY +R,Ef =2Ef'+ Ef", 6.19)

where we used (6.18).
Next compute

(B*BEfY =E¥Ef + B*E'f'+ E*Ef",
which, by (6.19) and Proposition 6.10 equals
E¥Ef —E*¥5f' =0,

Hence Z*(6)E(0) f'(0) is a constant mapping R"—IR" for small ceR. Now Z(0)
maps the orthonormal basis {¢;} of R" into an orthonormal basis {v;} of T, ), s0
that £*(0)Z(0) = Id. Since, according to Proposition 6.9, f'(0)=Id, we have

E*0)E(0) f'(o)=1d.
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Substituting this into (6.15) we obtain f*(¢)— f(6)=0, which proves our claim.

Remark 6.12. Much of the above computation comes from [6].
We are now ready to prove Lemma 6.7.

Proof of Lemma 6.7. From Proposition 6.11 follows by analytic continuation that
f is symmetric in every point of D, therefore so is Im f. For small positive 7, using
Proposition 6.9

Im f (i) =Im(f(0) +itf"(0)) + O(r?))
=1ld+0(?),
which is obviously positive definite. Since Im f is nondegenerate on D\R by

Proposition 6.8, its signature cannot change on {o+it€D:7>0}. Therefore
Im f (o +i7) is positive definite for 7>0.

7 The curvature estimates

We shall use the notation introduced in the previous chapter,

Proposition 7.1. On R\S the curvature operator can be expressed as
R,=3E("f 7 =3(f"f T DE". (7.1

Remark 7.2. Whenn=1, £ and £~ ! above cancel and the right hand side becomes
the Schwarz derivative of f. Then Proposition 7.1 reduces to the well known
relationship between the ratio of two solutions of the scalar Sturm-Liouville
equation y” + Ry =0 and R itself. The proof of the matrix valued version is much
the same:

Proof. From (6.19)
E=—3Ef" 1. (72)
Differentiating (6.19) and using (7.2) and (6.18):
0==28"f"4+38'f"+Ef"
= —2REf - 3E[" (T +Ef,
whence (7.1) follows.
Corollary 7.3. R(0)=4Z(0)f""(0)Z(0)" .

Proof. Since ; is a horizontal vector, by Proposition 6.3, £{0) = K&;=0. Thus £'(0)
=0, whence (7.2) gives

J"(0)=0. (7.3

According to Proposition 6.9, f'(0)=1d, so that (7.1) reduces to the equation in
Corollary 7.3.

As we saw in the proof of Proposition 6.11, £*(0)Z(0)=1d, i.e., Z(0) is an
isometry, so estimation of the curvature operator R,(0) is the same as estimation of
£(0). To get the desired estimate we shall use Lemma 6.7. We shall also need
certain facts about representations of holomorphic functions in the upper half
plane.
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Proposition 7.4. Let F be an n x n matrix valued holomorphic function on the upper
half plane C* ={{ e C:Im{ >0} that has a holomorphic extension to a neighbour-
hood of 1. Suppose for every { e €* ImF({) is a symmetric, positive definite matrix,
whereas for { € R near 1 Im F({)=0. Then there is an n x n symmetric matrix p= (1)
whose entries are real valued, signed Borel measures on R such that

1° 1¢suppu3k,
o !dz“}k(x)l
2 —joo 1 + XZ

3° u is positive semidefinite in the sense that for any (w;) eR" the measure
ZW Wikt is nonnegative;

© FQ=a+l ] (d”(’?z (CeCH),

where A is a symmetric, positive semidefinite constant matrix.

<o

Proof. Let Fj denote the entries of F. Since the diagonal entries ImFj; are
nonnegative harmomc functions on €*, Fatou’s representation theorem (trans-
planted from the disc to C*; cf. [9]) implies the existence of nonnegative measures
#;;and nonnegative numbers Aj;(the latters corresponding to mass at co) such that
fdp;{x)/(1+x*)<co and

® Im{

ImF;({)=A;; Im£+ _jw (Re{ —x)>+(Im¢)?

du;fx).

For any j, k
[Im F(O)l < (Im Fi{0) Im F ()2,

because Im F({) is semidefinite. Since both Im F;; and Im F, belong to the Hardy

space h'(C*) corresponding to the welght 1+x3)71, it follows that

ImF, € h'(C™); hence we also have a Poisson representation
@ Im{

Ika(C) Ajk Imc+ _J.w (Rec x)2+(ImC)2 !‘l}fc

(x), (7.4)

with the p;’s satlsfymg 2° of Proposition 7.4. Taking 3/52 of (7.4) we obtain 4°. The
matrix A=(Aj) is symmetric positive semidefinite since

A= lim ImF(iy)/y.
y—++w

Finally, since du(x) is the weak limit of ImF(x +iy) as y— 40, 1° and 3° are also
satisfied. For more details, cf. [13].

Proposition 7.5. Let F be as in Proposition 7.4. Assume, in addition, that F'(1)=ald,
F'(1)=0bld, a,beR. Then for w=(w;eR"

2 n

_ Z F()ww, 2 32b 2 w} (7.5)

J k=1

Proof. Put v=2Zw,wuy. This is a nonnegative measure. Put also G=2Fw;w,.
Then the left hand s1de of (7.5)is G"'(1). Since by analytic continuation the formula
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4° in Proposition 7.5 holds in a neighbourhood of 1, by differentiation we obtain
©  dy(x)

aZW}=G’(1)_— i R (7.6)
- dv(x)
wa%—G(i)—— 1o (7.7)
© dv(x)
G (1)_— 3 o (7.8)

By Schwarz’s inequality

?’ dv(x) °j° dv(x) ‘}’ dv(x) \?

Yo (1=2)* “o (1=x)* = =\ (1-x?°

Estimating respectively replacmg the integrals here by what is obtained from
(7.6)...(7.8), we get (7.5).

Proof of Theorem 4.3. Choose a point pe M and two orthogonal vectors
v, ze T,M. We want to estimate the sectional curvature K(v, z) of g in the direction
determmed by v, z. It can be assumed that ze TRM, i.e. that

R/ 2E(@z)=r>1.

Issue a geodesic y from p such that §(0)=z, and perform the construction in
Chap. 6 to obtain the matrix valued meromorphic function f on

D={{+iteC:1|<r},

with poles on a set SCR\{0}. Assuming for simplicity that the length of v is 1,
K(v,z) is related to the curvature operator R,(0) by (see (6.17))

K(v, z)=g(%(v, 7(0))7(0), v)/2E(2))
=2(R,(0)v, n)/(2E(2)). (7.9

By Corollary 7.3
min g(R,(0)v,v)= % min { 2 f,’”(O)w We:(w)eR% Y wl= 1} , (710
1

g(v,v)=

since E(0) is an isometry. Thus we have to estimate f"/(0).
Let log{ for { e C* denote the branch of logarithm such that 0 <Im log({ <,

and put
FQ)=f ( logl,’)

By Lemma 6.7, this F satisfies the assumptions of Proposition 7.4. Moreover,

r

Fl)==f©O)=_1d,
2
F()=2/"0- - 0=-14,

3 2r r 2
F,N(i)"——" :t_s.fm(())_l_ ;fl(0)= Ff”’(o)-}' _ni Id,



Global solutions of the homogeneous complex Monge-Ampére equation 711

by the chain rule, Proposition 6.9, and (7.3). Thus F even satisfies the extra
assumptions of Proposition 7.5 with a=r/rn, b= —r/n. According to this propo-
sition, if Zw}=1:

3r 7y r3 (4 2r
P ) Fy (O)ijk§ ) Zf,k (O)ijk + P
whence
2
37 =Y i Oww,.
By (7.10)
n? n?
P —
g(Ry(O) b, U) = 47‘2 4R2 2E(Z) 2
and by (7.9)
2
n
K(U, Z); —_ W .

Thus the theorem is proved.

Proof of Theorem 4.4. In this case R= o0 so that g is nonnegatively curved. It is
well known that on a compact flat manifold any nonnegatively curved metric is
itself flat, as claimed by the theorem. (The proof of this fact goes as follows: Let
(T", §) be a torus that covers (M, g), see [16]. Choose n independent harmonic one
forms w,,...,®, on T", and let X,..., X, be dual vector fields. Weizenbock’s
formula gives

AF(X , X )=2Ricg(X , X )+ 28V, Vo) 20,

i.e. (X, X ;) is subharmonic, hence constant. Therefore the left hand side above is
0, and Vw;=0. Thus w; is parallel and so is X; The existence of n independent
parallel vector fields then implies the flatness of g; hence also g is flat.)
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