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Introduction

Sheaves defined on G-spaces and carrying actions of the group G which cover the
actions on the base spaces have been studied by a number of authors [3, 6, 8], chiefly
in the case when G is a finite group or acts properly discontinuously. In this note we
consider sheaves on certain complex analytic G-spaces, X, where G is a reductive
complex Lie group, for which complex analytic “categorical** quotient spaces X/G
exist. These spaces are described in more detail in Sect. 3. The modules of sections of
coherent analytic sheaves are Fréchet spaces and, as described in Sect. 2, the group
actions on sheaves discussed in this paper are required to be holomorphic, in the
sense that the induced actions on the spaces of sections are holomorphic. The point
of this is that a general result concerning holomorphic group actions of reductive
complex Lie groups on Fréchet spaces, given in Sect. 1, enables us to “‘average”
sections of the G- sheaf over G. This is an important tool which is available for all
G-sheaves (of abelian groups, say) when G is finite, but which requires extra,
topological, structure on the sheaves for more general G.

The chief result of this paper is that the germs of invariant sections of a coherent
analytic G-sheaf, &, on an appropriate G-space X form a coherent analytic sheaf,
denoted 7%, on X/G. The proof of thisis given in Sect. 3. In Sect. 4 we identify Fhe
stalks of n$%, which by definition are germs of invariant sections of &, but which
we prove to correspond bijectively to invariant germs of sections of .

L. Fréchet Space Representations of Reductive Complex Lie Groups

Let Fbe a Fréchet space and «/(F) the set of invertible linear endomorphisms of F.
Composition of maps gives a group structure to S/(F). Let G be a reductive
complex Lie group.

Definition. A holomorphic representation of G on F is a group homomorphism

7:G~ /(F) such that the associated map g;; f; - jf)’ is analytic.
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For an account of analytic functions between Fréchet spaces see {2]. Note that if
7 is a holomorphic representation of G on F then for each fe F the map G- F
is analytic. 8@

Let 7: G — /(F) be a holomorphic representation of G and H a subgroup of G.
An element fin F is said to be H finite if it is contained in a finite dimensional H
stable subspace of F.

Theorem 1.1. (a) The set of G finite elements is dense in F.
(b) There exists a unique continuous linear operator L:F — F satisfying:
@) La@UN=L(f) forallgin G
@) L*=L
(i) L(=f if and only if ©(g)(f)=f for all g in G.

These properties imply that 7 (g) L{f) = L(f) and so L is a projection from F onto
the subspace of G invariant vectors, F¢.

Proof. (a) Let K be a maximal compact subgroup of G [9]. The representation 1
restricts to a continuous representation of K on F and, by a result of Harish-
Chandra (e.g. [4]), the set of K finite elements in Fis dense. Thus it is sufficient to
show that any K finite element is G finite.

Let f be K finite and let V' be a K stable finite dimensional subspace of F
containing f. The representation t induces a continuous representation K — GL(V)
which extends to a unique holomorphic representation ¢ : G — GL (V) because G is
the “‘universal complexification” of K [9].

For each v eV, the function «,: g — 1(g) (v) — ¢(g) (v) is an analytic function on
G, taking values in Fand vanishing on K. If k € K, the function &, : n — o, (k(exp¢n))
is defined on the Lie algebra, g, of G and vanishes on the subalgebra f given by K.
Since g is the complexification of f it follows that &, vanishes on the whole of g and
so o, = 0 on kG, (where G, is the identity component of G) and hence on the whole
of G. Thus, forallvin ¥, 7 (g) (v) = ¢(g) (v) and V is G stable under the action given
by t; that is fis G finite.

(b) Averaging over K defines a continuous linear endomorphism L of F [4

Sect. 3.3]:
* ] L(f)=[x(k) - fdk.

K

This operator satisfies (ii) and (i) and (iii) with G replaced by K. The argument of (2)
applied to the analytic functions f—7(g) f and L(f) — L(zg)f) on G shows that
(ii) and (iii) also hold for G. Finally the uniqueness of L follows from the facts that
its restriction to each finite dimensional G- stable subspace is unique [12] and that
G-finite elements are dense in F. [

The first part of the theorem is a straightforward generalization of a result Qf
Richardson {14] who considered the case when F is the space of holomorphic
functions on a complex manifold and 7 is induced from an action of G on the
manifold.
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2. Analytic G-Sheaves

Let G be a reductive complex Lie group and X a complex G-space, by which we
mean a complex space with a holomorphic action of G,

6:GxX->X (gx)~g-x.

Let % denote the set of open subsets of X and %, that of open subsets which are
G-stable.

Definition. An analytic G-sheaf on X is a sheaf & with the following structure.
(i) Foreach U e % the module of sections ¥ (U) is a Fréchet space and for any
pair U, Ve with UcV the restriction homomorphism g, ,:&% (V) - (U) is
continuous.
(i) For each g e G and Ue% there is a module homomorphism

¢S U)=>F (g U).

Ifg,heG then @, ,y° Opy= Qg u-
(iii) If Ue % satisfies ¢~ ' (U) oI x W where We% and I is an open subset of
G, then the map

=g U)->SW) (&9 ew,g (89

is holomorphic. In particular this implies that if U € %,; the representation of G on
¥ (U) is holomorphic.

A homomorphism of analytic G-sheavesis a sheaf homomorphisma: & =5,
between analytic G-sheaves, satisfying the following conditions for each U eEU.

(i) The module homomorphism a(U):¥,(U) =& ,(U) is continuous.

(i) ForeachgeG,a(gU)o ¢, , =y, y°o a(U), where ¢ and y denote the group
actions on &; and &, respectively.

Analytic G-sheaves together with their homomorphisms form a category. Every
analytic G-sheaf'is a Fréchet sheafas definedin [11]and alsoa G-sheafasin [8)]. The
extra requirement, the analyticity of the group action, seems natural in the context
of analytic geometry.

Examples. (1) Sheaves of germs of sections of analytic G-bundles are analytic G-
sheaves. . _

(2) Any coherent sheaf on X is a Fréchet sheaf [7]. If in addition .1t satisfies
conditions (ii) and (iii) of the definition it will be called a coherent analytxc G-sheaf.
The kernel, image and cokernel of an analytic G-sheaf homomorphism between
coherent analytic G-sheaves are coherent analytic G-shegves. Conversely, the
following result shows that every coherent analytic G-sheaf'is locally presented l?y
sheaves of germs of sections of analytic G-bundles, provided X satisfies a certain
condition.

Proposition 2.1. Let X be a complex G-space that is covered by G-stable open Stein
Subspaces and let & be a coherent analytic G-sheaf on X. Then for every point x eX
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there exist a G-stable neighbourhood U of x, finite dimensional representations V, W
of G and an exact sequence:

O (UYRW = 0,(U)®V—>F (U)—0

Proof. By restricting to a G-stable Stein neighbourhood of x, it can be supposed
that X is itself Stein. Since % is coherent there exists a finite set of sections
{s;}i=1= #(X) and a neighbourhood Y of x such that the set of restrictions
{0y x(s;)}}-1 generates #(Y) as an O (Y) module. Since Hom (0%, 0%) is a coherent
sheaf the space of sections Hom (0 (Y )", 0 (Y)") is a Fréchet space and so the map

&:Hom (O (YY), Ox(Y))— L(Y)

o= (“i,j) o Ss= (,21 Ui QY,X(Sj)>

is a surjective homomorphism of Fréchet spaces which is therefore open by the
Open Mapping Theorem. The subset Aut (¢, (Y)") of invertible homomorphisms is
open in the source and therefore its image under @ is also open. Hence if
0: % (X) —»& (Y) is the map given by restriction, ¢~ (@ (Aut(0,(Y)"))) isan open
subset of ¥ (X)" containing (s, , ..., s,). This set consists of elements of & (X)" whose
components have restrictions forming generating sets for & (Y). The group G acts
on& (X)" by the diagonal action and by Theorem 1.1 (a) the set of G-finite vectorsis
dense. Thus there exists a finite set of G-finite global sections {s;}}.; =& (X) such
that the restrictions {g, ,(5;)}=; generate & (Y).

Let ¥ be a finite dimensional G-stable subspace of & (X) containing {s;}}-, and
define a G-sheaf homomorphism

0.0, 0V->Y
at the level of stalks by

@ (Zlf'y &® ”i) = _Zlﬁ,y Uiy

where v; , is the germ of v; € V=& (X) at y € X. By construction ¢ is surjective over
Y. By the G invariance of Vit will therefore be surjectiveon U:=G - Y. Thus theres
a surjective equivariant module homomorphism

0:0,(U)®V->F (U)—0.

The proof of the proposition is completed by repeating this construction with ker ¢
replacing . I

If Ue%, then there is a holomorphic linear action of G on & (U). The fixed
point set ¥ (U)6 is the space of invariant sections of & over U. From Theorem 11
we immediately obtain the following result which formalises the idea of averaging?
section of & over G.

Proposition 2.2. Let X be a complex G-space and & an analytic G-sheaf on X. Thet
Jor each G-stable open subset U of X there exists a unique G-invariant projection L
of L(U) onto S (U)C. The uniqueness of this operator implies:
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(i) if Uy < U, are two G-stable open subsets of X and 01,2:F(Uy) =¥ (U,) is
the restriction map, then

Lyog, ,= 01,2° Ly,

() if .S =, is a G-sheaf homomorphism between coherent G-sheaves then,
for each open G-stable subset U of X, the induced map

2(U):(U) >, (U)
commutes with the projections onto & (U)¢ and & ,(U)S. [

3. Sheaves of Invariant Sections

This section contains the main result of this paper, which states that the germs of
invariant sections of a coherent analytic G-sheaf on a complex G-space X form a
coherent sheaf over the quotient space X/G, under conditions which ensure that a
suitable quotient space exists. These conditions are the following.

C1. The G-space X has an open covering by G-stable Stein subspaces.
C2. The closure of any G-orbit in X contains a unique closed G-orbit.

Examples of spaces satisfying these conditions occur in the work of Bialynicki-
Birula and Sommese on C* actions on Kéhler manifolds [1].

Let X be a complex G-space satisfying C1 and C2and let Y be the set of closed G-
orbits in X. By C2 there is a well defined map n: X — Y given by letting n(x) equal

the closed orbit in G - x. The set Y is given the quotient topology induced from X
and is made into a ringed space by defining

0,(U) = 0x(n" " (U))°

for every open subset U of Y. It follows immediately from the work of Snow [16]
that (Y, @,) is a complex space and = an analytic map with the following universal
property. '

If Z is a complex space and ¢: X — Z isa G-invariant analytic map then there is
an analytic map ¢: Y — Z such that g=0co 7.

Thus Y is the categorical quotient of X by G [12,16], and will be denoted by X/G.
If ¢ € X/G then the unique closed orbit in ™" (¢) will be denoted by T(¢).

Snow also proved a slice theorem for such G-spaces. If x is a point in X with a
closed orbit then the isotropy subgroup G, is a reductive complex Lie group and
there exists a finite dimensional representation R of G,, a G,-stable locally closed
subvariety, S, of R, containing 0, and an equivariant analytic map 7: S,0- X,x,
satisfying:

(i) 7 is an isomorphism onto its image, .

(i) § x ; G is isomorphic to a = saturated open nelgh.bourhood'of X. .
Since reductive complex Lie groups have unique compatlb!e reductive algebraic
group structures and holomorphic representations of the Lie groups gorrespond
bijectively to rational representations of the algebraic group [10], the slice S can be
taken to be an open subset (in the transcendental topolpgy) of an affine algebraic
variety with a rational action of the reductive algebraic group.
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A consequence of the slice theorem is that, in the neighbourhood of a closed
orbit, a G-sheaf is completely determined by its restriction to a slice through the
orbit. This can be seen by looking at the induced action of G on the sheaf space % of
& given by

g n= Qg'x,g~U(g ' S):

where ge G, xe X, n e, Uis a neighbourhood of x and s is an element of & (U)
satisfying g, ,,(s) =#. In particular there is an action of G, on %, for each x and
if T=G - x is a closed orbit and S,0 — X, x is a slice through 7, then

% 'SXGXG E’(j )%, G-

It follows from this that invariant sections of %, and invariant germs of sections
along T, are determined by their restrictions to S.

We continue to suppose that X satisfies C1 and C2 and so has a quotient space
X/G.

Definitions. (1) If & is a G-sheaf on X define the sheaf 7% on X/G by

S (U) = (n~ 1 (U))©¢
for all open subsets U of X/G. The restriction homomorphisms of n$.% are those of
& restricted to the spaces of invariant sections. Technically this only defines 7% as
a presheaf, but it is easily seen to be a sheaf.

) Ifp:9, >, isa G-sheaf homomorphism then the sheaf homomorphism
n¢p:n¢S | - ngSF, is defined by

n‘i(P(U) =@(n” ! ONl FmIUY)© -

With these definitions #¢ is a functor from the category of G-sheaves to that of
sheaves on X/G.

Theorem 3.1. If X is a complex G-space satisfying C1 and C2 and & is a coherent
analytic G-sheaf on X, then n$% is a coherent sheaf on X/G.

Proof. By Proposition 2.1, if ¢ € X/G there exists a G-stable neighbourhood V of
T(¢) over which.# has a presentation by sheaves of germs of sections of G-bundles:

S, =F|,-0.

For any neighbourbood U of ¢ in X/G such that =~ '(U)cV there is 2
commutative diagram:

Sy (U= (a1 (U) »F (=" (U)) -0
1N
Fym HUNS»F (" (U)>F (' (U)°—0

where L is the averaging operator. The top row of this diagram is exact and 4
diagram chase shows that this implies that the bottom row is also exact. It follows
that the sequence of sheaves,

nlF =S, =i |,) >0
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isexact at £ and the coherence of n{% at ¢ will be proved if it can be shown that the
n$¥;are coherent. This is done in the following lemma, which is a complex analytic
analogue of a result of Poenaru [13].

Lemma 3.2. Let X be a complex G-space satisfying C1 and C2 and & the sheaf of
germs of sections of an analytic G-bundle over X. Then S is a coherent sheaf
on X/G.

Proof. To prove coherence at & € X/G it can be supposed, by the slice theorem, that
(X, T(&)) is of the form (G x Y, G x x{y,}) where H is a reductive subgroup of G
and Y is a rational H-space which has y, as a fixed point. Let & |, denote the H-
bundle obtained by restricting.% to Y. Then.¥ is completely determined by % |, and
né¥ is coherent at ¢ if and only if n# (¥ |;) is coherent at n(y,). The spaces of
sections of (¥ |;) over sufficiently small neighbourhoods, U, of n(y,) can be
identified with the spaces of equivariant analytic mappings Co(z ™ (U), W), where
Wis the fibre of the original G-bundle at a point on 7'(£). It is sufficient to show that
these spaces are finitely generated over Oy, (U)=0,(n~ ' (U))*. The proof now
follows closely that of Poenaru.

Let W* denote the dual of W. For feCi(n '(U),W) define
1f €Oy, w(n™ 1 (U)x W*)H by

af (v, m)=<f(»,ny for yern '(U),neW™.

In the opposite direction, if 1€ Oy, ,, (n ™ (U) x W*)H define Bhe Ch(n~ "), w)
by

oh
Bh(y) = (a%%(y’ o,.... 2, 0))

on,
for n=(n,,...,n,) €W *. Then paf=1for all fe Cj(n"" (), W). .
There exist polynomial germs o,...,0,€0y,, (Y xW*)# such that, if

0=(0y,...,0,): Y x W*— C* then
Oy (@™ (U)x W*)H 2(a*O%) (n” 1 (U)X W),
Let heo,, , (n~*(U)x W*)H and choose e 0 (C*) such that h= o*h. Then
k (oh
Bh= i; (37]° Uln-'(u)x{o}> " po;

(where the z, are co-ordinates for €*) and it follows that the equivariant polynomial
. L - 1 o
mappings {Ba,}5., generate C4(n~ ' (U), W) over Oy(n (%)

4. Germs of Invariant Sections

In this section we show that “invariant germs of sections” of a coherept a}}alytxc
G-sheaf & on a G-space X can be identified with ““germs of invariant sections” of &'
If Tis a closed G-orbit in X then there is an induced action of G on the stalk &,
defined by

g . UZQT,g'U(g ‘ s),
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where geG, e, U is a neighbourhood of T and s is an element of & (U)
satisfying ¢, (s)=7. The fixed point set of this action, consisting of invariant
germs of sections of & along 7, is denoted £ .

Proposition 4.1. Let & be a coherent analytic G-sheaf on a complex G-space X
satisfying C1 and C2 and let & € X/G. Then

(S ) 2L 1))°-
Proof. Let % be a system of neighbourhoods of . Then

(#$P), = lim () (U) = lim & (z = (V))°.

Restriction defines a module homomorphism,
¢ (S )= 10"
Let 5;,5, €% (n~*(U))¢ for some Ue% satisfy

QT({),n"(U)(Sl) = QT@),n-'(U)(Sz)-
Then there exists a neighbourhood W of T(¢), contained in =~ ' (U), such that

QW,n"(U)(Sl) = QW,n“(U)(SZ)'
This implies that
Q6w w(51) = Q¢. w, ) ($2)

and the injectivity of ¢ follows from the fact that any G-stable neighbourhood of
T (&) contains n~ ' (U) for some Ue%.
The surjectivity of ¢ is given by the following lemma.

Lemma 4.2. LetS and X be as above. If T is a closed orbit in X and n e & € then there
exist a G-stable neighbourhood U of T and s €& (U)¢ such that gy ,(s) =n.

Proof. By the slice theorem we can assume that 7'is a fixed point of the G action on
X. We first show that the lemma is true if G is replaced by K, a maximal compact
subgroup of G.

If U is any neighbourhood of T in X there is a K-stable neighbourhood V of T
with compact closure ¥ = U. Using this and the definition of the group action on.¥’r
it can be seen that for every n e ¢ and g € K there exist a K-stable neighbourhood
U, of T and se& (U,) such that ery(s)=nand g-s=s.

Let {g;}*_, be a finite set of elements of K generating a dense subgroup of X [5.

2.12, Example 4] and set U= ﬂ U, . Then Uis a K-stable open neighbourhood of

T and there exist 5; €% (U) such that g - si=sand g, (8;)=...= Q07 y(8) =1-BY
shrinking U if necessary we can suppose s, =...=§; =5, say '
Clearly g - s = s for all g in the group generated by g,,...,&; but this is a dense
subgroup of K and so, by the continuity of the action of K on# (U), g - s = s forall
gin K.
Now we show that s €% (U) extends naturally to a G-invariant element, s, of
& (V), where V=G - U, satisfying ¢,.,, ,, () = g * s for all g € G. This is true if and
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only if for any pair of elements (g, 7)) e G x G,

Qevniv, (g " 8)= Cevnnu,hu (1 * 5).

Since K intersects every component of G there is a continous family of pairs of
group elements, (g, 4,): [0,1]1— G x G, with (go,h,) e Kx K and (g,, h,) = (g, h).
For each ¢ in [0,1] let ¥, be a K-stable open neighbourhood of 7T such that V, is
compact and is contained in g, Unh,U. Then ¥, is containedin g,Unh,Ufor all sina
neighbourhood of 7 and using the compactness of [0, 1] we can find a K-stable open
neighbourhood V of T with compact closure ¥ g,Unh,U for all ¢ in [0, 1].

LetI'={(g',h')eGx G:g’ Unh'UsV}. Then I is an open neighbourhood of
KxKu{(g,,h):te[0,1]} in Gx G and

P I'>F V) (€. h)= 00 H—evwyh - 53)

is a holomorphic map which is constant on K x K and hence also on the connected
components of I intersecting K x K. It follows that ¢, ,, (g 5)= evaul(h - 5) as
required. [

Final Remark. Coherent algebraic G-sheaves on an algebraic variety with a
rational action of a reductive algebraic group can also be treated by methods
analogous to those used in this paper, the algebraic analogue of the Stein G-space
being the affine G-space. Instead of holomorphic actions on the spaces of sections,
& (U), there are ““dual actions” in the sense of Mumford [12]. In particular, suppose
X is an algebraic variety with a rational action of the reductive algebraic group G
and let X, denote the set of semistable points in X with respect to some linearisation
of the action and =: X, — X,,/G its quotient space [12]. Then, if & is a coherent
G-sheaf on X and & is its restriction to X, we get that n¢¥; is a coherent sheaf
on X /G.
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