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1. Introduction

The Dedekind g-function defined in the upper-half plane H by
(11) ;’(f) —_— enlfﬂz 1—[ (1 . eZmnr)
n=1

is one of the most famous and well-studied functions in mathematics, particularly in
relation to elliptic curves and modular forms. Its 24th power 5** is a modular form
of weight 12 for the group SL(2, Z) or equivalently the expression

n(1)** (dr)°

is invariant under the action of SL (2, Z). This gives the transformation properties
oflogn(t) under SL (2, Z), up to the addition of an integer multiple of 7i/12. In [12]
Dedekind investigated this integer ambiguity and its dependence on a general
element

a b
(1.2) A:(C d)

of SL (2, Z), expressing the answer in terms of the Dedekind sums (for ¢ % 0)

o= ()

where for any real number x

B for integral x
((x)) = x—[x]—%1  otherwise.
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Dedekind’s formula (for ¢ +0) is

at+b
logy <” " d> = logn(z) + 1log{ —(ct + d)?}

(1.3) + i g+d— signe - s(a, ¢) ).
12¢

Here log { — (¢t + d)*} is that branch whose imaginary part has absolute value less
than =, while logyn is any fixed branch defined on H: for example that branch for
which i
it
logn(r)—ﬁ—m as Imt— .
For ¢ =0, 4 acts by an integer translation on 7 and the effect on logn (7) is trivially
read off from the definition of (7).

It should be noted that the problem which Dedekind posed and solved with the
above formula is essentially a topological one. Using the cohomological properties
of SL(2,Z) it is not hard to show that, up to equivariant homotopy, there is a
unique section

s=f(1)dt®
of T7° (T being the tangent bundle of H) which is nowhere zero and SL (2, Z)-
invariant. The transformation properties of log funder SL (2, Z) are then the same
as those of log y**. Thus the analyticity of  is not directly involved in Dedekind’s
formula.

In the past hundred years these ideas have been pursued in different directions
by many people including Rademacher [31], C. Meyer [23, 24], Siegel [34], Hirze-
bruch [16,17], W.Meyer [25], Atiyah et al. [6], Atiyah et al. [S], and Miiller [27].
Recently ideas emerging from the physics of gauge theories and developed by
Witten [35], Quillen {29, 30], and Bismut and Freed [9, 10] have cast new light on
these problems. It seems therefore timely to attempt to survey the whole development
of the theory of log i, putting results in their natural order and in the appropriate
general context. This is the aim of the present paper, in which the emphasis will be
strongly geometrical. In a sense we shall show that the latest ideas from physics
provide the key to a proper understanding of Dedekind’s original results.

From a mathematical point of view the general context is that of the index
theory of elliptic operators as applied to the signature of manifolds. We shall use
many versions and generalizations of the original Hirzebruch signature theorem,
involving families of operators, manifolds with boundary and group actions. All
are involved in the story,

We shall now review the history of the subject in a little more detail.
Rademacher [31] put the emphasis on an integer-valued class function y, defined on
SL(2,7Z) by the formula

d
w(A)= atd_ 12signc- s(a-¢)—3sign(c(a+d)) for ¢+*0
C

(1.4) =— for ¢=0
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which is closely related to the Dedekind formula. In particular Rademacher gave a
simple formula for w(A4) when A4 is expressed explicitly in terms of the standard
generators of SL (2, Z). Meyer [24] and Siegel [34], following methods introduced
by Hecke, computed the values L ,(0) of certain L-functions L ,(s) attached to real
quadratic fields, in terms of the modular behaviour of log y () and hence in terms of
Dedekind sums or the Rademacher invariant y.

Hirzebruch [16] made an extensive study of the ““cusps” of Hilbert modular
surfaces for real quadratic fields and found in particular an explicit resolution for
them. He also attached a “‘singular defect” 6 (4) to each such cusp, this being the
correction term due to a cusp in the general Hirzebruch formula for the signature of
a 4-manifold. Using his explicit resolution he was able to compute 6 (4), finding the
formula

o(A)= =3y (4),

where y (A) appeared explicitly through the Rademacher formula in terms of the
generators.

Comparing this formula for 6 (4) with Meyer’s evaluation of L ,(0) Hirzebruch
found that 6 (4) = L ,(0). He then conjectured that this formula might continue to
hold for totally real number fields of any degree, since both 6 (4) and L ,(0) could be
defined quite generally. Hirzebruch also drew attention to another formula of
Rademacher, giving an alternative expression for Dedekind sums, namely

R k
(1.5) 4fefstae)= Y cot”™ - cot” -

k=1

(this formula is obtained by taking ““Fourier transforms™ over the finite abelian
group of integers modulo ¢). This new expression appears in the equivariant
signature theorem [2, 3] as the “‘signature defect” due to a cyclic singularity (i.e
arising from an isolated fixed point for the action of a cyclic group). It seemed
somewhat mysterious that the Dedekind sums should appear in connection with
modular forms and also in topology.

Motivated in part by Hirzebruch’'s conjecture on totally real fields Atiyah,
Patodi and Singer introduced in [6] a differential geometric L-function defined in
terms of eigenvalues 4 of a certain first order differential operator (on odd-
dimensional manifolds) by the series

Y (signA)|A] 7",

Ax0
To avoid confusion with the Hirzebruch L-polynomials, which appear in the
general formula for the signature of a 4k-dimensional manifold, this series was not
denoted by L(s) but by (s) instead [unsigned series were traditionally denoted by
¢(s)]. This will now lead to an unfortunate but by now inescapable clash of
notation, since our main concern here is the Dedekind g-function 5(r)! The main
result of [6] was to identify 5 (0), computed for a manifold Y, as the boundary
correction to the Hirzebruch signature formula for a manifold X with boundary Y.
This was in a differential-geometric context, characteristic classes being represented
by the appropriate Pontrjagin forms.
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In [5] the results of [6] were applied to manifolds which occur as boundaries of
neighbourhoods of the cusps of Hilbert modular surfaces. In this way the
Hirzebruch conjecture was established, both 6 (4) and L, (0) being identified with
#y(0). An independent but related proof was given by Miiller in [27].

Recently Witten [35] has argued that “global anomalies™ in gauge theories can
be expressed in terms of the invariants n (0) of [6]. Witten's arguments have been put
on a rigorous footing and established quite generally by Bismut and Freed [9, 10],
on the basis of earlier ideas of Quillen [29, 30]. The situation is roughly as follows.

If M is an even-dimensional compact Riemannian manifold with a spin-
structure one can define the Dirac operator D acting from positive to negative
spinors and the index-theorem [3] gives a topological formula for index D in terms
of Pontrjagin classes. More generally one can consider the Dirac-type operators,
including the operator whose index is the signature, and there are corresponding
formulae. The index theorem for families of elliptic operators [4] generalizes this
situation to include “parameters”, i.e. for a fibre bundle Z — X with fibre M. The
index theorem now becomes a formula in K(X) or, on passing to cohomology, a
formula in H*(X). This theorem can then be ““localized” to a formula in terms of
differential forms on X, the main point being to define an appropriate local form of
the index of families. This programme has been carried out by Bismut [8] following
ideas of Quillen [30] and motivated by the ideas of local anomalies in the physics of
gauge theories. The 2-dimensional component of the index of a family is of special
interest as the first Chern class of the ‘‘determinant line-bundle” ¥ over X.

Physicists need to introduce determinants of operators, and there is no difficulty
in “regularizing” such determinants for positive self-adjoint elliptic operators (e. g.
of Laplace type). The most elegant way is the {-function regularization introduced
by Ray and Singer [32], in which one puts

[(s)=2A"* det = exp(—L'(0)).

For an operator D of Dirac type this procedure, applied to D*D enables one to
define |det D |, but since D is naturally complex there remains a problem of phase. It
turns out that there is an essential difficulty (anomaly) in attempting to define this
phase in an invariant way. However one can define its logarithmic derivative and
this endows the line-bundle . above with a unitary connection. The curvature of
this connection is then a measure of the (local) anomaly.

Even if % is flat, so that the local anomaly is zero, there may still be “global
anomalies” arising from non-trivial monodromy of % round non-contractible
closed loops in X. To each such loop one gets an odd-dimensional manifold W
fibred over the circle with fibre M. Witten has argued that the global anomaly is
given essentially by the “adiabatic limit” of expmin,, (0), the limit in which the
metrics on M are shrunk by a factor ¢ with ¢ — 0. Bismut and Freed [9] using the
earlier work of Bismut [8] have proved this result even when .% is not flat, although
in that case both sides depend on the actual loop (not just on its homotopy class).

All this discussion applies to any operator of Dirac-type. Note also that adding
an even integer to #y (0) leaves the monodromy of % unaffected. This is related to
the fact that, as an eigenvalue changes sign, #(0) jumps by 2, s0 7(0) mod2Z is a
continuous function of the parameters. In general we cannot control the
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appearance of zero-eigenvalues, leading to such jumps. However, for the special
case of the signature operator the zero-eigenspace represents harmonic forms so
that, by Hodge theory, it is determined by the cohomology and cannot jump. Thus,
for the signature, 7 (0) is continuous and enables us to define a natural logarithm for
the monodromy of .#. It is this extra refinement of the general theory which will
specially concern us.

The relevance of these general ideas involving anomalies and index theory to
our particular situation is fairly clear. From its very definition as an infinite product
itis clear that the Dedekind g-function should be some regularized determinant, the
manifold M of the general theory will be a 2-torus with flat metricand SL (2, Z) will
appear as the group of components of the diffeomorphisms of M (preserving
orientation).

The topological properties of the signature are also important for us. It is well-
known that the signature is multiplicative for products of manifolds. More
generally [11] the same is true for fibrations provided the fundamental group of the
base acts trivially on the cohomology of the fibre. However, multiplicativity fails for
general fibrations and this can be understood in terms of the index theorem for
families. This failure already takes place in the lowest dimension when base and
fibre are both Riemann surfaces, as explained in [1] and [19].

The more general situation of the signature for a local coefficient system (not
necessarily arising from a fibration) was investigated by Lusztig [21], while Meyer
[25] studied surface fibrations over a surface with boundary. In particular, when the
fibre M is a torus, Meyer introduced a rational-valued class-function ¢ on SL (2, Z)
with the property that ¢ (4) measures the signature defect (in the category of torus-
bundles) for the 3-manifold W (A4) associated to A: W (A4) — S! is the torus bundle
with monodromy A. Meyer showed that his invariant ¢» was closely related to the
Rademacher invariant w and that, for hyperbolic elements A of SL (2, Z),

(1.6) P ()= —5y(4).

Our presentation will start with this topological situation studied by Meyer and
Lusztig. The main result is the signature theorem (2.13) for a local coefficient
system on a surface with boundary. The theorem expresses the signature as the
relative Chern class of a certain line-bundle L, with a trivialization ¢ on the
boundary. This trivialization is given by (and essentially equivalent to) a certain
2-cocycle for the group G (indefinite unitary) of the local system. Equivalently o
can be viewed as a section of a certain group extension G, of G (with kernel Z). For
semi-simple elements 4 of G we give an explicit computation of ¢ (A4). In particular
when 4 is a hyperbolic element of SL (2, R) we show (2.15) that ¢ = 6, where g, is
the natural section defined by the one-parameter group through + 4. The proofs in
Sect. 2 use the theory of group extensions of Lie groups and are essentially
geometric versions of Meyer’s results. In Sect. 3 we give an alternative analytic
approach based on the index of elliptic operators and generalizing Lusztig’s proof.

In Sect. 4 we consider fibrations over a surface X (with fibre M of dimension
4k — 2). The cohomology of the fibres then gives a local coefficient system of the
type studied in Sect. 2 and Sect. 3. We describe the Quillen determinant line-bundle
# and the results of Bismut and Freed [9] for the signature operator. The conclusion
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is that &, restricted to the boundary of X, has a canonical trivialization determined
by the n-invariant, that ¥ = L* (where L is the line-bundle of Sect. 2) and that the
y-trivialization of #? coincides with the (dual of the) o-trivialization of L* if
dim M = 2, or more generally if Hom (Diff ™ (M), Z) = 0. This can be viewed as the
appropriate refinement, for the signature operator, of the general Bismut-Freed
result. In the last part of Sect. 4 we recall various versions of the equivariant
signature theorem and show in particular how Dedekind sums enter from isolated
fixed-points. We derive formulae relating #-invariants for finite coverings with such
fixed-point contributions. This material is essentially a summary of [7, Sect. 2].

In Sect. 5 we specialize to the case when the fibre M is a 2-torus with flat
(normalized) metric, so that the natural parameter space is the upper-half plane
Hmodulo SL (2, Z). The signature cocycle o of Sect. 2, for the group SL(2, Z}, is
now a coboundary and this leads to Meyer’s invariant ¢:

—g=90¢.

Using the main result of Atiyah et al. [6] we prove (5.12) that ¢ (4) = n° (4) where
n°(A) is the adiabatic limit of n,, (0) with W= W (A) being the 3-manifold, fibred
over §', associated to 4. Moreover the results of Sect. 2 enable us to identify ¢ (4),
for A hyperbolic, with another topological invariant y (4) which is essentially the
quantity Dedekind studied. In fact if w , is the natural 4-invariant differential (i.e.
invariant under the corresponding one-parameter group) then

)*d
f =1

Wy
is (up to 6-th roots of unity) A-invariant, and so we can define y(A4) by
logf(At) —logf (1) = —mix(A).

Since it is easy to deal with the explicit term w 4 it is clear that determining y (4) is
effectively equivalent to Dedekind’s problem.

We then move on to study Quillen’s determinant line-bundle & and we prove,
by several methods, that & is flat or, as physicists say, the local anomaly vanishes.

Moreover “
w=n(t)*dt

givesa covariant constant section of . If now 4 e SL (2, Z) ishyperbolicand, if H,
is the quotient of H by the group generated by A4, we can descend £ to H ;. Since ¥
is flat it will have a well-defined monodromy round the fundamental loop of H,.
Using the standard trivialization ¢, of % (given by the one-parameter group
through + A) we can take the logarithm of this monodromy. Dividing by i then
defines an invariant u(A). Topological considerations (or the use of w) then show
that pu(A4) =y (A).

A direct analytical computation of u(A) on classical lines (as in [34]) shows that
u(Ay= L ,(0) where L (s) is the L-series defined in (5.49). Together with the
previous results this then proves that, for hyperbolic 4, we have the equalities:

Ly(0)=p(A)=y(A)= (A =n"(4).
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By a simple argument, based on conformal invariance, we then prove that 5(A4)
=n°(4), provided we use the natural metric on W (A) given by the A-invariant
geodesic in H. We also show fairly directly that Hirzebruch’s signature defect 5 (A4)
coincides with Meyer’s invariant ¢ ( 4).

These results, based on the Bismut-Freed theorem, give therefore a new
analytical proof of the main result of [5] (for quadratic fields), namely the equalities

Ly(0)=0(A)=n(4).

In fact the analysis in [5] has common features with the Bismut-Freed approach,
notably the use of the adiabatic limit. The main results of Sect. 5 are summarized in
the final Theorem (5.60).

Having thus identified ¢ (A), by general methods, with various other invariants
we proceed in Sect. 6 to the question of explicit computation. Again our approach
will be based on geometrical methods, and in particular on the use of the fixed-point
formula in the equivariant signature theorem. We use this first, in an obvious way,
to compute ¢ (A4) for elliptic elements A (i.e. of finite order). We then move on to
consider parabolic elements. These, together with the elliptic elements, occur
naturally as the monodromy round exceptional fibres in algebraic families of
elliptic curves. We prove a simple general formula (6.3) for ¢ (4) in terms of the
structure of the associated exceptional fibre.

We then turn to the main case when A is hyperbolic beginning with the simple
case when ¢= —1, a+d >0, 4 being as usual

Az(j g),

Following Hirzebruch [16] we show that the 3-manifold W (A) is in this case the
boundary of the neighbourhood of a nodal rational curve I embedded with normal
degree —(a+ d). This leads, as in [16], to the simple formula (6.9) for the signature
defect 6(A) = ¢ (A).

The general case is then related to this special case by a covering argument and a
further application of the fixed-point formula for the signature operator. The
manifold W (A4) has W (B) as a finite covering of order |¢|, where (for ¢ <0)

a —bc
(1.7) B:(Al d>.

The diftference

(13) B =GB =~ (B

is then an example of the invariant for finite coverings (independent of all metrics)
described in Sect. 4. As explained in Sect. 4 it can be computed by using the
manifold Z (B) with boundary W (B). The covering W (B) — W (4) extends to Z(B)
with a single singular or fixed-point. The Dedekind sum arising from this fixed-
point then gives the difference (1.8). Together with the simple formula (6.3) for
¢ (B) this then leads to the general formula (6.14) for ¢ (A); in view of (1.6) this
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essentially becomes the Rademacher formula (1.4). Moreover the equality ¢ (A4)
= y(A4) then leads (for hyperbolic 4) to Dedekind’s original formula (1.3).

For non-hyperbolic elements we can still (for ¢+ 0) use the same covering
method to compare ¢ (A4) and ¢ (B), and hence derive Dedekind’s formula (1.3) in
general.

In earlier treatments Dedekind sums appear at the beginning of the story and
are made the basis for subsequent developments. Here we have deliberately
postponed them until the computational stage. The general theoretical ideas are
best understood without reference to Dedekind sums. These are then easily seen to
enter via fixed-point ideas related to finite coverings. In the introduction to [5],
describing the contribution to the signature of Hilbert modular surfaces due to the
various singularities, it was stated that elliptic fixed-points were easy to understand
(via the G-signature theorem) but that cusps were much more subtle. Although the
cusp story is indeed more subtle, and involves the ideas explained in the present
paper, the computation of the cusp contribution to the signature is again related to
the G-signature theorem in a natural way.

In [17] Hirzebruch notes the appearance of Dedekind sums in number theory
(via the Dedekind g-function) and in topology (through the G-signature theorem).
He asks whether there is perhaps some deep explanation for this fact. Hopefully this
paper, following Hirzebruch’s work on cusps, provides an answer by showing that
the real connection between number theory and topology, in this context, hinges on
fundamental ideas from the physics of gauge theories!

There are a number of generalizations and further problems which remain to be
investigated. As explained in Sect. 3 a full generalization of [6] to deal with local
coefficient systems would be desirable. Also there are obvious generalizations of
many aspects of Sect. 5 in which we twist by a character of the torus. Such questions
are treated classically in {34] and from a topological view-point in [26]. For surfaces
of genus =2 detailed formulae involving the Selberg zeta function might be
interesting to derive. The computation of local anomalies in this case is of interest in
string theory and is being actively investigated by many authors at the present time.
The general identification of the ¢ and # trivializations of the Quillen line-bundle
remains an open question in higher dimensions, as explained in Sect. 4. Moreover
the question of providing some geometric interpretation of the results of [5, 27] for
number fields of higher degree is rather intriguing. What should replace the
monodromy of the determinant line-bundle when the base circle is replaced by a
torus?

It will be clear by now that many of the ideas and problems investigated here
have their origin in the work of Hirzebruch. I am also indebted to D. Quillen and D.
Freed for their help in understanding the key role of the determinant line-bundle.
Finally I should record the great stimulus provided in this whole area by the
penetrating insight of E. Witten.

Because this paper attempts to present many points of view and integrate many
previous results there are inevitably severe problems of notation and compatibility.
In particular there are innumerable sign conventions and, while [ have attempted to
achieve consistency, it would be a minor miracle if I have completely succeeded.

Finally, a small comment on the normalization of the various invariants. In
order to eliminate small numerical differences in the final theorem [ have chosen to
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normalize the various definitions appropriately. However, the notations remain
consistent with the literature.

The material in this paper was presented in my Rademacher Lectures given at
the University of Pennsylvania in January 1987.

2. The Signature of Local Coefficient Systems

In this section we shall review and extend results of Meyer [25] concerning the
signature of local coefficient systems. We consider the following situation: a
compact oriented surface X with boundary Y (consisting of disjoint circles
S,,...,S,) and a local coefficient system E over X of flat hermitian vector spaces.
The hermitian form on E is (possibly) indefinite and such a coefficient system
corresponds to a homomorphism

o (X)) = U(p.q).

p 4
where U(p, g) is the unitary group of the hermitian form ) [z,|>— ) |z;|*. We
i=1 =1
then have a skew-hermitian form 4 on H! (X, Y; F) induced by the cupfproduct and
the hermitian form on E. The signature of the hermitian form i4 will be denoted by
sign (X, E) or sign (X, a).

Consider in particular the surfaces X, obtained by deleting n discs from the
2-sphere. Since 7,(X,) is free on (n—1) generators, a homomorphism o:
7, (X,)— U(p,q)isjust given by n — 1 elements 4,, 4,, ..., 4,_, of U(p, g) so that
we can write

sign (X,,0) =sign(A4;,A4,....,4,_1)

indicating that we have a function of (n — 1) elements of U(p, ¢). Note that it is a
symmetric function of the 4;.

The additivity property of the usual signature extends to local coefficients.
Decomposing X, as the connected sum of X; and X,_, leads to the formula
(2.1) sign(A4,,4,)+sign(4, 4,, A5, ..., A,_)=sign(A,A4,,...,4,_).

In particular taking » =4 and using the symmetry we deduce
(2.2) sign(Ay. A,) +sign (4, A,. Ay) = sign(4,, A, A;) +sign (4,, 4;).

This identity expresses the fact that sign (A4, ., 4,) is a2-cocycle for the group U (p, q).
We shall call it the signature cocyele and its properties will be our main concern.
Note that

2.3) sign (4, B)=0 if A=1,B=1 or AB=1,
2.9 sign(4~ ', B Y= —sign(4, B).

Note. The signature cocycle was introduced along these lines by Meyer [25], though
he considered only the symplectic groups Sp(2p, R), and the associated real
quadratic form on H' (X, Y; E). Of course Sp(2p, R) = U(p, p) and our cocycle on
U(p, p) restricts to Meyer’s cocycle on Sp(2p, R). The signature for hermitian local
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coefficient systems was introduced quite generally by Lusztig [21] and we shall
return shortly to his results.

The signature cocycle is not continuous in its arguments but it is measurable. It
therefore defines a signature cohomology class sign e H (U(p. ¢), Z). By general
theory [18; 22] this cohomology group classifies central extensions of U(p, g) by Z
and these in turn correspond to homomorphisms

m, (U(p.q)—Z.

Our first task is to identify the signature homomorphism arising from the
signature class. Consider as basic case p=1, ¢ =0 so that U(p,q)=U(1) and
7, {(U(1)) =@ Z. The signature homomorphism Z — Z is therefore determined by
some integer M which we shall compute later. Switching to p=0, ¢g=1 (i.e.
changing the sign of the hermitian form) changes M to — M. The naturality of the
signature with respect to changes in p and ¢ then shows that for pg=+0

sign: n, (U(p,q)) > Z

is given by (M, — M), relative to the canonical generators coming from z, (U (p))
and =, (U(g)). If p or ¢=0 then the corresponding factor is omitted.

To compute the integer M we will explicitly identify the signature cocycle for
U(1). From (2.3) we may assume none of 4, B, ABequalto 1. For U(1) this implies
that each bounding circle of X = X is acyclic for our local coefficient system, so
that H'(X,Y,E) ~H'(X,E). This makes the hermitian form non-degenerate.
Since H' (X, E) is one-dimensional we must have

sign(A4,B)= + 1.

Putting A =exp2nil, B=exp2znidp with 0 <0 <1, 0 < <1 consider the (0, )
plane. sign (0, ¢)=sign (A4, B) must be constant in each triangle. From (2.4) it
follows that

sign(1 —0,1—¢)= —sign(0,¢).

Hence sign (0, ¢) is +1 on one triangle and —1 on the other. The correct sign
depends on a careful check of our sign connections. We shall see in Sect. 3 (by other
methods) that the correct sign is +1 on the upper triangle.

The canonical generator g of H2(U(1), Z) corresponds to the universal covering

Z>R->U(®).
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For n> 1, the element ng corresponds to the extension
(2.5) Z—» RxZ, 15 UQ),

where Z, are the integers modulo » and

Jjy = <%, 1), px, r):epom'(x—;),

In particular, taking » =2, define the section
(2.6) . U(l)>RxZ,
by o (1)=(0,0)
a(exp2rilh)=(0—11) 0<f<1.
The associated 2-cocycle 7 of U(1) is defined by
Jth =0 (A) + 6 () — o ().
A direct computation using (2.6) then shows that t is our signature cocycle. Thus we
have established
(2.7) Proposition. The signature cohomology class of U (1) is twice the generator, and
the signature cocycle is defined by the section (2.6).
As noted earlier this then implies
(2.8) Corollary. The signature cohomology class of U(p, q) is (2, —2) relative to the
basis of m, U(pyx n, U(g): if p or ¢ =0 the corresponding term is omitted.

It is useful to have explicit models of the central extensions of G=U(p,q).
Consider first the universal central extension, i.e. the universal covering

(2.9) Z’->G-0G.
Given a homomorphism 1: Z? — Z we form the associated extension as
(2.10) G,=Gx,Z,

where (gu,n) ~ (g, A(u) +n) for ueZ? neZ geG. To construct G explicitly
we introduce the homogeneous space H(p,q)=U(p,¢)/U(p) x U(g) and the
two homogeneous vector bundles F*, F~ of dimensions p, g respectively. Let
L* = det F* be the corresponding line-bundles and denote by log L.* the C-bundles
which are the universal coverings of L} = L* — (0-section). Let

N=logL*®loglL" (fibre-wise product)

be the C @ C-bundle over H(p, g). Then G is the subgroup of diffeomorphisms of N
which commutes with the natural action of Z? and induces the action of G on the
C*x C*-bundle L] x L .

If : Z? —> Z is given by the pair of integers (m., n) it follows that G, acts on
log L4, where L*=(L*")"® (L")", commuting with the natural Z-action and
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inducing the action of G on L. An element of G, is therefore an element g of G
together with a lift of the action of g to log L*. Equivalently, associating to g (in the
standard way) the line-bundle L*(g) over the circle, an element of G, consists of g
together with a homotopy class of trivializations of L*(g).

Remarks. 1) The central U(1) of G = U (p, g) acts trivially on H(p, g) and acts via
& &P ¢ — Eon LT and L respectively. Hence it acts via & — ¢™7 "™ on L*, where
/.= (m, n). Thus the action is trivial if mp + ng = 0. In particular this holds for (m, 1)
=(2,-2)and p=gq.

2) G, is connected if m and n are coprime. In general it has & components where
k is the H.C.F of m and n.

In view of Corollary (2.8) we are especially interested in the case 1= (2, —2)
in which case L*=(L")* ® (I.7)~ 2. For brevity we shall put G, = G,. Since the
signature cocycle defines this extension it follows that there is a section ¢: G — G,
such that

2.11) o (A)a(B)[a(AB)] " =sign(A. B)

for all A4, BeG. Since there is no homomorphism G — Z (other than 0) o is
necessarily unique. Moreover, the naturality properties of the signature imply that
sign (A. B) and hence o is invariant under inner automorphisms.

From its definition ¢ is clearly additive for direct sums. Hence formula (2.6),
extended to direct sums, essentially identifies o on U(p) x U(g), i.e. on all elliptic
elements of G. Later we shall discuss the identification of ¢ on other classes of
elements.

We now return to the question of computing sign (X, £} for a general local
coefficient system £ over a surface X with boundary Y. Following [21] we first fix a
splitting of F, 1.e. a vector bundle decomposition

E=E"®E"
which is orthogonal relative to the hermitian form and such that the form is positive
on E* and negative on F£ ™. Such a splitting is equivalent to reducing the structure
group of E from U(p, q) to U(p) x U(g) and corresponds to an equivariant map

- Uip,
SR Hipg =9

T Up) < Ulg)

Here X is the universal covering of X and equivariance means that

flgxy=a(g) f(Y),

where gen, (X) and a: 7, (X) = U(p.,q) is the representation defining the local
coefficient system E. Since H(p,q) is contractible such splittings exist and are
unique up to homotopy.

The universal vector bundles F= on H (p, ¢) pull back viaf'to n, (X)-equivariant
vector bundles on ¥ and these descend to give E* on X. The same then follows for
the corresponding determinant line-bundles. Consider in particular the line-bundle
on X

L=(detE")® (det E ) "
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Our interpretation of the extension G, of G shows that an element of G, over
a(g), for g em, (X), defines a homotopy class of trivializations for the restriction of
L? to the closed loop S, on X. In particular the signature sectiona: G — G, givesrise
to a (class of) trivializations of L? on each closed loop in X: note that this is base-
point independent (because conjugation acts trivially on line-bundles). Applying
this to each boundary component of X we see that we can define a relative first
Chernclass ¢, (L?, o) asan element of H* (X, Y) = Z. Note that ¢ can also be viewed
as an isomorphism (L*)? — (L7)?> on Y = 0X, so we can form a line-bundle on the
double of X and its Chern class (as an integer) coicides with ¢, (L, 7).

Taking X = X5, the 2-sphere with 3 discs deleted, it is then a routine matter of
reinterpretation to see that

(2.12) ¢ (L,o)=a(A)o(B)[o(AB)]” ' =sign(A. B).

by definition of ¢. Here A, B are as before the elements of G associated to two
generating loops on X5

Since both the signature and the relative Chern class are additive for connected
sums it follows that (2.12) holds for all X. Thus we have established

(2.13) Theorem. Ler E be a flat hermitian vector bundle over the surface X, with a
splitting E=E* ® E~. Let G, be the extension of the appropriate unitary group
G=U(p, q) with class (2, —2). Then there is a unique section 6: G — G, such that

sign (X, E)=c, (L, 0),

where L? = (det ET)* ® (det £7) 2% is trivialized over 0X by the section ¢. The
section ¢ gives rise to the signature cocvcle of G by (2.11).

If X is closed then Theorem (2.13) yields the following:
(2.14) Corollary. If E is a flat hermitian vector bundle over the closed surface X then
sign (X, E)=2[c, (L") — ¢, (L],
where L™ =det E*, and E=E* ® E " is a splitting of E.

This corollary was given a different (analytic) proof by Lusztig [21] and we shall
return in Sect. 3 to his viewpoint. Note however that the correct sign in (2.7) is
determined by the correct sign in (2.14), and this follows from Lusztig's proof.

Theorem (2.13) needs to be complemented by a more explicit determination of
the section . For elliptic elements we have already seen how ¢ is determined
[extending (2.6) by additivity]. We now turn our attention to the general semi-
simple clement of U(p, ¢). Such an element is conjugate to a direct sum:

A=A, ®A4,®.. DA B,

where B is an elliptic element of U(p —r,q—r) and each A4, is a hyperbolic
element of U(1, 1), i.e. whose two eigenvalues A, u have a real ratio A/u. By additivity
of ¢ it is then sufficient to consider hyperbolic elements 4 of U(1, 1). Such an ele-
ment lies on a one-parameter group exp (ta), with =1 giving A. The extension
G, - G=U(p,q) pulled back to R (i.e. restricted to the one-parameter subgroup
R — G) splits canonically, and this canonical splitting o, corresponds to the
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natural trivialization of the bundle L* over the circle given by contracting 4 to 1
along exp ta. We shall prove

(2.15) Proposition. For a hyperbolic element of U(1,1) o is the canonical splitting a,.

Proof. The key fact about a hyperbolic element A4 of U(1,1) is that, modulo the
centre, it is conjugate to its own inverse [the adjoint group is PSL (2, R) and here we
have real eigenvalues A, A7 ']. On the other hand the section ¢ is compatible with
inverses (2.4). These two facts together will give the proof. Formally let us enlarge
the one-parameter group by adding the U(1)-centre to give a homomorphism
R? - U(1,1). The extension G, — G = U(1, 1) when pulled back to R? again splits
canonically. Let o, denote this canonical splitting and put =0, so that
f: R?* — Z measures the difference. Then f (written additively) has the following
properties

B(—u, —v)y= —f(u,v) (compatibility with inverses)
pu, —v) =pfu,v) (conjugacy invariance)
Bu,v) independent of u.

Here u generates the centre and v lies in SU (1, 1). The independence of u follows
from the trivial action of the centre on the line-bundle L. Clearly these properties of
B together imply f# =0 and so ¢ = g, is the canonical section as required.

We have thus identified the signature section ¢ on all semi-simple elements of
U(p,q). One should go further and examine in particular the unipotent elements
but we shall not pursue this line.

3. The Analytic Approach

In this section we present briefly an alternative approach to Theorem (2.13) based
on the analysis of elliptic operators. We begin by recalling the result of Lusztig [21]
for a closed Riemann surface X with a flat hermitian vector bundle E. From a
Riemannian metric on X and a splitting E= E* @ E~ Lusztig defines an involution
7 on Q* (X, E), the differential forms on X with coefficients in E. He also defines an
operator D: Q7 (X, E) » Q (X, E) where Q* are the + 1-eigenspaces of 7, and
shows that
index D =sign (X, E).

This construction works for all even-dimensional X and is a generalization of that in
[3]. Moreover the general index theorem for elliptic operators [3] then leads to the
formula in Corollary (2.14).

Since the index theorem of [3] has been generalized in [6] to deal with manifolds
with boundary it would be natural to attempt to extend (2.14) to the case of surfaces
with boundary, and so prove (2.13). Whilst such an approach should be possible it
cannot be carried out immediately because Lusztig’s operator D is not, near the
boundary, of the type assumed in [6]. We recall that in [6] the elliptic operator near
the boundary was assumed to be of the form

a
4+ A
0<6u+ >,
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where u is the normal variable and A4 is a self-adjoint operator on the boundary. For
Lusztig’s operator 4 has a self-adjoint symbol. but is not itself self-adjoint. Thus the
results of {6] would first have to be extended to such situations. In fact this is a quite
natural extension and it is currently under investigation in various contexts.

Another possible approach would be to exploit the complex structure of X. The
flat bundle £ can then be viewed as holomorphic and endowed with a meromorphic
connection {on a compactification of X). One could then attempt to use the theory
of differential equations with regular singular points in its modern form as
developed by Deligne [13].

Instead of pursuing either of these interesting but somewhat lengthy
programmes we shall adopt a hybrid method which will rapidly reproduce the
results of Sect. 2.

We first extend Lusztig’s result to the case of a surface X with boundary Y, under
the assumption that each monodromy element of the flat bundle £ on each of the
components of Yis elliptic. This assumption is just what is needed to bring Lusztig’s
operator into the standard form considered in {6]. We can therefore apply the main
results of [6]. In [6, (4.14)] only 4k-dimensional manifolds were considered and
there was no auxiliary flat bunde E. However the appropriate modifications are
easily made and, as in Lusztig [21], we have to use a homotopy connecting D to the
standard signature operator with coefficients in a bundle used in [3]: the important
point is that the homotopy can be chosen trivial near the boundary, so that the
boundary condition and so the index is unaltered. The conclusion is that

(3.1) sign (X E) = [2[c, (E7) = ¢, (E )] = Yn(4,).
X J

where in the integrand ¢, stands for the {irst Chern form (using product connections

near the boundary) and 1 (4;) is the y-invariant on the jth-bounding circle (with 4,

being the monodromy).

To put (3.1) into a more topological form we proceed as follows. By hypothesis
cach 4; is elliptic and so lies in a maximal compact torus 77 x T of U(p, ). Inside
this torus we now deform 4; by leaving fixed the 1-eigenspace and deforming al
other eigenvalues to the value — 1 (without crossing the value 1 in the process). Let
B, be the resulting element. Then B; = B, ' and so (B;) = 0. Also this deformation
lewds to a deformation of our elhptlc bounddry value problem in which the index is
unaltered (because no new eigenvalues equal to 1 are introduced). Thus, applying
this for each j, (3.1) gets deformed to the formula

(3.2) sign (X, E) = j')[( (ETYy— ¢, (ED],

where ¢; now stands for the Chern form defined by the product connections coming
from the B;. Since B} = 1 these are just trivializations of the line-bundles (det £7)*
and (det £7)*. Thus (3.2) is a topological formula and is easily seen to coincide with
that given by Theorem (2.13).

Having derived the elliptic case of (2.13) from Lusztig’s formula we now
proceed to the general case. Let 4 cU(p,q), then we can write 4 = BC where
BeSU(p,q) and C is in the central U(1). Since SU(p,q) is the commutator
subgroup of U (p, q) it follows that we can find a surface X, with one bounding circle
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and a flat bundle on X, with monodromy Bon ¢ X,. Hence attaching a sphere with 3
holes we get a surface X with two bounding circles having monodromy 4 and ¢ ™!
respectively.

al
r

Using the trivialization of L = (det E)? ® (det £ 7))~ ? over the C-boundary (which
is elliptic) given above there is then a unique trivialization of L over the 4-boundary
which will give the correct signature formula in (2.13). To see that this is
independent of the choice of B, C, X, we take another choice and then double up
along the A-boundary. Additivity and formuta (3.2) (for elliptic boundaries) proves
the independence. Thus we have defined the trivialization of L for all A4, or
equivalently a section o of G,— G=U(p,q) (see Sect.2). Finally if X has
boundaries S, ..., S, and Eisa flat bundle with monodromies 4, .... A, we attach
a figure like (3.3) to each boundary. This reduces us to elliptic monodromies and
additivity then completes the proof of the general case of Theorem (2.12).

The one merit of the above proof’is that it avoids recourse to the theory of group
extensions of Lie groups used in Sect. 2.

4. The Signature of Fibrations

We shall now consider fibrations Z - X, where X as before is an oriented surface
with boundary Y and the fibre M is a compact oriented manifold of dimension
4k — 2. We further assume that the total space Z is oriented (this is equivalent
to assuming that 7, (X) acts trivially on H**~*(M)). In particular the signature
on H**(Z) denoted by sign(Z) is defined.

We shall use Riemannian metrics on Z adapted to this fibration. More precisely
we assume that X is given a metric and that the projection Z — X is a Riemannian
submersion. We also assume that the metrics on X and Z are products near their
boundaries.

The main theorem of [6] then gives a formula for the signature of Z, namely

(4.1) signZ = [ L,(p)—n(07),
VA

where L, is the Hirzebruch polynomial in the Pontrjagin forms p; of Zand (¢ Z) is
the spectral invariant introduced in [6]. We recall that on @ Z there is a self-adjoint
operator 4 defined on even differential forms by ¢ — (—1)**P* ! (xd — d*) ¢ for
¢ € Q%P and that the function 7 (s) is then defined in terms of the eigenvalues A of 4
by .
sign A
e =Y S
X Ul
This function is holomorphic for Re (s) > 0 and its value at s = 0 is the #-invariant in
(4.1).
(
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Of course if ¢X has components S,,....S, then ¢Z has corresponding

r

components W, ..., W,, fibred over the S,, and

(4.2) n@eZy=y n(w,).

I

Following ideas of Witten [35], Bismut and Freed [9] have studied the
“adiabatic limit” of (4.1) in which the metric g, of X is rescaled to g,/e? and & — 0.
Each term in (4.1) and (4.2) converges to a limit. Moreover the integral in (4.1),
when written as a double integral | | L,(p), converges locally on X, so that (4.1)
gives i

(4.3) sign Z = | [lim jL’k([)):|vZ;70(W/-),
20 M

X 1
where 4 =lim »' and y' refers to the rescaled metric. Note that the Pontrjagin
-0

forms and hence 5 are conformally invariant, so that the adiabatic limit is
equivalently desribed by shrinking the metric on the fibre.

Formula (4.3), when reduced modulo integers, has an interesting interpretation
in terms of Quillen’s ““determinant line-bundle’ which we shall now briefly recall.

Consider the signature operator D of the manifold M. This is defined as
d+d*: Q" — Q where Q* are the + 1-eigenspaces of the involution

plp—1r+2k I*(/) for (/)er.

Let i * and H ~ denote the solution spaces of Du= 0 and D* v = 0 respectively, i.e.
they consist of the harmonic forms in Q7 and Q. If we now vary M over the fibres
of Z — X we get a family D_of operators and corresponding spaces H and H_ of
harmonic forms which define vector bundles H* and H ™ over X. The Quillen line-
bundle & is the bundle det H =~ ® (det H") "' over X endowed with a natural unitary
connection defined in [9] to which we shall return shortly. Bismut and Freed prove
that the first Chern form of & is given by:

i

1
(4.4) i (L)=—_lim | Li(p).
2 10 M

Note. Actually Bismut and Freed work with Dirac operators which requires a spin
hypothesis, but this should be irrelevant for the signature operator. The minus sign
arises because of Quillen’s sign convention, which is dictated by holomorphic
considerations (see below). The factor § arises because we are dealing with the
L-polynomials rather than the A-polynomials as in [9].

If we apply (4.3) modulo integers when X is a disc then we see that the
monodromy of ¢ around the bounding circle of X is just exp (— min® (W)). Bismut
and Freed establish this quite generally. In other words — nin® (W) is a distinguished
choice for the logarithm of the monodromy of & around a circle. Moreover (4.3) then
links these distinguished choices on ¢X with sign Z.

Before proceeding further we should spell out the data on which 5(W)
depends. Lifting the fibration W — S to a fibration W — R the metric on W defines
a diffeomorphism W ~M x R, and the metric then takes the form

ds* = o, + dx*
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where g is a one-parameter family of metrics on M. This path ¢: R— .# in the
space .# of metrics on M must be periodic under the diffeomorphism g of M
[identifying M x (x) with M x (x -+ 1)]. Then #° (W) depends only on the pair (g, ¢)
and is also invariant under the natural action of Diff * (M) (orientation preserving
diffeomorphisms) on such pairs. If Diff ™ (M) acts freely on M then we could replace
this data by a closed path in .#/Diff* (M) representing the conjugacy class of
[g] ey (DIff™ (M) =, (#/Dift* (M)).

The work of Bismut-Freed identifies 31 modulo integers in terms of the
monodromy of Quillen’s line bundle . The question we now raise is that of
extending this identification to take account of the integer ambiguity. At this point
we should remark that, in the general framework of Dirac operators studied by
Bismut and Freed, there is no way of fixing the integer ambiguity. This is because we
cannot in general control the 0-eigenvalue of Dirac operators. However, for the
special case of the signature operator, Hodge theory identifies harmonic forms with
cohomology and this is what fixes the integer ambiguity and leads to the formula
(4.3), with the topologically defined term sign Z on the left-hand side.

At this point we should make a comment on the connection in the Quillen line-
bundle . This is defined quite generally (not just for the signature operator) but
because of jumps in the 0-eigenvalue the connection is defined using all eigenvalues
and it involves regularized infinite determinants. For the signature operator D this
implies the following. Let D’ be the restriction of D to the orthogonal complement
of the harmonic spaces H*. The {-function definition of determinants [as exp
—{'(0)] applied to (D') *D' enables one to define |det D’| in a natural fashion, but
there is an “‘anomaly™ in trying to define a complex-valued determinant. However,
one can define the logarithmic variation along any path. This leads to Quillen’s
point of view in which det D’ is interpreted not as a function on X but as a section of
a line-bundle ¥’ with unitary connection over X. Since det D’ is nowhere zero this
section trivializes %’ but not in a unitary or covariant constant manner.

To pass from ¥’ to the Quillen line-bundle ¥ one has to consider the
0-eigenvalues, i.e. the harmonic bundles H*. These have natural metrics and
connections inherited (by orthogonal projection) from the Hilbert space bundles of
all forms and so

(4.5) H =detH @ (detH")"!
is a line-bundle with unitary connection. We then take
(4.6) L =L QH

with its induced unitary connection. Note that, as &' is trivialized by det D', & ~#
as a line-bundle but the isomorphism does not preserve metric or connection.
We return now to the re-interpretation of (4.3), rewriting it, using (4.4) as

4.7) signZ= =2 e (L)=Y n°(W).
X Jj

As we remarked earlier Bismut and Freed have shown, for each bounding circle S;
of X, that —min®(W) is a (distinguished) choice for the logarithm of the
monodromy of # around S;. This means that we can use this choice to trivialize #
(up to homotopy) on each S; and hence obtain a relative Chern class which we shail
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denote by ¢, (%, n) to indicate that it arises from using y-invariants. Then (4.5)
simply becomes

4.8) signZ = —=2¢,(¥L,n).

We now compare (4.8) with Theorem (2.13) for the signature of local coefficient
systems over X. The fibration Z — X gives a local coefficient system corresponding
to the representation of n, (X) on H*(M). In particular the middle cohomology
H**"'(M) gives a flat bundle with a skew-form. Complexifying coefficients and
multiplying by i gives a flat bundle with a hermitian form [of type (p, p) where
2p=dim H**"1(M)]. It is easy to see (as in [11]) that the signature of X with
coefticients in this flat bundle is equal to the signature of the total space Z, i.e.

(4.9) sign (X, H** ' (M))=sign Z.

Thus (4.8) and (2.13) both give a formula for sign Z in terms of a relative first
Chern class. Moreover, the line bundle & in (4.6) is topologically just the dual of the
line-bundle L in (2.13). This follows from (4.5), (4.6), the triviality of ¥, the
definition of L and the fact that contributions to H* from H'(M)and H**~ ' 7I(M),
for j4+ 2k —1, cancel. The same cancellation is actually involved in establishing
(4.9), and an alternative approach would have been to replace H**~ ' (M)in (4.9) by
H* (M), with appropriate factors of +/ to define the hermitian form.

It is now natural to ask whether the (homotopy) trivializations of #* given by y
and L™ ? given by ¢ coincide. The difference between these two trivializations would
assign an integer N, to each component S; of X. These integers would be homotopy
invariants depending only on the diffeomorphisms g; of M. and subtracting (4.8)
from (2.13) shows that

Z N(g;)=0.

j
In particular, taking X to be a sphere with three holes, this shows that
(4.10) N: Diff* (M) > Z

is a homomorphism. Of course N depends only on the group of components of
Diff* (M). If there arc no such homomorphisms (except zero) then it follows that
the y and o trivializations agree. This can then be viewed as giving a formula for the
variation d of log det D’ around closed paths in. #/Diff* (M) (or more precisely for
pairs (g, ¢) as before). More precisely we have

4.11) dlogdet D’ = —min® — $log, Mon (# %),

where the symbols have the following meaning. The pair (g. ¢) define a bundle W
over S' with fibre M and ° = 1" (g, ¢) = n" (W) is the adiabatic limit of 4 (W). The
line bundle s is defined by (4.5) and is endowed with its natural connection coming
from the spaces of harmonic forms, Mon (3 ?) denotes the monodromy along a
period of the path ¢ of metrics and log, denotes the branch of the logarithm defined
by the signature section g of Sect. 2. As a formula in R/27iZ (4.11) is just a special
case of the Bismut-Freed-Witten formula. The main point of (4.11) is therefore the
identification of the integer ambiguity.
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We should emphasize that (4.11) has only been established under the
assumption that Diff™ M has no non-zero homomorphisms to the integers. It
would be interesting to know if this restriction is superfluous. Put another way the
difference of the  and ¢ trivializations gave the homomorphism N of (4.10) and this
is then an invariant of the manifold M. Perhaps it is always zero?

We may now ask for examples of manifolds M having no non-trivial
homomorphisms Diff* A — Z. Consider the case of dim M = 2. For the 2-sphere
S? the group Diff* (S?) is connected. If M = T? is a 2-torus then the group of
components of Diff ¥ (M) is SL (2, Z) whose abelianization is finite. If M is a surface
of genus g = 2 the group of components of Diff* (M) is the Teichmuller group I',
and Mumford [28] has shown that its abelianization is also finite. Hence our
discussion and the conclusion (4.11) holds for dim M = 2.

If we use the complex structure of the Riemann surface M then the signature
operator D is equivalent to the operator

ﬁ: QO.O @ QI.O N QO.I @ Ql.l
and the fibre of the line-bundle % can be identified with
(det H' @ det H') ® (det H*° @ det H'-%) !

where H?4=H*(M, Q") with Q% here standing for holomorphic p-forms. The
terms H%-% and H''! cancel by duality while #*! and H!° are Serre duals. Hence
the fibre of .% can be identified with

(4.12) [det HO(M, Q1] 2.

If Z — X is a holomorphic family of Riemann surfaces then (4.12) shows that #
is naturally a holomorphic line-bundle. Moreover if Z has a Kéhler metric then the
Bismut-Freed connection on # coincides with that determined by its metric and
holomorphic structure, as shown by Freed [15] (see also Donaldson [15a]). The
same applies to the Quillen line-bundle .#.

In the next section we shall investigate in detail the case when M has genus 1, the
original motivation for this paper. The case when M has genus =2 also merits
further treatment using the explicit formula for det d in terms of the Selberg zeta
function [33], but we shall not pursue this here.

In Sect. 6 we shall carry out some computations which rely on the equivariant
version of (4.1). It will therefore be convenient to summarize here the general results
in this direction: for a fuller account we refer to {7, Sect. 2]. In the situation of (4.1)
assume that g: Z — Z is an isometry having no fixed points on ¢ Z. Then we can
define sign (Z, g) as in [3] by considering the induced action of g on the cohomology
of Z and (4.1) generalizes to:

(4.13) sign(Z, g)= Ly (p.g) —n(0Z.g),

where L, (p, g) is the sum over the fixed point set components of g which occurs in
the G-signature theorem for closed manifolds [3] and the boundary term 5 (0 Z, g) is
defined by evaluating at s =0 the function

(414) ;](g’ S): Z ?,ifn
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where the eigenvalues 4 are as before those of the operator 4 on ¢Z and g, is the
induced action of g on the A-eigenspace (the sum is now over distinct 4). Thus (4.13)
is a common generalization of (4.1) and the G-signature theorem of [3]. The proofis
essentially the same as that in [6] except that the fixed-point contribution is
identified asin [14]. Note that, since g has no fixed-pointson ¢ Z, the term L, (p, g) is
actually independent of the metric on Z: it is a topological invariant of the action of
gonZ.

If g generates a finite (cyclic) group G acting freely on W = ¢ Z, then we can form
the quotient manifold W' = W/G and we can relate the term 7 (0 Z, g) in (4.13) with
#(W"). Elementary character theory shows that

1
(4.15) HW')y=- - > n(W,g).
() B8
Thus the deviation from multiplicativity
(4.16) W= = Y g
. —oaonWy= ) n(W.g
(Gl Gl 5
1 .
=6 Y AL (p.g) —sign(Z, 9)}

g+1

[using (4.13)}, is independent of the metric.

If the fixed points of g are isolated, then at each fixed point P the differential of g
is a rotation on the tangent space at P and is given by angles «; (j=1....,2k) in
orthogonal planes (the o; are determined up to an even number of sign changes).
The fixed point contribution L,(p, g) is then given by

(4.17) Lk(p,g):r"ﬂcot%f', n="2k.
i=1
] 2na; . . .
If |[G]=ceach a;="" . with ¢; an integer prime to ¢. Hence
: ¢

(=t n
(4.18) Y Lp.gy=i" 3 ] cot <mfa’>

g+1 g=1j=1

where the a; arise from a generator of G. In particular if k =1 (so that dim Z = 4)

and G acts with integers (1, @), we recognize on the right the Rademacher version
(1.5) of the Dedekind sum, i.e.

1

4.19
(4.19) iG]

Y Li(p.g)= —4s(a,0).
g+t
Returning to (4.16), for kK =1, and assuming for simplicity that G has just one
fixed point, of type (1, a), we get
1 1.
(4.20) nWy——n(Wy=—4s(a,c)—~ ). sign(Z,g1),
c ¢

4=1
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where g generates G. Note that Z' = Z/G is a rational homology manifold (with just
one “‘cyclic” singularity) and the last term in (4.20) can be rewritten as

(4.21)

o | -

c—1 1

Y sign(Z, g) =sign(Z') — —sign(Z)

g=1 ¢

so that (4.20) becomes
1 . 1 .

(4.22) pW) ——n(W)= —4s(a,c)-—- {s1gn (Z"— . sign (Z)} .
c

Notice now that none of the terms in (4.22) depends on the choice of a generator
of G. The formula would therefore continue to make sense if the ¢-fold covering
W — W' and its singular extension to Z — Z' are not given by a group action. This
means W — W’ is not a Galois covering and the singular point of Z’ is locally the
quotient by a finite cyclic group. It is easy to extend (4.22) to this non-Galois
situation as follows. Excising a small ball Baround the singular point we get a c-fold
covering Z, — Z|,, where Z, =7 — B and

0Zy=W—S, 8Zy=W'—§,

S = 0 B being the 3-sphere and S’ the quotient lens space. Applying (4.1) to Z, and
Z( and observing that the Pontrjagin form expression behaves multiplicatively for
any covering we deduce

(4.23) nw’y— % nWwy= |:17 (8)— % n(s):l - I:sign Zy~ % sign ZO:| .

Now the additivity of the signature shows that

(4.24) sign Z, =signZ’, signZ,=signZ

while (4.20) applied with W =S, where we do have a cyclic group action, gives
(4.25) r](S/)—%r](S)z ~4s(a,0).

Substituting (4.24) and (4.25) in (4.23) then gives (4.22) as required. Note that, since
S has an orientation reversing isometry (for the standard metric), #(S)=0 and
(4.25) then shows that the Dedekind sum s{a, c) is (up to a factor —4) given by the
n-invariant of the appropriate lens space.

If we apply these ideas for dimension 2, 1.e. when W is the circle, then for a
rotation with angle 0,

1(0,0)= —icot /2.

As pointed out in [7, Sect. 2], taking the Fourier transform over a finite group of
rotations leads naturally to the invariants #,(0) associated to characters of « of 7.
Moreover it was verified in [7] that if o takes the generator of , to exp (2nia) then

— 1.0y =a—[al— 1=((a)),

the function which enters in the original version (1.2) of the Dedekind sum.
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5. Families of Elliptic Curves

We shall now come to the main topic of the paper and consider fibrations Z — X
where the fibre M is a 2-torus. The local coefficient system over X given by H' (M)
then arises from a representation

n,(X)—> SL(2, Z).

As noted in Sect. 4 we have

(5.1) sign (X, H' (M)) = sign(Z).
Now since
(5.2) HYSLQ,2),0)=0. for q=12.

the signature cohomology class of Sect. 2 for the group

SL(2,R)=SU(1,1)
vanishes (over Q) when restricted to SL (2, Z) and there is then a unique function
(5.3) ¢: SL2,2)—>Q

whose coboundary is (minus) the signature cocycle. More specifically if X is the
sphere minus 3 discs and if the monodromies around the 3 boundary circles are
given by 4, B,(4B)~ ' €SL (2, Z), then the signature of X, with the local coefficient
system 1s

(5.4) sign (A, B)=p(AB)— ¢ (A) — ¢ (B).
The additivity of the signature then gives the general formula for (5.1)
(5.5) signZ=—) ¢(4)),
i

where the A; are the monodromy matrices around the bounding circles S; of X,
given by the action on H'(M).

Geometrically the monodromy is more naturally thought of as the induced
action A* on H (M). However, the canonical duality between H'(M) and H, (M)
means that 4 and A* (in dual bases) are conjugate in SL (2, Z). Since all our
invariants will be class functions it essentially makes no difference which definition
we adopt.

Remark. The definition of ¢ and the formula (5.5) are due to W. Meyer [25].

We shall now explain how (5.5) fits into the general situation of Theorem (2.13).
When G = SU (1,1) the central extension G, — G, restricted to I' = SL (2, Z), has
[by (5.2)] a canonical splitting o, provided we extend the Z-kernel to Q. Meyer's
invariant ¢ is then defined as the ratio of o, to the signature section o of Sect. 2:

p=0,/0.

[fwe interpret ¢ and ¢, as defining trivializations of (some power of) the line-bundle
L? of (2.13) then o, gives a trivialization over X while ¢ gives trivializations only
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over the boundary components S;. The relative Chern class ¢, (L?, ¢) is then clearly
given by
o (L2 0)= =} $(4))
J

so that (5.5) coincides with (2.13).

The extension G, — G of Sect. 2 has class (2, —2) when G = U(1,1). Restricting
to SU(1,1) this gives 4 times the generator [since the class (1,1) generates the kernel].
Since for I'=SL(2,7)

H*(I',Z) ~Hom(I', U(1)) =Z,,

it follows that we only have to adjoin % to construct ¢,. Equivalently 3¢ is
integral as was proved by Meyer. Thus g, gives naturally a trivialization of the
line-bundle L°.

From the definition of ¢, or from the properties of ¢ in Sect. 2, we have
(5.6) d(1H=0
P(A VY= —Pp(A)
$p(BAB ")Y=¢(4) if BeSL(2,2),
=—¢(4) if BeGL((2,Z) with detB=—1.

Next we shall define another function
(5.7) v SL(2,Z2)->Q

which will turn up later in connection with the Dedekind »-function. If 4 is elliptic
we put y(4) = 0. Otherwise let exp ra with 4 = expa be a one-parameter subgroup
of U(1,1): it is uniquely determined (modulo the centre) by A. Asin Sect. 2 let ¢, be
the canonical splitting of the extension G, — G restricted to this one-parameter
group. Then g,(A4) is well-defined and we put

(5.8) 1(A)y =0 (A (A4).

As before we can interpret this in terms of the line-bundle L°. The splitting ¢, gives
an SL (2, Z)-invariant trivialization of L® (unique up to homotopy) while ¢, gives
an A-invariant trivialization. These two trivializations differ by the integer 3y (A4).

Note that y satisfies the same relations (5.6) as ¢ and in addition, since ¢, and g,
are both homomorphisms on the one-parameter subgroup:

(5.9) 2 (A% = ky (A).
With these definitions we see that Proposition (2.15) implies
(5.10) Proposition. [f A eSL (2, Z) is hyperbolic then ¢ (A)= y(A).

Remark. ¢ is defined via the signature while y is a type of Chern class. Thus (5.10)
is a version of the signature theorem, relating signature invariants to characteristic
classes. In Sect. 2 we gave a cohomological proof (leading to (5.10)) while in Sect. 3
we gave an analytical version.
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We shall return later in Sect. 6 (o the question of evaluating ¢ explicitly on
various classes of elements in SL (2, Z), but we shall now relate ¢ to y-invariants.
For this we need to introduce metrics and we shall always take flat metrics on the 2-
torus, normalized to have unit total area. Such metrics (or conformal structures) are
then parametrized by the upper half-plane H modulo the action of SL (2, Z). To fix
our notation let (1, x; 1) be coordinates for R? x H and hence local coordinates for
T2 x H, where T?* = R*/Z? is the quotient by the standard integer lattice. We take

o, =dx+tdy
to be the holomorphic differential on T2 x {t!. The group SL (2, R) acts on R? x H
as follows. If 4= <a l}) then

¢ G

Ay, x;1)= <dr —cx; —bv+ax; M+b> .
’ ct+d
The induced action takes o, into w, (ct+d) "', while dt goes into dt{ct+d) 2.
Thus w?/dr is invariant and this enables us to identify canonically the square of the
bundle of holomorphic differentials along the (torus) fibres with the cotangent
bundle of H. If T = u + iv then 4(v) =v|ct+ d| 2, and, for the torus metric with

. i . ) .
area normalized to 1, we have jw,|? = 21. Thus 5 @A @ 1s the Kéhler form on the
torus over the point te H. t

Remark. Note that the complex orientation of the torus has here been chosen
opposite 10 the standard orientation of R*.

A fibration Z — X with 2-torus fibres then acquires a metric by picking a metric
on X and an equivariant map f of the universal covering X to H, i.e.

J(g(x))=a(g) [(X).

where o: 7, (X) — SL (2, Z) is the monodromy [action on H, (T?)] of the fibration.
If the metric on X is a product near the boundary and if f'is chosen appropriately
then the metric on Z will also be a product near the boundary. Moreover, for each
bounding circle of X with monodromy 4 € SL (2, Z), the metric on the component
W(A) of ¢Z is induced by an A-invariant path R — H.

Given such a metric on W (A4) we can, as in Sect. 4, consider rescaling the base
metric by ¢~ 2. In particular we shall here take &= m "' with m an integer and
consider the integer adiabatic limit

(5.11) n® (W (A4)) = lim (W, (A)),

where W, (A)is W (A) with the rescaled metric. Without invoking the general results
of Bismut and Freed [9] we shall now give a direct proof of the following:

(5.12) Proposition. For any A eSL (2, Z) the integer adiabatic limit y® (W (A)), def-
ined by (5.11), exists and is independent of the metric. Moreover n° (W (A)) = ¢ (A).

Proof. Let Z — X be any 2-torus fibration endowed with a metric as described
above, and let Z(m)— X be the new fibration obtained by dividing each torus
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by its points of period m. Then Z — Z(m) is a covering of degree m? and the
covering transformations are isometries, so that Z(m) inerits a metric (induced by
the same path R — H). Thus Z(m) is essentially the same manifold as Z but with
its fibre metric shrunk by m~ 2. Since 5 is a conformal invariant it follows that
n(6Z(m))=n(2Z,) where Z,_ is the manifold Z with base metric stretched by the
factor m?. Now apply (4.1) to Z(m) and we get

. 1
signZ(m)== | p, —n(0Z(m))
3Z(m)
or

. 1 )
sign Z = . ipl —n(iZ,).

Letting m — o« we deduce

(5.13) signZ = —lim n(éZ,).

m-x

If we knew the limit #° existed for all W (A4) then (5.13) would yield

(5.13y sign Z = = n*(W(A,))

J

summed over the boundary components. Moreover, the metrics over these
components can be varied independently and so this formula shows each boundary
term is independent of the metric. Finally, comparison with (5.5) which defines ¢
uniquely would prove the equality ¢) (4) = n® (W (A)) for all 4. To prove the limit
exists we can argue as follows. First, if 4 is elliptic, W (A4) has as finite covering the
product 77 x S', and we can choose the product with an A-invariant metric. The
general arguments concerning the behaviour of » under finite coverings explained
in Sect. 4 show that y (W (A4)) is a topological invariant and in particular scale
invariant [note that 7% x S’ has an orientation reversing isometry so 5 (72 x S")
= 0]. Thus the limit (5.11) trivially exists for elliptic A and invariant metrics. Since
the elliptic elements generate SL (2, Z) we can use (5.13) inductively (with X = X,
the sphere minus three discs) to show that the limit (5.11) exists for all A. This
completes the proof.

In view of the fact that 5 (W (A)) is independent of the metric we shall also
denote it by #°(A).

We now turn to Quillen’s determinant line-bundle ¥ over X, determined by the
metric fibration Z — X. In Sect. 4 using the general results of Bismut and Freed, we
derived formula (4.7). Comparing it with (5.13)" we see that the first Chern form
¢, (Z) integrates to zero over X. Applying this when X'is a small disc mapped into H
we see easily that, for the universal family 7% x H, and hence for any fibration
Zx X, ¢, (Z)=0. In other words we have the important result:

(5.14) Proposition. For a 2-torus fibration Z — X the Quillen determinant line-
bundle is flat.
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Since this is a key result we shall give several alternative and more direct proofs.
Note first that it is sufficient to consider the universal case when Z = 7% x H and
that this is naturally holomorphic. Thus the general formula (4.4) reduces here to

1. o (Z,)?
q(é’,’):—ihngj—l—gﬁ)/,

where Z, is Z with the #-metric stretched by ¢ 2. Now the holomorphic tangent
bundle 7(Z) splits in an exact sequence

0 - T(fibre) —» T(Z) — T(base) — 0.

If this was an orthogonal direct sum then the Chern form of Z would be the sum of
the Chern forms of fibre and base: in particular, since the Chern form of the (torus)
fibre is zero, ¢, (Z) would come from the base. In fact the sequence is not a direct
sum but it becomes one in the adiabatic limit when ¢ — 0. This means that

¢ (Z)=7*c,(base) + 0(¢)

and so ¢, (Z,)* = 0(s), which gives ¢, (¥) =0 proving (5.14).
Actually we have here reversed an argument of [9). Formula (4.4) is really
deduced from the formula

(5.15) ¢ (.

[\_)»-A

J Ly (p(fibre)).
12

where p (fibre) stands for the Pontrjagin form of the tangent bundle along the fibres.
In our case this is a holomorphic line-bundle which (including its metric) is pulled
back from the base. Thus its Chern form comes from the base and hence p, = ¢f =0
which, by (5.15), implies ¢, (¥)=0

Yet a further proof of (5.14) comes from a direct computation of its curvature.
This will also introduce explicitly the Dedekind g-function. Observe first that the
metric on the universal space 7% x H is Kihler so that the Bismut-Freed connection
on ¥ coincides with that introduced by Quillen using the holomorphic structure.
Actually, it will be convenient first to consider the Quillen line-bundle ¥,
associated to the family of operators F for a fixed character y of the funddmentdl
group of the torus. If y =1, then 7 is invertible and the determinant of the
Laplacian ¢* ”/ (defined by its (- funmon) was computed in [33] based on
Kronecker’s second limit formula as expounded in [34]. In [33] the metric used was
that giving total area r = Im(1) for the torus with periods 1 and t € H. However. a
change of scale does not alter the determinant in view of the fact that the relevant
{-function vanishes at s=0; in gencral

(5.16) exp (—{ 4 (0)) = exp(—=Ci(0)) exp(—L(0)loghk).

The formula in [33, Theorem (4.1)] shows in particular that

det( 0, = |./z(f)|2’

where f, (1) is a holomorphic function of t € H. According to Quillen’s definition of
the connection on ¢, this means that ., is flat since it has a holomorphic section
(1)~ 1detd, of norm 1.
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Letting y — 1 so that ¢ —+(/ it follows that the Quillen line-bundle of the
( -family over H is also flat. Now the signature operator D =0 + ¢, , where ¢, is the
¢-operator on Q'-%-forms. But on an elliptic curve multiplication by the basic
holomorphic differential converts dinto @,. More precisely 0, is the tensor product
of ¢ and the identity on the canonical line-bundle. Their determinant line-bundles
are therefore isomorphic and so the determinant line-bundle . of D is also flat, as
asserted in (5.14).

For the d-operator (unlike ( with y 1) we have to separate out the
O-eigenvalue. The calculation in [33] applied to the non-zero eigenvalues, and
adjusted for our normalization of the metric, gives

1

(5.17) |det’ 7| = | () (20)* |,

where 5 (1) 1s the Dedekind g-function, defined in (1.1). Here det’ indicates that, in
defining the {-function and so the determinant, we have omitted the 0-eigenvaluc.
Note that the modified {-function no longer vanishes at s = 0: it gives the value —1.
As a result scale changes alter det’ as given by (5.16) and this has been incorporated
in passing from the formula of [33] to (5.17).

Since our operator D is essentially two copies of & (5.17) leads to

(5.18) |det' D| = |5(x)*20].

Now recall the factorization (4.6) expressing ¥ as the tensor product of ¥ and #,
corresponding to the non-zero and zero eigenvalues respectively. ¥’ has a
holomorphic section det’ D whose norm is given by (5.18), while (4.12) identifies
H* as the square of the bundle of holomorphic differentials along the fibres. Thus
# has the holomorphic section o, 2 whose normis (2v) ~'. The product w, > det’ D
is therefore a holomorphic section of . with norm |5 (z)*|, the v-factors cancelling
out. Identifying # * with the cotangent bundle T* (H), by w? — dr it follows that
Z* can be holomorphically identified with 7*(H) with a norm for which

(5.19) 7(1)*dt

has norm 1. This characterizes (5.19) up to a constant factor of norm 1.

The line-bundle ¥ * over H is acted on naturally by SL (2, Z). It follows that the
form (5.19) is invariant, up to roots of unity, by SL (2, Z). This is the well-known
modular property of the Dedekind »-function.

We are now in a position to take up the problem investigated by Dedekind
concerning the transformation properties of logy(t) under SL (2, Z). We shall
concentrate on the interesting case of hiyperbolic elements A of SL (2, Z). Such an
element has two fixed points, «, f§ on the real axis (say « < f§) and the differential

du T—o (/f—o«)dr

o2 T T T e

isinvariant under 4 and under the whole one-parameter group u — Auin PSL (2, R)
determined by 4. Hence

d
finy="T

W4
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is a function invariant (up to 6th roots of units) by 4. Thus
(5.21) log f (A7) — log f () = 2miN (A)

for some rational number N (A4) with denominator dividing 6. Here log f'is some
definite branch of the logarithm in the upper half-plane: it is immaterial which.
Since the functions f () and 5 (1)* differ by the elementary factors in (5.20) it is clear
that Dedekind’s problem is essentially equivalent to determining N (A).

In fact it is just a matter of reinterpretation to see that N(A)= —%y(A), the
topological invariant defined in (5.8). To see this recall that (as noted in Sect. 4) the
line bundlie L of Sect. 2 is just the dual & * of the Quillen line-bundle #, and this can
also be identified with T*(H). The differential form #(1)*dt raised to the 6-th
power is then a section of (£ *)°= L® which is SL (2, Z)-invariant. Since it is
nowhere zero it defines a trivialization of L® and so (by uniqueness) it must define
the (homotopy) trivialization given by the SL (2, Z)-invariant splitting o, described
at the beginning of this section. Similarly &, defines the trivialization given by ¢,,.
Thus 6 N(A4) measures the difference of these two trivializations of L® which [by the
observation following (5.8)] is equal to 3y (A4). There is also a sign change because
(as noted earlier) the orientation of the complex torus we have taken corresponds to
the opposite of the standard orientation of R%. Thus we have

(5.22) log f (A7) —log f (1) = —miy(4)

so that y(A4) essentially describes the behaviour of log#(z) under the transfor-
mation A.

The number y (A) can also be related to the monodromy of the line-bundle ¥ *.
Because of SL (2, Z)-invariance we can consider ¥ * as a line-bundle on the
quotient /{, of the upper half-plane by the infinite cyclic group generated by A.
Moreover £ * has its standard trivialization, defined by the one-parameter group
through + 4. Since ¥* is flat the fundamental loop of H, gives rise to a well-
defined logarithmic monodromy — miu(A4), for some real-valued invariant u(A).
Now identifying £ * with the bundle of differentials on H , with its natural basis v,
and using the fact that 4 ()* dt is a covariant constant section of & * it follows from
(5.22) that

(5.23) u(Ad) =y (A).

Remark. The preceding discussion applies just as well to parabolic 4. By
conjugation we may take Lk
A=+
o 1)

giving the translation t—t+ 4k on the upper half-plane. The A-invariant
differential defined by the one-parameter group is just dt so that f (1) =y(1)*.
Formula (5.22) then enables one trivially to evaluate y(4) as

(5.24) y(A)= —k/3.

The monodromy invariant g (4) can be computed directly from its definition as
follows. Take the semi-circle S in H with diameter (o, §), the fixed points of 4. This
gives the unique A-invariant geodesic and descends to a closed geodesic S, in the
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quotient H ,. Since # =T (H) and S is a geodesic, parallel transport for #” along S
coincides with the one-parameter group action, so that # acquires a natural
trivialization with basis w'. Thus =iz (A) is the logarithmic monodromy round
S, of the (trivial) line-bundle &', so that formally (since D is essentially two
copies of d)

(5.25) nu(A)=24¢arg(det' 0),

where A, is the variation in the argument of the determinant on going round S,.
The rigorous definition of the connection [9] means that we have to use a {-function
regularization. Moreover, since d takes functions to (0,1)-forms we have to use the
natural connection on the space of (0,1)-forms in computing the variation. This
means we should use the 4-invariant basis

B—a dx+7Tdy

2 Y@-0GE-h
essentially the square-root of (5.20). Relative to the standard exponential basis

exp(2ni(my+nx)), the family of J-operators along S can be simultaneously
diagonalized with eigenvalues

c R -
(5.26) Agn,m (1) = =~ (m—n1) VE-n@E-p)., C= \/[ -

As we move once round S, we move by 4 along the semi-circle S and the eigenvalues
given by (5.26) get transformed into one another. A direct verification shows that

(527) '1/4 (m.,n) (A (T)) = A(m.n) (T) .

Here A4 acts on the lattice Z? of characters dually to its action on the (v, x) variables,
so that

b
A(m,n)y=(am+bn, cm+dn), A= (c: d)'

Now the rigorous version of (5.25) becomes
20 ) —
(528) eu (A) = _}; { Z j ]ll(m'u) (T) | ; d(log j’(m, n) (T))} -
{m.m s=0

Here the integral is taken along any fundamental arc (z,,., 4 (7)) for the action of 4
on the semi-circle, the sum X’ is over non-zero lattice points and s is put equal to
zero after analytic continuation. Note that u(A), as given by (5.28), is real because
|detd’| is unambiguously defined.

Before proceeding to analyze formula (5.28) we shall make a brief notational
digression. From the definition of u we have

p(—A)y=p(d)=—u(A™").
Hence, replacing 4 by — A if necessary, we can assume

(5.29) Trd=a+d>0.
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1

Moreover, replacing 4 by A~ if necessary, we can then ensure

(5.30) c<0.

Assumption (5.29) means that A4 lies on a one-parameter group 4,. In terms of the
variable u defined in (5.20) A4, is given by

(5.31) A,w)=0'u, o=A_ji,=i*<1,
where 1, are the eigenvalues of A given by

dy+ /4
(5.32) Ai:(ﬁ?;);lé‘_, A=(a+d) - 4.

The condition (5.30) means that

L=+ 4
N 2¢ ’

potemD=VA
C

from which it follows that 4, = 4. Since ¢ < 1 in (5.31) it follows that, for any point
7 on the semi-circle S with diameter (a, ), we have

(5.33) A, (t)>a as t— -+
A(r)—»p as (- —oo.

The action of 4 on the lattice Z2 extends to an action of 4, on the plane R* = Z?2,
with coordinates Y, X naturally dual to y, x. This action of A, preserves the
quadratic form

(5.34) N(Y, X)

Y’ +(d-a)XY—bX?
=c(Y—aX)(Y - BX),

and the orbit of any point (¥, X)) #(0,0) is one branch of the hyperbola

(5.35) N(Y. X)=N(Y,, X,).

Moreover, as ¢ increases, the branches are traversed in the positive sense if N <0
and in the negative sense if N > 0 (see figure).

N<Q Y=3x

N<Q
YzaX
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We now extend the definition of 4, (1) in (5.26) to non-integer values (¥, X').
Then (5.27) continues to hold with 4 replaced by A4, and (m,n) by (Y, X).

We now return to formula (5.28) and consider all the terms arising from a single
A-orbit, i.e. from all lattice points

(my,n) = A (my, 1) keZ,

obtained by applying 4, = 4* to a given point (m,,n,). For brevity denote by
J(m,n; 1) the expression being integrated in (5.28). Then (5.27) implies
Aty Aty At gy

J‘f(mk”?kéf): f ,/.(mo«”o;A'kf): J Jmg,ng 7).

T 1 Akt

Summing over the whole A-orbit, and noting (5.33), then leads to the single integral
(5.36) [ f(my,ng;0).
b

Note also that this integral is unchanged if we now replace (mg, ny) by any point
(Y. X)lying on the same branch of the hyperbola (5.35). This follows from (5.27) by
the substitution t — 4,(t) with ¢ chosen so that

A (Y, X)=(my,ng).
On each branch of the hyperbola choose the unique point (Y, X) with
(5.37) Y=y.4X, =1,
where y,,y_, are fixed constants with y _; <o <y, <f. Then

N(p,,1)>0,  N(y.,,1)<0

so that
(5.38) e=sign N(Y, X).
Moreover, the value of X is determined by
NV X
(5.39) =N
Ny, 1)

the choice of square-root depending on the branch.

Computing the integral (5.36} by using this value of (Y, X} and recalling the
formula (5.26) [with (m, 1) replaced by (Y, X)] we get
’}Yﬂ

(5.40) IC‘XIA“J‘ -

F

T dlog {<}1'5»;—T) V(& —a)(E - /f)}.

Since v=1Imt— 0 as t—a or T— f§ this integral converges for Res >0 and 1s
holomorphicin s. Moreover for Re s = 0 the divergent term arises from dlogv. This
gives rise to a simple pole at s = 0 with real/ residue. Thus we can rewrite (5.40)
briefly as

(5.41) [CX] L),
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where 7, (s) 1s meromorphic in s, depends only on « (and «, ) and near s =0.

R, .
(5.42) 1,(5'):—; +(P.+iQ)+ ...,

where P, Q, R are real and
(5.43) iQ, = [ dlog[(y, — ) )/ (F— 0 — ).
P

Now, on traversing the semi-circle S from f to o, one finds the following variation in
the arguments

Aarg(y, —1)=m

darg(y, —1)=0

Aarg ]/(r;:oz)(f:[i): —mj2.
Hence, from (5.43), we get
(5.44) Q. =en/2.

Substituting (5.40) [i.e. (5.41)], for the contribution of each 4-orbit in (5.28) we
get

2i _
A = = HZ|CXIT L (9)) 0.

where the sum is taken over all 4-orbits. Writing 2 =X © + ¥~ where £ * is the sum
over all A-orbits with sign N = + 1, and using (5.39) we have
2i

(3.45)  p(A)=

= {CLLOZTINI T2+ C L ()27 N[ 2,

where C, are the constants
1

C=C'IN@E,.D|*.
We now consider the two “*(-functions”, associated to A.
Cw=TIN
and the L-function, given by this difference,
(5.46) Ly(8)=C5 () — 4 (5) = Z(sign N) [N

the sums being over the appropriate A-orbits of the lattice and N being as before the
quadratic form (5.34) defined by A. In a slightly different notation these are familiar
quantities in the theory of real quadratic fields (here the field is generated by the
eigenvalues of A). In particular all these functions have meromorphic continuations
in s [from the region Re (5) > 1 of convergence] and are finite at s = 0. The values of
the functions and their derivatives at s =0 are all real. Using these facts and the
value (5.44), for the relevant coefficient Q in the expansion (5.42), formula (5.45)
leads to

(5.47) u(A)y=L,(0).
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We recall that, in establishing (5.47), we made the inessential assumptions (5.29)
and (5.30). We can now remove this restriction, and still have formula (5.47),
provided we redefine the quadratic form N by

(5.48) NY. X)=sign(a+d)(¢Y?+(d—a)XY — bX?).

Finally therefore we have established the following:

b
(5.49) Proposition. Ler A :<a 1) be a hyperbolic element of SL(2,Z) with
¢«
associated quadratic form N(Y, X) given by (5.48). Define the L-series L ((s) by

L) sign N
L () =) — —,
A lNl\
where the sum is over (non-zero) A-orbits of the integer lattice. Let & be the
determinant line-bundle over H for the family of signature operators of the torus
bundle over H, and let wip(A) be the logarithmic monodromy of ¥ round the basic
loop S 4 in H , relative to the trivialization determined by the one-parameter group
through + A. Then

() = L, (0).

Remarks, 1) The calculations involved in deriving this formula for u(A) are similar
to calculations in [34], based on ideas of Hecke, for computing L ,(1). The
functional equation for L ,(s) enables one to determine the values for s=0.1 from
one another, but s = 0 is the value which is most natural from the gcometric point of
view.

2) The L-function L ,(s) in (5.49) is cssentially the same as the Shimizu [-
function introduced in [16]. We embed the lattice Z? in the quadratic field
K=Q(}/4) by sending

(1,0) —» —1, (0,1) > o

For the dual lattice we replace o by —«~'. Hopefully our sign conventions are
consistent with those of [16].
Hirzebruch [16] showed that

(5.50) L,(0)=3(4)

where 5 (A4). the “signature defect™ | is closely related to Meyer's invariant  (A). [tis
defined by the formula

(5.51) sign Z=14p (Z,i7Z) — 5(A),

where Z is any oriented 4-manifold with boundary W (A) (the 2-torus bundle fibred
over ' defined by A), and the relative Pontrjagin class p, is defined by the natural
parallelism on W (A) given by the eigenvectors of 4. We shall shortly give a direct
proof that

(5.52) S(A)=d(A).

Thus Hirzebruch’s result essentially identifies the analytic invariant L ,(0) with the
topological invariant ¢ (A). Hirzebruch used the resolution of *‘cusp singularities”
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to construct explicit choices of Z and compared this with the explicit evaluation of
L ,(0) (see [16]).
In [5] a direct analytical proof based on [6] was given that

(5.53) Ly(0)=n(A4)=05(A),

where 1y (4) = (W (A4)) with the standard metric given by the A-invariant geodesic .S
in H. Moreover, the result in [5] applied to totally real fields of any degree whereas
here we are discussing only the quadratic case.

In our approach, combining (5.10), (5.12), (5.23), and (5.49) we get an
independent direct proof of the equalities

(5.54) Ly 0)y=n"(4)=d(4).
We will shortly give a direct proof of:
(5.55) n(4)=n"(A)

so that [in view of (5.52)], (5.53) is essentially the same as (5.54). Thus the Bismut-
Freed results which we have used can be viewed as a generalization of the results in
[5] (at least for quadratic fields). In fact the techniques used in both papers have
common features, notably the use of the “adiabatic’ limit.

As promised we shall now give direct proofs of (5.52) and (5.55) in the form of
two lemmas. We begin with the latter.

(5.56) Lemma. For any hyperbolic element A of SL(2,Z), n(W(A4)) = n° (W (A4)),
i.e. the adiabatic limit is unnecessary.

Proof. Wehave to show that i (W (4)) is unchanged if we rescale the torus metric, or
equivalently if we rescale the circle metric. Now the standard metric on the universal
covering R? x R of W (A) is

ds® =eMdx? + e M dy? 4+ di?

relative to (x, v) coordinates of R? given by the eigenvectors of 4, with e** being the
corresponding eigenvalue of 42 Now let ¢(r) be a function of the real variable r
with graph as indicated. Consider the metric on R? x R x R given by

(5.57) Mdx? + e M dyr 4 o) di? + dr?.

This induces a metric on the 4-manifold Z = W (A4) x I which is a product near the
boundary, giving the standard metric on W(A) x 0 and this metric rescaled by a
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factor k2. in the circle direction, on W (A)x 1. By the main result of [6] the
difference of the y-invariants for the two boundary components is therefore given
by §{p,. where p, is the Pontrjagin form for the metric (5.57). It is therefore

V4
sufficient to show that p, =0. But (5.57) is conformally equivalent (by the factor
e ) to _ "
d.\‘z + {(;—2)‘1 dy2 + P Q(’,)z d,z + e M d},Z}

which is a product metric on R! x R?. Now for such product metrics p, =0
trivially, and quite generally p, is conformally invariant. Hence p, =0 and the
lemma is established.

Next we prove:

(5.58) Lemma. For any hvperbolic element A of SL(2,Z), the signature defects of
Hirzebruch and Meyer coincide, i.e. d(A)= ¢ (A).

Proof. Assume first that A4 lies in the commutator subgroup I'" of I'=SL (2, Z).
Then we can choose the 4-manifold Z with boundary W (4) to be a 2-torus bundle
over a surface X with just one bounding circle: we use the appropriate
representation m,(X)— SL(2,Z). Then we apply the argument used earlicr,
mapping Z — Z (m), where each torus is factored by the points of period m. Since
Z(m) is essentially the same manifold as Z, while the relative p, gets divided by m?,
(5.51) applied to Z (m) shows that the p, term must vanish. Comparison with (5.5)
then shows d(A) = ¢ (A). In general since I’ has finite index in I” (in fact index 12),
we get §(A4") = ¢ (A*) for some integer k. It is therefore sufficient to establish

(5.59) p(AY =k (A), (A =kd(A).

The first part of (5.59) follows from (5.9) and (5.10). For ¢ we shall use the fact that
we can always choose the 4-manifold Z with boundary W(A) to have a map to S
extending the projection W (A)— S'. This follows easily from the vanishing of the
oriented cobordism groups in dimensions 2 and 3. Note also that the explicit model
for Z given by the cusp resolution of Hirzebruch [16], which we shall meet later, has
this property. We can then take the k-fold cover Z of Z induced by the k-fold cover
of S'. Then #Z=W(A"). Comparing (5.51) for Z and Z, and using the
multiplicativity of the p,-term we see that

0(A*)— kd(A)= —[sign Z — ksign Z].
But for such a cyclic covering without fixed points the general formula (4.16) gives
n(A*) —kn(A) = —[sign Z — ksign Z].

This is true for all metrics hence x can be replaced by #° [or appeal to (5.56)]. Then
(5.12) replaces ° by ¢ and we already know (5.59) for ¢». Thus d(A*) = kd(A) as
required.

Remark. The last part of this proof is somewhat circuitous. 1t uses [6] but not [9],
nor does it depend on explicit computations. An alternative and more natural
method 1s to use the manifold Z constructed by Hirzebruch [16}], and to verify
sign Z = k sign Z directly.
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It may now be convenient to summarize all our results in an omnibus theorem:

(5.60) Theorem. Let AeSL (2, Z) be hyperbolic. Then the following invariants of A
coincide.

1) Meyer’s signature invariant ¢ (A) (see (5.3)).

2) Hirzebruch's signature defect 5(A).

3) The invariant y(A) describing the transformation properties of log 5 (t) under A
{see (5.22)).

4y p(A) the logarithmic monodromy (divided by ni) of Quillen’s determinant
line-bundle ¥ .

5) The value L 4(0) of the Shimizu L-function (see (5.49)).

6) The Ativah-Patodi-Singer invariant n(A).

7y The *“adiabatic limit” n°(A4).

Remark. For brevity we have not spelled out in the theorem all the relevant data on
which these invariants depend, for example the parallelism of W (A4) [to define
0(A)], the trivialization of % needed to define u(A), or the choice of metric on W (A4)
to define (A4) or 4°(A4). These were explained earlier.

Because of the large number of quantities (all equal) involved in the theorem., it
may be helpful to recall briefly the way in which they are related and the order in
which the equalities are established.

The two invariants ¢ and d are of very similar cohomological character, both
being “‘signature defects”. The main difference is that ¢ is only defined for torus
bundles over S' whereas 6 is defined for all parallelized 3-manifolds. Despite its
apparent analytical nature y is also a cohomological invariant as is clear from our
original definition (5.8). (See also the remarks in the introduction.) The equality
¢ = y is, as noted before, a “‘signature theorem™ and is essentially proved in Sect. 2
(with an alternative in Sect. 3). The monodromy u uses the analyticity of () and its
appearance in the formula for |det 0’|, but the equality y = g is then an immediate
consequence. The formula wu(A)=L,(0) is a classical but straightforward
computation. The equality i = »° is a refinement of the general Bismut-Freed result
and is proved by identifying both terms with ¢». The equality ) (4) = #° (4) is in fact
true for all 4 e SL(2, Z), not just hyperbolic 4. Finally 5 = n° was established by a
direct elementary computation based on conformal invariance.

6. Computations and Dedekind Sums

We shall now show how to give explicit formulae for the invariant ¢ of Sect. 5. We

recall that
¢: SL(2,Zy—>Q

is a class-function, and that the conjugacy classes in SL (2, Z) are of 3 types
(1) elliptic,
(i1) parabolic,
(1i1) hyperbolic.
Moreover, there are few classes in (i) and (if), most classes being hyperbolic. We
shall begin by considering the elliptic classes. In principle, we could use the explicit
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determination of o (4) in Sect. 2 to compute ¢ (4), but we shall instead use the fixed-
point methods described in Sect. 4.
If A eSL(2,Z) is of finite order N then the associated 3-manifold W(A4) is the
quotient of
W=T2?xS"

by a cyclic group of order N acting simultaneously on both factors. Moreover, the
(product) metric can be chosen so that this action is isometric. Since S and hence W
admits an orientation-reversing isometry we have (W)= 0. Hence applying (4.16)
and (4.18) for the finite covering W — W and, noting that the quadratic form on
H?(T?x D?) is zero, we get
1 Nt o i

6.1 Wy= — — t— -
(6.1) n(W) nglgcozcoz,
where the second summation is over the fixed points of A*actingon 7% x D*(where
D? is the unit disc), and «, f§ are the corresponding rotation angles.

Asnoted in Sect. 5 the adiabatic limit is irrelevant for elliptic elements so that by
(5.12)

H(W(A) =n" (W(4))= P (A)

are all given by (6.1), and it is then a simple matter to carry out the computation
explicitly in each case. Since (1) =0, p(4~ )= —¢p(4) we also have p(—1)=0
and it is enough to consider the following 3 cases.

1
7/3, A% and 4% have 3 fixed points with all angles 27/3, 4% has 4 fixed points with
angles 7;

(1) A= <0 B 1) of order 6; 4 and A° have one fixed point with both angles

Hl

dA)=—L3+3F)+0+3(F) +3}

4.
ER

(i) A :< : é) of order 3, fixed points as above (for 4?%)

Pl = —L{1+1}= -}

. 0 —1 i )
(i) A= <1 0) of order4: 4 and 4* have 2 fixed points with both angles /2

while 4% has 4 fixed points with angles =;
p(A) = —$242) = 1.

We turn next to the parabolic elements. Perhaps the most elegant and
interesting way to deal with these is to consider elliptic surfaces. 1.e. complex
analytic families of elliptic curves arising from a holomorphic map

1 Z-X

of a compact analytic surface Z onto an algebraic curve X. The generic fibre f ' (x)
is assumed to be an elliptic curve but there are special exceptional fibres which
degenerate. We will assume there are no multiple fibres. The monodromy round
each such fibre is then [20] parabolic or elliptic.
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The signature of such an elliptic surface is given in terms of its Chern classes ¢,
¢, by

Now the canonical divisor lies purely in the fibres so that ¢ = 0 while the Euler
number ¢, is easily seen to be given by the Euler numbers of the exceptional fibres.

oy =) e(F)

so that
. 2
sign(Z) = —gZe(F,-).
On the other hand letting Z' = Z — | J F; we have
sign(Z) =sign(Z’)+ Y sign F;,

where for simplicity we have put F, instead of /=" (D,) with D, a small disc around

x,=J(F).
Hence, for Z’, we have
) 2 .
(6.2) sign(Z")= _Z<3 e(F;) + sign E).

Comparing (6.2) with (5.5) strongly suggests that
(6.3) P (A)=2e(F)+ sign (F),

where 4 is the monodromy around the exceptional fibre F. Here the monodromy is
defined by the external orientation (i.e. as the boundary of Z’). However, this
coincides with the standard algebraic-geometric convention for the monodromy
(relative to the internal orientation near F) because of the different orientation used
for the torus (see Sect. 5).

There are various possible ways to prove (6.3). The most direct would be to
replace ¢ (4) by 1% (4) and to deduce (6.3) by differential-geometric methods, from
(4.1) applied to a neighbourhood of F (taking the adiabatic limit). A second
approach would be to exhibit sufficiently many global examples of elliptic surfaces
so that {6.3) would follow from (6.2) by linear independence. We shall adopt a
variant of this method.

The degenerate fibres F have been classified by Kodaira [20] and the
corresponding monodromy matrices 4 are either elliptic or conjugate to + U* with
k >0, where

11
(6.4) U:(O 1>.

For the elliptic cases (6.3) can be directly verified using our formula above for ¢ (A4)
and Kodaira's description of the degenerate fibres. Note that, if F has r
components, then sign(F) = —(r—1).
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To compute ¢ (U) we consider the standard elliptic surface Z obtained by
blowing up 9 general points in the plane. Each F is then a nodal cubic and the
corresponding monodromy is just U. Since all terms in the summation in (6.2) [and
(5.5)]} are equal we can deduce (6.3) for 4 =U. Moreover sign F'=0, ¢(F)=1 so
that

(6.5) H(U)y=2.

To compute ¢ (U*) take the standard fibration Z— P, above, consider the
induced fibration Z' — P, given by the k-fold cover P, - P, (y = x*), and then
resolve its singularities to give Z” — P, . If we choose the branch point x = 0 to give
an exceptional fibre of Z then y=0 gives an exceptional fibre of Z” with
monodromy U¥. Moreover, the exceptional fibres of Z” are either of type U or U*,
Since (6.3) has been proved for U the global formula (6.2) proves (6.3) also for U*.
The corresponding fibre F, consists of a cycle of k rational curves so that

sign (F )= —(k—1), e(F)=k
(6.6) PU= —k/3+1.

An alternative way of deriving (6.6) is to consider the cyclic cover
W (U*) — W (U) and apply the methods described at the end of Sect. 4. The 3-
manifold W (U*) is the boundary of a neighbourhood Z, of the exceptional fibre F,
and the cyclic group of order k acts naturally without fixed points. Thus (taking
care with orientation conventions) we get

PUY=kpU)—(k—1)

which, together with (6.5), yields (6.6).

Similarly, to compute ¢(—U*) we can consider the double covering
WUy — W (—U". The induced involution ¢ on Z,, has 4 fixed points and
sign(Z,,,06) = — 1, so that by (4.16), (and recalling again that we have the “‘wrong”
orientation)

P(=U" =3 (UM)=—3
o —k
(6.7) P=UD=—.

This completes the computation of ¢ for all elliptic and parabolic elements, and
our results agree with those of Meyer which are based directly on the defining
property (5.3) of ¢» and the explicit computation of sign(A4, B).

We come now to the more interesting case of hyperbolic elements. Here we shaill
work with actual matrices, not just conjugacy classes, and we begin with the simple
case

(6.8) A:<_? (1)> a>2.

As usual we can form the 3-manifold W (4), fibred over $* with T2 as fibre and A4 as
monodromy. We shall construct explicitly a 4-manifold Z with boundary W (A4)and
use (5.51) to compute the signature defect 6 (A4), using the standard parallelism of
W (A) given by the eigenvectors of A. In view of (5.52) we have ¢ (4) = 0(A) and so
¢ (A) will be computed in this case. Moreover, our manifold Z will be a complex
manifold and we can replace p, by ¢ — 2¢,.
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The construction of Z and the computation of d(A4) i1s a special case of the
construction given in [16] by Hirzebruch. In fact Z is just the neighbourhood of a
nodal rational curve I with normal degree —«. The canonical divisorof Zis — I so
that, allowing for the node,

A=T*=—q+2
c,=ec(l)=1
signZ=—1.

Now our orientation of W (A4) turns out to be opposite to the orientation of ¢Z,
induced by the complex orientation of 4. Hence

(6.9) 5(A) = —{"‘ *2"2—signz}: 41,
3 3

These calculations are similar to those made above for the exceptional fibres of

elliptic surfaces except that there the signature term was zero. One must of course

check that the trivialization of the canonical bundle on W(A4)=CZ given

holomorphically i1s consistent with our parallelism.

Since we shall be using Z again shortly it is convenient to give its explicit
construction at this stage. We start with the line-bundle of degree —a over the
projective line P,. If we parametrize P, by two local coordinates u, and v, with
v, =uy ', the corresponding fibre coordinates u, and v, will be related by u, = 14 v,,.
If we now make the further identification (u,,u,) — (r,.v,) we clearly find the
nodal rational curve I with normal degree — a (see figure)

To be precise we must describe appropriate neighbourhoods for the identification.
This will then give us an explicit neighbourhood Z of I with boundary W (A4).
Taking logarithms we get the equations

logu, = ulogu, + loguv,

logv, = —logu,
exhibing the matrix 4. Taking absolute values and putting Y = log |u
we have as in Sect. 5 the figure associated to the quadratic form

N(Y.X)— (Y +aXY+Y?

. X=log|rt|
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Note that theroots Y =a X, Y= X of N(Y, X) = 0 are both negative as indicated in
the figure. The matrix 4 acts on the Y, X plane preserving N (Y, X) and hence the
hyperpolas N (Y, X) = constant. Consider the region N(Y, X) < —1 and take the
component containing the negative quadrant (shaded region). The manifold Z is
defined by this constraint on the absolute values and it is clear that the boundary is
precisely W (A4). Our orientation of W(A) is opposite to that coming from the
complex structure of Z because we take the imaginary parts (of the logarithms) first
(giving the torus), followed by the real parts (illustrated in the figure).
Now let us pass to a general hyperbolic element

Az(j g).

As before, without loss of generality, we may assume ¢ <0, a + d > 0. We define

a —bc
B:
(1 77)

and note that B=DB' D! where

a+d 1 1 d
B = D= .

Hence, by (6.9) we know ¢ (B), namely

+d
(6.10) $(B)=¢(B) =" —1.
We shall compute ¢ (A4) by relating W (A) to W (B) and then using (6.10). So let
VARV A

be the embedding of lattices given by

(10
c_<0 _)

Since AC = CB the matric C induces a |c¢|-fold covering T2 — T2 which is
compatible with the actions of B and A4 on the two tori. Hence we get an induced
|¢]-fold covering

(6.11) W (B)— W(A).

Now let us introduce the manifold Z constructed above (with ¢ + d replacing a)
whose boundary is W (B). We recall that Z arises from the line-bundle of degree
—(a+d)over P, by suitable identifications. Now the cyclic group of order | ¢| acts
naturally on the line-bundle. In terms of the local coordinates this is given by

(ug,vy) = (Lug, L “vg)

(uy,vy) - Cuy 7oy,
where { is a primitive root of unity. Note that these formulae are consistent with the
equations of the line-bundle
up =uy" ‘v,

-1
Uy =Uy
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The identification (1, vy) — (u,, v, ) which produces Z is not compatible with this
action. However, the identification just corresponds to replacing { by another
primitive root, namely {* (note that ad — bc =1, so that a = d~ ' mod ). Hence we
get a well-defined equivalence relation on Z. This induces the covering
W (B)— W (A) on the boundary and has a unique fixed point of type (1, —a).

We are now just in the position discussed at the end of Sect. 4 for computing the
deviation from multiplicativity of p-invariants. Moreover, this deviation is
independent of the choice of metric and so we can pass to the adiabatic limit #°.
Since we have shown (5.12) that % (W (A4)) = ¢ (A), and since W (A4) has the negative
orientation of ¢Z, formula (4.22) with (a, ¢} - (—a, —¢) gives

(6.12) — (A + |1

le]

p(B)=—4s(—a,|c]))— <sign AR |:_|signZ>

=4s(a,c)— <~1 + 1).
el

Substituting the formula (6.10) for ¢ (B) and recalling that ¢ < 0 we get the formula
for ¢»(A4) in the hyperbolic case:
(6.13) p(A)= ~?—;g’~4s(a, A—1 for ¢<0,a+d>0.
Since p(—A)=p(A)= ~P (A~ )y and s(a, ¢) = s(d, ¢) we can drop the conditions
on ¢ and a+d, giving finally
a+d . .
6.14) (A= — = +4signe-s(a,c)+signe(a+d)  for  c¢=*0.
This formula was established by Meyer {25] by quite different methods.

Asexplained in Sect. 4 this approach to computing ) (A4) arises from the natural
cobordism implicitly constructed above between the 3-manifold W (A4) and the lens
space L(jc|, —a). Formula (6.13) expresses the difference of their signature defects
in terms of the relative (rational) Pontrjagin class of the cobordism. To get the
cobordism we remove a neighbourhood of the fixed point in Z and pass to the
quotient, i.e. we cut out the singular point of Z’. Note that, if 4 is a diffeomorphism
of any manifold Tand 7'= 60X, there is a natural cobordism between W (4) (the fibre
bundle over S' with T as fibre and 4 as monodromy) and M (4)= X U X (the
double of X using 4 to glue the common boundary). When T=T?, X=S"' x D?
and M (A) is a lens space.

If we resolve the cyclic singularity of Z’ we get a manifold Z(4), still having
W(A4) as boundary. This contains a cycle of rational curves consisting of the
resolution of P together with the transform of I’ (image of I' in Z'). This cycle is just
the Hirzebruch resolution [16] of the “‘cusp™ associated to 4. Thus a cusp
singularity may be resolved in two steps, the first leading to a cyclic singularity lying
on a unique exceptional curve and the second being the standard resolution of a
cyclic singularity. This relationship between cusp and cyclic singularities can again
be viewed as the general explanation of the formula (6.13). As in Hirzebruch [16, p.
44] the manifold Z(A), containing the resolution of the cusp, can be used to
compute the signature defect W (A). The resulting formula is different from (6.13).
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It involves the integers occurring in the Euclidean algorithm for the pair (a, ¢). By
comparing this with (6.13) we get another formula for the Dedekind sum which is
proved differently by Rademacher [31]. This formula can also be obtained by just
using the resolution of a cyclic singularity to compute its signature defect.

The relation between W (B) and W (A) which we have just used to compute ¢ (A)
from ¢ (B) in the hyperbolic case can also be used in the elliptic and parabolic cases.
There are minor modifications in the answers due to sign changes. The manifold
Z(B) exists in all cases as the boundary of a nodal rational curve I' of degree
—(a+ d). The difference is that, for a4+ d >0,

I*=-—(a+dy+2

is negative in the hyperbolic case, zero in the parabolic case and positive in the
elliptic case. Formula (6.10) for ¢ (A) in the hyperbolic case generalizes to

d
(6.15) (;s(B):“Jg Te,
where ¢ = — 1,0, +1 according as B is hyperbolic, parabolic or elliptic. This can be

checked directly from the explicit formulae for the elliptic and parabolic elements
given earlier. In fact for the parabolic case we gave a direct geometric proof on the
lines of (6.9} in the hyperbolic case. Now apply (6.12), substituting ¢ (B) from (6.15)
and noting that

sign(Z) =sign(Z')=¢.

This gives

a+d
d;r7744s(a,c)—|—f; for ¢<0,a+d>0
c

(6.16) (A= —

and hence the general formula (see [26]):
d
617 (A= _‘%_tc,, +4signe- s(a,¢)—esigne(a+d)  for  ¢#£0.

Of course, if ¢ =0, 4 is parabolic and we have the elementary formulae for ¢ (4),
given in (6.6) and (6.7).

The Dedekind formula (1.3) for the transformation of logn(t) under 4, in the
elliptic or parabolic case, is then easily deduced from the formula (6.17) for ¢ (A).
The argument is formally similar to the hyperbolic case but much more elementary.
For parabolic 4 our computations of ¢ (A4) in (6.6) and (6.7) and of x(A) in (5.24)
show that

(6.18) PA) =y (A +1if A=U*
=y(4) if 4=-U"

Since y (4) essentially describes the effect of 4 onlogn (7) formulae (6.18)and (6.17)
lead to (1.3). In the elliptic case we took y (A4) =0 because, for a finite group, the
rational cohomology is trivial and 5 (1)** dt® can be homotopically identified as
giving the unique equivariant trivialization of 7~ ° (T the tangent bundle of /7). The
formulae at the beginning of this section for ¢ (A4) with A elliptic therefore replace
(6.18), and (6.17) then leads to (1.3).
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