Math. Ann. 263, 365-370 (1983) Am

© Springer-Verlag 1983

Kac-Moody Lie Algebras and the Universal Element
for the Category of Nilpotent Lie Algebras

L. J. Santharoubane

Département de Mathématiques, Université de Poitiers, 40, Avenue de Recteur Pineau,
F-86022 Poitiers, France

0. Introduction

The problem of classifying nilpotent Lie algebras is studied for the first time in
1891 by a student of Engel, Umlauf, who gives the complete list over C up to the
dimension 6 and a certain complex family at the dimensions 7, 8 and 9 [15]. Later
on, several authors worked out the subject: Chevalley [3], Dixmier [4], Morozov
[11], Vergne [16].

The introduction in 1972 by Bratzlavsky [2] and Favre [5, 6] of the root
systems for the nilpotent Lie algebras constitutes an important step in the
classification (Gurevic applied already this notion to the study of metabelian Lie
algebras [7]).

By using these root systems we establish a link between nilpotent Lie algebras
and Kac-Moody Lie Algebras (which generalise semi-simple Lie algebras and are
of infinite dimension).

In [12] (published in [13]) we started with the maximal rank case and in [14]
we continued with certain nilpotent Lie algebras [see 2.11(b)]. Here we give the
main theorem (2.10) in the general case.

All the structures are over an algebraically closed field K of characteristic 0.

1. Root System and Cartan Matrix Associated to a Nilpotent Lie Algebra

1.1. All through 1, g is a nilpotent Lie algebra of finite dimension, Derg its
derivation algebra, Autg its automorphism group.

1.2. A torus on g is a commutative subalgebra of Derg whose elements are semi-
simple endomorphisms. We denote 7 the set of maximal tori on g (i.e. tori not
contained in any other tori).

1.3. Mostow’s Theorem (4.1 of [10]). If T,T'eJ, there exists 0€ Autg such
that 0T =T
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1.4. Let Te 7, and consider the root space decomposition of g relatively to T:
P
BeR(T)
={xegq;tx=p(t)x Ve T},
R(T)={BeT*;¢’+(0)} (root system).
We denote:
RY(T)={peR(T); ¢’ ¢[gs. 01},
=dim(¢”/[9,91ng") YBeR(T).
dy=dimg® VBeRY(T).
The map: fi->d, RY(T)—IN* gives the partition:
RYT)=R(T),,u...uRNT),,,
py<..<p, RU(T),*0,
RYT),={BeR (T);d,=p}.

Let s—#R(T) and s=8;+...+s,; we number the elements of
RYT):B,...5, in suchaway that:

RYT),,={B,--.B.}, RUT), ={Bssi-Bybr-..

Letd;=dy, I, =1, and =1, + ... +1 (one checks that [=dimg/[g, g]). Let S{** be
the group of permutatlons of {1.. s} which leave {1...s,}, {s, +1...s,}... invariant.

1.5. Let T'e 7. be another maximal torus; then there exists e Autg such that
8TO~'=T (1.3). For T', we use the notations of 1.4 with prime. The map:

0:T*>T*, B—0B, OGO H=p() YPeT* VieT,
is a vector space isomorphism and one has obviously:

06’ =" VpeR(T)

therefore dj,=d, Ve R (T) which gives:

q/=Q7 pgzpi’ SQZS" 1§l§q’ SI:S-

4

Since 0[g,g9]=[g.g], one has =/, VBe RYT). The map 0 induces a bijection
between: R(T) and R(T"), RY(T) and RY(T"), RY(T), and RY(T"), 1£i<g; thus
there exists 7e &' % such that

68,=B, 1=ZaSs.
In conclusion, we have the

Lemma. The integers q, p,...p, S
invariants of g
If T, T'e T, there exists §e Autg and te &' such that fgP<=g¢’* 1<a<s.

s, d...d, 1,...1, | defined in 1.4. are

q’ s
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1.6. Let f:{1,...,1}—={1,...,s} be defined by

f=1 if 1gis],
=2 if I, <igl +1,

=s if 4.+ <igl.

(I am thankful to the referee for his suggestion to introduce f instead of a double
numbering in the original version.)
Since f is onto, there exists g:{l,....,s}—={1,...,]} such that fog=Id.
Obviously
6?1...3‘.1_)615

a—)a':goo'of’

is an one-to-one group homomorphism. Define an action of &!*¢ on the set of
I x I matrices by setting:

O-(Aij)l gi,jgz:(Aaiaj)1§i,j§z
1.7. Theorem. For i, je {1,...,1} i=*j let
—A,(T)=Min{—neN; (adv) """ 'w=0 Yoe g’ Ywe g7}

with (ad0)°=0 and let A,{T)=2 for i=1,...,1. Then
(1) ATD)=(A;{T), <; ;<; is a Cartan matrix (2.1).
(2) The &5**e-orbit of A(T) is an invariant of g.

Proof. (1) Since adv is nilpotent, 4,(T) is a well-defined non-positive integer for
i%j; if [v,w]=0 then [w,v}=0, therefore A,(T)=0 implies A4,(T)=0. Since
A,(T)=2 by definition, A(T) is a Cartan matrix.

(2) Let T'eJ, by 1.5 there exist fc Autg and te &' such that fg’ =g’
1<a<s;ifvegfand wegf” and if i, je {1, ...,1} are such that f(i)=a, f(i)=>b, then
(adv) 4D+ 1w =0; thus (adfv) 14 D* 19w =0 with Ove gf==gf7@ and Owe g
=gP7@; therefore — A, (T)< — A,(T), and by symmetry A,;;(T")=A,;(T) which

Titj Tit ]

proves that TA(T")= A(T).

1.8. Definition. We choose arbitrarily 4 in the &t s-orbit of A(T) (which has at
1

most ——— elements) and we say by an abuse of language: “g is of type A” or

! !
sit..s,!

“A is the Cartan matrix of g”. We denote:
TA)={Te 7, A(T)= A},
SitSa(A)={oe S 04 =A}.
19. Lemma. If T, T'c J (A) there exist e Autg and te S *4(A) such that:
Ogfe=gf= Va=1...s.

Proof. By 1.5 there exists 0 Autg and re &% such that 0g?* = g**; by the proof
of 1.7 (2), TA(T)= A(T); therefore tA=1tA(T')=A(T)=A.
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1.10. We denote by msg(g) the set of minimal systems of generators of g; by [1,
Sect. 4, ex. 4, p. 119]: (x,...)emsg(g) if and only if (x, +[g,g],...) is a basis of
g/lg,g] therefore each element of msg(g) is an I-tuple (x,...x;) where

I=dimg/[g,g].
Let Te 7(A) and denote:

msg(T)=msg(g)n((g”)" x ... x (g")").
For all (x,...x)emsg(T) one has:

(adx) 4w *1x,=0, 1Zi%j=sl

J

2. Kac-Moody Lie Algebras and the Universal Element
for the Category of Nilpotent Lie Algebras

2.1. An Ix! matrix with entries in Z, A=(4,)) is a Cartan matrix if:
a) A,=2 Vi=1,..,1,
b) 4,50 Vij=1,..1, i+],
¢) (4,;=01if A4;=0} Vij=1,..,[, i#j.

2.2. Let || 4]l =Sup{l4;; i+ j}; denote h the Coxeter number of 4 if 4 is of finite
type and + oo if not.

For nelN such that |[A{| <n=<h+1 let Nilp,(A) be the category of nilpotent Lie
algebras of nilpotency index n and of type A.

2.3. To A one can associate a Lie algebra (called a Kac-Moody Lie algebra)
defined by generators:
{fi- fihy. he.e},

and relations:
[hel=Ae;,  [hfl=—-A,f, ij=1.10,
[hh1=0, [efl=h, (Vi j=1..]),
[eifj]=0, (adei)_A'J+1€j=0=(adfi)_A”+1fj, (Vl:{:]) .

[8, 9]. Actually, this definition is not the usual one (ordinarily one has to take a
quotient of the above algebra).

24. Let H=Kh, +...+ Kh;; denote . (A) (resp. ¥_(A4)) the subalgebra of £(A)
generated by {e,...e;} (tesp. {f}...f;}). One shows that:

L(A)=% _(ADHD L (A).
One can define & (4) by generators: {e,...¢;} and relations:
(ade) M le,=0 Vij=1..1, i+j.

25. Let L=L(A)=% . (4)/C"" ' &, (A) where (C*Z, (A4)),3, is the descending
central series of Z,(4) with C*'.#Z,(4)= %, (A). )

By abuse of notation, write e, instead of ¢,+ C" "' %, (A4). One can define L (A)
by generators: {e,...e;} and relations:

(adei)—A,«;He}.:() Vij=1...1, i%j;
[eil"'ein+|]:o Vlkzll Vk=1n+1
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2.6. If A is of finite type ¥, (A4) is a nilpotent Lie algebra of nilpotency index i+ 1;
therefore C".%,(4)2C" "' % (A) (since n<h+ 1) thus C"L+(0). If 4 is not of finite
type then C*.% (A)2C?* 1%, (A) Vp=1 (one says that £, (A) is pro-nilpotent)
thus C"L<(0).

In both cases, one has C"* 'L =(0); therefore L,(A4) is a nilpotent Lie algebra of
nilpotency index n.

2.7. One defines derivations @,...9, of L by setting Vi, j=1...]

e, I=j
de.=q"' .
i€ {0 i+j

Let (x,...0;) be the dual basis of (0,...0;) and denote D=K0, +...+ K@,. It is easy
to show that:

Ded,, R\D)={a,..;}, I*=Ke, Vi=1..l,
d=L=1 Vi=1..1l, gq=1, p,=1, s;=I, & %=¢g
(permutation group of {1...1}). We are therefore in the case 2.11(b).

2.8 Let i,je{l...1} i%j and assume that (ade) “ve;=0 in L, then
(ade) *ve,e C"" 1L (A) in £, (4): but C"* 'L, (A) is spanned as a vector space
by the [e; ...e; I's such that r=n+1, thus —A;+12n+1 (since (ade) *ve;
=[e;...ee;] with —A,+1 terms); this contradicts [4|<n; therefore
(adei)““”ej#o, it follows by 2.11(b) that A(D)=A4;so L is of type A and De F,(A).

2.9. Lemma. The Lie algebra L (A) is an object of Nilp,(A).
Proof. 1t follows from 2.6 and 2.8.

2.10. Theorem. The Lie algebra L, (A) is an universal element for the category
Nilp(A4) i.e. any object of Nilp,(A) is a quotient of L, (A).

More precisely: for any object g of Nilp(A4), for any Te J(A) and any
x=(x,...x)emsg(T), the map {e,...e,} —>q e;~>x,; extends uniquely to an homomor-
phism n=n(T, x): L (A)—g which is onto; and one has g= L {A)}/Kerm.

Proof. In g one has at least the relations: (adx,) " !x,=0 (1.10) and
[x;---x;,,,]=0; whereas in L the defining relations are (ade,) **'e;=0 and
Le;,---e;. ., 1=0(2.5); whence the existence of an homomorphism = : L—g such that
me,=X,;; 7 is onto because (x,...x,)emsg(g); n is unique because (e, ...e,)e msg(L).

2.11. Particular cases. (a) Assume
[,=1 Ya=l,..,s,
then s=1{ (since [, +...+1,=0), f=1d, 6 =0 Yoe &}* " and for i+j:
~A,{T)=Min{—neN;(adv) """ 'w=0 Voegh Yweg®}.
(b) Assume that

d,=1 Va=1,..,s,

a
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(since |, =d, it is a subcase of the preceeding one). Then, with the notations of 1.4,
we have g=1, p, =1, s, =1, S***=&. Furthermore for all i=1...] there exists
x,€ g°'\(0) such that g = Kx,, therefore

Vitj, —A{T)=Min{—neN;(@dx) ""'x;=0},

thus —A4,(T) is the unique integer such that (adx) *"x;+0 and
(adx,) 4" *1x,=0 which is the definition given in [12-14]. This subcase is
studied in detail in [14].

Acknowledgements. All my thanks to Professors M. Vergne and V. G. Kac for their kind invitation to
the Massachusetts Institute of Technology (Cambridge, USA). 1t is during this stay that this work
began with the help of Professor V. G. Kac. I also thank D. H. Peterson (MIT, Dept. of Math.) for the
interest he took in my work.

References

1. Bourbaki, N.: Groupes et algébres de Lie. Chap. 1. Paris: Hermann 1968
2. Bratzlavsky, F.: Sur les algébres admettant un tore d’automorphismes donné. J. Algebra 30, 305-
316 (1974)
3. Chevalley, C.: Unpublished work [quoted by J. Dixmier i (4]
4. Dixmier, J.: Sur les représentations unitaires des groupes de Lie nilpotentes I11. Canad. J. Math. 10,
321-348 (1958)
5. Favre, G.: Systeéme de poids sur une algeébre de Lie nilpotente. Thesis 1972, Ecole Polytechnique
Fédérale de Lausanne
6. Favre, G.: Systéme de poids sur une algébre de Lie nilpotente. Manus. Math. 9, 53-90 (1973)
7. Gurevic, G.R.: On metabelian Lie algebras. Trudy Sem. Vektor. Tenzor. Anal. 12, 9-61 (1963)
8. Kac, V.G.: Simple irreducible graded Lie algebras of finite growth. Math. USSR-Izv. 2, 1271-1311
(1968)
9. Moody, R.V.: A new class of Lie algebras. J. Algebra 10, 211-230 (1968)
10. Mostow, G.D.: Fully reducible subgroups of algebraic groups. Am. J. Math. 78, 200-221 (1956)
11. Morozov, V.V.: Classification of nilpotent Lie algebras of sixth order (in Russian; MR 24A 190).
Ivz. Ucebn. Zave denii Mat. n° 4 (5), 161 (1958), USSR
12. Santharoubane, L.J.: Structure et cohomologie des algébres de Lie nilpotentes. Thesis
(1979), University of Paris 6
13. Santharoubane, L..J.: Kac-Moody Lie algebras and the classification of Nilpotent Lie algebras of
maximal rank. Canadian J. of Math. (to appear)
14. Santharoubane, L.J.: Kac-Moody Lie algebras and the classification of certain nilpotent Lie
algebras. Manuscript
15. Umlauf, K.A.: Uber die Zusammensetzung der endlichen kontinuierlichen Transforma-
tionsgruppen, insbesondere der Gruppen vom Range Null. Leipzig SS 80, 1891
16. Vergne, M.: Variétés des algebres de Lie nilpotentes. Thesis, University of Paris (1966)

Received November 30, 1982; in revised form January 11, 1983



