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1. Introduction

This paper studies asymptotic behavior in L? of weak solutions of the Navier-
Stokes equations in halfspaces:

u,—Aut+u-Vu+Vp=0 in D"x(0, o)
V-u=0 in D"x(0,0) (NS)
u=0 on oD"x(0,00); u,-o=a in D".

Here n22, D"={xeR"; x=(x,x,), x,>0} is the upper halfspace of R" with
boundary 6D"; u=(u'}—, and p denote, respectively, unknown velocity and
pressure, while a=(a')-, is a given initial velocity. In the previous work [7] the
second author studied the Cauchy problem for the same equation and proved that
for each ae L%R™ with V - a=0 there is a weak solution u which decays in L? like
the solution of the linear heat equation having the same initial value; see also [14,
15, 23]. In this paper we shall establish the same type of results in the case of
halfspaces. More specifically, we show that for each a e L%(D") such that ¥ -a=0
and ¢"=0 on 8D" there is a weak solution u of problem (NS) which tends to zero as
t— o, and moreover, if ae L2NL" for some 1<r <2, then u decays in L? like the
solution v of the Stokes system:

v,—Av+Vp=0 in D"x(0,0)
V-p=0 in D"x(0,00) S)
v=0 on 0D"x(0,); v-0=a.

The problem of 12 decay for weak solutions of the Navier-Stokes equations
Was first raised by Leray [8] in the case of the Cauchy problem in R3. Schonbek
Wacked this problem and succeeded for the first time in showing the
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existence of weak solutions with explicit decay rate. Kajikiya and Miyakawa [7]
considered the case of R", n=2, and generalized the result in [14] with
improvement. Wiegner [23] discussed the same case and obtained the most
general results in this direction. However, all of the above-mentioned works rely
on the theory of Fourier transform in treating the nonlinear term u-Vu and
therefore the arguments developed there cannot be directly applied to the case of
unbounded domains with boundaries.

In this paper we shall give an approach to the L? decay problem in the case of
halfspaces which does not use Fourier transform directly. Our main tool is the
fractional powers of the Stokes operator in general L™ spaces. The fractional
powers of the Stokes operator is studied in detail in [ 5] in the case where the Stokes
operator is boundedly invertible. In our case, however, the Stokes operator is not
boundedly invertible, and in such a case it is in general not easy to establish
calculus inequalities involving the fractional powers. We can avoid this difficultyin
the case of halfspaces by appealing to the fact that the halfspaces D" are invariant
under the action of scaling transformations: x—4x, 4>0, and obtain the desired
inequalities. Those calculus inequalities will then be applied to prove the so-called
(L*, L%-estimates for the solutions of problem (S) as well as to give a good estimate
for the nonlinear term of (NS), both of which are needed in establishing our main
results.

The existence of fractional powers of the Stokes operator is guaranteed by the
fact that the Stokes operator on D" generates a bounded analytic semigroup in
each L" space, 1 <r < co. This is shown for n=3 by McCracken [9] with the aid of
the theory of hydrodynamic potentials. In this paper we extend the result of
McCracken to all dimensions n>2, using the formula of Ukai [21] for the
solutions of the Stokes system (S).

After showing the boundedness and analyticity of the semigroup, we study the
fractional powers of the Stokes operator. Here we again apply Ukai’s formula in
order to identify the domains of the fractional powers with some complex
interpolation spaces. The desired calculus inequalities involving the fractional
powers are then easily deduced from the complex interpolation theory and the
invariance of D" under scaling transformations.

Our main results (stated in Sect. 2) are nothing but the restatement of those of
[7]. Itis also possible to prove the decay results of the form stated in Wiegner [23].
However, we adopt our present version of main results since it is directly connected
with the (L?, L9-estimates for the solutions of problem (S) and since the (L7, L)
estimates would be interesting in themselves.

The proof of our main results is carried out for n> 3 with the help of a special
kind of approximate solutions to problem (NS). We employ the idea of Sohr, von
Wahl, and Wiegner [16] to construct the approximate solutions. In Sect. 5 we shall
show that for any initial data in L? the approximate solutions constructed along
theidea of [16] contain a subsequence which converges to a weak solution of (NS)

2. Main Results

We use the following notations: L"=I"(D"), 1 £r £ 00, denotes the usual Lebesgu¢
space of scalar, as well as vector, functions defined on the halfspace D”. The norm of
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L is denoted by | - |,. C3 (D" is the set of smooth divergence-free vector fields
with compact supportin D", and X, = X (D") denotes the L"-closure of Cg’ ,(D"). As
will be shown in Sect. 3, the Helmholtz decomposition:

L'=X,®G, (direct sum), G,={felL"; f=Vp}

holds for 1 <r < co. We write P= P, the projection onto X, associated to the above
decomposition. W*"(D") denotes the usual L" Sobolev space with norm | - |}; ,, and
Ws"(D") is the closure in W*"(D") of the set C3(D") of smooth functions with
compact support in D",

Let a be in X ,. A function u defined on (0, c0) with values in X,nW;**(D") is
called a weak solution of (NS) if

@ uel™0,T; X,)nL*0,T; Wg-*D") foreach 0<T<oo; and
(b) = [(uv)gdi+ [ (Vu,Vv)gdt+ [ (u-Vu,v)gdt=(a,v)g(0)
0 (1] (1]

for all ve X,nWg 2D L" and all g=g(t)e C'([0, o0); R') vanishing near t= 0.
Here and in the following, (-, -) denotes the duality pairing between L" and L,
1/r=1—1/r. Note that the third integral on the left of (b) is finite, due to the
requirement ve L". It is well known that for each ae X , problem (NS) possesses a
weak solution. The uniqueness of weak solutions still remains an open problem
when n=3. Our main results are now stated as follows.

Theorem 1. For each ac X, there is a weak solution u of (NS) such that

(i) Ju@)|l,—0 ast— o0,

(i) If ae X,NL" for some 1<r<2, then ||u(t)]|, < Ct~ ™ ~"DI2 for t>0, with
C>0 depending only on n, r, and a.

Theorem 2. Let ae X, and let u,(t) be the solution of (S) with uy(0)=a. Then the
weak solution u given in Theorem ! satisfies

(i) [[u(t)—uo(t)ll,=0(t'>~"*) as t>o0;

(iv) If aeX,NL" for some 1 <r<2, then

lu®)—uo(®)ll,=0(t =" ="22) as t—-oc0.
As will be shown in Sect. 4, the function u,(t) satisfies the estimates:
luo@)ll, = Ct= @ ="92|a||,, aeX,nL

provided either 1 <r<g< o or 1=r<q< . Thus Theorem 2 means that the
decay rate given in Theorem 1 is in general determined by the linear part of the
weak solution,

We shall prove Theorems 1 and 2 in Sect. 4. In Sect. 3 we define the Stokes
Operator on halfspaces and prepare some basic properties of fractional powers,
which are needed in Sect. 4. Section 5 is devoted to constructing a special kind of
approximate solutions to (NS), which we need in showing our main results for
"% 3. The construction and convergence of the approximate solutions are
discussed along the idea of [16].

.Throughout this paper C denotes constants which may vary from line to line,
while C » J=1,2,..., and M denote fixed constants in each context.
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3. The Stokes Operator over the Halfspaces

(1) The Helmholtz Decomposition

We begin by establishing the decomposition of L'-vector fields on D" into
solenoidal and potential parts, as given in [4] for bounded domains and in [10, 17]
for three-dimensional exterior domains. Although the result below is conceptually
well known (see [ 9, Appendix] for an outline of the proof in case n = 3), no complete
proof seems to be available; so we give here a complete proof for the reader’s
convenience. First recall that X is the L'-closure of C¢ ,(D”) and that G, ={feL;
f=Fp, pe L, (D"}, where D" is the closure of D".

Theorem 3.1. (i) L'=X,®DG,, 1 <r< oo (direct sum).

() X*=X, and X} =G, for 1 <r<co,wherer =r/(r—1), X* is the dual space
of X,, and X} denotes the annihilator of X,.

(iii) If P, denotes the bounded projection from L' onto X, associated to the
decomposition (i), then the dual P¥ equals P,.,r'=r/(r—1).

Proof. We follow the argument in [10]. Consider the space
Y,={ueLl; V u=0,u"p.=0}, 1<r<ow.

Since u”|,p is well-defined in W~ 1~"(6D") so that the divergence theorem holds,
the space Y, is closed in L"; see [10] for the details. For ve C(D") the argument in
[9, Appendix] gives a unique decomposition v=u+ FVp with ueY,, Vpe L', and
pe L, (D" so that

[ull,+IVpll,=Cllvll, with C independent of v. (3.9

Actually, McCracken [9] shows (3.1) for n=3; but her argument applies to all
dimensions n=2. Let P, be the linear operator sending v to u. Since C§(D") is dense
in L', P, extends uniquely to a bounded linear operator from L' to Y,.

Here we let G, = X7, ¥’ =r/(r—1), for 1 <r < c0. Since C7 (D" is dense in X,, 2
theorem of De Rham [13, Th. 17'] implies that

G,={feL’; f=Vp, pe Lj(D"}. (32
We next show that
Y.nG,=0 for 1<r<o. 33

Indeed, if f=Vpisin Y,NG,, the function p"=dp/dx, is harmonic in D", lies in L',
and vanishes on D", By the reflection principle for harmonic functions, p" extends
to a harmonic function on R" which belongs to L'(R"). Hence p"=0, ie., the
function p is independent of x,. It follows that f=Vp=(dp/dx,,...,0p/0x,_,) 1
independent of x, and belongs to L'(D"). Thus f=Vp=0, which shows (3.3).

Consider now the operator P,. By definition, 1 — P, maps L' into G,. This,
together with (3.3), implies that

L'=Y,®G, (direct sum), 1<r<oo;

. (34
and P, is the associated projection onto Y,.

We can now prove
Y,=X,, X*=X,, r=r/r—1), 1<r<co. 33
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Obviously X,CY,. To show the reverse inclusion, we observe that Y, = L'/G, by
(34), and therefore Y,* = G =X, by the definition of G,.. Now let u;,u, € ¥, satisfy
(4, —uy, Y,)=0. This implies in particular that (u; —u,, C§(D")=0 and so
U~ €X L=@G,. Hence u; —u, =0 by (3.3). This shows that Y, can be regarded as
a subset of ¥*=G;=X,, and hence we obtain (3.5). We have now proved
assertions (i) and (ii). Assertion (iii) is easily verified by direct calculation. The proof
is complete.

(1I) The Stokes Operator

In this subsection we define the Stokes operator over the halfspaces D" and discuss
its basic properties. The main assertion is that the Stokes operator generates in
each X,, 1 <r< o0, a bounded analytic semigroup giving the solution to problem
(S) and therefore the fractional powers are defined in the standard manner [19].
This is shown by McCracken [9] for n =3 with the aid of hydrodynamic potentials.
We give here a different approach based on the formula of Ukai [21] for solutions
to problem (S). As seen below, this approach is simpler than that of [9] and,
moreover, enables us to determine the domains of fractional powers by means of
interpolation theory of Banach spaces.

To state Ukai’s formula we prepare some notations. By R=(R’,R,) with
R'=(R,,..,R,_;) we denote the Riesz transforms over R" (see [18]).
§=(S},...,S,-1) denotes the Riesz transform over R"~'. Each R; (resp. S)) is a
bounded linear operator on L(R") [resp. L'(R"™1)], 1 <r<oo. For a function
f=f(x,x,) we understand that S ; acts as a convolution with respect to the
variables x', so §; is regarded as a bounded operator on both L'(R") and L(D"),
{<r<co.Let B=B,= — 4 be the Laplacian on D" with domain D(B,)= W*"(D")
NWs-(D"). As is well known, — B generates on each L', 1 <r< oo, a bounded
analytic semigroup {e~‘%; t 20}. Moreover, one easily sees that

e Bf=hE.f, fel, l1<r<o, (3.6)
where h is the restriction to D"; E, denotes the convolution by the heat kernel; and
J&x)=f(x, %) (,>0); =—f(x,—x,) (x,<0).

Finally, we define
(N, x,)=fx, %) (x,>0); =0 (x,<0).

The formula of Ukai [21] is now stated as follows.

T:heorem 32 [21]. For aeX,, 1<r<ow, the solution u=@',u") with
W=(u',..,u""1) of problem (S) is expressed as

w'(t)=Ue "BV,a; u(t)=e "BV,a—SUe *V,a,

Where Via=a"—S-d, Vea=a'+8a" and U=hS-R'(S-R'+R,)e. Moreover, the
Corresponding pressure is expressed, up to addition of functions of t, as the Poisson
integral of —3,e " "BV, a|,pn (8, = 0/0x,).

See [21] for the proof. Here we note that the Fourier transform lj} of Uf with
fespect to the variables x' is expressed as

UAf(é',x,,)=|é'|’j)"e-'ﬁ"m-”f(f',y)dy, geR 37)
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so that for 6,=0/0x;, j=1,...,n, and the Laplacian 4’ on R"~! we have
oU=U0;, j=1,..,n—1; 0,U=(1-U}—4)"2. 37

Now set T,a=u(t), where u solves (S). Direct calculation using Theorem 3.2 then
gives T,,, =TT, for t,s=0, and T.a—a in X, as t—0. Together with the
boundedness and analyticity of {e~*®; >0}, this yields

Corollary 3.3. {T;;t =0} defines on each X ,,1 <r < oo, a bounded analytic semigroup
of class C,,.

Let — A, be the generator of {T;}, and consider the resolvent
(A+4,) la=L(A)a= ge‘”T,adt, >0, aeX,.

In view of Theorem 3.2, we have
(L(A)ay'=U(A+B,)"'Vya;
(L{A)a) =(A+B,)"'V,a—SU(A+B,) V,a.

Using (3.7) and (3.7’), one finds that D(A4,) =Range(L/{2))C X,nD(B,), 4>0. On the
other hand, if ae X,nD(B,), then V,a and V,a are in D(B,); and so Ta is
differentiable at t=0. We thus have a e D(4,). Hence we obtain

(38

D(4,)=X,nD(B,)=X,nW**(D") AWz "(D". (39
We call A4, the Stokes operator. 4, is expressed directly as follows:
Au=—PAdu for ueD(4,). (3.10)

Indeed, using (3.7) and the relation 4" = UV,u, we have
(A" + du"=AUV,u— UAV,u=(02UV, — Ud*V,)u.
Since |€'|e!*'? = del*'?/dy, (3.7) and integration by parts applied to the first term on
the right-hand side yield
(Au)' +4u"=0,p,
where p is the Poisson integral of -3,V ul,ps. A similar argument using
u'=V,u—SUV,u gives
Ay +4u'=V'p, V'=(0,,...,0,_,).

Hence we get (3.10). From now on, we write T,a=e "Ya=e *4rq. By analytic
continuation, we see that (3.8) holds for every 4 in the resolvent set of — B,. We thus
obtain

Corollary 3.4. For each 1 <r< oo and each n/2 <0 <m, any complex number 1#0
with largA| < 6 belongs to the resolvent set of — A, and the estimate

IA+A4)" =M/, 1+0, |argd| <0, (3.1

holds with M depending only on r, n, and 6. Here || - || denotes the operator norm.
Moreover, A, is defined by (3.10).
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By Corollary 3.4, the fractional powers 47, 0<a <1, are defined as
Aiv= lilrg (e+4,)v, veDA)=D{c+A4,)); see[19].

Corollary 3.5. (i) The estimate
lullz,, S CI(A, +1ull,, ueD(4,)

holds with C independent of u.
(i) A*=A,., v =r/(r—1); in particular, A, is nonnegative and self-adjoint in the
Hilbert space X ,. Here A¥ is the dual operator of A,.

Proof. (i) follows from the boundedness of (1 + 4,) ™! from X, to the Banach space
D(A,) with norm | - ||, ,. The boundedness is an immediate consequence of the
closed graph theorem. To show (ii), consider the bilinear form

Dlu,v]=(Fu, Vv)+(u,v).
The operator L,=(1+4,)” ! satisfies, by (3.10),
D[Lu,v]=D[u,L,.vl=(u,v), for uveC3 (D%, r=r/(r—1).
Since C§ (D" is dense in both of X, and X,., we see that
(Lou,v)=(u,L.v) for ueX, and veX,.

This implies A* = 4,, and the nonnegativity of 4,. The proof is complete.

(111} Calculus Inequalities Involving Fractional Powers
This subsection is devoted to the proof of
Theorem 3.6. (i) The estimate
|D%u|,<C|Aull,, wueD(4,), 1<r<oo,

holds with C independent of u.
(ii) D(AY*)=X,nWs"(D"), 1 <r< oo, and we have in particular
1Dull, £C|4;%uf,, ueD(4;7)
with C independent of u.
(i) If ueD(AY, 1<r<oo, O<a<l1, and if 0<ljg=1/r—2a/n<1, then
ue LYD™) and we have the estimate

lul =CllAzul,, ueD(4y)

with C independent of u.
Here Du and D*u represent the first and second derivatives of u, respectively.

Notice that the estimates in Theorem 3.6 are by no means obvious, since A4, is
1ot boundedly invertible. We first prove a simpler version.

Lemma 3.7. Assertions in Theorem 3.6 are valid with A, replaced by A, +1.

Proof. 1t suffices to show that the Banach space D(A?%), O0<a<1, with norm
I(4,+ 1)*u]|, is equal to the complex interpolation space [ X,, D(4,)], (see [12] for
the definition). Indeed, Lemma 3.7 is then immediately derived from the



146 W. Borchers and T. Miyakawa

interpolation theory. For the details we refer to [5] and references therein. To
identify D(A%) with complex interpolation spaces, it is enough (see [5]) to show that
the complex power (4,4 1) "%,0 <Rez < 1, is well-defined with the property that for
each ¢>0 there is a constant C,>0 satisfying

(4, +1) "0l =C,exp(e[lmz])|v],, veX,. (312

To show (3.12) we recall the formula
(A+1)7*=T()" [= e+ dt . Rez>0,
0

where I'(z) is the gamma function. Applying Theorem 3.2 to the right-hand side

yields
(4,4 1) *2w)*=U(B,+1)" *V,u,

(A, + 1) "uy =(B,+ 1) *Vu—SU(B,+1)"*V,u.
Our problem is thus reduced to showing an estimate of the form (3.12) for the
operator (B,+1)" 7. But (3.6) gives
(Br+ 1)—zf= h(1 ——A)—z]"

where A is the Laplacian on R" with domain D(4) = W?'"(R". So we have only to
show an estimate of the form (3.12) for (1 — A) "2 The operator (1 — A) % is defined
[18] as the convolution on R” by the function G, with Fourier transform (on R")

GO)=(1+]E7)", EeR™.
Straightforward calculation yields the following estimates for derivatives D"G,:
ID"GAOISC, mexplelimz)|S| ™™, m=0,1,2,...,

where C, ,, depends on >0 and the order m of differentiation. We can therefore
apply the multiplier theorem [6, Th. 2.5] to get the desired estimates for (1 —4)™
This proves Lemma 3.7.

Proof of Theorem 3.6. First observe that D" is invariant under the transformation:
x—Ax, A>0. For a function f defined on D" we set

(LNX)=f(x/4), 4>0.

Obviously, T, defines an automorphism of X, and of D(4,), and so an
automorphism of each D(4%), O<a<1, as seen from interpolation theory.
Moreover, direct calculation using (3.10) gives

(u+A),=T(u+1"24,) for i>0 and >0, (3.13)
Tp+4724) ' =(u+4,)7'T,.

so that

This implies that, for 0<a<1,

S [Tt +1+A4,)" "Tde

(1+4)"T=——1

O o [ 5 +1+A724) " dt=T,(1 + 2~ 24,)"".
0
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We thus have
1+ A4)T,=T,(1+1724,) for A>0. (3.14)
We now prove Theorem 3.6, using (3.13) and (3.14). First, Corollary 3.5 gives
ID?ull, < CiI(4,+ul,, ueD(4,).
We set u=T,v, ve D(4,), use (3.13), and then evaluate both sides of the resulting
inequality via the change of variables: y=x/4, to get
ID%|,£C,I(4,+A%p|, forall A>0.

Since C, is independent of 4, letting 4]0 yields assertion (i). Secondly, Lemma 3.7
gives the estimates

IDul, < C, (4, +1)*?ul,; and
ull, = Csll(4,+1)ull, provided that 0<1/q=1/r—20/n<1.
This time, we use (3.14) and proceed as above to get
1Dol, < Co (A, + A7)0l el S Cal(A,+ 2% 0],
Letting 4|0 yields assertions (ii) and (iii). The proof is complete.

Remarks. (i) The use of the transformations T; is suggested by McCracken [9]. She
used the invariance property of D* under T, to show the resolvent estimate (3.11).
Theorem 3.6 plays a basic role in proving our main results in the next section.

(iiy After the present work was completed, our attention was called to the
preprint [24] by Simader and Sohr concerning the Helmholtz decomposition.
They give a complete and more elementary proof of Theorem 3.1 without using the
theorem of De Rham [13, Th. 17"]. However, we have given our version of proof
for the reader’s convenience.

4. Proof of Main Results

In this section we prove Theorems 1 and 2 stated in Sect. 2. As in [7] we consider
separately the cases n=3 and n=2. In case n=3, we employ a special kind of
approximate solutions to (NS) and obtain estimates which are uniform in
approximation; the desired results are then obtained through passage to the limit.
In case n=2, we directly treat the (unique) weak solution itself and proceed in the
Same way as in [7]. In both cases, the basic role is played by the following (L%, L')-
estimates for the semigroup {e”*4; t=0}. In what follows we write A=A, for
simplicity in notation.

Proposition 4.1. Let ac X L' for some 1 S£r < 0. Then the estimate
le™*4a] ;< Ct™ =972 ],
holds with ¢ independent of a and t>0, provided either
() t<rgg<ow; or () 1Sr<g=w.

Proof. Under assumption (i) the conclusion follows immediately from Theorem
32, (3.6), and the well-known (L%, L")-estimates for the heat kernel. It suffices
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therefore to prove the assertion, assuming 1<r<g=o00, 1=r<qg<o0, or
1=r<q=c0.

Case 1 (1 <r<g= o). First observe that the Gagliardo-Nirenberg inequality [3,
Part I, Chap. 9]:

Ifle=CIfI; "™ IDfIE*,  n<s<oo @9

still remains valid for functions f on the halfspaces D”. Indeed, to see this one has
only to extend f to R® by an appropriate reflection and then apply the R"-version
of (4.1) to the extended function.

Applying (4.1) with s=n+r and Theorem 3.6(ii), we have

le™*all o < Clle™*all; ~"*| De~*al|5"*
=Cle™*al; """ A e all".
Since e “a|l, < Ct~™r="92| || and since the boundedness and analyticity of
e” " gives
“Al/ze——tAa"sz “Al/ze—tA/2e—-tA/2a”séct-—1/2”e—tA/2a”s
SCemiRmermmI|g)),

we get _ _
le*all, = Ct™™* |al,.

This proves the assertion for 1 <r<g= 0.

Case2(1=r<q< o). Letq'=q/(g—1)andve X .. Since X = X ;. by Theorem 3.1,
we have

le”*al,= sup (e *a,v)|l= sup |(a,e ).

flellgr=1 llofg =1

Note that here we have used A* = A,., so that (e *4")* ="~ ¢’ =r/(r —1). By the
foregoing result,

la,e o) < lallylle*v] o, SCt ™" |all vl -
Hence
le~*4all, S Ct ="~ 11072 g
which shows the result.
Case 3 (1=r<qg=00). By (4.1) with s=2n and Theorem 3.6(ii), we get
le™*all, < Clle™"al 32| A" e~ all 3} .

Applying the foregoing results to the right-hand side yields the assertion. This
completes the proof of Proposition 4.1.

Corollary 4.2, For any ae X,, 1 <r<w,
e *al,—0 as t—oo.

Proof. The assertion follows from Proposition 4.1 when aeCg (D"). Sinc
C? (D" is dense in X,, the result follows for an arbitrary a from the boundedness
of the semigroup {e~*4}. The proof is complete.
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We now turn to the proof of Theorems 1 and 2. As approximate solutions of
(NS) with ae X, and n=3, we take the solution u,, k=1,2, ..., of

%uk+A2uk+P2(W,“ V)uk=0, t>0; uk(0)=ak. (AP)

Here a; = Ja with J,=(1+ k™' 4,)" !, and w, = JYu, with N=1+[n/4]. ([a] is the
largest integer in the real number a.) Problem (AP) will be solved in the next
section; here we collect a few properties of functions u,, w, which are needed in this

section.

(a) u, exist uniquely in L*0, T; D(A))nW' (0, T; X ,) for all T>O0.

(b) w, are bounded functions on each D" x [0, T], T>0, and satisfy V - w, =0
and

t t
[ Iwi(s)13ds < | lus)l3ds for all >0.
0 (1]

(c¢) Thereis a subsequence of u, which converges in L2 (D" x [0, c0)) to a weak

solution of (NS).
From (a) we have (d/dt) |u,||%=2(u;, u;) for ae. t, where uj =du,/dt. Thus,
multiplying u, to (AP) and using (P (w, - V)u,, u,)=0, we get

t
lluk(t)II§+2(I)Iquk(S)||§d8=IIak|I§§IIa||§ for all ¢>0. 4.2)

In the following, we write w =w, and u =1, for simplicity in notation; for the case
n=2, we understand that w=u represents the unique weak solution to (NS).

In case n2> 3, our estimates derived below are uniform in k, and so the desired
results are obtained through passage to the limit k— 0. Let

A= :f AdE(d)
be the spectral decomposition of the nonnegative self-adjoint operator A, in X .
We first prove the following, which is our key lemma.
Lemma 4.3,
IE()PW - V)ulla < Cllwlz [lul ,4" 2/

Jor all 1> 0, where C is independent of w, u, and 1.
Proof. We have

IECP(w - V)ull = ,Sup (E(A)P(w - V)u,v), 4.3)

where pe X 2. Since V- w=0, the right-hand side is written as
(E()P(w - V)u, v)| = |(w - Vu, PE(A)0) = |(u, (w - V)E(A)v)] . 44
Applying (4.1) with s=2n and Theorem 3.6, we get
l(u,(w- P)E(Qp)| < ||w-ul, IDE(A] o
S C|wlllull I DEAw||3, | D*E(A)v]| 35
S C|willlull | A PEQw || 52| AEA|3,2 . 4.5)
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Here we have used that E(L)ve ﬂ DAY C ﬂ D(A4)") for any 2>0 and r22,

which follows from the regulanty theory for the stationary Stokes system [1],
Since 1/2n=1/2—(n—1)/2n, a repeated application of Theorem 3.6 (iii) yields

IA2EA)] 1 S C| A2+~ DIBEQo| ,  CA™* D4 o] 5 ;
I AE(A0)| 2 SCJl A T~ DRE(A)0]| , S CA"F 3] .
Combining (4.3)+4.6) implies the assertion. The proof is complete.

(46

Remark. Lemma 4.3 is proved in [7] for the case of R" by directly applying the
Fourier transform; see also [14], [15], and [23]. However, our proof given above
applies also to the case of R"; indeed, the theory of Riesz potentials as given in [18]
provides necessary estimates for fractional powers of the Laplacian in R".
Using Proposition 4.1 and Lemma 4.3, we can prove Theorems 1 and 2 in the
same way as in [7]. Here we give only an outline of the proof. For the details we
refer the reader to [7, pp. 138-145]. We start with
d
= lul3+2142u|3=0.
For any fixed ¢ >0, the second term is estimated as
4" u)3 2 f Ad|| E(Aul3 Z e(lull — | E@ul3) 2 (e/2)(lul5 — | E(@)ull3).-
This gives
d
Z;Ilull§+Qllull§_-<_QIJE(Q)uH§~ @7
To estimate the right-hand side we use the integral equation
t
ut)=e “a,+ e " I4F(w,u)(s)ds; F(w,u)=—Pw-V)u,
0
and obtain, after an integration by parts,
tfe
E(o)u(t)=E()e “a, + | [I e~ M TIAE()F(w, ) (S))] ds
ojlo
t
= E(g)e "a, + e~ *""OE(g)F(w, u)(s)ds
4]

+ i (t—s) [i e MTIE(DF(w, u)(s)dl] ds.
By Lemma 4.3 [and property (b) for n= 3] the last two terms are estimated in X, 25
S IC | o) 3ds.
Since | E(@)e™*all, < lle™**ayll, < lie™*all 5, this gives

|E@u®)l < lle~"all, +e"‘“”“C§ u(s)| 2ds. @49
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We substitute (4.8) into (4.7), use the estimate ||u(s)| , < |la,ll, < llal, [see (4.2)], to
get

d -
7 413 +ellulz s eCllle™ all; + %" 2] (4.9)

forall > 0. Now take o =t ~! with x—n/2 > — 1 and multiply both sides above by
t* and proceed in exactly the same way (using Corollary 4.2 with r=2)asin [7] to
get Assertion (i ). The proof of Assertion (i) for n2 3 is carried out in the same way
asin [7] if we apply Proposition 4.1 to estimate the term ||e ~*4a| , in (4.9). To treat
the case n=2 as in [7], we need the following

Lemma 4.4.
le™*4Ptw - P)ul, < Cllwlo|Vull ™" 7172, 150,  1<r<co.

We use Lemma 4.4 with n=2 and 1 <r £2 and proceed in exactly the same way
as in [7, pp. 142-143] to conclude Assertion (i) for n=2. As for Theorem 2, the
argument given in [7, pp. 143-145] works with no change, and so the details are
omitted here.

Proof of Lemma 4.4. By duality we have
le " “Pw-Vul,= sup |e "Pw Puv)= sup |(w:Fue “p),
1 lleller=1

[oflyr=
where ve X,. and ¥ =r/(r—1). By Proposition 4.1, we have
Iw-Vu,e o) < llw- Vulllle o]l , < Cllwl 2 [Pull 2t~ o],

which gives the result.

5. Construction of Approximate Solutions

We now prove that for each k=1,2, ..., and each ae X, the problem
d
Euk+A2uk+P2(Wk' V)uk=0, t>0; uk(0)=ak (AP)

admits a unique solution u, and that a subsequence of u, converges to a weak
solution of problem (NS). Here a,=J,a, w,=Ju,, N=1+[n/4], n=3, and
Ji=(14k~'4,)~ .. By the regularity theory for the stationary Stokes system [1]
we have the estimate

IWill o = Clluagl; - (5.1)

Also, since A, is nonnegative and selfadjoint, we have ||J,||<1 as a bounded
Oberator on X ,. Thus property (b) stated in Sect. 4 follows immediately. As in
[16] we consider problem (AP) in the form of the integral equation

w(t)y=e “a, + 3) e I F(w,,u)(s)ds;  F(w,u)= —Py(w-P)u (IE)

and solve (IE) applying the contraction mapping principle.
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Propeosition 5.1. For any fixed T>0 and k=1, Eq. (IE) has a unique solution in
C([0, T]; D(AL/?). The solution belongs to L*0, T; D(A,)nW'0, T; X,) and
satisfies (AP) for a.e. t.

Proof. We write w=w,, u=u,, and a=a, for simplicity in notation. Note that
ae D(A,) by this convention. Also, the norm of the Banach space C([0, T1; D(43/3)
is denoted by

oliz=sup_(Io®)]+14"20)]).
Now define the closed set S(M, T, a) of C([0, T]; D(4}/%) by

SIM, T, a)={v; v(0)=a, |lvllr S M},

and consider on S(M, T, a) the nonlinear operator
i
Gu(t)=e "a+ [e ¢ 9F(w,v)(s)ds, w=Jyv.
4]

By Theorem 3.6 and (5.1),
IF(w, 0)ll, £ C,llwll o IV oll, Cylloll |4V 20], .

This, together with the bound |4Y2e~*4|| £ Ct™*/? on X, gives

IGullr < llall,+ 4" %al, + C;MA(T + T'7) (52
for ve S(M, T, a). Similarly, using

| F(wy,0,) — F(w,, 05)ll, £ C(J|lv, — v, 2N A0t + 0251 AV (0, —02)112)

with w;=J}v;, j=1,2, we get

I1Gvy — Goyfllr S CoM(T + T'?) los—vall ¢ (53

for v;e S(M, T, a), j=1,2. Here we fix M so that |a||,+ || 4'/a|, < M/2 and then
choose T so that CyM(T+ T'*)<1/2 and C,M(T+ T**)<1/2. The estimates
(5.2)and (5.3) then show that G is a strict contraction from S(M, T, a) into itself with
respect to the metric |[|v, —v, || ;. By the contraction mapping principle, there isa
unique u in S(M, T, a) which solves (IE) on the interval [0, T]. Further, since
Fw,w)e L*(0, T; X,)CL*0,T; X,), we easily see that u is in L*0, T; D(4,)
NW12(0, T; X ,) and solves (AP)a.e. on [0, T]. To show the existence for arbitrary
T, as well as the uniqueness in C([0, T]; D(4}/%)), it suffices therefore to derive 2
priori bounds for [|ull|y. Since u, Au, and du/dt are all in L*0, T; X,), we get

& Jul+204"Pul =0 (54
and by (5.1)
& AR+ 20 4wl = 2Fon, ), A
< Clul 4"l Al S Cll31 Al 3+ L Aul}. 59

From (5.4) we get
lu@®)l2 = lall, . (54)
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Using this in the right-hand side of (5.5) we have
d
T 1A' 2u))3 < Clal3 1A ?ul)3,
which gives
14"?u(®)|3 < |A"2a|3 exp(Cliali3t). (5.7)
By (5.6) and (5.7) the proof is complete.

Proposition 5.2. Let u, be the solution of (AP) given in Proposition 5.1. Then there

exists a subsequence of w, which converges in L% (D" x [0, o0)) to a weak solution

of (NS).

Proof. First we observe that (5.4) with u=u, and the estimate |a.|l,<lal,
together imply the boundedness of u, in L®(0, T; X ;)nL*0, T; D(A%/?)). Consider
next the functions u(t)=e ™ "a,; since a,—a in X ,, we get by direct calculation,

lug(e)—up(®)15 +2 (I: I A2(uP(s) — uP(s) || 3ds
=|ay—a, |20 as k,I-o0. (5.8)
This implies in particular that
=u,—e "“a, are bounded in L0, T; X,)nL*0,T; D(A?). (5.9)

Now let g=(n+2)/(n+1). Since || J,|| £ M, as a bounded operator on X, with M,
independent of k, we have

| F(wy, “k)”qécnwk' Vuk||q§C”Wk||2(n+2)/n|| Vuell,
éC”ukHZ(n+2)/n HAI/Zuk"z
S Cllugh 3 PN |7 2l A Pl

SClall3** 2] A 2u, |13,

Here we have used (5.6) for u=u,, the estimate |la,|,=<|all, and Theorem
3.6(ii), (iii ). This implies that

T T
T IF v syl 9t < C | | A" 2dt < Cllall. (5.10)
0 0

Since v, satisfies

Lot A =Fowpu),  >0; 00)=0,

We can apply Solonnikov’s estimate ([17] for n=3 and [22] for n > 4) to conclude
that, with v, = dy,/dt,

T T T
| v I2de + { lAvlGde<C | IF(wy, wi)ll3dt . (5.11)

Combining (5.10) and (5.11) gives
v, are bounded in L0, T; D(4,)n W0, T; X,). (5.12)
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By (5.9) and (5.12), we can apply Theorem 2.1 in [20, Chap. II] to conclude that a
subsequence of v, converges in L2 (D" x [0, o)) to a function v belonging to

L*(0, T; X,;)nL*0, T; D(AY*)NLYO, T; DANNW40, T; X )
foreach T>0.

This and (5.8) together imply the existence of a subsequence of u,=v,+e g,
which converges in L% (D" x [0, ©0)) to the function u=v+e *a. It is easily
verified that the function u is a weak solution of (NS). This completes the proof of
Proposition 5.2.

Remarks. Problem (AP) is obtained from the original problem (NS) by replacing
the coefficient of the convective term u - Vu by a regularization w=JYu. The idea of
using equations with regularized convective term to construct weak solutions goes
back to Leray [8]. A modified version of Leray’s construction is applied by
Caffarelli, Kohn, and Nirenberg [2] to the analysis of singularities of weak
solutions. The idea of using the operator J, is due to Sohr, von Wahl, and
Wiegner [16].

In [2] and [16] the weak solutions are constructed in the case of bounded
domains [2] and exterior domains [16] in R? for the initial data satisfying more
stringent conditions than ours. This is because both works aim at constructing
weak solutions with an additional regularity property of the corresponding
pressure. In the forthcoming paper [11] it will be shown that our proof of
Proposition 5.2 can be modified in case n=13, 4, 50 as to provide weak solutions as
treated in [2] and [16] under no other conditions than ae X,. It turns out
therefore that when n=3,4, our weak solutions obtained in this section are the
same kind of solutions as treated in [2] and [16].
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