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The Uniform Position Principle
for Curves in Characteristic p

Jurgen Rathmann*
Department of Mathematics, University of California, Berkeley, CA 94720, USA

Let P" be the n-dimensional projective space over an algebraically closed field. A
set of points x,, ..., x, € P" lies in uniform position, if for any positive integers k,  any
k of these points impose the same number of conditions on hypersurfaces of
degree L

J. Harris proves in [8] that the points of a general hyperplane section of a
reduced irreducible curve C CP” lie in uniform position, if the characteristic of the
ground field is 0. He then proceeds (see also [9]) to bound the genus of curves not
lying on surfaces of a certain degree. Although one can expect that Harris’s bounds
hold in arbitrary characteristic, it is not clear how to actually prove them. In view
of his methods, however, it suffices to establish his uniform position argument in
characteristic p>0.

What can we expect to find?

First of all, in characteristic p>0 there are well known examples of space
curves C such that every secant of C is a multisecant [10, IV Ex. 3.8.],1.e,,every
secant of C intersects C in at least one more point. For these, uniform position
certainly fails. Apart from this phenomenon there seem to be no obvious counter-
examples. Furthermore, these examples yield so-called strange curves. By Samuel’s
theorem [20] they are singular except for the conic in characteristic 2 and P*.
Therefore, since our main interest lies in smooth curves, we can lay those aside.

Our main result is

Theorem 0.1. Let C be a smooth irreducible curve in P", n >4 and assume that C is not
contained in a hyperplane. Then the points of a general hyperplane section of C liein
uniform position.

For curves in P* we can prove it only under additional assumptions. In general,
the problem remains open.

In Sect. 1 we develop the necessary geometric theory for our result. Section 2
Proves the main theorem (2.5) using a classification theorem for multiply transitive
Permutation groups.

———————
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1. The Geometric Theory

Let CCP" be a nondegenerate (not lying in a hyperplane) reduced irreducible
curve. The simplest case where one can check for uniform position arises for [=1,
i.e., hyperplanes. We discuss this case first. Recall from [10, p. 311] that C is
called strange, if all of its tangent lines (at regular points) pass through one point,

Lemma 1.1 (General Position Lemma). Let C be as above, H a general hyperplane.
If C is not strange, then every n points of HNC are linearly independent.

Proof. The arguments are well known (see e.g. [1, Proposition 8], [2, p. 110]),
however usually a characteristic 0 hypothesis is used:

Let C be as in the assumption such that for every hyperplane H one can find n
linearly dependent points in HNC. We have to show that C is strange.

For 25k<n—1 let U,:={(xy, ..., x,) € C*| x; pairwise distinct} and let ¥, be
the subset of those points (x, ..., x;) such that x,, ..., x, are linearly dependent or
there is one more point of C in their linear span. ¥, is closed in U, which is
irreducible.

The hyperplanes of P" are parametrised by the dual projective space P™*. If
(x4, .--» ) € Vi and x4, ..., x, are linearly independent, then they are responsible for
rendering an (n— k)-dimensional (linear) subvariety of P** undesirable. If those
points lic in a (k—1)-dimensional subvariety of U, and, furthermore,
dim(V,_,)<k—2, then we can conclude that dim(V)sk—1. Now
dim(V,_,)Sn~—2 proves the general position lemma for C; therefore (U, is
irreducible) there exists a (minimally chosen) k such that for every k points x4, ..., X;
of C there is one more point x of C such'that x,, ..., x;, x are linearly dependent.
Now either every secant of C is a multisecant (k=2), or C can be projected
birationally from a point of C into a hyperplane. The image of C now violates the
general position lemma in P"~ . Continuing, one arrives at a curve C, all of whose
secants are multisecants. By [10, IV 3.8] C, is strange (all tangent lines pass
through one point).

Now Citselfis strange: As in the proof of [10, IV 3.8] it is sufficient to show that
every two tangent lines meet. So let P, Q € C, choose a P® containing the embedded
tangent lines fp,t, and choose the projections from above into linear spaces
containing that P>, ¢p,t, remain fixed under the projections, and, after the last
projection, they must intersect.

Example 1.2. Let CCP* be defined as the complete intersection of X4 — X, X5 >
X4—-X,X?"1,... where chark=p and q=p’ for some f>0. C is reduced and
irreducible of degree ¢"~ 1. As a configuration of points, the general hyperplan®
section of C looks like an (n—1)-dimensional affine space over a field with ¢
elements.

Proof. Over the affine open subset {X,# 0} C can be described by the equations
Xo=t, X, =t4, x,=tT, ... ‘

If ay, ..., a, (r <n) are linearly independent points of C, then the points of C 10
their linear span are given by a=ag+A.(a, ~ o)+ ... + A(a, — a,) where the ki
satisfy A9=4; [They are (¢ —1)-th roots of unity or 0.]
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Definition 1.3 [7,1]. Let C be a nondegenerate reduced irreducible curve in P*; let
M={(x,H)e C xP™|xe H} be defined by the point-hyperplane incidence rela-
tion. The projection M —C exhibits M as a P*~!-bundle over C and therefore M
isirreducible. The projection n: M —P™* is a finite separable map of degree d. The
induced map =* : K(P"*)— K(M) on fields of rational functions (the locatl rings at
the generic points) represents K(M) as a finite separable field extension of K(P"*) of
degree d. By the primitive element theorem there exists an element fe K(M)
generating K(M) over K(P"*) and satisfying P(f)=0 for an irreducible monic
polynomial P over K(P"*).

The monodromy group G of C is defined as the Galois group Gal(B K(P"*)) of a
splitting field of P over K(P™). It is independent of the choice of f and it can be
regarded as a subgroup of the full permutation group S, of the d roots of P.

Remark 1.4. For k=C there is a more geometric description available. Let U CP™*
bean open subset such that the induced map =~ }(U)— U is étale. Fixa point He U.
Moving H along a path in U gives a bijection of the fibers over different H. Now a
loop in H induces a certain permutation in the fiber. The group generated by those
permutations is isomorphic to the monodromy group G [7, 1].

Recall that the action of a permutation group G on a set Q is called k-fold
transitive, if for every two sequences x,, ..., x; and x}, ..., x; of distinct elements of Q
there exists a permutation ¢ € G mapping x; on x; for 1 Si<k.

Proposition 1.5. Let 1 £k £d. The monodromy group acts k-fold transitively (on the
toots of P) if and only if there exists an irreducible open subset U of

Ue={(x1, .0, X4 H) e C* X P™ | x4, ..., X, € H, x; pairwise distinct}

such that the induced map U —P™* is étale and generically d\/(d —k)!-to-one onto its
image.

Proof. Recall from [10, I 4.4] that there is an equivalence of categories between the
category of varieties and dominant rational maps and the category of finitely
generated field extensions over k. Given a variety V, the corresponding field is its
field of rational functions K(V).

We want to use this in a slightly different context: There is a bijection between
()) pairs (X, f), where f: X —P"* is a rational map such that for every irreducible
component X of X the restriction X;—P"* is dominant and generically étale, and
(ii) direct products of finite field extensions of K(P"*).

We now prove by induction on k that the K(P"*)-algebra corresponding to
(U}, ), where n: U, —P™ is the projection, is K(P"™)[ f,, ..., fi], where f,, ..., f, are
k different roots of P that are formally adjoined to K(P™):

The assertion is clear for k=1, so let k> 1; write K = K(P"™*). Let V; be defined
a3 the pullback
Vi = Ux—y

oo
U, — P™,
Vk={(x1,...,xk,H)GCkXP"*I(xl,...,xk_l,H)EUk_l, xkEH}.
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V, decomposes into k dominant components, namely those where x, = x; for some
1<jsk—1 and x#x; for all 1<j<k—1. The first k—1 components are all
isomorphic to U, _,, while the last corresponds to U,. Using the bijection by
taking rational functions we get a push-out diagram in the category of finite
K(P"*)-algebras:

K(Vy) « K(U-y)

1 1
K(U,) — K(P™)=K.

We have K(U)=K[f], K(U,_)=K[f,,....fc—1] by induction. Therefore

K(Vk);K[f:I@K[fl, "-:ﬁc—-lj
=K[TY/P(T)QKLf1, .- f-1]
=K1 fi- JITYE(T).

Now P decomposes over K[ fi,...,fi-1] as

P(T)=(T—f1)...(T—fu— JPLT),

SO
KW)=KLfss o fo- I[TIT—- 1) ... (T~ - )PUT)
KIS oo fom ATUT—()® .. ®KLSss oo fom [ TYPUT)
Z(K[ 1o fom DT @K s - S JLTYPIT).
(*): The canonical map

KLfy, s foeJ[TI=KLf1s o oos Sy JTIAT =)@ . @KL S, - fim LTV

has as its kernel the ideal generated by (T—f;)...P(T)=P(T) and surjectivity
follows because we have on both sides of (*) K-vector spaces of the same
dimension. )

The decompositions of V, and K(¥) allow us to identily
K[ fys - fi-11LT1/P(T) as the K(P"*)-algebra corresponding to the last compo-
nent of V. Therefore K[f,,....fi_1[T1/P.[T] is a field if and only if that
component is irreducible.

The proposition readily follows: K[ f,, ..., f; - J[T1/P{(T) is a field if and only
if K[fy, ..., fu~1]is a field and P, is irreducible over K[ f;, ..., fy - ][ T]. The latter
is equivalent to Gal(L, K[ f}, ..., fy— 1]) acting transitively on the roots of P, where
L is a splitting field of P over K(P"*). By induction the conclusion follows.

Corollary 1.6. Let C be a nondegenerate reduced irreducible curve in P". If every "
points of a general hyperplane section of C are linearly independent, then the
monodromy group of C is n-fold transitive.

Proof. Using (1.5) it suffices to observe that U can be chosen as a P°-bundle over
C” — A, where A s the algebraic subset of C” consisting of those (X, ... X € C" such
that x,, ..., x, are linearly dependent. The assumption on the general hyperplan®
section ensures that A is a proper subset of C".
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Remark 1.7. Over C there is an easier argument for (1.6) using the description of the
monodromy group given in (1.4). Choose H, x,, ..., x, and x|, ..., x,€ CnH. First
choose a loop 7, in H € U such that x, is mapped to x|, if one moves H along y,.
Then choose a loop y, such that x! is fixed and y,(x,) is mapped to x,. Inductively
one can continue this process »n times because the subset of hyperplanes fixing
Xy, ..+ X has dimension n—k.

Corollary 1.8 [8, Chap. 2]. If the monodromy group G is the whole symmetric group
§,0r the alternating group A,, then the points of a general hyperplane section of C lie
in uniform position.

Proof. Go=8,: The dimension of the linear system of hypersurfaces of degree I
passing through x4, ..., x, is a semi-continuous function on U [U asin (1.5)]. Let a
be the minimal dimension. Suppose that for every hyperplane H one can find
X15.-- X € HNC such that the linear system has dimension 2a+1. If k=n, then
X1, .-+ X SpPan in general a unique hyperplane, so the closed subset of U that
renders hyperplanes undesirable, has dimension n=dim(U) and must therefore
be equal to U contradicting the choice of a. If k < n, then the same procedure as in
(1.1) gives a contradiction. (Moreover, any k <n points in general position impose
independent conditions on hypersurfaces of any degree.)

Gex Ay For k<d—2 the same proof as for S, works; for k=d—1 one can
regard the condition as a condition on the remaining point.

Example 1.9. Let C be as in (1.2). Then the monodromy group G, is the affine
general linear group AGL(n—1, q).

Preof. The description of the general hyperplane section of C given in (1.2) allows
us to identify the irreducible dominant components of U, [as in (1.5)] for any
1<k<n.In particular, we can conclude that every permutation in G, must respect
linear incidence; so G is a subgroup of AGL(n—1,q). However, the irreducible
dominant component of U, corresponding to

(X1 eeer X, HyEe CE X P™ | x4, ..., X, € H, X4, ..., X, linearly independent
1 .4 k 1

provides a certain subgroup of G.. These subgroups together generate
4GLin—1,q).

Proposition 1.10. 1. Let C, be the projection of C from a point x of P"—C into a
hyperplane. Then the monodromy group G¢, can be regarded as a subgroup of G.
For general x, Gc and G, are isomorphic.

2. Let C, bethe projection of C from a nonsingular point x € C into a hyperplane.
Further assume that not every secant through x is a multisecant of C. Then the
Monodromy group of C, can be regarded as a subgroup of the stabilizer of one root
Under the action of G on the d roots of P.

Progf. 1. G is completely described by the irreducible dominant components of
Uy d =degC, as in (1.5), where n: U->P™. Now G, is described by n~!(P)—P
Where P is the hyperplane in P™* corresponding to the center of projection x. The
first part foliows, and for the second apply [14, 6.3.4].
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2. First note that degC, =degC — 1. Taking n ™ }(P)— P as above it is clear that
in every (x, ..., x; H)en ™ }(P) one of the x; must be equal to x. Then the same
argument works.

For special projections the monodromy group can actually become smaller,
see (2.15).

Proposition 1.11. If there exists a hyperplane H intersecting C in d—k+1
nonsingular points of C, where H intersects C transversely at x4, ...,Xx;_, and has
intersection multiplicity k at x;_, ., then the monodromy group G contains o
subgroup acting transitively on k roots of P while fixing the other roots.

Proof. We can assume that all coefficients of P lie in the local ring Oy of P™* at H.
Let O, be the completion of O4. Complete the structure sheaf of M [in the
notation of (1.3)] along x,, ..., x;_x+ to get a finite Og-algebra B of rank d. B is

isomorphic to O4[T]/P(T). B splits as a product of d—k+1 local Oy-algebras
d—k+1

corresponding to the points Xy, ....x;—4y [18, 1 42], B [] B.
i=1
Then necessarily B;~ Oy for 1<i<d—k and B,_,,, = 04[T1/Q(T) for a poly-
d-k
nomial Q e O4[T] of degree k. Therefore P(T)=Q(T) [] (T—a) over Op.
i=1

Let K be the quotient field of 0y, K(P™*)—»K be induced by restriction.
As shown above, P decomposes over K as P=L, ... L,_,Q with L;=T—a;. Let
K=K®P"™)[a,,...,a;_;]. If we can show that Q is irreducible over K, then Galois
theory provides the desired subgroup. But this is clear, because Q corresponds
to a point of M where M is locally irreducible, even smooth.

2, Applications

Proposition 2.1. Let C be a reduced irreducible curve in P". If there exists 4
hyperplane H intersecting C in d—1 smooth points of C, where H intersects C
transversely at d—2 points and has intersection multiplicity 2 at the remaining point,
then the monodromy group G is the whole symmetric group S,;.

Proof. By (1.11) G contains a subgroup acting transitively on 2 elements and
fixing the complement, so G, contains a transposition. For k=2 the variety U,
[defined in (1.5)] is a P~ 2-bundle over C and therefore irreducible. By (1.5) G¢ acts
doubly transitively and contains therefore all transpositions. Now it is well known
that S, is generated by transpositions.

At this point we should mention the implications of the theory of duality for
projective varieties as described e.g., in [16]:

Let V CP” be a reduced irreducible variety. Let N(V)C P" x P™ be the conormal
variety of V. It is defined as follows: The fiber over a smooth point x of ¥ consists of
all those hyperplanes that contain the tangent space at x, and N(V) is the closure-
The dual variety V* CP™* is defined as the scheme-theoretic image of N(V) undet
the projection P* x P"* —P"*, It is again reduced and irreducible. Now V is calle
reflexive, if the map N(V)— V'* is separable.

In order to get a correspondence between the points and tangent hyperplanes
of a variety and its dual, one usually restricts oneself to the subset of reflexive
varieties.
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While in characteristic 0 every curve and in characteristic 2 no curve is
reflexive, reflexive curves in characteristic p > 2 can be characterized as follows: Let
4#(C) be the intersection multiplicity of C with a general hyperplane H at a general
point x of C whose tangent line is contained in H. Then C is reflexive if and only if
#(C)=2; and for nonreflexive curves u(C) is always a power of p [11, 3.5].

In view of (2.1) we can therefore state using the fact that for reflexive curves the
point of contact of a general hyperplane is unique {15, 3.5]:

Corollary 2.2. Let C be a reduced irreducible curve in P". If C is reflexive, then its
monodromy group is the symmetric group S,.

This result has also been obtained in [3].

Examples of Nonreflexive Curves 2.3. Let k be an algebraically closed field of
characteristic p>0.

1. Let q,,4q,,4; € k[ X, Y, Z] be homogeneous polynomials of the same degree
with no common zero in P2 Then f=Xq%+ Yq5+ Zq5 describes a smooth
nonreflexive plane curve. Moreover, for p > 2 all smooth nonreflexive plane curves
arise in this way [19, H-19].

2. Let CCP" be a smooth complete intersection curve defined by homo-

n+1 P
geneous polynomials f}, ..., f,_ . Let g;= ~Z1 xj<j—f> . Then g,, ..., g, define
= .
a smooth nonreflexive complete intersection curve iln |

3. Let xq,x; be a basis for H°0pi(1), gq=p’. Then x&", x%x;, xoxd,
x1*1e H°0pi(q + 1) embed P! as a smooth nonreflexive curve in P2, C lies on the
quadric X¢X;— XX, and, apart from p=2, C is the projection of a reflexive
curve, in particular C is not linearly normal.

What does our theory imply for nonreflexive curves? (1.5) and (1.6) stiil hold
and, by choosing special hyperplane sections, we can try to apply (1.11). Now,
surprisingly, a faithful doubly transitive action of a group is already a strong
condition permitting a classification [4, 5.3]. Since our main interest lies in the
question of uniform position, we can even restrict ourselves to nonplane curves.
Groups acting faithfully triply transitively on a set of d elements are described by

Theorem 2.4. Let G be a subgroup of the symmetric group S,. If G acts triply
transitively, then G is contained in the following list (k is the maximal degree of
transitivity in each case):

group d k
AGL(n,2),n=3 2" 3
G, 16 3
PSL2,q)<G=PI'L(2,q) q+1 3
M, 11 4
M, 12 3
M,, 12 5
M,, 23 4
M,, 24 5
Ay d d-—2
S, d d.



572 J. Rathmann

AGL(n,2)is the group of affine transformations on a vector space of dimension
n over a field with 2 elements.

G, is a certain subgroup of AGL(4,2).

PSL(2,q) is the subgroup of even projective linear transformations on the
projective line over a field with g elements. If g is even, then PSL(2,q)=PGL(2,g),
otherwise it is a subgroup of index 2 in PGL(2, ¢).

Prif2,q) is the automorphism group of PSI(2,q). It can be described as the
group of all transformations x—(ax®+ b)/(cx*+ d) of the projective line, where « is
a field automorphism of F,.

M; are the Mathieu groups in their usual representations.

Remarksto the Proof. We could not find a reference for this result, so we proceed to
outline the main ideas of the proof (see [4]): If G acts doubly transitively on a set Q,
then choose a minimal nontrivial normal subgroup N. Let C4(N) be the centralizer
of N in G. We have to distinguish two cases. If C;(N) % {e}, then N is isomorphic to
(Z/p)' for some prime p. Q can be identified with N and G acts on N by affine linear
transformations. All triply transitive groups in this class have been determined in
[5, 8.2]. If C4(N)={e}, then N is simple, and, since G acts on N by conjugation, G
can be embedded into the automorphism group of N. If N is a simple group of Lie
type, all possible G have been determined in [6], while for the sporadic simple
groups the results can be found in [4]. (Aut(M;)= M, for i=11, 23, 24, M, has index
2 in Aut(M;) for i=12,22 [12, XII 1.15a].)

Theorem 2.5. Let CCP" n=4, be a nondegenerate reduced irreducible curve of
degree d. If the points of a general hyperplane section do not lie in uniform position,
then C is strange.

Furthermore one of the following is true:

(1) every secant of C is a multisecant;

(2) every plane spanned by three points of C contains one more point of C;

(3) de{11,12,23,24} and the monodromy group of C is one of the Mathieu
groups in its standard representation.

Proof. Let C be a curve not satisfying (1) or (2). Then G, acts quadruply
transitively, so using (1.6), (2.4) we only have to show that a curve whose
monodromy group is one of the Mathieu groups is strange.

First suppose that the general hyperplane containing a tangent line of C hasa
unique point of contact. Then by (1.11) we have u(C)=I(G) where (G) is the
minimal cardinality of a nontrivial subset such that there exists a subgroup of
acting transitively on this subset and fixing the complement. By [12, XII 1] we have
KM, )=1UM,,)=8and ((M,),(M,,)=16. Choosing a hyperplane containing tW0
tangent lines of C we arrive at d =degC = 24(C) = 2/(G), an obvious contradiction
for each of the Mathieu groups.

If the general hyperplane containing a tangent line of C is tangent to C only at
(possibly several) points of this line, then the same argument works. Here we have
to use a more general statement than (1.11): The subgroup we find acts no longef
transitively, but at least nontrivially.

Now assume that the general hyperplane containing a tangent line of €
contains several distinct tangent lines. Varying the hyperplane one sees that every
two tangent lines must meet, C is strange.
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(1.2) gives examples of curves satisfying (1) (p+2) and (2) (p=2). We do not
know whether there exist curves satisfying (3).

Problem 2.6. Is it possible to give a classification of all curves not satisfying the
conclusion of the general position lemma? The standard examples are

(1) as in (1.2),

(2) curves obtained by projecting a curve C as in (1.2) from a point of C into a
hyperplane,

(3) projections of curves as in (1), (2).

Corollary 2.7. Let C be a smooth irreducible curve of degree d in P", n=4 not
contained in a hyperplane. Then the monodromy group of C contains the alternating
group A,.

Proof. Suppose that the monodromy group of C does not contain the alternating
group.

If the points of a general hyperplane section of C lie in general position, then
the monodromy group of C is 4-fold transitive by (1.6). Therefore, by (2.4) this
group must be one of the Mathieu groups, and in the proof of (2.5) it is shown
that C is strange. All smooth irreducible strange curves are known [20] (P! and
the plane conic in characteristic 2) and lie in the plane, so C cannot be
nondegenerate in P*. Contradiction!

If the points of a general hyperplane section of C do not lie in general position,
then C must be strange by (1.1), and we also get a contradiction.

Proof of (0.1). The result follows immediately from (2.7) and (1.8).

Corollary 2.8. Let C be a nondegenerate smooth irreducible curve of degree d and
genus g in P*, n = 4. Then the bounds given in [9, 3.7, p. 871, [9, 3.15, p. 991, [9, 3.22,
p. 117] hold regardless of the characteristic of k.

In particular this establishes

Castelnuovo’s Theorem 2.9. Let C be a smooth irreducible nondegenerate curve in P
of degree d and genus g where P" is the projective n-space over an algebraically closed
field of any characteristic. Let m be the greatest integer <(d—1)/(n—1) and
d=m(n-—1)+ \. Then the genus of C satisfies

m
g§(2>(n—1)+m,1.

In the literature this result is only stated with a characteristic 0 hypothesis.

Theorem 2.10 (chark=2). Let C be a nondegenerate reduced irreducible curve of
degree d in P" with conormal variety N(C) and dual variety C*. Then the following
conditions are equivalent:

(1) The monodromy group of C is contained in the alternating group A,.

(2) The field extension K(C*)—K(N(C)) has even degree.

If C is not strange, then this is also equivalent with:

() The general tangent line of C is tangent at several points of C, and the number

of these points is even.
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Proof. The equivalence of (2) and (3) is clear. For the equivalence of (1) and (2) we
want to use the following well known result [13, p. 2507:

Let f be a separable irreducible polynomial over a field K of characteristic 2
with discriminant D= [] (a;—a )2 where a4, ..., a, are the roots of f in a splitting

i<j

field. Since D is a symmetric polynomial of the roots of f, it can be expressed asa
polynomial in the elementary symmetric functions of a,, ..., a,,1.¢., the coefficients
of f;inparticular, D lies in K. Then the Galois group Gal(f, K) is contained in the
alternating group if and only if D is a square in K.

Let L= K[a] where f(a)=0. Then D is also the discriminant of 1,4, a?, ...,a""!
where the discriminant of a basis u, ..., u, of L over K is defined as det(Trace(uuj)
and by [21, I 11] the discriminants of two different bases differ by a square of K.

Now let R=k[T,, ..., T;] be the coordinate ring of an affine part of P"*, K its
quotient field. Let S be the coordinate ring of the corresponding affine part of the
normalization of M [M as in (1.3)] with quotient field L. Since M is a projective
bundle over a nonsingular curve, all local rings of § are regular. Since R and § are
both Cohen-Macaulay, S is locally free as R-module, and Serre’s conjecture
implies that § is even free.

Let u,, ...,u; be an R-basis for S.

The prime ideal of the conormal variety inside S is given by the 0-th Fitting
ideal of Qg,, the module of relative differentials (see [11]) and by [17] it coincides
with the Dedekind different Jgz.

Now by [21, V Theorem 30] the discriminant of uy, ..., u, is nothing else but the
norm of the different dgp (which is a height 1 prime ideal). We can compute the
latter ideal locally: If A= P, ... P, is a decomposition of an ideal in a Dedekind ring,
then its norm is (P;"R)"*.. (P nR)f * where the relative degree f; is the degree of
the field extension Quot(R/(P;nR))-Quot(S/P,). The equivalence of (1) and (2)
follows.

Note that a curve is reflexive if and only if the map from the conormal variety to
its dual variety is birational, and then the field extension K(C*)—K(N(C)) is an
isomorphism.

The situation in characteristic 2 is different, as can be seen from the following
example:

Example 2.11. Let C be the strange plane curve defined by yz'™! =x’ in
characteristic 2. Define an integer a and an odd integer b by d=2° for d even,
d—1=2° for d odd.

Then:

1. The monodromy group of C is contained in the alternating group A, for any
d>3.

2. The field extension K(C*)-» K(N(C)) has separable degree b and inseparable
degree 2%

3. The tangent line at a general point of C is tangent at b different points of C
and has intersection multiplicity 2* at each of them.

Proof. In order to prove 1., we want to use the following result [13, p. 252]: Let S

be a separable irreducible polynom1a1 over a field K and a,, a,, 1ts roots ina

splitting field. Let D, = Z ala?y..af;l, D,= Y alals.. . Then
d

geAa oceSq— A
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D, +D, and D D, can be expressed as polynomials in the elementary symmetric
functions of ay, ..., ay, i.e., the coefficients of f. [13, p. 252] now asserts that the
Galois group of f is contained in the alternating group A, if and only if
T?—(D,;+D,)T+D,D, has a root in K.

Choose homogeneous coordinates A, B, C in P"™*. M [asin (1.3)] is described by
the polynomials yz¢~ ! = x? and Ax+ By + Cz=0. Dehomogenize by setting z=1,
B=1.Then y=x% Ax+y+C=0, y= — Ax— C, so we have to consider the Galois
group of f(x)=x+Ax+C.

Assume first that d is odd, d=2s+1. Denote by o; the i-th elementary
symmetric function of the roots of f. In our case most of the ¢; vanish, so D, +D,
and D,D, depend only on 6,_, and g,. Since dego,; =i and degD, + D, =s(2s+1),
degD,D, =2s(2s+ 1), it follows that

Dy+Dy=r 0341,

D\D,=ry035, +r3055 "

for some constants ry, r,, r,. Since these formulas are reductions of the correspond-
ing formulas over Z, the constants are either 0 or 1.

Now D;+D,=D; —D,= [] (a;—a;) (use van der Monde’s determinant) 0
(f is separable), so r,=1.  i<J

These formulas must hold for any specialization of 4 and C. Setting C=0,every
root of f occurs at least with multiplicity 2, and two double roots (or one root with
multiplicity 4) force D,=D,=0. [If a,=a,, a;=a,, then for the summand
corresponding to o € A, the summand corresponding to (1 2)(3 4)o contributes
the same value.] Therefore r, =0 and the quadratic polynomial above has a root in
K for any s=>2.

2. and 3. are discussed in [16].

The proof for even d is quite analogous, so we omit it here.

The preceding exampie provides some evidence for the following

Conjecture 2.12. Let chark=2, let C be a nondegenerate reduced irreducible curve
of degree d in P" with conormal variety N(C) and dual variety C*. Then the following
conditions are equivalent:

(1) The monodromy group of C is contained in the alternating group A,.

(2) The field extension K(C*)—K(N(C)) has degree >2.

If C is not strange, then this is also equivalent with:

(3) The general tangent line of C is tangent at several points of C (the separable
degree of the field extension in(2)is > 1) or the general tangent line has intersection
g?ltiplicity > 2 with C at that point (the inseparable degree of the field extension in

is >2).

Let C be a curve such that every hyperplane containing a tangent line of C
‘ontains the tangent lines of several other points? Then either

(1) H contains a unique tangent line that is tangent at several points, or

(2) H contains several distinct tangent lines that might also be tangent at
Several points of C.

If (2) is valid, then C is strange.
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[16, I-3] gives some plane curves with property (1). Space curves with that
property are constructed in the following

Example 2.13. Let chark=p>0, C, be an arbitrary curve with ficld of rational
functions K. Let K, be a separable extension of K, of degree a, let K be a purely
inseparable extension of K, of degree p, let Te K be a separating transcendental
such that K,[T]=K and set K3 =k[T]. if C, is a nonsingular curve with function
field K, then C, admits a separable map f of degree b=[K:K;] to P! and a non-
separable map to C,. These maps together yield a birational map C,—»C, x P!,
and the image of C, is in general singular. Now any birational image of C; x P! in
some P" that is a scroll maps C, in such a way that the fibers of the scroll are exactly
the embedded tangent lines of C,. In particular, the general tangent line at a point
of C is tangent to C in exactly a points.

This construction also yields smooth examples by setting C; = C, =P, b=1
and choosing an embedding of P! x P! as a scroll in some P".

It can also be used to show that in characteristic >0 any curve has a
nonreflexive birational model in some P" and a strange model in P2,

Proposition 2.14. Let CCP? be a nonplane smooth irreducible curve of degree d.
Assume that the general hyperplane containing a tangent line of C has a unique point
of contact and that C is not strange. If the monodromy group of C does not contain
the alternating group A,, then one of the following must hold

(1) chark=2;

(2) C is smooth and rational; if xg, X, span H°Opi(1), then C is embedded into P*
by x3, x371x,, xox1 ™!, x4 € H®Opi(d) and d=p’ +1 for some f >0, chark=p.

Proof. Choose a tangent line / of C, another line I, not intersecting / and project C
from [ to I,. For a general choice of I the fibres of this map consist of d—u(C)
points.

Which values can u(C) assume, if Go+ 4, S,7?

u(C) must be a prime power, and (1.11) then gives us a certain subgroup of G
The possible cardinalities of a nontrivial subset acting transitively on this subset
and fixing the complement are given by

GSAGL(n,2): d—1 or d/2 for chark=2,
GZPri2,q), qodd: d—1 or d—2 (if d—2isa power of 2),
G<PrL(2,q), geven: d—1 (chark=2) or d-2.

The Mathieu groups are contained in the corresponding alternating groups, 0
because of (2.10) we do not need to consider them.

By Hurwitz’s theorem [10, IV 2.4] we have 2g(C)—2=(d — #(C))(—2) +degR,
where R is the ramification divisor of the projection. »

If d— pu(C)=1, then = is an isomorphism. Let x,, %, be a basis for H°Op:(1);
X, X, have a zero at p, ¢. The linear system defining the embedding must contain
the divisors p+u(C)q, W(COp+q, WC)+1)p, (WC)+1)q. These are linearly
independent, and C is as in (2).

If d—p(C)=2, then 2g(C)—2= —4+degR, degR =2g(C)+2. For chark+ 2
the double covering  is only tamely ramified and we must have at least two points
of ramification. One of these points can be the point where [ is tangent to G, the
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other point however must correspond to a point whose tangent line meets L
Choosing the plane spanned by those two tangent lines we get d =degC = 2u(C), a
contradiction.

Example 2.15. The monodromy group of the smooth rational curve in (2.3.3) and
(2.14.2) is the group PGL(2,q) in its standard representation.

Proof. The embedding of the curve is defined by x4 1: x3x,: xox%:x9*1, so the
curve lies on the hypersurfaces xu=yz, y**'=z.

Choose homogeneous coordinates 4, B,C,D in P3*. M [as in (1.3)] is then
described by the ideal of the curve together with Az + By + Cz + Du=0. Dehomo-
genize D=1, x=1. Then A+By+Cz+u=0, u=yz, y"*'=u=yz, z=3% and
A+ By+Cyi+y?*1=0.

We have to find the Galois group of f(T)=T!*'+CT?+BT+A over
K=K4, B, C).

Choose a root r of f and set Z=T—r.

fD=fZ+r=Z+r*"'+C(Z+r+BZ+r+A4
=Z"' +1Z94+rZ 4+ + C294+Cr"+BZ+Br+ A4
=Z(Z'+(r+CO)Z ' +(*+ B).
Let g(Z)=Z+(r+C)Z '+ +Band set U=Z""1,
gZ2)=gU " HY=U""+r+ OV 1+r+B=U"Y1+(r+ CO)U +(r"+ B)UY).
Let W(U)=1+(r+ C)U +(r*+ B)U?, choose a root s of h and set V=U —s.
HU)=hV +5)=14+(r+ O}V +5)+(r*+B)(V + 5
=14+ +CW+({r+COs+(r"+B)Vi+(r1+ B)s?
=V(r+C)+ @+ BV ).

Let ¢ be a root of V2~ 1(r2+ B)+(r + C); all the roots of that polynomial are then
given by wt, w?t, ..., w?” 't with a primitive (g —1)-th root of unity w. Then U =s,
s+wt,...,s+w?" !t are the roots of WU), Z=s"1, (s+wt)™%,...,(s+ 0! 't)" ! are
the roots of g(Z), and T=,r+s" 1, r+(s+wt)™ %, ...,r+(s+w? 't) ! are the roots
of f(T). In particular, we can conclude that Gal(f, K) acts sharply triply
transitively on the roots of f.

We now want to show that the map G, defined by G(o0)=r, G(0)=r+5"1, G(x)
=r+(s+w't)” ! where x=w is a generator of the multiplicative group of the finite
field with ¢ elements, induces an isomorphism of the representations of PGL(2, q)
and Gal(f, K).

Let f(z)=(az+b)/(cz+d) be an arbitrary element of PGL(2,q). We have
flw)=afc, f(0)=b/d, f(1)=(a+b)/(c+d), and there exists a unique element
7€ Gal(f, K) such that G(f(z)) = o(G(2)) for z= 0,0, 1. We have to show that this
®quation holds for arbitrary z.

Now the given three equations determine o(r), o(s), and o(z). Using this, it is
Straightforward, but tedious, to verify the above equation for arbitrary z.

We do not know whether the points of the general hyperplane section of the
Curve in this example lie in uniform position.
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Example 2.16. Let C be the smooth nonreflexive plane curve x?y+ y?z+z9x =),
g=p’, p=chark>0. Then the monodromy group of C is isomorphic to PGL(2, g).

Proof. M [as in (1.3)] is given in inhomogeneous coordinates by x?y + y?+x=(),
Ax+y+C=0,50 y=—Ax—C and x{— Ax—C)+(—Ax—C)f+x=0, — Ax?*!
—(A74+CO)x*+x—C%=0. We have to find the Galois group of f(X)=X*!
+(A94C)A"1X%-A"' X+ C'A™ . From this form we can already conclude,
using the proof of (2.15), that Gal(f, K)C PGL(2,q). Nowset D=CA4A~ ', E=4""
F=D+E'"9 then K=k(A, C)=k(A, D)=Kk(E, D)=k(E, F) and

fXO)=XT" 4 A1+ QA X — A" X +CI47!
=Xt 4 (A 4 D)XO— A X + DAL
=X4*14(E' 94+ D)X—EX + D'E' "¢
=X**'4 FX9—EX +(F—E'99E! 4,

Gal(f, K) is doubly transitive, and the last form of f shows [by comparing it with
the corresponding polynomial in the proof of (2.15)] that after adjoining two roots
the remainder is irreducible, so Gal(f, K) is triply transitive and we must have
Gal(f, K)xPGL(2,q).

Example 2.17. Let C be the strange nonreflexive plane curve yz? ™ '=x4, g=p’,
p=chark>0. Then the monodromy group of C is isomorphic to AGL(1,q).
[Compare (1.9)!]

Proof. M is given in inhomogeneous coordinates by y=x7%, Ax+y+ C=0, so we
have to find the Galois group of f(X)=X%+ AX + C. But this group has been
determined in (2.15) as the stabilizer of one element of the standard representation

of PGL(2,q), so Gal(f, K)= AGI(1, q).
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