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O, Introduction 
In this paper we prove some results on local existence of continuously differenti- 
able solutions u=(u 1 ..... u N) of quasilinear parabolic systems under general 
nonlinear boundary conditions. Such results were announced, without proof (but 
with mistakes !) in [1 ]; here we correct the mistakes, and give some improvements 
concerning continuity of solutions with respect to the initial data. 

For the sake of simplicity we just consider second order systems; as a model we 
take the following problem: 

u,-- ~ Ao(t, x, u, Du). DiDju =f(t, x, u, Du), (t, x) ~ [to, T] x ~ ,  
ij= 1 

U(to, x) = q~(x), x e O, 

B~(t, x, u)" Diu = g(t, x, u), (t, x) e [t o, T] x Or2, 
i= l  

(o.J) 

where T> t o > 0  and f2 is a bounded open set of ~ "  with C 2 boundary. 
We assume the following hypotheses: 

(0.2) Ellipticity. The pair 

{u~l Ao(t,.,u,p ) �9 D,Dp ~. Bi(t,.,u). Dr} 
i= l  

is elliptic in the sense of [4, 7], uniformly in (t, u, p) on bounded subsets of [0, T] 
• (E n x C ~'. More precisely, the N x N matrices 

A(O;t,x,u,p;~,O):= ~ A,j(t,x,u,p)~s~j+e~~ 
s j= l  

j = l  
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where 0 e R ,  ~ e R ' ,  0 e R ,  must satisfy, for each M > 0  and provided tE[0,T~, 
lul + IPl -< M, the following conditions: 

(i) there exist 0M e]~, hi, Cu > 0 such that 

Idet A(0; t, x, u, p; ~, a)[ > CM(I~I 2 + 02) N 

Vxe~,  V0e [--0~,0~] ,  V~eR n, V0eR;  

(ii) for each x~O0, 0 s [ - 0 n , 0 M ] ,  ~ s R  n, 0 e l l  with 1r and 
~-v(x) = 0, the polynomial 

z ~de t  A(O; t, x, u, p; ~ + ~v(x), O) 

has precisely N roots z f(0;  t, x, u, p; ~, 0) with positive imaginary part. Here v(x) is 
the unit outward normal vector at x. 

(0.3) Complementarity. For each M > 0 ,  if t e [o , r ] ,  xedl?, lul+lpl_---M, 
0 e [ -  0u, 0n], ~ s R", ~ e R with I~l 2 + Q2 > 0 and ~. v(x) = 0, the rows of the matrix 

B(t, x, u; ~ + ~v(x)). [A(0; t, x, u, p; ~ + zv(x), e)]* 

are linearly independent modulo the polynomial 

x-~ f i  (z-zf(O;t ,x ,u,p;r j= l  

We denote here by M* the algebraic adjoint of the matrix M. 

(0.4) Regularity. For h, k, m= 1 ... . .  N, i,j = 1 ... . .  n the functions Ai~, fh, B~k, gh, 
hk hk It h OBi OB~ Og Og 

- - ,  m , - - ,  ~ are of class C ~ in t, continuous in x, locally Lipschitz continuous 
Ox~ Ou Oxj Ou 

hk k ~ + ~r in (u, p); the functions B i , g are also of class C in t. Here ~ is any exponent from 
]0,1/2[. 

(0.5) Compatibility. c~ ~ Cl(t~, 112 s) and 

Bi(to, x, ~b(x)) �9 Did?(x ) =g(to, x, ~b(x)) Vx s Off. 
i=1 

It is not restrictive to assume that the functions B~ k and gh are defined on the whole 
O; this will simplify our notations. Moreover when no confusion can arise we will 
just write L p, C, W 1 'p . . . .  , instead of Lo(t?, IEN), C(~, IEs), W L o(~, iEs),.... 

1. Main  Result 

Fix any p>n and let ~b o be a fixed element of W 2 ' P ( ~ ' ~ , ~ N ) .  For toe [0, T[, ro >0, 
N O > 0 we set: 

B(dd~176176176 = { ~ ) ~ - W 2 ' P ( ~ ' ~ ' ~ N ) :  H~)--~~176176 (1.1) 

P(to.4,)=0, Q(to,~)eBL"P(a, fN) and IIQ(to, Cp)llB~..,<No), 
where B2~ '~ is the Besov-Nikolskij space and 

P(to, d~):= ~ B~to,.,dp).Dir x~OO, (1.2) 
1=1 
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Q(to, ~b): = ~ Ao(to,., qb, D~b). DiDs~ +f(to, ' ,  ~b, Dd?), x ~ f2. (1.3) 
1=1 

We note that B(~b o, No, ro, to) is a closed subset of W2"(~, ~E N) as an easy check 
shows. 

Our goal is the following result: 

Theorem 1.1. Assume (0.2), ...,(0.5). There exists r~ ] t  o, T] such that for each 
~ B(d?o , No, ro, to) problem (0.1) has a unique solution u = (u 1,..., u N) in [to, z], which 

satisfies 

u ~ C 1 +~([t o, z], LP(f2, CN))t~ C~([to, ~], W2"P(a, ~EN)) ; (1.4) 

moreover the map ~b--,u is continuous in the following sense: denoting by u,, u~ the 
solutions corresponding to the initial data qS, ~o E B( dP o , No, to, to), we have: 

Ii u , -  u~, IIo +,eL,) + II u s -  u~ I I c,r <= C~, a, ,L No, r to) (II ~ - ~' 11,r 
+ [[Q(to, ~0)- Q(to, tp)l[B~o,~} V6 z 30, a].  (1.5) 

If, in addition, qb E C2(t2, C N) and Q(to, c~) ~ C2~(~, r then 

u t, ~, Ao(.,., u, Du). DiDju ~ Ca([to, z], C(~, tl~N)), for each 6 e]0, a[ .  (1.6) 
/ j=l  

The proof will be given in the next sections. 

Remark 1.2. The compatibility conditions concerning P(to, c~) and Q(to, qb) are 
necessary for the validity of (1.4), so that this result is optimal. On the other hand, 
in (1.5) we are not able to replace 6 by a: this is due to the "bad" behaviour of the 
space C(~ ,~  ~) with respect to maximal regularity properties in parabolic 
evolution problems (see also [2, Remark 6.4]). 

Remark 1.3. We believe that a similar result holds as well for quasilinear parabolic 
systems of arbitrary order, with the elliptic part satisfying the assumptions of [4] 
and [7]. 

Remark 1.4. If one is only interested to (1.4), then the dependence of the right 
members f and g on x may be slightly relaxed: namely, to prove (1.4) we just need 

Og h, Og__.~ h 
that the functions fn, gS, c~xi 0u ~ are L p in x. 

Remark 1.5. Theorem 1.1 is a local existence result, but it is clear that the usual 
standard machinery allows to construct the maximal solution starting at time to 
from the point ~b; it will be defined in a maximal interval [to, T(~b)[. 

Remark 1.6. Results of local existence for general parabolic systems in variational 
form were obtained by [8] in the second order case; the variational case was also 
previously treated in [6] for slightly less general systems (or arbitrary order) with a 
COmpletely different technique. 

�9 Our proofrelies on the usual method oflinearization and use of the contraction 
pnnciple, with in addition a suitable regularization technique. It consists of four 
Steps. 
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Step 1. The linear autonomous case: existence, representation and estimates for 
solutions in the class 

C' +~([to, T], /e(~, r T], W2,"(~, CN)) 
with pe]n, Qa[. 

Step 2. The quasilinear case: local existence of solutions in 

C ~ + a([,to, T], LP(II, CN))c~ C'([,to, Z], Wz'P(I2, IEN)) 

with ~e]O,e[ and p s  1 - 2 ( e - 5 ) ' ~  that is to say p > n  and 
�9 - I /  / \ \  r- 

~ / ( e - - � 8 9  ^O,e / :  the reason of this restriction will be clear in Sect. 5 
J \  \ g / /  L 

below). 

Step 3. The linear non-autonomous case: global existence of solutions in 

C l + ~([to, T], LP( f2, CN))c~C~([,to, T], Wz'P(f2, ~ ) ) ,  

p > n, by use of a suitable integral equation. 

Step 4. The quasilinear case: regularization of the local solution and conclusion of 
the proof. 

2. The Linear Autonomous Problem 

The starting point of our proof is a basic elliptic estimate. Set for u e W 2'p(f/, r 

a(x,D)u:= Y a,,~x).O,D~u, x~O, (2.1) 
0 = 1  

B(x, D) : = ~. Bi(x). D~u, x e dO, (2.2) 
i = 1  

the coefficients {Au}, {B~} satisfying (0,2)-(0.3)-(0.4). Then the linear problem 

2u - A(x, D)u = f  e LP~ (2.3) 
B ( x , D ) u = g e W  I'p ) 

has a unique solution u e W 2' p which satisfies the spectral estimate 

I'q IlUlIL" + I~'IIn lIDulILP + IID~U[IL" < Cp{ Ilf ttL" + I211n IIglILp + [IOgllL,}, (2.4) 

provided 2 belongs to the sector (~p>0,  0~ e]rc/2, reD 

S0p,,~, : = {z elC: larg(z-c%)1 <Op}. 

This is the classical Agmon's estimate (see [-5,7]). Define now for ;teS0,.o,~ the 
operators R(2): LP~ W 2,v, N(2): WI"P~ W z'p by: 

. . . . .  ( 2 u - A ( x , D ) u = f  in f2, (2.5) 
u = ~,t~jr ~B(x, D)u = 0 on ~12, 
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f 2 u -  A(x, D)u = 0 in f2, 
N(2)gr U (2.6) 

(B(x,  O)u = g on dO. 

As a consequence of (2.4) we get for k = 0 ,  1, 2 (see [10, (2.2) and (2.8)]): 
k 

IR'2~qt ) J  w.~ ~<C= 1,12~--~11 1 fllL~, (2.7) 

II N(,~)gll ~v,.p ~ Cp inf + 12.1 ~- - ~IID~ ILL,, :q' ~ W Lp, ~' = g  on at2 . 

(2.8) 
Consider now the linear au tonomous  version of (0.1): 

u, - a(x ,  D)u =f( t ,  x), (t, x) ~ [t o, T] x ~ ,  

U( to, x) = 4'(x) ~ ~ , (2.9) 

B(x, D)u = g(t, x), (t, x) ~ [t o, T] x 092, 

where A(x, D), B(x, O) are defined in (2.1), (2.2) and their coefficients satisfy (0.2), 
(0.3), (0.4). 

The following result is proved in [10]: 

Proposition 2.1. Fix p > n, and assume that d? ~ W 2"p, f e C'([to, T], LP), 

g ~ C~([to, T], WI 'P)n  C "+ 1/2([t o, T], If), 

with the compatibility conditions 

B(. ,o)4'=g(to, . )  on ao ,  A(.,O)4'+f(to,.)~BL"". (2.10) 

Then problem (2.9) has a unique global solution 

u ~ C 1 +~([to, T], L~)c~C'([to, T], W 2,p) ; 

it can be represented by 

t 

u(t, . ) = ~ e ~'-'~ + ~ J e ~'- s)~n(2)f(s, .)d2ds 
7 to 

t 

+ ~ ~ e ~' - ~)aN(2)g(s,- )d2ds, (2.11) 
to ~' 

1 
where ~ means ~ !  and 7 is a smooth curve joining +ooe -~~ and + ~ e  m 

(0e]n/2,0 to ,  and lying in So~.~. Moreover we have the estimate 
(~ ~]0,1/2p[c~]0, ~]): 

II u, II c~n~) + II U II cO,,",.) ----< Co(P, ~) { II 4'11 w=,~ + II f(to,')[I z~  

+ ( T -  to)'[[f]co(L~ ) + [g]co(w~, ~1 + [g]co § I / 2 (LP) ]}  ' (2.12) 

[Udot,~.) + [U]c.~..~..) < c,(p, ~) { II a(. ,  D)4' + f(to, . )lIB .... 

+ [f]c . tL , )+ [g]c.~w,.,) + [g]c- + ,/,tz,)} �9 (2.13) 

Proof. For the ease to = 0, see [10, Theorems 3.1 and 5.1]; of  course the general ease 
is quite similar. [ ]  
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3. Linearization 

We go back to problem (0.1) and assume (0.2) .. . . .  (0.5). Fo r  fixed toe [0  , T[, 

~ e]0,  e[, and p e 1 - 2 ( e -  6)' oo , consider the Banach space 

E~.p(to, z): = C 1 § ~([to, z], LP)c~ C~([to, z], W 2' P), (3.1) 

with its obvious norm. We  also introduce 

[U]z,. pl,o,O: = [ U']c'ctp) + [ D2U]c'~L~) �9 (3.1 bis) 

By interpolation it is clear that  

E~, p(t o, z) ~ C ~ + lJz([t o, z], WI'P). (3.2) 

For  each q~ E B(c~ o, No, to, to) we define: 

nM.6,,.,o,~.,: ={v~E~,p(to, Z): IIv--cbllEo.~r162 < M ,  V(to, .)=~b}. (3.3) 

Next, we linearize problem (0.I) by considering, for any fixed v ~ BM,~,o, to,,,~, the 
linear au tonomous  problem 

u t -  ~ Ao(t o, x, d?, O~b). DiDju =f( t ,  x, v, Dr) 
i j= 1 

- ~ [A,j(toX , dADdp)--Ao(t,x,v, Dv)].DiDjv 
0 = 1 

= : F~, ~(t, x), (t, x) ~ [t o, z]  • O (3.4) 

U( to, x) = q~(x), x e ~ , 

B,~to, x, q~). D,dp = g(t, x, v) + ~ [Bi(t o, x, r 
i = l  i = 1  

- Bz(t, x, v)]. D,v = : Go, ,(t, x), (t, x) e [to, r ] x  ~fi 

1.emma 3.1. We have 

F~.r ~ Cr(I-to, T], LP), G~,r ~ C~([to, T], WLP)nC ~+ ~/2([t o , ~], L ") 
and 

1t F~, ~ II C~L~) + II a~.,~ II cr ~ < C2(p, M, ~b o, to) (3.5) 

[F~, r + I-G~.,~]c~cw,,,) + [Go, ,]c ,  § 

< Ca(P, ~, M, ~b o, ro)Ogp. ~,a(z - to) (3.6) 

where op.~,a(. ) is a continuous, increasing function of  t e [0, T],  vanishing at t=0. 

Proof. We just  prove the results concerning Fo. , since the others are analogous. 
For  each t e [ to ,  Q and x e ~  we have: 

lv(t,x)l + Dv(t,x) <= [[v--~[lE, ~,o.,)+ Iq~--q~o w~,~+ II~bollw~,,<M+ro+ II~bol!~ .... 

hence if we set 

A :={( t , x ,u ,p) : t~[O,  T],  x e a ,  lul +lPl < M +ro + IIr 

we can find a constant  K which bounds  the sup and H f l d e r  norms, for 

(t, x, u, p) e A, of  f, g, Y. IAol and ~ IB~I and their derivatives appearing in (0.4). 
tJ= 1 i= 1 
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Consequently, it is easy to see that 

IlFo,~(t,')llL~<C(p,K,M,r ro)<C2(p,M,r ro) Vt~[to, Z]. 

Next, we remark that if t, r e [t o, z] 

IIv(t,')-v(r,')llc_-_< I Iv ( t , ' ) -v (r , ' ) l lw , . ,_ -<  Ilvll~,.~r ~ + ' 2  

< (M + r o + 11 q~o II w=, ~) ( t -  r)Oco(z - to), 

whereas, choosing O~Ip, 1[ and using interpolation, 

IIDv(t, .)-Dr(r, .)lie =< It Dr(t, .)--Dr(r, ")[IBo,~ 

II Dv(t, .)--Dr(r, . )ll [2~ .)-Dr(t ,  ")11~,,,, 
0 

< II~[IE~,,t~o,~(t-r) ~ + ~ -  ~ 

=< ( M  + ro + II r  II w~,,)  (t - r)%~(~ - to).  

Hence it is just a tedious routine to verify that 

II F~, ,( t , . ) -  Fo.,(r, . )ll ~, < C(p, ~, K, M, q~o, ro) (t -- r)%~p.~,~(z -- to) 

<Ca(p, lz, M, qbo, ro)(t-r)~t%.~.~(Z-to). [] 

We now invoke Proposition 2.1 and obtain a unique solution u: = S(v) ~ Eo. p(to, z) 

in [to, z] x ~ ,  

in O, 

Bi(to,., r D,~u- c~)= G,.r ~ B,(to,., r D,~b in [to, z] x Of 2. 
i= l  i = 1  

of problem (3.4). Moreover u -  r e E~.p(to, z) and solves: 

( u - r  ~. Ai,(to, ' ,r162 
ij= I 

n 

(u-q~) (to, . )=0  

Note that the compatibility conditions (2.10) are satisfied in this problem. 

(3.7) 

Hence, combining (2.12), (2.13) and (3.5), (3.6) we obtain the following estimate: 

II u - 4~ II E~. , ,o .  0 ~ C4(p, 6) { I1Q(to, z)II B2,.,  

+ Cs(p, ~, M, r ro)%.~Az- to)} (3.8) 

< C4(p, 6) {No + Cs(P, ~, M, ~b0, ro)mp,~,,(T- to)) 

where Q(to ' d~) is defined in (1.3). 
Next, if v, w are fixed elements of BM. ~, p, to. ~.,, we consider the function z: = S(v) 

-S(w). It solves 

z , -  ~. Ao(to, .,4~,Dr DiDjz=Fv,~,(t, .)-F~,,~,(t, .) in [to,~ ] x O, 
ij= 1 

Z(to, . )=0 in O (3.9) 

.~. Bi(to, ", r Diz= G~ ~(t, . ) -G~ ,~(t, .) in [to, x ] x dr2; 
1 = 1  ' ' 
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as 

Fv.c,(to, .)--F,~.c,(to, .)=0, Go,,(to, .)--Gw.~(t o, . ) = 0 ,  (3.10) 

the compatibility conditions (2.10) obviously hold. Now concerning Fo.~-Fw. ~ 
and Go.~-G,~.~, we have the following estimate, which is stated with more 
generality for further purposes: 

Lemma3.2.  Let dp, tp~B(dpo, No, ro, to) and v,w in BM,~.p.to,~,~ and B~t,~,p.to,,.~ 
respectively. The following estimates hold: 

II Fo, ,(to," ) -- Fw. alto,-)11LP + II Go, ,(to, '  ) -- Gw, ~( to,' )llw,, p 

< C6(P, M, ~b o, ro) II ~ -  ~P II w,, p, (3.11) 

[ F~., -- Fw. ~,]c,(z,~ + [ G~., - Gw. ~3 c,~w,. ~) + [Go., - G~. ~-1 c, ~ ~<L~ 

_<_ CT(p, a, M, Wo, ro) [ v -  w]E,,~to.~)tnp, ~. ~(T- to), (3.12) 

where cop,a,a(t).~0 as t$O. 

Proof Again we just prove the estimates concerning F,,~,-Fw,~,, since the other 
ones are similar. The proof  of (3.11) is very easy, since 

Fo, ,(to," )-- rw. ~(to,.) = f ( to , . ,  d?, Dd?) - f ( to , . ,  tp, O~), 

and we can omit  it, too. Concerning (3.12), if t, r r [to, T] we can write (deleting for 
notat ional  simplicity the dependence on x): 

F~.,(t)--Fw,~,(t)--Fv,,(r)+ F,.~(r) 
1 

= ! d {f(t, 2v(t) + (1 - 2)w(t), 2Dr(t) + (1 - 2)Dw(t)) 

- f ( r ,  2v(r) + (1 - 2)w(r), 2Dr(r) + (1 - 2)Ow(r))}d2 

+ ~ .  l d  
~J= ~ ! -~ { A~j(r, ;tv(r) + (1 - 2)w(r), ,~Dv(r) + (1 - 2)Dw(r)) 

- Ao(t, 2v(t) + (1 - 2)w(t), ADo(t) + (1 - 2)Dw(t))}. D~Djw(t)d2 

+ y, [Ao(r, w(r), Dw(r))-A~j(t, w(t), Dw(t))] 
t j= 1 

• [DiOf(t)-- OiOjw(t)] 
. 1 d 

+ , ~  ! ~ {Ao(to, 24> + (1 - 2)W, 2Dip + (1 - 2)D~) 

-- Ao(r, 2v(r) + (1 - 2)w(r), 2Dv(r) + (1 - ;t)Dw(r))} 

x [DiDjo(t)--D~Df(r)]dA 

+ ~ [Ao(to, u Dtp)- Atj(r, w(r), Dw(r))] 
/ J=l  

x [DiDf(t ) -  D~Df(r) -- D~Djw(t) + DiDjw(r)]. 
The desired estimate then follows in a tedious but s tandard way, by arguing as i~ 
the proof  of Lemma 3.1. [ ]  
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By the above lemma and by Proposition 2.1 we easily obtain for the solution z 
of (3.9) the estimate 

II z II ~,. Wo.,) < Ca(p, ~, ~, M, 4'0, ro) II v - w 11 E,. pOo. o % .  ~.,(~ - to)" (3.13) 

Now the inequalities (3.8) and (3.13) show that the map S satisfies 

S(v) e BM,6,p, to,~,, Yv ~ Bt~,a,p,,o,~,~, 

I[ S ( v ) -  S(w)ll E,. Wo.~)<�89 v -  wllE~. ~r Vv, w e nM.~.p.,o.~., 

provided we fix in advance M>�89  C4No, and choose ~ so close to to that 

o~p,~, a(z-- to) < (2Ca)- 1 ̂  (2C4C5)- 1. (3.14) 

Hence the map S is a contraction on (the complete metric space) Bu, a,~,to,,,,, so 
that we find a unique u e Bu, a, p.to,,, ~ such that S(u)= u, i.e. a unique solution in 
[t o, r] of problem (0.1). 

Note that the time interval length z -  to depends on p, ~, 6, 4'o, No, ro but neither 
on tksB(4'o, No, ro, to) , nor on to~ [0, T[-. We have thus shown that under 
assumptions (0.2), ..., (0.5) there exists a local solution u of problem (0.1), which 
belongs to 

H 

The higher regularity of u will be proved in Step 4 below. 
Now fix 4', ~p~B(~o, No, ro, to) and let u~, u 4, be the solutions of the 

corresponding quasilinear problems (0.1). Then v:--u~,-u~ is the solution of: 

v,- ~ A~j(to,., 4',Dqb).DiDjV=Fu,,4_fu,,, p 
~j= 1 

+ ~. [A~j~to,., 4', D 4 ' ) -  A~j(to,., u;, D~v)] �9 D~Dju~ = : F*" ~ in [to, ~] x 
/ j = l  

v(to,')=~b--tp in ~ (3.15) 
tl 

,~, B~t o, ., dp). Div = G.,~,, -- Gu~,~-- ~ [Bi(to,-, *) 
i = 1  

- Bi(to, ", u D~u~ = : G ~' ~ in [to, z] x dO 

It is readily seen that, once again, the compatibility conditions (2.10) are satisfied. 

I-emma 3.3. We have: 

I[F*'W(to,.)llL~+llG*'W(to,.)llw,.~<C~(p,M,q~o, ro) ll4'-u (3.16) 

[ F~''~]cotL~) + [G*' ~]c'tw', ~)+ [ G~'' W]c" + ,/2(~) 

-< c ~ o(p, ~, M,  4'o, ro) { II 4' - ~ II w=., + [ u , -  u~]~ ,  ~,o. ,)%., ,  ~(~ - to)} (3.17) 

where oge,,,a(t)& 0 as tiff 

Proof. It is a straightforward consequence of Lemma 3.2 and some standard 
calculations. []  
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By (2.12), (2A3), (3.16), and (3.17) we easily get: 

II u ,  - u~o II ~. . . ,o .  o --< C.  ~(p. ~. 6. M, ~bo, ro) 

{ l l~-~ ' l lw~. ,+  [IQ(to, Ck)-Q(to, w)lb~o,, 

+ [ u ~ - u , o ] E , . , , o . ~ % . ~ . ~ ( ~ - t o ) } ,  

so that if we suppose, besides (3.14), that  

cop,~.6(z-- to) <(2C11)-  1 

then we get 

II u , -  u~o I[ Eo, ,t,o,,, ---- C x 2(P, ~, ~, M, t~o, ro) 

x { 114' - ~llw~,, + llQ(to. 4)-Q(to,  ~)IIB~.,.}, (3.18) 

which is (1.5). Thus we have shown cont inuous dependence on ~ of  the solution u s 
of  problem (0.1). 

Summing up, we have proved:  

Proposition 3.4. Assume (0.2) . . . . .  (0.5), and f i x  

]" I t o e [0, r [ ,  6 ~]0, ~[ ,  P ~ 1 - 2 ( ~ -  6)' oo . 

There exists z ~]to, T]  (depending on p, o~, 6, dpo, No, ro) such that for each 
e B(dPo, No, ro, to) problem (0.1) has a unique solution u in [to, z], which satisfies 

u ~ C i + o([to, T], LP)n Ca([to, z], W 2'9); (3.19) 

moreover the map dp--*u is continuous, in the sense that (3.18) holds for any 
O, tpsB(4o, No, ro, to). [] 

4. The Linear Non-Autonomous Problem 

First we need some notation. Let A(t, x, D) and B(t, x, D) be defined by: 

A(t, x, D)u: = ~ Ao(t, x). DiDju, (t, x) ~ [0, T]  •  
i j= 1 

B(t, x, D)u : = ~ B,(t, x). D r ,  (t, x) ~ [0, T] x ~Q, 
i= l  

where 

(4.1) 

(4.2) 

Aue c"(EO, r ] ,  [c (~)y~) ,  (4.3) 
B~e c-(ro, 73, EC~(~)]NSnc '+ ~/~(EO, r-J, Ec(Q)]") ;  

we also assume that (0.2)-(0.3) are satisfied. Then for each fixed t ~ [0, T], we can 
define the operators  R(A, t), N(;t, t) as in (2.5), (2.6), and the following estimates 
[analogous to (2.7), (2.8)1 hold for k = 0, 1, 2 and 2 ~ Sop,,op: 

II R(,;k t)f II w~,, ~ C~,IAI k/2 - ill f L , ,  (4.4) 

I I N(~, t)g ]l wk, v _-< Cp inf{lA] k/2- t/2 I1~ IlL, + 121 kr2- t ll Dip II L, :W e W ~" 0, ~o = g on  eft}" 
(4.5) 
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Consider now the linear non-au tonomous  problem 

u , -  A(t, x, D)u =f( t ,  x), (t, x) 6 [to, 7"] x O, 

u(t o, x) = cp(x), x ~ ~ , (4.6) 

B(t, x, D)u = g(t, x), (t, x) e [to, T] x dr2, 

where f e  C~([to, T], LP), ~ ~ W 2,p, g ~ C~([to, T],  W 1' P)c~C ~+ 1/2([to, T], L p) and the 
compatibility condition B(to,., D)q~ = g(to, .) (x ~ Of 2) holds. 

Assume that a solution u e Cl([to, z], LP)nC([to, z], W 2,p) of (4.6) exists, and fix 
t E [to, z]: for each s ~ [to, t] and 2 ~ Sop, o,p we have the identity 

N(a, s)B(s, D )u(s) = u(s) -- R( 2, s) [ 2~ - A(s, D)]u(s) . (4.7) 

[Here and from now on we simply write A(s, D), B(s, D) instead of A(s,. ,D),  
~(s,.,o).] 

Multiply (4.7) by e c~-~)x and integrate over ?, ~ being a smooth  curve joining 
+ ~ e  -i~ and + ~ e  i~ (Oe]n/2, 0p[) and lying in Sop.o, ~. The result is 

e t '-  ~)aN(,~, s)B(s, D)u(s)d,t = - ~: e ct- ~)aR(2, s) [2--A(s,  O)]u(s)d2 
? ? 

o r  

e I'- s)a[N(2, s) - N(2, t)]B(s, D)u(s)d2 
? 

-k ~ e tt-'~z[R(2, s) -- R(,~, t)] [2--  A(s, O)]u(s)d;t 
? 

= -- ~ e tt-"~xN(2, t )g(s)d2- ~ ett- S)XR(2, t) [2u(s) - u'(s) +f(s )]d2,  (4.8) 
? ? 

1 
where, as usual, ! means ~-~ !. 

Lemma 4.1. We have for 0 < s < t, 2 ~ Sop , o,p and h e W 2" e: 

[N0., s) -N(,~,  t)]B(s, D)h + JR(2, s ) -  R(Z, t)] [,~-- A(s, O)] h 

= R(,I, t) [A(s, 0 ) -  a(t, D)]h - N(L t) [B(s,  D)-  B(t, D)]h. 

Proof. Set v = N(2, t)B(s, D)h + R()~, t) [ 2 -  A(s, D)]h; as 

h = N(2, s)B(s, O)h + R(2, s) [ 2 -  A(s)] h 

the function h - v  solves 

{ [ ,~-  A(t, D ) ]  (h - v) = [A(s ,  O) - A(t, D)]h, 
B(t, O) ( h -  v) = - [B(s, O ) -  B(t, D)]h 

and the result follows. [ ]  

By the above  lemma and (4.8) we get: 

e t '- ~)a{R(2, t) [A(s, O)--  A(t, O)]u(s)-- N(2, 0 [B(s, O ) -  B(t, O)]u(s)}d2 
? 

= -- ~ e c'-'}~{R(2, t) [2u(s) - u'(s) +f(s ) ]  + 3/(2, t)g(s)}d2. (4.9) 
7 
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Define now 

Ka(t, s): = R(2, t) [A(s, O ) -  A(t, O)] - N(2, t) [B(s, D)-- B(t, D)] ; (4.10) 

by (4.4) and (4.5) it is easy to check that 

IlK~(t,s)hllw2,~<Cp,,{(t-s)~lltpllw~,~+1211/2(t-s)'+x/2tl~ollw,.~}. (4.11) 

Hence we can define 

K(t, s): = ~ e ('- S)~Ka(t, s)d2, (4.12) 
? 

and (4.11) yields 

I[ K(t, s)h [[ w2, ~ <~ Co. ~(t- s)'- 1 II h II w2, ~. 

We can also rewrite (4.9) as: 

K(t, s)u(s) = - ~ e (t-'Ix{R(2, t) [),u(s)-- u'(s) +f(s ) ]  
? 

+ N(2, Og(s)d2. 

We now integrate between to and t; an integration by parts leads to: 

t 

t 

-- I ~ e('-')a{R(2, Of(s) + N(2, t)g(s)}d2ds, 
to  y 

(4.13) 

(4.14) 

and by the well-known properties of the semi-group E(r): = ~ e'aR(2, r)d2 (see e.g. 
[10, Proposit ion 2.1 (i)]) we get the integral equation 

t 

u(t)- I K(t, s)u(s)ds = :~ e(t-'~ t)dpd2 
to  7 

! 

+ I f e('-')~{R(2, t)f(s) + N(a, t)g(s)}dAds = :L(dp, f g) (t). (4.15) 
t o ?  

Thus if u is a solution of problem (4.6) on [to, ~], then - at least formally - u 
satisfies the integral equation (4.15). We will prove now that  (4.15) is indeed 
meaningful in the sense of C([to, z], W2'P), and that  such equation must  be fulfilled 
by any solution 

u ~ CX([to, z], Lr)nC([to, T], W 2.p) 

of (4.6). 
It is clear that  L(dp, f, g) e C([to, T], LP). In order  to show stronger regularity 

properties of  L(@, f ,  g), we need the following lemma. 

Lemma 4.2. We have: 

II [R(2, t ) -  R(2, r)]hllw2,r < Cp,,I t-  rl'llhllL,, (4.16) 

ii[N(2,t)_N(A,r)]hllw, ,~Cp.,it_rl,{llhllt~+121~j21lhllw,,,}. (4.17) 
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Proof. Set v = R(2, t)h, w = R(2, r)h; then v - w  solves 

[ 4 -  A(t, D)] (v - w) = - [A(r, D ) -  A(t, D)]w~ 
B(t ,D)(v-w)=[B(r,D)-B(t ,D)]w J (4.18) 

so that (4.16) follows easily by (4.4), (4.5). Similarly, if we set v=N(2,  t)h, 
w = N(2, r)h, then again v -  w solves (4.18), and (4.4) and (4.5) imply now (4.17). []  

Proposition 4.3. We have L(r f g)e C([t o, T], WZ'V); in addition, 

L(r f, g) e C'([to, T], W 2,p) 

if and only if A(to, D)+ f ( to , . )eB~ "'p. 

Proof. Using (4.7) and splitting some terms, we can rewrite L(r as: 

L(r f g)(t) = r + ~ 2-  ~e ('-t~ t)A(t, D)r -- N(2, t)B(t, D)q~]d2 
Y 

+ ~ 2-  Xe~t-*~ t)f(t) + N(2, t)g(t)]d2 

t 

+ I ~ e~' - ~)4{R( 2, t) If(s)  - f ( t ) ]  + N(2, t) [g(s) - g(t)] }d2ds. (4.19) 
to 

Hence (4.4) and (4.5) easily yield: 

II L(r f g) (t)II w~,p < Cv,,,{ II ell w~,. + I I f II o(cp)+ I I g II c.(w~,.)oc.+~/2(~)}. 

Moreover if t o < r < t < T we have: 

~r  f, g) (t)- L(r f, g) (r) 
= l !  2 -  le(t-'~ t) [Att, D)--a(r, D)]q~d2 

% - -  

+ ~ 2 -  Xe('-t~ t ) -  R(2, r)]A(r, D)r 

+ ~ 2 - 1 [e t , - to)a _ e ~ , - to)4]R(2 ' r) [A(r, D) - A(to, O)] r 
Y 

+ ~ 2-1 [e(t-to)z _ e t,-,o)4] [R(2, r)-- R(2, to)] A(to, D)r 

+ ! O)4,d2 t 
+ { - ! 2- ae('-'~ t) [B(t, D ) -  B(r, O)]dpd2 

- ~ 2-  le(t-t~ t ) -  N(2, r)] [B(r, D ) -  B(to, D)] r  
Y 

- :[ 2 -  lett-t~ t) - N(2, r)]B(t o, O)dpd2 

- ~ 2 - 1 [e ~, -to)z _ e ~, -,o)4]N(2 ' r) [B(r, D) - B(t o , D)]r 

- ! 2 -  t [-et'-t~ _ et,-to)a]N(2, r)B(to, D)r 

+ ~ 4-leet-t~ 
t~ 

(4.20) 
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+ jt 2 -1  e(t-t~ t)-- R(;t, r)]f(r)d2 
7 

+ :~ 2 -1  let, - to)~_ e(,-,o)~]R(A ' r) [ f ( r )  -f(to)]d~ 
? 

+ :f 2 - 1 [e(t - to)~ _ e (, - ,o)~] [R(~., r) - R(2, to)] f(to)dA 
Y 

+ ! 2 -1  [elt-t~176 to)f(to)d2 } 

+ {! 2- le( ' - t~  t ) [ g ( t ) - g ( r ) ] d 2  

+ f 2 -  le~176 t)--  N(2, r)] [ g ( r ) -  g(to)]d2 
7 

+ ~ 2 -  le~t-'~ t ) - -N(2,  r)]g(to)d2 
7 

+ ~ 2 -  1 [e(t-to)a _ e~r-to)~]N(2 ' r) [g(r) - g(to)]d2 

+ ! 2-'[e(t-'~176 

+ {i fe('-')aR(A't)[f(s)-f(t)]dAds, 

+ i 5 e~'- ~)aR(2, t) [ f ( r ) - f ( t ) ] d A d s  
to  ~' 

+ i f e( '- ~)a[R(.,]., t) -- R(2, r)] [ f (s )  -f(r)]d2ds 
Zo ~' 

i } + f I 2eX'~R( 2, r) [ f ( s ) - f ( r ) ] d a d 2 d s  
tO 7 r - - 8  

+ i J e~ -')aN( X, t) [g(r) -- g(t)]dAds 
t o  

+ i t e(t - ~la[N( 2, t) -- N(,~, r)] [g(s) - g(r)]d2ds 
to  

t - s  2 8  

+ i J I 2e~ON(2, r) [g(s)-g(r)]dad2ds= : Y. I t . 
to  ~ r - s  i = l  

N o w  we clearly have 

I 8 + I 1 s = 0 ,  11o+12o=0, 
whereas a routine calculation shows that 

4. 7 

Y~ I[Iiliw~.,+ Y. IIl, llw=.,+[lIa[Iw=.,<=C~.,(t-r)~l[~pllw~,,, 
i = l  i = 6  

1 4  24 

Y'. III~llw~.,+ Y~ IIl~llw~.,<--C~.~(t-r)~llfllc.tL,), 
i = 1 1  i = 2 1  

(4.21) 

(4.22) 
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17 28  

I[lillw=.,+llI191lw~,,+ E 
i = 1 6  i = 2 5  
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IILllw~.._-__ C.,,(t-r)'llgllc.~w,,.~.o+,:~(L~). 
(4.23) 

We still need to estimate Is and Its.  But 
t 

Is + I15 = ~ ~ e~R( 2, to) [A(to, D)cp +f(to)]d2 
r y 

so that 

(4.24) 

we get by Lemma 4.2 

IIJtllw~.,+ IlJ3llw=,p < Cp,Jt-rl~llhllw~,,, 

IlJ2 Hw2,, + lid41] w~., < Cl,,,It- rl ' lr- sl=llhll w=,p, 

and the result follows. [ ]  

4 

- [N(2, t ) -  N(2, r)] [B(s, D ) -  B(r, O)]h = E Ji, 
j = l  

Moreover (4.24) shows that  

IIIs + Itsllw2,,=O((t-ry) as t -r$O 

if and only if A(to, D)q~ +f(to)~ B~'P; in this case by (4.21), (4.22) and (4.23) we get 
L@,f,g)~ C'([to, T], W 2,p) and 

[L(49, f, g)]c=tw~,~) < Cp,={ IlA(t o, O)~b + f(to)lln~,, 
+ H f [[c.(Lp)+ [[g l]c,cw',~)~c, + ,:2<L~)} �9 (4.26) 

]'he proof is complete. [ ]  

Let us now examine the regularity properties of the kernel K(t, s) given by 
(4.12). 

Lemma 4.4. Let K~(t,s) be defined by (4,10). Then 

I[Ka(t, s) - Ka(r, s)]h [I w~,, < C.,,It - rl" II tp l[ w~,,. 

Proof. Writing 

[K.(t, s ) -  K~(r, s)]h = 1l(2, t) [A(r, D) - A(t, D)]h 

+ In(2, t ) -  R(2, r)] [a(s, O)-- A(r, O)]h 

- N ( 2 ,  t) [B(r, O) -  B(t, D)]h 

(4.25) 

1]Is + Itsllw~,p=c%.,(t-r){ I{r + tlflLctL,)} 

where t%,~(s)~0 as sl0. This proves that L(~b, f, g)~ C([to, T], W 2' P), and by (4.20) 
we have 

II L(d?, f, g)I[ctw2, p) < Cp ~ ([1 ~ [J w2, + [I f It c~(Lp) + Ilg [1 c~(wl, p):,c. + ~/2(Lp)} �9 
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Lemma 4.5. We have for 0 <<- s < r < t <- T: 

( t  - ~)" 
I1 [K(t, s) - K(r, s)] h II w2,, < C~., (r-  s) a - ' ( t  - s)" I]hjlw2,P. (4.27) 

Proof. Write 

now by L e m m a  4.4 

[ K( t, s)-- K(r, s)] = :~ e (`- ~)a[Ka(t, s)-- K ~(r, s) ]hd2 
? 

t - $  

+ I ~[ 2e~Ka(r,s) hd2da 
r - s "~ 

= : A t + A s ;  

whereas by (4.11) 

t-s (r_s)~ . - -  dal[hllw~,, IIA~llw=,,<G.=r~_=[~ ~ ( r-S)=+ 1 1 2 1 0  -5/2 J 

<CP"(r - s ) "  r s t L  s ]lhllw,,, 

t - - r  

= Cr"(r--s) 1 - ' ( t - s )  [[hPlw2''' 

and this implies the result. []  

In t roduce  the linear integral opera tor  
t 

[Ktoh] (t) = f K(t, s)h(s)ds, 
to 

h ~ W 2,p. (4.28) 

Proposition 4.6. Let the operator Kto be defined by (4.28). Then: 
(i) Kto e .~(C([to, T],  W2'P)) and 1 - Kt- is invertible; 

(ii) /f h e C([to, T],  W2'P), then Ktoh ~ C~([to, T],  W 2,p) V6e ]0, a[  ; 
(iii) /f h e C~([to, 7"], W2"P), ~ ~]0, 1], then Ktoh ~ C~([to, T],  W2'p). 

Proof. (i) It is a s tandard  proper ty  of Volterra integral operators  satisfying (4.13) 
and (4.28) (see e.g. [3, Proposi t ion  2.4]). (ii) We can write for t o __< r < t_-< T: 

t 
K,oh(t ) - K,oh(r ) = ~ K(t, s)h(s)ds 

r 

! 

+ J [K(t, s)-- K(r, s)]h(slds = : S 1 + $2 ; 
to 

(4.29) 
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on the other  hand  (4.13) and  (4.28) give: 

IIS~llw2,,_-<Cp.=(t-r) =llhllctw=,,), 

)lS211~,~.~ < Cp.= i ( t - r )  = to (r  - s )  1 - =(t - s )  ~ II h II ow~ , - )  

Up,=, , ( t -  r) ~ [I hllctw~.p). 

(iii) Ins tead of  (4.29), recalling (4.12) we write:  

Ktoh( t ) -  Ktoh(r) = i K(t, s)h(s)ds + i [K(t, s) - K(r, s)] [ h ( s ) -  h(r)]ds 
r to 

+ i ~ e~(t - ' )[K~(t,  s) -- K~(r, s)]h(r)d2ds 
to 

r t - -8  

+ I I ~ )ieZ'Kx( r, s)h(r)d2dtrds 
to r - - s  7 

4 

= :  y' K k- 
k = l  

As before we have 

whereas by  (4.28) 

IlK1 [Iw~,~ < Cp ,=( t - r )  =[Ihllc<w=,~), 

r 

IlK2 I[w~.~ ~ C~.=( t -  r) ~ .f ( r - s )  ~- ldsllh[lc~(w~.~) 
to 

< C  (t-r)~l[hll p , = , e  C,,(Ve'2, p)  ~ 

and, by (4.11), 

(r .d=+ 1/2-1 IIK, tl,.._-<c.=i ';'1-(r-s). , _ - _ ,  
, , , L , [ _ ( , _ t o ) z  + ~-_-to-~J&rdsllhllctw2,, ,  

< Cp, = ( t -  r) = [I h [[ c(w2, p). 

Finally, using (4.10) we  can  eva lua te  K 3 exactly:  

K 3 = ~ X- t [e(t-,o)~ _ e t t - ' ~ ] R ( 2 ,  t) [A(r, D ) -  A(t, D)]h(r)d2 

r 

+ j" ~ e ~ - ' ~ [ R ( 2 ,  t) - R(2, r)] [A(s, D) - A(r, D)]h(r)d2ds 
to ~ 

- :~ 2 - t [e" - to)~ _ e (t - re]N(2 ' t) [B(r, D) -- B(t, D)]h(r)d2 
7 

- i ~ ca~ -")[N(2, t) -- N(~, r)] [B(s, D) - B(r, D)]h(r)d2ds 
to 7 

4- 

- - :  E H h .  
h = l  

331 
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It is easy now, using (4.4), (4.5), (4.16), and (4.17), to show that 
4 

Ilgaliw2,p< Y, ]}Hhllw2,p<Cp,~(t-r)~llhllc~w2.p). 
h=l 

Summing up, we have shown that 

[K,oh]c,(ve2.p) < Cp,~.~lthllc,~w2.,~, 

which proves the result. [ ]  

We are now ready to state the main result of this section. 

Theorem 4.7. Under assumptions (4.1), (4.2), (4.3), (0.2), (0.3) consider problem (4.6) 
with ~b~ W 2,p, f EC~([to, T],LP), 

g e  C~([to, 7"], WI'P)nC ~+ 1/2([t o, T], L p) 

and the compatibility condition B(t o, D)4 = g(to, ") on ~f2. Then we have: 
(i) I f  u~Cl([to, z],LP)c~C([to, Z], W 2"~) is a solution of (4.6) in [to, Z], then u 

solves the integral equation (4.15) in the sense of C([to, Q, W 2,p) and, in particular, 

[lUlIcitLp~ + IlUllc~w2.~) 
< C~a(P,~){[[~bllw~.p + Ilfllc-tL~>+ [Igllc-~w,,~)+ Hgllc~+-=tL~} " (4.30) 

(ii) u is a global solution of (4.6), i.e. ue  Cl([to, T],LP)c~C([to, T], W :'p) and 
solves (4.6) in [to, T] ; 

(iii) u ~ C l  +~([to, T],LP)c~C~([to, T], W 2,p) if and only if 

A(to, D)dp + f(to, " ) e B 2~' p; 

in this case we have 

II ullc~ +.~L,~ + }IUlIc.~w=,,~ < C14(P, 0~) { lla(to, O)~b + f( to,  . )llB~.,p 

+ It~kllw2,,+ llf}lc, tL,)+ Ilgl}c-tw,.,)+ }lg}lc-+,/=r �9 (4.31) 

Proof Part (i) has been proved before. 
(ii) Inequality (4.30) is an a-priori estimate for local solutions of (4.6): thus for 

any such solution we necessarily have T(q~)= T (see Remark 1.5). 
(iii) Equation (4.15) holds now in [to, T'J and the result follows by (4.15} and 

Propositions 4.3, 4.6. [] 

5. Regularization 

Go back once again to problem (0.1). Assume (0.2) . . . . .  (0.5) and fix toe[  0, T[, 

, e]0,ct[, p ~11 _ 2 ( n _  t~), ooE. 

Lenuna 5.1. We have 

C~([to, z], W2'P)NC 'j+ l/2([to, z], WI'p) ~ C~([-to, z], C1)~C ~+ 1/2(It O, ~'], C). 

Proof. By Sobolev's Theorem we have 

B~ if O>n/p, 

B~ 1 if O>n/p+l .  
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Hence if t, s s [t o, z] we have (deleting for brevity the dependence on x): 

[] u(t) -- u(s)}l c~ --< C~. v l[ u(t) - u(s)[I a ~ "  ~., 
l _ n _ ~  _n+~ 

<=C~.pllu(t)-u(s)llw,.~ Ilu(t)-u(s)][~.~., 

<-_ C~,.lIullE.,.%,.It-sl~+~(x -~- , 

t + s  p t + s  
<C, .p  u ( t ) + u ( s ) - 2 u  L~ u ( t )+u( s ) - -2u  w,.~ 

/ \  

~-~ e,p E6, v(to,t) [ - - S  

 o su oi nt, smal, wo ott orosu. [] 

Consider the solution u of (0.1), given by Proposition 3.4: by (3.19) and 
Lcmma 5.1 we have 

u E Ca([to, z], C X ) n C  ~+ 1/2([to, r], C), 

and consequently it is easy to see that 

F(t, .) : = f ( t ,  ., u(t, . ), Du(t, . )) e C~([to, z], C), 

G(t,.)  : = g(t,., u(t , . )  ~ C~([to, z], C1)(3 C ~t + l[2([to, l"], C), 

Ao(t, . ) :=  Ao(t , .  u(t, .),  Du(t , .))  ~ C'([to, z], C), 

Bi(t, .)" = Bi(t, . ,  u(t, .)) e C~([to, ~], C 1)c~ C ~ + 1/2([t o, T], C). 

Hence u solves a linear non-autonomous problem of type (4.1), and all 
assumptions of Theorem 4.7 are fulfilled: thus we get 

u E C 1 + ~([to, z], LP)c~C~([to, z], LV). 

The estimate (1.5) in the case 6 = a  can be obtained by arguing as in the proof of 
(3.18), provided possibly that z - t  o is chosen smaller. 

Suppose finally that ~ ~ C2(O, ely) and Q(to, c~) ~ CZ~(O, ~N); then for each p > n 
we can apply the above theory, obtaining a local solution u of (0.1) which belongs 

to E~.p(t0 ' r), where z depends on p. If we fix any g ~]0, a[, and choose p >  
then we have the continuous inclusion 2 (a -b ) '  

C 1 +~(LP)c~C~+~(WI,P)c~C~(W2,P)~ C 1 +~(B~-~,p)  

c~C~ +~(B~+ 2t~'-o)'V)c., Cl +~(C):3C�89 +:J(C1). (5.1) 

Hence u,r C~ T], C) and f ( . , . ,  u, Du) e C~([to, ~], C); thus by (0.1) we get 

t ~ ~ Ao( t , . ,  u(t, .),  Du(t , ' ) )"  DiD~u(t, ') ~ C~([to, z], C). 
ij= 1 

This concludes the proof of Theorem 1.1. [] 
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Remark 5.2. If we increase the smoothness of data, we can obtain H61der 
continuity results for the solution of(0.1) which are very close to those given in [9, 
Chap. VI, Theorems 4.1-4.2] for quasilinear equations (see also [9, Chap. VII, 
Theorem 7.1] for quasilinear systems of special form). Namely, replace (0.4) by the 
following assumption: 

dB~k ~Bhk Ogh Ogh ar 
The functions Ah~, fh, B~k, gh, ~Xj ' -ff~U ~ ' O-~Xj' ~ e of class C ~ in 

t, C 2" in x, locally Lipschitz continuous in (u, p); moreover the 
functions B~i k, gh are also of class C ~+ ~:2 in t. (5.2) 

Then we can show that the solution u of (0.1) satisfies: 

ut, D~Dju e C([t o, ~], C2~ CN)) V6 e]0, e[ .  (5.3) 

Indeed, similarly to (5.1), we can write 

C ~ +:(L~)c~C~ +'(W~'~)c~C'(W 2'~ ~ C ~ + " -  ~176 

n In E provided p > ~ and 0 ~ p, 2~ . Now, fix ~ e]0, ~[, select any a e]6, ~[, and choose 

n 
0 = a + a ,  p =  - - - ,  so that 0 -  -n = 2a: then we have 

~ - t r  p 

u e C~([to, ~], C~'), 

F: =f( . , . ,u ,  Du), ~ :  =Ao(.,. ,u, Du)~C([to, z],C2"), 

G: =g( . , . ,  u), Bi: =B,(',',u)~C([to,~],Cl+2"); 

hence, for fixed t6  [to, ~], u(t, .) solves a linear elliptic problem of the following 
kind: 

/ t~ l  ~O(t' ") "DiDju(t' .)=F(t, .)-u,(t, .) in l], 

il,(t,.). D,u(t,.) = G(t,.) on dl2. 
1=1 

By Schauder's estimate, we easily get DiDju ~ L~(to, ~, C2r l~s)). Now, as 

u ~ L~ r, C2 + Zr z, C 2`) 

we readily obtain, by interpolation, u E C([to, r], C2 +2~). This proves (5.3). 

Remark 5.3. Due to the presence of the compatibility conditions 

P(to, d?) =0,  Q(to ' q~) ~ B~,. v(12, ~lV) (5.4) 

we are not able to improve our result concerning continuous dependence on the 
initial datum in order to get that our solution is a local semiflow in the sense of 
[5]. One can avoid conditions (5.4) by replacing the space C1 + ~(I~)ca C~(W 2' P) by 
a suitable weighted H61der space, introduced in [3], and in this way one can 
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show that solutions of  (0.1) in this class indeed generate a local semiflow. This will 
be done in a for thcoming paper. 

Remark 5.4. If in problem (0.1) the boundary  conditions are of  Dirichlet type, i.e. 
/ ~ - 0  and g(t, x, u)= u, we can apply the same argument,  but  several changes are 
necessary since the situation in the basic linear au tonomous  case is considerably 
different (see [10]). More  generally (and with more  technicalities) one can consider 
the case in which the boundary  operators  are divided in two sets, the first 
containing only first-order boundary  operators,  the second containing zero-order 
operators. See 1-10] for details relative to the linear au tonomous  case. 
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