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1. Introduction
In [3] the first author has proved the following:

Theorem L1.1. Let X be a complex space which carries a strongly plurisubharmonic
exhaustion function ¢: X [ — o, 00). Then X is holomorphically convex and is
obtained from a Stein space by blowing up finitely many points.

The conclusion “obtained from a Stein space by blowing up finitely many points”
means precisely that there exist:

— a compact analytic set SCX with dim,S>0 for any x€S;

- a Stein space Y, a finite set 4 CY and a proper holomorphic map p: X—>Y
inducing a biholomorphism X\S= Y\A and which satisfies p, 'y = ;.

Following a customary terminology X is called an I-convex space, S its
exceptional set and Y the Remmert reduction of X.

Theorem 1.1. was conjectured by Fornaess-Narashimhan in [5].

In this paper we prove the converse:

Theorem 1.2. Let X be an 1-convex space. Then X carries a strongly plurisub-
harmonic exhaustion function ¢: X —[ — 00, 00). Moreover, ¢ can be chosen —
exactly on the exceptional set S of X and real analytic outside S.

This theorem together with Theorem 1.1. and the results of Andreotti-Grauert
['1] and Narasimhan [9] gives the following characterization of 1-convex spaces:

Theorem. Let X be a complex space. Then the following statements are equivalent:
(1) X is an 1-convex space.
(i) dimg HYX, #)< o0 for any q>0 and any coherent analytic sheaf F on X.
{ili) X carries a continuous exhaustion function which is strongly plurisub-
harmonic outside a compact set.
(tv) X carries a strongly  plurisubharmonic  exhaustion  function
4,i’ZX——>[—oo’ 00).

(1)}<>(iv) could be called the Levi problem with discontinuous functions.
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The key ingredients of the proof of Theorem 1.2 are the identity between
plurisubharmonic functions and weakly plurisubharmonic functions ([5],
Theorem 5.3.1) and the analytic version of Chow’s lemma.

2. Preliminaries

Unless otherwise specified, all complex spaces are assumed to be reduced and
countable at infinity.

An upper semicontinuous function on a complex space ¢: X —[ — 00, 00) is
said to be plurisubharmonic if for every holomorphic map f: D—X (D =the unit
disc in C) it follows that ¢ f is subharmonic on D (possibly = — o). ¢ is called
strongly plurisubharmonic if for any C*® real-valued function 8 with compact
support in X there is an g, >0 such that ¢+ &0 is plurisubharmonic for |¢| £ &,,.

It is known (Fornaess-Narashimhan [5], Theorem 5.3.1) that a (strongly)
plurisubharmonic function is locally the restriction of a (strongly) plurisub-
harmonic function in an open set in some € in which X is locally embedded, i.e.
the above definition coincides with the usual one as given in [9].

Proposition 2.1. Let X, Y be complex spaces and p: X —Y a proper, surjective,
holomorphic map. Let ¢: Y—[ — 00, 00) be an upper semicontinuous function such
that ¢~ p is plurisubharmonic on X. Then ¢ is plurisubharmonic on Y.

Proof (sketch). In case ¢ is real-valued and continuous but p is supposed only
holomorphic and surjective this is exactly Proposition 1.3 in Borel and Narasimhan
[2]. In the general case the proof is a slight modification of theirs. For the sake of
completeness we indicate the necessary modifications to be done.

Exactly as in [2] we may assume that Y is the unit disc in €. Since p is proper,
for any irreducible component X, of X it follows that p|y, is constantor p(X,) =Y.
Therefore we may assume X irreducible. This hypothesis together with the
maximum principle yields the following equality:

lim ¢(y)=¢(y,) forany y,eY.
y—yo
y*yo

Now the proof can easily be concluded using the following two remarks:

a) Letx, € X besuch that p(x,) = yo. Then there exists an analyticcurve Cin a
neighbourhood of x,, in X such that p| is a ramified covering of a neighbourhood
N of y, (see for example Fischer [4], 3.3).

b) Let NCC be a domain, yoe N and ¢:N—-[—oc0,00) an upper semi-
continuous function such that:

(1) @lnygpo) 18 SUbharmonic

(i) Tim ¢(y)=¢(vo)-

y>yo
y*yo

Then ¢ is subharmonic on N (see for instance Grauert and Remmert [6],
Satz 5).

Remark. Simple examples show that the assumption that p is proper cannot be
dropped in Proposition 2.1.

Corollary 2.2. Let X, Y be complex spaces and p: X—Y a proper, surjective.
holomorphic map. Let ¢: Y—[ — 00, 00) be an upper semicontinuous function such
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that ¢ p is strongly plurisubharmonic on X. Then ¢ is strongly plurisubharmonic on
Y.

Applying Proposition 2.1 to n: X -»X (the normalisation of X) one easily
verifies:

Corollary 23. Let X be a complex space and ¢.X—-[—~x,x) an upper
semicontinuous function,

Then ¢ is (strongly) plurisubharmonic on X iff restricted to any irreducible
component of X is (strongly) plurisubharmonic.

Another result which will be used in the proof of Theorem 1.2 is the following:

Lemma 24. Let Y be a Stein space and p: Y—->{—~.~x) a function which is
continuous outside a compact set containing {u= —~x}. Then one can find a real
analytic strongly plurisubharmonic function 2. YR such that t=/+p is an
exhaustion functionon Y. ie. Y ={t<c}CCY forany ceR.

The proof is obtained slightly modifying the proof of the well known fact that
any Stein space carries a real analytic strongly plurisubharmonic exhaustion
function {sce for instance Narasimhan [8]). 2 can be chosen as a convergent series
2 A L ET(Y.Cy)
JEN

Finally, to construct strongly plurisubharmonic functions on a given 1-convex

space we shall use the following analytic version of Chow’s lemma:

Lemma of Chow (Hironaka [7]). Let X be an 1-convex space, SCX its exceptional
set and p: X - Y the Remmert reduction of X. Suppose that S is rare.
Then there exist a coherent ideal . CCy such that supp((y/.9)=p(S) and a

commutative diagram:
y* 'ox
/
n //l’
Y

where n: Y*— Y is the blowing-up of 'Y with the center (p(S). (C y/.9),s) and [ is
holomaorphic. proper and surjective.

As a general reference for the construction and basic properties of analytic
blowing-up we refer to Fischer [4].

3. Proof of Theorem 1.2

From now on X will be an l-convex space, S its exceptional set, p: X > Y the
Remmert reduction and A = p(S). Recall that Y is Stein, p is proper, holomorphic,
surjective and A4 is finite.

The proof will be divided into several steps:

(1) S is rare (i.e. S does not contain any irreducible component of X) and
dim X < oo.

(it) S is rare and no assumption on dim X.

(iii) the general case.
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Stepi) Consider .# C 0y the ideal such that A =supp(0y/.#) given by Chow’s lemma
and n: Y*-— Y the blowing-up of Y with center (4, (€y/#)],).

The idea is to construct on Y a strongly plurisubharmonic exhaustion function
7. Y[ —00,00) such that 1= — 00 on 4 and 7 is real analytic outside A4, in such a
way that temn is strongly plurisubharmonic on Y*. Then, using Corollary 2.2,
¢=1-pisstrongly plurisubharmonic on X. The other required properties of ¢ are
easily verified.

The construction of 7 goes as follows.

Since Yis a Stein space of bounded dimension, a well known argument which
uses theorem B of Cartan shows that there exist hy,..., h; € I'(Y, #) such that:

A={h = . =h=0}.

Choose hy, 4, ...,h € I'(Y,.#) which generate the fiber .4, for any ye A (4 is
finite!).

Then the germs h, ,, ..., h , generate ., for any y € Y. Hence h=(h,,...,h): Y
—~C* is a holomorphic map such that:

h™ Y 0)=(4,(Cy/T)\,).
According to Lemma 2.4. we can choose a real analytic strongly plurisub-

harmonic function A: Y—R such that 3::/1+10g< > Ihjl2 is an exhaustion
function on Y. =1

It is clear that 7 is strongly plurisubharmonic on Y, {t= —oc} = A4 and t is real
analytic outside A.

Let g=tcp: X[~ o0, 00). We claim that ¢ has the required properties. In
fact we only have to check that ¢ is strongly plurisubharmonic because the other
properties are obviously verified.

According to Corollary 2.2, it is enough to show that t-7 is strongly
plurisubharmonic on Y*. To do this we need the explicit description of analytic
blowing-up.

Let 2:C O be the sheaf of ideals of the origin. There is an exact sequence on
€

FOR

Cs I (QS:S—M%-—)O (*)
where « is given by the holomorphic sx(5)-matrix

X3

and x,, ..., x, denote the coordinate functions on C*.
Since #* (the analytic inverse image) is right exact we get an exact sequence on
Y:

6D gy b im0, (e
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Let &, :P(#)-Y and &,:P(h*»)—>Y be the projective varieties over Y
associated to .#, respectively to h*s (in general they are not reduced). The
canonical epimorphism h*»—.# yields an embedding P(.#) o, P(h*s).

Since, by the construction of the analytic blowing-up, Y* is a closed subspace
of P(.#), in order to verify that T~z is a strongly plurisubharmonic, it will be
enough to test that t- &, : P(h*»)—>[ — o0, o0) is strongly plurisubharmonic (note
that w=~_,)p).

From (*%) IP(h*») ¢, YxIP,_, is given by the equations:

hiy)z;—h(y)z;=0, 1<i<j<s

where (z, :...:z,) are the homogeneous coordinates on IP; _ ;.
Set U;={(y,z) e YxP,_,/z;%0}, o;: U;— Yx@C* !

0¥y 2) = (V24205 oo n 2o 1200 Zi 1/ 20 o 26/ 20)

and define ;: YxC*~ ' [ —00,20) by:

s—1
wi=i+log<1+ > lt,-|2> +log(|h{*)
j=1

where (1,,...,t,_,) are the affine coordinates on €*™ 1.

Then 1, is strongly plurisubharmonic on YxC*~ ' and t+&,=y;~a; on U,
FﬂP(h*iwl

This proves that 1 - £, is strongly plurisubharmonic on IP(h* »/) thus ending the
proof of Step 1).

Step ii) We drop the assumption that X has finite dimension.

This is done by carefully analysing the arguments given above.

Let UCCY be a relatively compact open neighbourhood of 4 and
V=p '(U)c CX. Let X, be an analytic subset of X having finite dimension and
containing V. Then Y, =p(X,) is an analytic subset of Y and U € ;. Finally, let.#
be the ideal on Y given by Chow’s lemma.

Using again Cartan’s theorem B we find (since Y is of bounded dimension)
hyi,...,h e I'(Y,.#) such that:

A={yeYy/h(y)=...=h(y)=0;.

Choose k.4, ...,h e I'(Y. #) which generate ., for any ye 4. Then the germs
hyy.....hs, generate S, for any ye Y, Next choose a countable set {g;}icn
CI'(Y, 0y) such that Y,= () {g,=0}.

keN

We may suppose that the series 3 |g,|* converges uniformly on compact
keN

subsets of Y.

~ By Lemma 2.4 we find a real analytic strongly plurisubharmonic function
4 Y—>IR such that

r=i+10g<_2 hi*+ % ng|2>
j=1 keN

's an exhaustion function on Y.
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Clearly 1= — o0 exactly on A4 and is real analytic on Y\A. Moreover |, =4
+10g< 3 Ihj|2> since g, =0 on Y,D U.
=1

For that reason if we set ¢ =1 o p the same arguments as in Step i) prove that ¢
is a strongly plurisubharmonic exhaustion function on X, S={¢= —o0} and ¢
is real analytic outside S.

Remark. Under the assumptions of Step i) one can prove that given a finite set
BcX\S there is a strongly plurisubharmonic exhaustion function
¢: X —[—o00, 00) such that ¢ = — oo exactly on SUB and ¢ is real analytic outside
SUB.

The proof is straightforward and so will be omitted.

Step iii) S is not necessarily rare. Let X be the union of those irreducible
components of X not contained in S. Being a closed subspace of an 1-convex space,
X is itself 1-convex and is clear that its exceptional set is rare. However S= XS
contains the exceptional set of X and (eventually) a finite set. Anyhow by the
Remark ending Step ii) there is a strongly plurisubharmonic exhaustion function
¢: X —[—o00,00) such that §={#= — oo} and ¢ is real analytic outside S.

Define ¢: X »[ — o0, 0) by ¢ =@ on X and = — oo on S. Then ¢ is an upper
semicontinuous exhaustion function on X, real analytic outside § and
S={¢= —o00}. Because of Corollary 2.3. ¢ is strongly plurisubharmonic and we
are done.
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