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Introduction

It is a commonplace in classical harmonic analysis on a locally compact group G
that a function f belongs to a normed vector space V of functions on G if and only if
certain weighted averages of f form a bounded subset of V [6, 15]. Such weighted
averages are usually convolutions of f with the members of an approximate
identity. This well-established principle has been exploited in the context of spaces
of analytic functions on the open unit disc U, as well. In particular, it has been
utilized in [&] to yield criteria for membership of the Hardy spaces H?, | <p <o,
of functions f analytic on U for which

I fll,=sup {(1/275 z(f: lf(reie)lpd(})l/p: 0sr< 1}< ©,

with the usual convention applying when p = co.

It is this principle which forms the central theme of this paper, which is made up
of three separate, but interconnected parts.

In the first part, we apply the above principle to the class & of Bloch functions
on U and derive criteria in terms of the Cesaro means. In the second part, we turn
our attention to the subspace of # composed of functions with bounded mean
oscillation, and give a characterization of the subspace in the same spirit. The third
part is devoted to a discussion of bounded Hankel operators on H?, and continues
the work begun by Bonsall in [3] and continued in [4, 7, 14]. (Indeed, it was our
investigations into Hankel operators that first suggested the possibility that
Theorems 2 and 3, in_particular, might be true.)

Part I

The Space of Bloch Functions

We recall some facts about 4.
First, 2 consists of functions f that are analytic on U whose derivatives [’ are
subject to the growth restriction

sup{(1—1z®If'(2)|:ze U} <.
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Equipped with the norm
I f1a=1f©)+sup{(1~Izi*)If"(2)]: ze U},

# is a Banach space. It properly contains H*, and the inclusion H*C# is
continuous, as the easily derived inequality

Iflas2flle (feH)

shows; it is invariant under the family M of disc automorphisms given by

M={u;:{e U},
where, for each {e U,

w(2)=E+/(1+{z) (zeD),

and it is the dual space of the space .# of functions g that are analytic on U and such
that the norm

1 2=
lglls=1g(0)}+1/n {) (f) [re®g'(re”®) + g(re™®) — g(0)ldr d6
is finite.

These and other basic properties of # were discovered, recorded and developed
by Anderson et al. [1], which was the first systematic study of the space. (For
another, more recent, account see [5].) For ease of reference, we state the form of
the above mentioned duality that we use in this paper; we refer to [1] for a full
discussion.

Given a pair of functions f(z)=3 a,2z" and g(z)=2_b,z", analytic on U, we
write f*g for their Hadamard product:

[*9(@)=2abz” (zeU).

(Here, and hereafter, sums written without limits are over the non-negative
integers.)

In this notation, an examination of the proofs of Theorems 2.3 and 2.4in{1]~-
with due regard paid to the different norms on # — reveals that we now have

Theorem A.(a) Let fe % and ge #. Then f*g is continuous on the closure of U and
If*glle =1/ aligls-

(b) If v is a continuous linear functional on .#, then there is a unique function f€ #
such that

¥(g)= lim f*gle) (9€)
and

151/ ezl 21 f la-

Criteria for Membership of 2

In preparation for our discussion, we introduce some standard notation that we
will use throughout the paper.
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Given
f@)=Yaz" (zeU)
we write
(@)=Y e, n=0,12....
k=0
and

o) @=L s N@/A+D), n=0,12,...

i

S (1=k/(n+1))az*, n=0,1,2,...,
k=0

for the partial sums and the Cesaro means of the power series for f.
With

K@)=1/(1-9)=%7 (zeU),
we see that a,(f)=a,(k)*f. Also, if 20 and ze U, then
0.2 =1/2% | Kd)f(ae™ )8,
where
Ko()= % (1= kiftn + )e

_ l—cos(n+1)¢
" (n+1)(1—cosg)’

is Fejér’s kernel. <For later reference, we note that K,=0 and that

Tk (pdg=2nr, (n=0,1,2,...)>.
0

319

Our first result is probably known to most workers in the field, and the
equivalence of (i) and (iii) is explicitly recorded in [2] and [13]. We include it for
completeness and give what seems to be a new derivation of this equivalence.

‘Theorem 1. The following statements are equivalent.

(D) feR;
(i1) lo(Nlg=0(1) (n—>c0);
(ii) oW =00 (n—00).

Proof. (i) = (ii). For, if ge .#, then

69 =127 ] K($)*9(ze ) e ).
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Hence

lo.(/)*9(2) =1/2n Z(I: KD/ *gllwdd

=1f*9ll
21Sallgls,
by part (a) of Theorem A. Applying part (b), we deduce that
lo(NMNas51fla

whence (ii) holds.
(i) => (iii). To see this, let p,=0,(f) and z=r{, where r=|z|]<1. Then

P = palrOl =

| et

1
<[ max |pj(w)ldt
rw|=t
=(A-nlpil
sn(1=n)Ipall»
by Bernstein’s theorem on polynomials [15, p. 118, Vol. Il. Hence

PO = 1pn(2)] +n(1 = 1) pall o -
Choose r=1—1/2n. Then

PO = 2nsup{(1 — |21} |p.(2): 2€ U} +1/2]|pull o »
whence it follows that

1allo = 4nl0,( /)2 =Om) (n—0)

and (iii) holds.
(iii) = (i). For, if f(z)=3 a,z", and z=r{ as before, then

(D)=L ka*=(1—r) L (n+ 1)y (/) (Or"
after two summations by parts. It follows that
rf @S- L+ Dllo(Hllor"
=0(Dr/(1-r),

asr—1" and so fe 4.
This completes the proof.

Theorem 2. The following statements are equivalent.
(M) fe®;
(ii) l(n+m+1)6,4 m(f)—(n+ Do (f)—(m+ Do (Nl
=0(/(mm)) (n,m—0);
(iii) lo2a(f) = 0N =0(1) (n—00).
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Proof. (i) = (ii). Noting that ¢ ,(f)=0,(k)*f, we see that
(n+m+ l)o.n-d-m(f) - (n + 1)an(f) _(m+ l)o-m(f) Egn,m*f5

where
G =G = (1414 D)0 3 (k) — (15 Do (k) — (m+ Dn(k) .
Now
an(k)(z)zé(l—k/(n+1))z", n=0,1,2, ...,
—z(1—z"*1 1
= (n+(1)(1 ——z))2 1z
Hence

Z(l _Zn+ 1)(1 _Zm+ 1)
(1-2)* '

To establish the assertion, it suffices, in view of part (a) of Theorem A, to show that

In.m(2)=

2

1 .
Tl Gn,ml 5 =£ (f) reg, (1e”)+ g, n(re’*)dr do = O()/ (nm))
as n, m—oco. With this in mind we observe that, if n,m=1,2, ..., then

Zg;n—-l,m~1(z)+gn~l,m—l(z)
d
=Ezgn—l,m-l(z)
_2z(1-2(1=2") nZ""'(1=2") mz"(1-2")
T (-2 (-22 (-2

Hence, appealing to the Cauchy-Schwarz inequality, it is enough to show that the
following estimates hold:

Linmy=n] | (1 =21 — 27"+ \dr d6 = O()/(am))
00
and

1 2=

Lm=] [ 1(1=2/(1=2)*?rdrdf=0(n).
00

To deal with I,(n, m), another application of the Cauchy-Schwarz inequality
shows that

I my<n]r 1]/<2j (1= 2" —2)d8 T 1/ —z)|2d6) dr
] (o] 0

1
§2nnﬂf 1 =) 2y
0

=nn)/mI(1+n/2)[(1/2)/T((n+3)/2)
=0()/(nm))

as n,m-»00.
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1 —3/2
=24

=3¢,
so that, defining ¢,=0 if s <0, we have

1__"
o =Zlam o)t

To handle I,(n), let

Hence

Iz(n)=2niz;c,‘—cHPrZ“ldr
=Y ek — Cnl* Mk + 1)
=n"%1 led?/(k+ 1)+ 7 §f lexn—cil?/k+1)
=>+>.

1 2

Now
a=yk), k=0,1,2,...,
where, for t =0,

r(t+3/2)

"= e

Standard properties of the gamma function [12, p. 149] show that

=) {F'(t +3/2) T(t+1) }

[t+3/2) T@+1)
12
T(n+t)(n+t+1/2)
12
~y(t)2(n+t 2)(n+t+12)
=y(0)/(1+21).

S0)>

It follows that y(t)/}/(2t + 1) is decreasing on [0, c0), and hence that the following
inequalities are true: for =0

YO <) (1+2t) and YO 1/)/(1+20).

In particular, then, ¢, <|/2(1 +k), and hence Z O(n) (n— o).
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To deal with >, we note that if k= n, then
2

O.S_Ck Ck-n= Y (t)dt

J.
) e

]/(1+2t)
=|/(1+2k) =)/ (1 +2k—2n)

<2n/)/(1+2k)

It follows at once that
S <dmn? 3 (k+1)72=0(n) (n1-).
2 k=n

Collecting our results we see that (ii) holds.
(i) = (iii). Taking m =1 in (ii) to start with, we easily obtain the rough estimate
lo (), =0(n) as n—oco. Using this and applying (ii) with m =n, we deduce (iii).
(iii) = (i). Suppose (iii) obtains. Since o,,(f) —g,(f) is a polynomial of degree
at most 2n, another application of Bernstein’s theorem on polynomials shows that

162(/) = (/) =0() (n—>c0).

Taking n=2/ here and summing on j from j=0 to j=m, we infer that

loam( ) =0@2™) (m—c0).

Let
V=24+2"™0m+1(k)— (1427 3m(k) .
Then
VX f=Q2+27™)63me1(f) = (14270 m(f) -
Hence

I(Va*f )l =0@2™) (m—>o0).
Noting that g, is the identity function on U, it is easy to verify that
ou(tof") = toon(f) -

Also, it is classical that {|o,(B)|, < |kl ., whenever he H™.

Furthermore, the first 2™ Taylor coefficients of f and V, *f are equal.

We put these three facts together to prove that |o,(f)| ., =0(n) as n— 0. So,
let n21 and choose m so that 2" ' <n<2™ Then

1100w o = ln(t0.f Mo = lloultto(V* /)N o
S INVa*f Yl
=0(2")
=0(n)

as n—-00.
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A direct appeal to Theorem 1 now completes the proof of the implication
(i) = ().
Corollary 1. If fe %, then
lou(/) =0(ogn) (n—oc0).
The converse is false.
Proof. By part (iii) of Theorem 2, ||a,,(f)—0,(/N|l,=0(1), whence
lo2m(Nl =0(m) (m—0),
and so
1Ve*f | = O(m) .
If now 2" 1 <n<2™ then, as above,
l62( ) o =102V N o
SIVa*f o
=0(m)
=0(logn)

as n—oo.
One way to see that the converse is false is to use the example

f@=Xaz"=%22"",
where n(k)=2%, k=0,1,2,.... It is clear that

|ls,.(f)||w=§am=0(10gn) (n—),
and so too that

loa(NMe=04f)(1)=0(logn) (n—c0).

But f does not belong to #. This can be deduced directly as follows.
IfO0<r<1, then

of ()= ma,r™
> $,a()) ()
> % 2in(j)
> r"®2n(k)

for any k. It results from this that (1 —r) f"(r)—»> o0 if r— 1~ on the sequence r=r(k)
=1—1/n(k) and k— co. In other words, f is not a Bloch function.

Corollary 2. Let f(z)=Y a,z" (ze U). If
I526() = 3x(N o =0(1) (n>0),

then fe B. The converse is true if a,=0, for n=0,1,...; but false in general.
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Proof. Arguments similar to those used in the proof of the implication (iii) = (i)
show that {[s,(f)| ., = O(n), whence the conclusion of the first part follows readily.
If, on the other hand, fe # and its Taylor coefficients are non-negative, then

Skart=rf'(r)=0(1/1=r)) (r-1)
and so, in a standard manner,
2n 2n
0=<s52,(f)—5:)= ;1 a.<(1/(n+ 1))%lkak=0(1) (n—c0).
We defer the construction of an appropriate example showing that the full
converse is false to Part I1.

Corollary 3. Let 2, denote the collection of analytic polynomials p of degree at most
2nwhose first n+ 1 Taylor coefficients vanish. Let = U{%?,.n=1}. Then the Bloch
norm and the H* norm are equivalent on 2.

Proof. Since Z CH™, |plla=2|ip|l, whenever pe #. On the other hand, if pe 2,
for some n, then

np=(3n+1)03,(p)— 2n+1)0,,(p) — (n+ Do ,(p)
=gn,2n*p s
in the notation used above in the proof of Theorem 2. Hence
[Pl = 19, 24l 5121l
SKn|ple

for some absolute constant K. Thus ||p|, = K||plls and we are finished.

Theorem 3. fe A if and only if

sup {/ (1~ )/ (A =PI @) —f @)/ u—0v)| :u,ve U} <co.

Proof. If u,ve U, the difference quotient (f(u)—f(v))/(u—v) is seen to be the
Hadamard product of f and g, , evaluated at 1, where

k(uz) —k(vz)
U—v

Gu,(2) = , (zel)

3 z
T (l=uz)(1—-vz)”

The stated result follows therefore from Theorem A if it can be shown that

sup{}/ (1= [u?))/ (1 = o) ligu, )l 5 4, pE Uy < 00

But

d
Zg;,v(z) + gu,v(z) = d_Z zQu,v(z)

2z uz? N vz?
T (U —uz)(1—vz) + (1—uz)?(1—vz) (1 —uz)(1—vz)?
z z

= 0w (=07) T A—uz)(1—v2)?
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and an application of the Cauchy-Schwarz inequality shows that
2n

§ 11/(1 —uz)®*(1 —vz)|rdr d6
(o]

O ey b

§i (l/zjn [1/(1 —uz)?|?do 2!: [1/1 —vz)|2d0> rdr
o\/ o

=2n ,:f) V(E (4 1D uf>"r?"/(1 —[v|*r*))rdr

<2n)/2 (i a- iu|2r2)-3/2rdr> / VA=)
(4]
<2)/2n/)/ A=l A —ol?) .

Putting these estimates together, we see that

sup {)/(1—ul®) (= 10P) 1 gu,oll s 14, 0 Uy 4)/2,

and the conclusion of the theorem follows.

Part 11

The Space of Functions of Bounded Mean Oscillation

The space of analytic functions on U of bounded mean oscillation, denoted by
BMOA, consists of functions f in H? for which

sup{||l f;ll2:{eU} <00,
where, for each {e U,

f=lou—f©Q), weM.
BMOA is a Banach space under the norm given by

1/ s =1f @l +sup{ll £ll.:{e U}.

Since

J@=fu2)-f(), (zel)
=(1-KPf©Oz+ ...,
BMOA C4; and the inclusion is strict.

An alternate characterization of BMOA can be given in terms of the Poisson
kernel. Indeed, noting by a change of variable that

2_2j‘n it ZPC —it) dt
I fellz2= ! [f(e")—fDI*P(le 7
where

1 —|w)?

PW=12e

wel)
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is Poisson’s kernel, we see that an analytic function f belongs to BMOA if and only
if it belongs to H* and

2zn
sup {g If(e)—f(OIPPLe *)dt: (e U} <.
(Other descriptions of BMOA are given in [11].)

We proceed to give a characterization of BMOA in the spirit of the principle
enunciated in our opening remarks.

Theorem 4. fe BMOA if and only if
sup{lio(l,:n=12,..} <.
Proof. Suppose fe BMOA. Let ze U, teR. Then
0 ) (@) =0 1)@= L)~ e K, 3

and hence
3 €)= ol NP S [ €)= e PKD3L.
It follows from this that
e~ o1) @PPee o

< TR (17— feppee s 2

le.,

2n
oIS T K@) ool 5 Ssup{IfI3:2€ U).
Thus
o aS1flys for n=1,2,...

and the necessity part of the theorem follows.
Suppose next that

M=sup{flo,(Nl,:n=12,...}<c0.
Noting first that ¢,(f),=0,f)—f(0) and that

loa(ol22 ol N =M,

we see that |lo,(f)||,€M, for n=1,2,.... Hence fe H? [8].
Noting next that, if ze U and 0<r <1, then

J@)=frn)= (l—r)ZZ(n+1)6 (@@,
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we see that f,e BMOA and that
1A= —r)Z%(n+ Dlo( My

<(1=*3 (n+ DM
4]
=M.
We deduce that

Firre)—feaPPee ) 5 M-I O
0 '

ifze U and O<r < 1. Since f(re")—f(e")a.e.asr—1~, we can let r— 1 in the last
displayed inequality and conclude that fe BMOA; and that ||f|, <M. This
finishes the sufficiency part of the theorem, and concludes the proof.

Remark. A perusal of the proof shows that
sup{lo (Nl :n=0,1,2,..}=fl,.

Since, as we have already mentioned, BMOA C 4, statement (iii) of Theorem 1
and statements (ii) and (iii) of Theorem 2, in particular, are true for functions f in
BMOA,; and so too is Corollary 1 to Theorem 2. But are these the best we can say
about functions in BMOA? The example

f(z>=log<1/<1—z))=§z"/n,

which belongs to BMOA and for which

0.1 (D=3 Vk=n/(n+1),
and

a.(f)(D)=n/2,

shows that we cannot improve on these estimates within BMOA.

Next, we show that the converse of Corollary 2 is false for functions in BMOA.
Fejér’s technique [12] for constructing a continuous function whose Fourier series
diverges at a point can be adapted for this purpose. With this in mind, let m, n be

positive integers, and
k

" n z n Zn+k
¢(n,m,2)=z {? In—2k+1 _§2k—1}'

Then ¢(n,m, 1)=0, degd(r,m,z)=m+2n and the first term in the Taylor
expansion of ¢(n, m, z) is z"*'/(2n—1). Moreover [12, pp. 42, 417]

sup{lle(n,m,..)||,:mn=1,2,...} <co.

Let now my, n, be sequences of positive integers chosen so that in the first
instance m, +2n,<m, ., +1 and let

0 =§¢<n,,, m,2)/k? (zeU).
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Then f i1s analytic on U and continuous on the closure of U. Moreover, since the
polynomials ¢(n,, my, .) have disjoint support, the power series expansion of f is
obtained by opening out the last displayed series and discarding brackets. It
follows that

k
Smk+2nk(f)(l)=;¢(nj,mj, 1)=0, k=1,2,

k—1
Let n,=k¥, k=1,2,...,m; =0, m,=2Y n;, k=2,3,...; so that m,+2n,
1
=my 4, and my/n,—0 as k—co.

k
Consider the partial sum sy(f), where N=N(k)=3 n;. An easy argument
1
establishes that sy(f)(1) is close to s, (f) (1) which in turn is close to

k25 1)@~ 1)~ k22" 'Togn, ~2~ ' logk
1

as k- o0.
It follows that

Is28(f) = sm(f)l| o =00

as k— co. Hence the converse of Corollary 2 is false for BMOA functions, and a
Sortiori for Bloch functions.

Of course, the necessity part of Theorem 3 holds for functions in BMOA. In
Part III, we present an alternative proof of this and statement (ii) of Theorem 2.

Part 111

Hankel Operators on H?

Given f(z)=Y a,z"€ H?, the Hankel matrix [a;,;] determines a linear trans-
formation A on the subspace of H? spanned by {y,:n=0,1,2, ...}, where

mz)=z", n=0,1,2,... (zeU),

and

Aij._ZOai+in’ j=0, 1,2,....

If A admits of a bounded extension to all of H2, we call the extension a Hankel
operator — which we continue to denote by 4 — and denote the class of all Hankel
operators on H? by &. Necessary and sufficient conditions for A to be a Hankel
operator were given first by Nehari — see [10] for the basic facts about Hankel
operators. For our purposes, it suffices to note that Nehari’s condition is
;quivalent to the requirement that the analytic function f generating A belongs to

MOA.

The “symbol function” associated with A is the harmonic function ¢ defined by

H2)=2if(2) (zeU).
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One connection between A and ¢ is given by the identity
2n 3 . dt
lAn(2)]13 = !, Ip(e”) — $(2)*P(ze 5 (2el),

which we borrow from Bonsall’s treatment (see [3, formula (5)]). Here, for each
ze U, u(z) is the unit vector in the Hilbert space H? given by

o) W)=}/ (1-|zIDk(zw) (wel),

where k is as before. Taking account of the definition of ¢, we can rewrite the above
identity in the form

2 . . . d
| Av(2)|)3 = (j) (e —2) f(e") +z(f (") — f (2))|*P(ze ™) ﬁ ,
and conclude that

@I, =Y A~EDIf 1 +1L0, (zeU)
2201 4>

if fe BMOA.
In much the same way, it can be seen that

£ S 1A, + )/ (=12 f (@] (zeU)
slAt+10r12,
and so
Il <3041,

(since |fOI= | fll.=ll4x0ll. =1 4l) if Ae .
These inequalities, coupled with Corollary 3 in [3], tell us that there is a
positive real constant M such that

131 /e AN S2M] f 1, -

We shall refer below to the constant M as Bonsall’s constant.

A Criterion for Membership of &
We consider two sequences, (s,) and (g,), of linear operators from & to the finite
rank Hankel operators defined as follows: if Ae% and is generated by
f(2)=>a,z", we set
n-j
sn(A)Xj=.§0ai+in’ 05jsn;  s(Ay;=0, j>n

and

0,(4) =(1/n+ 1) 2 5,(4).
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forn=0,1,2,.... Thus the polynomials s,(f) and o,(f) generate s,(4) and o,(A),
respectively, in the same way that f generates A.

As afinal illustration of the central theme of the paper, we record the following
theorem, which supplements the criteria given by Bonsall [3] and ourselves [7].

Theorem 5. A€ & if and only if sup{||c(4A)]|:n=0,1,2,...} <o0.

Proof. Combining Theorem 4 with the remarks just preceding this section, the
stated result is an immediate consequence of the following chain of equivalences: if
f generates A, then

Ae¥ < feBMOA
< [lo(Nlly=001) (n—>0)
< Jo(A)=0(1) (n—>c0).

Remark. A different proof of the theorem involving a more direct appeal to
Nehari’s theorem shows, in fact, that

sup{llo (A)]:n=0,1,2,...F=4]|.

Some Identities

In this section, we indicate how we were led to Theorems 2 and 3.
Let z,we U. Let f(z)=3 a,z" generate 4. Expanding the inner-product
{An(2), (w)), we see that

A(2), o)y =/ A= 12D}/ A=) f Gy 2w

=TT S a T ws
=)/ (A=12P)/ (L= wP) (f (2) — wf W)/ (z~w).
With ¢(Z) =zf (z), we deduce that
U} <Al

Sup{l/(l—lﬂz)l/(l Wi*) [=————

We remark in passing that Bonsall drew the second author’s attention to the
boundedness of the quantity on the left side of this inequality for the symbol
function of the Hankel operator A4, and wondered if the converse were true;
Theorem 3 provides the answer.

To highlight the source of Theorem 2, we borrow another piece of notation
from [3], namely,

w Q=1+ {xo+lt:+ ... Oxa}, n=0,1,2,....

For each { on the unit circle, ,(¢) is a unit vector in H2.
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Given 4 e &, with generator f(z)=3 a,z", an easy piece of algebraic manipu-
lation shows that, for any pair of integers n,m=0,

V(n+ D)/ (m+ D<Au, D), un(0))

nm '+.
=22a; 0
00

= 5 s ADO-L 5NO
= (14 D0y (N O =18, (DO =m0, (DO,

whence it follows that

I +m+1)0, () =10, () =mGp_ (Nl =)/ (n+ D (m+1) [ 4]

We end this section by proving an analogue of Corollary 3 for BMOA
functions; we retain the same terminology.

Theorem 6. The BMOA norm and the H® norm are equivalent on #.

Proof. Since
113= 1FEOPPEe™) 57 ~ 1O

for every fe H? and (e U, we see that || ]|, < || f |l .. if f€ H®, and hence that

Pl =20pl

whenever pe Z.
If pe #,, then by taking m=2n+ 1 in the above identity involving the Cesaro
means, we find that

(n+ D)p() = Bn+2)6 3,4 1(2) (O — 2n+ 102, () () — 10,1 (2) (O
=(n+ 1))/ 2{Au D), uzn4 (O,

whence it results that

Iplo <) 2141 <2)/2Mlpl,,

where M is Bonsall’s constant mentioned at the end of the previous section.
This completes the proof.

Some Examples

Motivated by the results [7, 14], and encouraged by the result just established in
Theorem 5, we now raise the question: does the boundedness of A follow from the
uniform boundedness of the sequence of functions {||a,(4)u,(0)|,}?

We will answer this question in the negative with the help of the example
constructed in [7]; and take the opportunity also to show that the apparently
stronger assumption that {||s,(A)u, ()|l ,} is uniformly bounded does not force A to
belong to & either. (This was inadvertently left out in [7].)
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We commence by noting that if a,=0 for all n, then
lo(ADuD)13 = o (Au(DN3

=/ £ (5 0o+ by

2
al
i

M:

=(1/(n+1) Z (
= ”Sn(A)un(l)HZ .

li

Jj

For each m=0, let
E,={2"+2—1:05j<m} and E=)E,.
0

Define

1
(m+1Dlog(m+2)’
=0, if n¢E.

As was observed in [7], the function f(z)=3 a,z" belongs to 4, but is not in
BMOA. At the same time, if 0<I<27—1 and p<m, then

if nek,,

a,=

2m—1 m—1 2k+1-1 m—1
> gsY Y a;=73 lflogk+2)s2(m—p),
j=2P+1 k=p j=2k k=p

whence, if n=2"~1, then

mil 2:)2—:1< 2"-231 aj>

=2m+3 Y 27052

s=1
=0(2™).
A standard argument finishes the proof that, for this example,

Isi(ADun(Dl;=0(1) (n—00),
and so also

lo(Au,(Dll,=0(1) (n—00);
yet A is not a Hankel operator.
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It was shown in [14] that Theorem 5 above is false in general if 6,(A4) is
replaced by s,(A). We conclude this paper by reproving this fact with the help of an
explicit construction, which is based on an observation outlined to the second
author by V. Peller at the recent Lancaster Conference on Operators and Function
Theory. We note too that Barry Johnson has discovered another approach to the
problem [9], which he has very kindly communicated to us.

Theorem 7. 0 <lim sup I3,

<o
nw  lOgn

Proof. Here, |s,|| is the norm of the operator s, : & — & defined in the preamble to
Part I11, ie.,
Isall =sup{lls.(A)ll: A€ Z, | Al =1}.
Let

o)=32k n=1,2... (zeU).
1

Note [12, p. 42] that
Sup{lllmqn”w:nzl,z,--~}=C<CD,

where, here and in what follows, C is an absolute constant, but not always the same
one.
Define the sequence of analytic polynomials p, by

P =2""q(2)=q,(1/2)}, n=12,..., (zeU).
Let A, be the finite rank Hankel operator generated by p,. Then
4.l £2M||p, |l = 4M||p, ] o, =8M||Img,| , < C.
Also, since the first n+ 1 Taylor coefficients of p, vanish, s,,(p,) € #,, in the
notation of the previous theorem, and so, by that theorem,
15200 SV 255 ADN S Cl530 ] -
But n
g ()= 1/k~logn (n—o0),
1

and [|2,(pn)ll 2 ¢4(1)- Hence

O<limsup ||s,{/logn.
We refer to [14] for the relatively easy proof of the finiteness of the lim sup.
This completes the proof.
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