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1. Introduction

In [5], hereafter referred to as EQ, the geometry of intersecting hypersurfaces F, G
in a symplectic manifold was analysed, near points at which F and G intersect
normally but at which the Hamilton foliation of F (resp. G) is simply tangent to G
(resp. F). In this second part the more degenerate situation, in which the Hamilton
foliation of F is still simply tangent to G but that of G is tangent to F to second
order, is considered. It is no longer true that dimension is the only symplectic
invariant of such a system; we show the existence of a countable family of
{(functional) obstructions to equivalence, all of which can be seen in the formal
power series analysis on the submanifold of maximal degeneracy.

Whereas in EQ symplectic manifolds were treated initially and then recon-
sidered with the addition of homogeneity, contact manifolds, the case of principal
interest in the application to differential boundary problems, will be considered
directly here.

In a contact manifold (E,M™), where M* is the (oriented) contact line
subbundle of T*E, the space C*(M*) of smooth sections of the dual bundle to M is
equipped with the structure of a Lie algebra, through the Lagrange bracket [,].
Any hypersurface I can be defined, near any peF, as the zero set of a section
fe C®(M¥*), with the bundle-valued 1-form df non-vanishing at p. The conditions
we wish to consider on the intersection of F and G can be written, in terms of any
frge C*(M*) defining them near p as

(L.1) NyF,NXG,M, are linearly independent,
(12) f(p=g)=L191(p)=0,

(1.3) [£Lf911p)=*0,

(1.4) [g,l9.f1)p)=0, [9g.[g.[9, /111(p)=*0.

The definition of equivalence will be somewhat weaker than that used in EQ,
since we shall treat F as the boundary of a region of interest. Thus, let ¢ be an
orientation of F at p and write G° for the part of G on the positive side of F, near p.
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(1.5) Definition. Two systems (F,,G,E, M, ,p,e) i=1,2, consisting of contact
manifolds (E; M;") containing hypersurfaces F, G, intersecting at p,, at which
point F; has orientation e,, in such a way that (1.1)-(1.4) are satisfied are said to be
equivalent if there is a germ of contact transformation

¢:E,p,—E,p,, ‘i’*M;:M;r
such that
(1.6) ¢(F,)=F,, &(GH=G.

The full equivalence property used in EQ, requiring ¢(G,)=G,, will now be
referred to as two-sided equivalence. Consider the problem of EQ, where (1.4) is
replaced by [g,{g, f11(p)+0, with respect to the weaker one-sided definition of
equivalence. Two such systems are equivalent if, and only if, {g,[g, f]] has the
same sign in each, where f = fa*, a*e C*(M*, p) has a*(M;)>0 and dpj_”e e, and
the dimensions of the underlying manifolds are the same. The difficulty of the
proof of the one-sided equivalence depends on the sign; for one choice (>0,
“diffraction”) the problem is formal, involving no convergence arguments beyond
Borel’s theorem whereas for the other choice (<0, “gliding”) the arguments needed
are no simpler than those for the proof of two-sided equivalence, as in EQ.

In the present case there is a somewhat subtler orientation invariant, discussed
below. However, the alternative definition of one-sided equivalence, in which G
has an orientation and in place of (1.6) one requires

) =F, ¢(G)=G,

does exhibit a marked change with change of orientation. Indeed, two systems are
not, then, equivalent unless [f,[f,g]] has the same sign when g=go*, a*>0,
d,gee and then the problem is formal if this is positive, whereas when this is
negative the equivalence of formally equivalent systems involves convergence
arguments beyond those presented below.

As in EQ, the main part of the analysis concerns the intersections maps and
associated relations. According to (1.1), F and G are both non-radial (see
Guillemin and Schaeffer [3] for a discussion of radial points on hypersurfaces),
their normals being outside M, so they have well-defined, local, Hamilton
foliations V and V; with leaves the “bicharacteristic curves”. Since any non-radial
hypersurface, F, projects naturally onto the quotient contact manifold F/V, =B,
the inclusion maps J —F, J -G, where J=FnG, define intersection maps 1, 1,

F NG

(1.7) Fe——">2 J &—— G
I I,

with the contact property Be B

(1.8) I¥Mp)=A;, IiMS)=4;.
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Here M, M/ are the induced contact bundles on B, B;;, and A; is the pull-back
of M™ to J; A does not quite define a contact structure on J but is minimally
degenerate and defines what we shall call a folded contact structure (see Sect. 2).
Indeed, as a consequence of (1.3) I, has a simple fold (singularity of type S, ,) at p.
Clearly if two intersection systems are equivalent the corresponding maps I, are
equivalent in the following sense.

(1.9) Definition. If (J,, A, p,) and (B, M, q,) are, respectively, a folded contact
manifold and a contact manifold, for i=1,2, the C* germs

;:J,p—Byq, DM =A]

are said to be equivalent under contact transformation if there are diffeomorphisms
¢:B,,q,—B,.,q,, v:J,,p,—J,,p, such that

¢*M;)=M], p¥4;)=A4]
and the following square commutes

J1>P1‘i"12,l72

By, %“?st q;-
This definition leads to the following refinement of a classical theorem of Whitney.

(1.10) Theorem. Between manifolds of a fixed dimension, 2n+ 1, all germs of maps
exhibiting S,  singularity are equivalent under contact transformation, as are all
germs exhibiting S, , , singularity.
The point of the second part of this theorem is that, under the assumptions
(1.1)~(1.4) I; has a Whitney cusp at p (a singularity of type S, , ,, see for example
Golubitsky and Guillemin [2]), as is proved i in Sect. 3.
Now, when F has an orientation e, let Bg = Ge/ ~, be defined by the relation, Py

~,Pp,ifand only ifp, andp,lieona segment 2 pz] ¢ G° of G-bicharacteristic, in
the interior G° of G°. Clearly, there is a projection n°:Bg— B, under which B
covers B simply outside (and on) the cusp in B, defined by 1, and doubly mSIde,
and a map I :J\K ™ — Bf, defined on the open dense submanifold of J where V; is
not tangent to F from the outside such that n°Jg =14J\K~. Here, K~ CJ is
defined by (g, f1=g= =0, {g,[g, /11 =0.

Cusp
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Thus, when F is oriented, in place of (1.7), we have the following system of
oriented-intersection maps

(1.11) Bp&EJ—n\K~ 5B B,.
which are all contact maps, inducing local isomorphisms of the various line
bundles M, A;, M&=(n)'M,.

(1.12) Definition. Two systems of oriented-intersection maps, as in (1.11), are
equivalent under contact transformation if there exist germs of smooth contact
diffeomorphism ¢, y,¢¢ giving a commutative diagram

Ie 194 m®
- e
B ~= J D J/K B¢ = By
(1.13) Pr v ye ee
B -——— J D J /K" —— = B ———— B
I I’ T

such that n°¢g-I¢, and n%¢g-Ig' extend smoothly to J and J’ respectively.

(1.14) Theorem. Two systems of intersecting hypersurfuces are equivalent in the
sense of Definition 1.5 if, and only if, the associated systems of oriented-intersection
maps are equivalent in the sense of Definition 1.12.

Apart from the need for joint conjugation of I and I there is also an orientation
invariant between Theorem 1.10 and the hypotheses of Theorem 1.14. Consider
the obvious definition of joint equivalence: the existence of a diagram of contact
maps, with vertical difffomorphisms

B J1%B,

(1_15) ¢F1 Iw [d»c

Bye—J—B,.
IF I

Since the orientation e of F fixes an orientation of ¥, namely the positive direction
along bicharacteristics on G leads (eventually, locally) into G°, and at L, where I;
has S, ;o singularity, V; is tangent to K and non-zero, e defines an orientation ¢;,
of L in K. Thus, in addition to (1.15) we must have

(116) w*e)=e,.

Equivalence in the sense of Definition 1.12 is weaker than (1.15), with (1.16) since
then ¢ lifts to ¢%.

In outline, the paper proceeds as follows. In Sect. 2, folded contact structures
are discussed, leading to the proof of the first part of Theorem 1.10, the second part
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is proved in Sect. 3. Sections 4 and S contain the treatment of the joint conjugation
problem (1.13) [and (1.15)] at the level of formal power series, including the display
of the obstructions to such conjugation. Sections6 and 7 give factorization
theorems which show that there are no obstructions to the replacement of the
formal equivalence by C* equivalence in the sense of (1.13). Theorem 1.14 is
proved in Sect.8. Section9 contains a complete set of examples. For the
convenience of the reader some, essentially classical, material on the Lagrange
bracket and extension theorems for contact manifolds is presented in the
appendix.

To a certain extent, the results of this paper, as they affect boundary value
problems, are negative. The appearance of large spaces of moduli, distinguishing
between apparently similar situations in “geometric optics” indicates that the
construction of parametrices for boundary value problems with bicharacteristic
tangency to higher order than first (see [1, Sect.4]) is a formidable task. It should
be noted however that certain results (as illustrated by Morawetz et al. [7]) can be
expected to follows from more qualitative aspects of the canonical geometry. In
particular using the results of Sect.9, the (C*) propagation of singularities for
boundary value problems with (non-degenerate) bicharacteristic inflection will be
analysed in [6].

2. Folded Contact Structure

Much of the analysis in subsequent sections is concerned with minimally
degenerate contact structures, which we term folded contact structures, their
reflective involutions and Lagrange algebras.

(2.1) Definition. A folded contact structure on a (2n+ 1)-manifold J is an oriented
line subbundle A" C T*J for any local, non-vanishing section, a, of which the
(2n+1)-form a A (dx)" vanishes simply on a hypersurface 1, :K —J and, if o, =150,
(2.2) o A(dog) 1 +0.

Martinet [4] showed that closed 2-forms with the property analogous to this
(“%, o singularity”) can be brought to a fixed form by change of coordinates. We
shall show that folded contact structure can similarly be brought to normal form.

As our basic example we take R?**! with coordinates (y,n,x,&,2) y,neR* ™1,
x,¢,zeR, and let ACT*R?>"*! be spanned by

n—1
(23) a= ) ndy;+xédx+dz>0.

j=1
(2.4) Theorem. If (J, A", p) is a germ of folded contact structure at pe J then there is
a germ of diffeomorphism ¢:J, p—R2"* 1, 0 such that p*AT =A™,

Proof. Suppose ae C®(4,p), «>0 then a A (dx)"=fy where y is a non-vanishing
volume form and fe C*(J,p) has f(p)=0, d,f+0. If e C*(J, p) then

(2.5) (d(oa))'=(do ra+adx)A ... A{do Ao+ ada)

=c"(do)"+no" do Ao (de)" L.
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Pulling this equation back to K (defined by f=0), gives (2.5) with o replaced by
og=1fo. If y is a volume form on K then

g Adog)" ™ =iyoyy

defines a non-vanishing vector field, by assumption (2.2). So, on K, we define ¢ to
satisfy

0 =(d(o0g))" = o™(dog )" +no" " 'do Aiyyg

which can be rewritten
1
Xo+go=0, ;(docK)" =(gyk.

This certainly has a solution with a(p)=1. If 6e C*(J, p) restricts to ¢ on K then
& =g satisfies (ddg)"=0. By the version of Darboux’s theorem given by Sternberg
{9, Theorem 6.2] coordinates y,, ..., ¥,_ 1,1y -+, & z can be introduced at p in K
so that

n—-1

(2.6) Gx= Y, ndy;+dz.
1

Returning to (2.5)T with o replaced by & note that (d&,)"=0 so at K (d&)"=df Av.
Now, dx A(d&,)" " "+0and if =1 on K, then do=¢ df at K, 6,6 C*(K,0) and

(d(o@)' =df nv+no df Aldy, Adn, A ...Ady,_ ~dy,_,) at K.

Since dé adiiyg=dz ndby=0, dé Anv=dzArv=0 the equation (d(¢&))"=0 can be
solved for o, on K, providing us with &e C*(4,0), &> 0 such that (2.6) holds and

d&'=0 at K.

Now, extend ¢ to an element of C*(J, p) and define Vg, in f#0, where 4 is a
contact bundle (see the appendix):

Q7) 248V, )= —dé+od, &V)=E.

From (A.5), of vanishes on K, so pe C*(J, p). Evaluating (2.7) on the vector fields
6yj, 6,”, s 0, on K shows that V is not C* across K, however fV is smooth and
transversal to K, so the equations

28 V=1, W,=Vz=[{na*]=0

have unique solutions such that y =0, on K and ¥;N 2 are extensions of these
functions off that surface. Now y vanishes to exactly second order on K so,
reversing the sign of ¢ if necessary, y=21x?. From Jacobi’s identity and Remark
A.15 it follows that
n—1
G= ) ndy;+&d(3x*)+dz
1

j=

as desired.
We shall use this result to prove a stronger one, namely the first part of
Theorem 1.10.
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Let Con(J,4",p)=Con be the group of germs of diffeomorphism J,p—J,p
leaving invariant the oriented bundle 4. The subset Ref(J, 4", p)= Ref, consist-
ing of the involutions which leave K pointwise fixed, excluding the identity so that
all ¢ e Ref exchange the local components at p of J\K, is of special importance. If
#e Ref and ¢peCon then ¢» fo¢p ™ TeRel.

(2.9) Proposition. The action of Con(J, 4%, p) on Ref(J, A™, p), by conjugation, is
transitive.

Proof. Using Theorem 2.4 we only need show that any #e Ref(R*"*!, 4*,0) is
conjugate by some ¢pe Con(R*"*!, 4*,0) to the basic involution

(210) ./O(ya ’%xa éa Z)=(ys 1, '—xaéa Z)-

Let E=1(#*(&") +(&2")) be the #-even part of £&*, using the assumption #2 =1d.
The Hamilton field V; (see Appendix), well-defined in x40, satisfies

2da(V,- )+ dE@)=0a, HV)=E@).
From (A.5) it follows that ge C*(J, p) and hence that

1
V=Ve=_(0,+ho)+ W,

where h and W are C* across x =0. Thus, we can follow the proof of Theorem 2.4
above, solving equations (2.8) to give functions X,Y, and section H,
a*e C*(A*, p), (with initial conditions x, y;, n,&*, «* on K), such that

o=3H (@)dY,+ X S(@)dX +dZ >0.

Now since # is itself a contact difffomorphism these functions 1X2, Y, Z and
sections H ;, o* are all #-invariant as V and the initial data are #-invariant. Thus,
Y=Y, J*H;=H, §*7Z=27, g*a*=a* f*E=F and F*X =X, since ¢
exchanges the components of J\K. We can therefore take

Y, HX,E,Z)=(y,n,x,¢,2).

Proof of Theoem 1.10 (first part). Suppose the given map is I:J,p— B, g where B has
contact bundle M ¥, and I has a fold singularity at p, and A" =I*M " is a folded
contact bundle on J. Using Darboux’s theorem on B and Theorem2.4 on J, I is
equivalent under contact transformation to a map, with §, , singularity
IR AT 0-R™ 1 MY, 0 where M is the standard contact structure (A.11).
Clearly, the involution ¢ on J, defined by exchange of points identified by I', lies
in Ref(J,4%,0); using Proposition2.9 a further change of coordinates on J,
leaving A" fixed, reduces ¢ to #, as in (2.10) and shows that [ is equivalent under
contact transformation to

IR (y,n,x, &, 2)=(p,1,5%%, &, 2).

Next let us note how the Lagrange isomorphism and bracket carry over to folded
contact structures. The space, €¥ (4", p), of germs at p of contact vector fields,
Ve¥€v(A,p) satisfies

Lya=gy 0 VYaeC®(4",p),
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is again mapped into C®(A*,p) by the evaluation map Vi—a(V). This map is
certainly injective but, because of the degeneracy of A4, it is not surjective ; its range
is the Lagrange algebra, Za(A4, p)C C*(A*, p).
(2.11) Lemma.
ZLa(A,p)={feC®(A*,p); VYaeC (4,p)
d(f) Ao A(do) ™1 —nf(a)de)’=0 on K}.
Proof. Observe that the given condition on f holds for all « if it holds for one o,
a(p)+0, since if a=gu
d(f(@)e) A oot A (o))" ™!
=0" Y df (o) Ao A (do) ™ +nf(a)o"do Ao A (da) !
=nlo™da)'+¢"" *do Aot A (da)"” ] f(&)
= f(o')(do')".
Moreover, from Theorem 2.4 we can introduce local coordinates v, #, x, &, z and

take «=3. From (A.13) we deduce that the contact vector field V}, defined on J\K
by any f#*e C*(A4*,p), fe C*(J,0) is in these coordinates

"o af
o

s (e (Zﬁ )
R
of _of

Thus, V, is smooth precisely when 3 = =0 on K (x=0), and since (d&)"=0 on
K this is the given condition, df (@) A & A (d&)" " ! =0, proving the lemma.
We need a further refinement of this result. Note, from (2.12) that in
coordinates in which A=A if fa*e Za, V,=0 at 0 exactly when
0 ) oY o
(2.13) —f——f«———f— f =0 at 0

dy; on, ox* o0&

J
which condition is certainly independent of the isomorphism to (R2"*1 4 0) so

defines the subalgebra ZLa'(J, 4, p)C La(J, A, p) consisting of the elements with
Hamilton vector fields V, exponentiating locally :

Zd(J, A, ppfirexp(V,)e Con(J, 4, p).

3. Cusp Singularities

We continue the analysis of folded contact structure by proving the second part of
Theorem 1.10, that any contact map I:J,B~P,p, with §, | , singularity can be
brought to normal form by contact transformation. This result is considerably
more delicate than the theory of contact folds above. As basic example we shall
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take the map
(3.1 TR™ 15(y,n,x, & 2)-(y, 1, %, xE+ 3, 2)eR¥HL,

where the image has the contact structure M, spanned by (A.13). The folded
contact bundle 4" =I*M " is spanned by the form

n—1
(3.2) a= ) ndy,+(xé+E)dx+dz>0.
j=1

Using Theorem 2.4 and Darboux’s theorem on the domain and range of I,
respectively, the second part of Theorem 1.10 is reduced to the following result.

(3.3) Proposition. If 1:IR*"*, 0—-R>"*', 0 has singularity of type S, | , and
I*M* =A" then there are maps p, ¢: IRZ”+1 0RO with p*AT =A",
¢*M™* =M™ such that the diagram

v
IRZ"+1,O IR2"+1,O

1 i
]R2n+ 1’0 " IR2n+ 1’0

commutes.

Proof. First note that as a simple “cusp” singularity, by ignoring the contact
structure I can certainly be transformed to I in (3.1). In particular, if we denote by
L the codimension 2 submanifold of R?"*! where I is triple then [:L—I(L) is a
contact difffomorphism, where the contact bundles on L and I(L) are the pull-
backs of 4 and M. Indeed, it suffices to show that A defines a contact structure on
L. Since A is a folded contact bundle any section xe C*(4, p) pulls back to the fold
K, where x+3¢*=0, as «, satisfies (2.2), the rank of the tangent map
dI:T,K-TJR*"* ! is clearly 2n—1 so ag A (dag)" ™' does not vanish when pulled
back to L, in fact o A (dog)" ™ >0.
As remarked above, one can find X, e C*(R*"* !, 0) such that the cusp, I(K) is

defined by

2

J-o

oo (-

so I(L) is X =2=0 and then

[£,X]+0,
I(L) being a contact submanifold of R*"* 1, Changing the sign of Z if necessary we
can assume

(3.5) [E.X]>0.

Suppose that we choose ueC“"(JVI 0), u>0, and define XeC‘”(Mﬁ 5 0)
uEC""(MM,O) by X(u)=X, E(u)=E. Then I(K) is defined by (X/3)* +(5/2)?=0
and [E,X]e C*(R?**1,0). If u were so chosen that
(3.6) [EX]=1

then Proposition A.16 would allow the extension of any chosen contact diffeomor-
phism ¢ :I(L), 0-R?"** 0 to a contact diffeomorphism on IR?*"*! giving new

| [



168 R. B. Melrose

coordinates Y, H', X', &, Z' in the range of I with X' =X(y), &'=E(),
W'=Y HdY,+E'dX'+dZ' >0 spanning M " and (3.4) still holding. Thus we could
define new coordinates on the domain of I by
(y,, ﬁj’ xa E)=I*(?y H]’Xa Z)

and with Z satisfying X& + &3 =I*E’. Note that  is then smooth because it is some
non-vanishing multiple of the original coordinate £. Clearly these new coordinate
systems in domain and range give the desired equivalence under contact
transformation.

Thus to complete the proof of Proposition 3.3 we must show that (3.6) can
always be arranged.

(3.7) Proposition. Given Xe C°°(1\7I§/5,0), Ee C°°(]\7I§/5,0) withX =E=0 at O and
[E,X]>0 at O

there exists ae C*(R?*"*1,0), 6(0)>0 such that

(3.8) [6%E,02X]=1.

This result suffices to prove (3.6) since if the initial choice ueC ©(M,0) does not
ensure (3.6) then ' =¢~ °u will do so.

Proof of Proposition 3.7. First note that there is a unique section X'e C*(M 350)
such that

[, X]=1, X'=0 on X=0.
So, for some he C*(R2"1,0), h{(0)+0, X =hX' and (3.8) becomes
(39) [¢°E,02hX']=1.

Using Proposition A.16 we can choose feC®(M,0) and functions YNz such
that, if x=X"(f), ¢=E(p), (A.11) holds. Then, using (A.7) we can write (3.9) as

3
(3.10)  ho*(2x[Z, 01(B)—3¢[X, 01(B) + %ﬁ Lo, a1(B)

+ 7[5 aX 1B =1
From (A.9), (A.12), and (A.13)
[E,o]=0,0—%&0,0, [x,0]=—-0,0+ —2—55 0,0
so that (3.10) becomes
(3.11) 2x6x0+3€6§o+x§V;7+Ra—(ha4)“1 =0,

where V is a smooth vector field (depending on h) and Re C*(R*"**,0) is equal to
1 at x=¢=0. To prove the existence (and uniqueness) of a smooth solution to
(3.11) we shall first sove it formally and then use an argument of Nelson 8] to
obtain a C® solution.

Thus let

g=C*R*""1,0)[[x,]]
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be the ring of formal power series in x, ¢, with real-valued coefficients germs of
functions of y, #, z. g is the countable direct product of the spaces of homogeneous
polynomials in x, &

(3.12) g= 90@91@92@ a8

and (3.11) is meaningful as an equation for e g if R, h and the coefficients of V are
replaced by their Taylor series at x =£=0. Moreover ¢ can then be constructed
using the homogeneous gradation (3.12) of g. The projection of (3.11) into g, is

g —(he05) "' =0,
where, h,, is the projection of h into g, and hence is positive. Thus a4 =(hy) " /*>0
is uniquely fixed, being real. Inductively, we can assume that the projections ¢; of ¢

into g; have been chosen for j <n in such a way that the projection of (3.11) into g,
j<nis valid. Then, o, must satisfy

(3.13) To,=2x8,0+3E8,0+(1 +hooy o, =T,,

where T, eg, is determined by the earlier choices ¢}, j <n. The linear map T:g,—g,
is invertible for all n= 1 since the functions x"~*¢° are always eigenvectors with
eigenvalues

2n+3+(1+4h; 2/%)>0.

Thus, (3.11) has a unique formal power series solution, let e C*(R***1,0) be
some function with this series as Taylor series at x=&=0. Returning to the
beginning of the proof, but replacing Z by &°E, X by %X and repeating these
arguments we arrive at (3.9) where now h — 1 vanishes to all orders at x=¢=0. We
now use a variant of the Sternberg linearization theorem to simplify this equation.
We no longer work at the germ level but, since we only need a local solution ¢ of
(3.10) we shall take, for some ¢>0,

h=11if |yl Il x,Igl or |z|>e& (for some j)
G.19) { h>% everywhere and h—1 vanishes to all orders at x=¢=0.
Then, (3.11) becomes
(3.15) 2x0,06+3§0.0—2x80,0+ Vo +(1 +y)o— o *h=0,

where V is a vector field and y a function, both vanishing outside a compact set
and to infinite order on x=¢=0. To solve (3.15) we use Nelson’s proof of
Sternberg’s linearization theorem to eliminate the “small” V term in (3.15). First
however, replace z by z'=z+%x¢ so that (3.15) becomes

(3.16) 2x0,0+3(0.0+ Vo+yo—6~*/h=0,
The vector fields
Q=—3E0,~2x0,~V Qo= —3E0,—2x0,
both define global flows U(t), Uy(t) on R***1, given (3.14), and the wave operator
317) - Wey.n,x,&,2)= im Uo(—)U(0)y.1, x,¢,2)
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is a local diffeomorphism, near 0, intertwining U and U, and so conjugating Q to
QOS W*Q = QO'

We refer to Nelson [8, pp. 42-44] for the proof of the C* convergence in (3.17)
and note here only the minor modifications required to that argument. The only
estimate used by Nelson that our U and U, do not satisfy is the local exponential
decay, for t>0,

1U@ 0, x, & 2l e lI(y. 7, %, ¢, 2)[ a>0.

Instead we have the weaker condition of exponential decay in the x,¢ com-
ponents. Putting (y,7,2)=¢ and U(t)(¢, x, &) =(P(1), X (1), Z(1)),

X@Oise x|, |E@I=e” "¢l a>0.

Exact compensation for this deficiency is provided by the fact that Q — @, vanishes
to all orders at x=¢=0, as opposed to the corresponding assumption in [8] that
this difference vanish to all orders at the base point. Thus, the components of
(Q —Q,) can be estimated by c(]x| +|¢|)* for each k and so we can conclude that W
is well-defined by (3.17).

Working in the new coordinates provided by W, which we shall continue to
denote by (¢, x, &) (3.16) becomes

3¢0,04+2x0,0+(1+y)o—0~*/h=0,

where h— 1 and y vanish to all orders at x=¢=0. Polar coordinates, & =r> cos0,
x=r?sing, reduce this to an ordinary differential equation in which ¢ and 0 are
parameters:

da

r@r

+(1+y)o—0"%h=0
which has a unique smooth solution ¢. Indeed, putting g=0—1 gives

d
SR+ e=(+0) 9+ /(@..0.9)=0,

where f(g,7,0, ¢) vanishes to all orders at r=0 and depends smoothly on g, ¢, 0.
Let s(g) be the unique smooth solution, near ¢ =0, of

s(@=s(e)1+o~(1+0)7%,

d .
so that ﬂrs(g)= —5(0)f(o, 1, ¢, 0). Since s(0)=0, s'(0)+0 this can be rewritten as

an integral equation
1 r
(3.18) s= - [ g(s,r, ¢, 0)dr,
0

where g is a C* function vanishing to all orders at r=0. Clearly the operator on
the right of (3.18) is a contraction near the origin of the Banach space of functions
r*p, we C* (in all variables) provided 0 <r <e with &£ small. Thus (3.18) has a unique
C> solution. We have therefore solved (3.8) for ¢ and so proved Proposition 3.7,
and consequently Theorem 1.10.
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Now, we need to verify that I;:J—B; has a Whitney cusp at p, where
(1.1)-(1.4) hold. Using Proposition A.16 coordinates can be introduced in E, at p,
so that M is spanned by the form (A.11) and G is the surface x, =0. Since V; is then
spanned by 0, , (1.4) and the Malgrange-Weierstrass Preparation Theorem show
that F is defined by

E+ali+bé +c=0,
where a, b, ¢ are independent of ¢, and vanish at x=¢=z=0. Using
Proposition A.16 again, £, can be replaced by &, + g so one can assume a=0. Since

(1.3) implies that db and dc are independent it follows that the intersection map
J— B, where B can be identified with x, = ¢, =0, has a simple cusp. 1t is clearly a
contact map.

4. Formal Power Series on L

The folded contact structure (R*"* 1,~/~1, 0) defined by (3.2) arose in connection with
the relation # defined by the map I in (3.1),

(5,7, %, & De Ay, 1, %, & 2oy =F, 1 =7, 2=, x =%, R+ L =x+£.
We need also to consider the “positive part” of %, %, defined to be the trivial
relation outside the region
41) D#,)={(r.nx¢eR*" 1=J; £<0 and —3&zx
or £z0 and —2&*2x},

and inside D(% .. ) to be Z itself. Thus pe Z . (p") if, and only if, p=p" or pe Z(p’) and
p,p'eD(Z ). The negative part of # is defined analogously, being non-trivial on

DR _)={(y,n,x,{, 2)eR*" 1

E<0 and —2¢8%2x or £20 and -3&%z=x}.
Let
a=C*(L,0)[[x,<]]

be the ring of formal power series in x, & with coefficients in C*(L,0) where L,
defined by x=¢=0, is the surface on which # is triple. To utilize the quasi-
homogeneity of #, we shall grade a by assigning weight 2 to x and weight 1 to &

a=a,Pa,P.. Pay®...,
where ay is spanned, as a module over C*(L,0), by the polynomials x*¢¥~2%; let
ag,= @ a, be the associated filtration.

Thkegyl"aylor series map

T,:C*(J,0)—>a
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is, according to Borel’s theorem, surjective. Let C*(£ ,)CC%(J,0) be the ring of
germs of functions constant on the &, -equivalence classes

(4.2) Lemma. T;:C*(#,)—C*(L,0)[[x,x¢+ &3]} = a(Z) is surjective.

Proof. Given fe C*(#4,) let fyea, be the projection of the Taylor series of f into

ay. If £, J; are representations of f, f; then, uniformly near 0

N
(4.3) If(y,n,rzx,ré,Z)— S f i, 2| S Cylr¥ .
ji=0

Since £, is positively quasi-homogeneous, r >0 and (y, 1, x, &, 2)e Z . (¥, 1, x, £, 2)
implies that (y, n, r’x, v, 2)e & . (y, n, r’x, r&, z) so, from (4.2) and the Z -
invariance of f

N
ZO iy, r2x,r 2)— fyn,r2x,rd 2)) S2CuIrIN L

=

Thus each f is itself locally &, -invariant. The f, are polynomials and £, is
algebraic so the fy are actually #-invariant globally in the complexified (x, £)-
space. Cauchy’s formula then easily shows that fye C*(L,0)[[x,x¢+E%]]. The
surjectivity of the map, even when restricted to #-invariant germs, is obvious from
Borel’s theorem so the proof is complete.

Next, consider ¢peCon(J, 4™, 0). We shall denote by Con, C Con the subgroup
of the diffeomorphisms leaving L invariant. The Taylor series, on L, of such a germ
determines, and is determined by, the induced action ¢* of ¢ on a. Let
Con, CCon, consist of the subgroup whose elements satisfy

(44) (d)* - Id)a(l) C (1(1 +k) vi g 0.

As ¢* is a ring homomorphism and a is generated by its elements of degree 0,1, 2 it
suffices to check (4.4) for [=0,1,2. ¢e Con, satisfies (4.4) for k=0.

Consider the Lagrange algebra #a’ defined at the end of Sect.2. Denote by
Zay,CZa' the subalgebra whose elements f have V; tangent to L. Using the 1-form
& in (3.2) to trivialize A* we can apply the Taylor series map and so easily conclude

T(Lay)=mP(x+3%)a,,0*,
where mCC%(L,0) is the principal ideal. For every k=0 put
(4.5) bgy=(x+3E) ag, a*.

(4.6) Proposition. To each ¢eCon, there corresponds a unique feb ,, such that
(4.7) (¢*—exp(V,)*)a={0}.

The map AT, : ¢ f maps Con, onto by, for every k=1 and if ¢, Con,, k;21 for
i=1,2 AT(¢,°¢,)= AT, +AT¢p, modulo by .\ .,

Proof. Given ¢eCon, the vector field ¥, with coefficients in a is uniquely defined
by induction over the filtration. Thus, defining ¥y, =¢*y,—y, V= d*y,—n,
etc,, we find VVa,, Cay, 1), because of (4.4). Similarly, V', defined by

. iI—1 1 I-1 k
VOy,=¢*y,— 3. H(Zl V“”) 17

k=0 pP=
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etc,, satisfies VWa,, Cay,, for all k. Clearly V=3 VY is uniquely defined by this
argument and is moreover a contact vector field, again by induction. Thus f, =a(V)
defines f. Since, for ge a, Vg=[ f, g] one easily concludes that feb,,, precisely when
¢e Con,. The other parts of the proposition follow similarly.

Define Con,(Z ,)C Con, to be the group whose elements leave the relation %,
fixed. In particular, if e Con, (£ ) then ¢*C*(%#,)CC*(£ ). From Lemma 4.2 it
follows that

4.8) oP*a(A)Ca(R).

For each k=1 put

(4.9) by (#) =Dy, (as,(R)a*).

(4.10) Lemma. AT} :Con,(Z#.)—>b () is, for each k=1, surjective.

Proof. Since a(#) is a graded (a homogeneous) subring in a we conclude from (4.7)
and (4.8) that, if f=AT,¢ with ¢cCon, (%) then

LS a(#)]Ca(A).
Since f=ga* with ge(x+3&%)2a,., ),

Lfix]=— gea(R).

1
ey
The equation 0,g=(x+3E%)x"(x£+£%)P has solutions g=x¥x&+ &3P+ /(p+1)
+r(x)ea(#) so AT, maps Con,(#,) into by ().

The surjectivity of the map is a consequence of the fact that each ge(x + 3&2)?
-ag4 yNa(Z#)is the image under T, of a function ge C*(#) which vanishes to second
order on the fold x+3¢?=0. From Lemmad4.2 there certainly exists g, e C*(%)
with T;g, =g. Moreover g, 1(x+3&%=0) vanishes to infinite order at ¢=0, so is
equal to h(—2¢&?) for some C* function h. Then put

g=g,—hix+&)eC™(R).

Clearly T,g=g and g vanishes on x + 3£2 =0, in fact g vanishes to second order on
this surface if g, was selected to be a C* function of x,x&+¢&3,y,1,z, since
0.9 =(x+3£%)p=0 there.

Together with these results on the formal power series of objects associated to
%, we need the corresponding results for objects associated to an arbitrary
FeRef(J,A*,0). Since ¢ is an involution leaving K, and hence L, pointwise fixed,
1(#* +1d) defines a projection from C*(J,0) to C*(#), the space of #-invariant
germs, and also from a to a(#), the space of #-invariant series. For each k=0 put

(4.11y ¢, =C*(L,0)[[& (x+ 33 ] Tnay,

and let Con,(#)CCon, be the group of diffeomorphisms satisfying (4.4) and
cummuting with #£.

(4.12) Proposition. For any ¢eRef(J,A*,0) the projection of a4 (F)=agnal#)
into a, lies in ¢, and the sequence

(4.13) O—-ay, (F) =4 (F) e, —~0
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is exact. For each k>1

AT, :Cony (F)—a( f)a* by, =byy(7)
is surjective.

Proof. Since ¢ leaves K pointwise fixed #*y,~y,, #*n,—n;, #F*¢—¢and F*z—z
all vanish at x = —3&? and therefore lie in a,,,. Similarly #*(x+3&%)= ¢ *x + 3¢2
moda,,, must vanish at x= — 3¢ Since #*=1d, #=+1d this implies that #*x=
—x—6&% (moda,,) and therefore leads to (4.13).

As in the proof of Lemma 4.10, to see that AT, = fea( #)a* when ¢eCon, (£);
recall that (4.7) implies (by an inductive argument)

[fa(F)]Ca(f).

. 1 . 0f,
In particular [ f, &]= max f;—¢& 812(
O JiEC s 3= f3€00 5.

Then, there exists f®ea(#)anb,, with f— f®Peb,, . Moreover, from Borel's
theorem there exist ¢, Con,(#) with AT, ¢, =" so we proceed inductively
applying the last part of Proposition 4.6 to ¢ o' € Con, , ,(,#). The surjectivity of
this map is, as already noted, obvious.

ea( ). Using the first part of the lemma,

5. Obstructions to Equivalence

Using the calculations of Sect. 4 we shall analyse, at the level of formal power series,
equivalence in the sense of Definition 1.12. By Proposition 3.3 there are coor-
dinates in J, B, such that I takes the form (3.1) and A* is spanned by  in (3.2).
The subset K~ CJ where V; is tangent to J from the “outside” is then either the
part £20 of x= —3&2 or else the part ¢ <0; K~ is the part of J on the negative
side of L with respect to the orientation of ¢,, L in K induced by the orientation of
F. Corresponding to these two cases the relation on J\K ™ induced by I, is either
A_ or A,. We shall only treat the latter case, since the map

(y’n’xaész)’_)(y’ —n, X, -é’ _Z)

transforms one to the other, and & to — &, so the case in which I¢; induces % _ can be
handled by reversing the orientation of A troughout. Coordinates in which Jg
induces #, will be called G-coordinates. The other intersection map, I defines an
element ¢ e Ref(R?"*1, 4,0). Clearly, ¢ is well-defined up to conjugation by an
element of Con(Z,); we shall denote the set of conjugacy classes by Ref, .

In the forward direction the following result is trivial and the reverse
implication will be proved in Sect. 8.

(5.1) Theorem. Tiwo systems of oriented-intersection maps are equivalent in the sense
of Definition 1.12 if, and only if, they have the same orientation and define the same
conjugacy class in Refy,  through the introduction of G-coordinates.

Put
Con_ =Con_(R*"*1,4,0)=MCon,.
k
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Then we can define a weaker equivalence relation, formal equivalence at L, by
j:f’@ﬁue Con(#,), ¢eCon, such that

pFu =07 I,

From the proof of Proposition 2.9 we note that two involutions are conjugate
under some ¢peCon(R?"*1 A+ 0) which leaves K, and hence L, pointwise
invariant. Thus, the action of Con, on Ref, by conjugation, is transitive.

(52) J'=¢ 'F¢ ¢eCon,y,
so, ¥ ’: J if, and only if, ¢ projects onto the identity element of

I'((#)= Con_,-Cony(#)\Con,/Cony(Z )

under #'+[¢] since this means precisely

p=pypu, weCony(#), peCony(#,), yeCon,

[note that Con_ -Con,(#) is a subgroup of Con,].
Recall that L, defined by x=¢=0 in G-coordinates, is a contact manifold with
local diffeomorphism group Con(L).

(5.3) Lemma. There is an extension map
u:Con(L)as>¢e Cong(2,).

Proof. Transfer s, using the map I ¢ of (3.1), to a contact transformation y on the
manifold X =Z =0 in (R***!, M,0). By Proposition 1.6, 1 extends {(uniquely) to
peCon(R*™* ! §M,0) if we demand that the sections XeC®(M%s,0),
Ee C*(M35,0), equal to X, E at p, be invariant. This implies that the cusp (3.4) is
invariant under v so this map, just as in the proof of Proposition 3.3, lifts to the
desired element ¢ =u(s)e Con(#)CCon(# ). Note also that ¢ has the useful

property
(5.4) P*(xa35)=xd%5, G*(C&T,5)=28afs-

Using coordinates in which (2.2) spans 4 and ¢ is the simple fold it is even easier
to show the existence of an extension

(5.5) v:Con{L}— Cony( 7).

Given seCon(L) we shall denote by Cony(#,,s) the subset of germs, in
Congy (2, ), which restrict to s on L. Put

I'(#,s)=Con, Cong(#FN\Cony/Cony(#,,s).

From (5.2), (5.4), and Lemma 5.3, each [¢]eI'(#,s) has a representative ¢eCon,.
For each k=1 define

rg,s)cr(4,s)

to be the subset consisting of the elements having a representative in Con,.
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(5.6) Proposition. For each k=1, ¢ Ref(R?"*!, 4,0) and se Con(L) there is an
exact sequence

(57) 0—T**1(g,5) >4 #,5)-250b,—0,

where Ob,, is a module over C*(L,0) of dimension
(5.8) [k/12]+d(k) ;

with d(k) depending only on k modulo 12, d(k)=1 unless k=0, 1, 3, 4, 7 (mod 12) when
d(k)=0.

Before proving this proposition we shall discuss the space of obstructions Ob,.
Recall from (4.13) that the spaces C,, consisting of polynomials of quasi-degree k,
are the leading parts of the spaces ag,(.#) of #-invariants.

(5.9) Lemma. For every k=0
Crr aN Oy J(B)N(x+3EH)%a, = {0}.

Proof. Suppose pec,, ,Nna,, (RB)N(x+3E%)%a,, then p is constant on the #-
equivalence classes, vanishes at x= — 3¢2 and is invariant under the (non-contact)
involution T(y,n, x,&,z)=(y, 5, —x— 62, £, z). A direct calculation shows that two
surfaces x=s5,¢2, x=s5,6? are #-related precisely when r(s,) =r(s,),

Hs)=(s+1)%s73.

In particular x= —3&% and x = — 3/4¢£2 are so related and p must therefore vanish
on the latter. T maps the surface x=s¢? to x=(—s5—6)¢? so p must vanish on
x=5,&%, 5, =—2L A sketch of the graph of r shows that for any s < — 3 there is a
unique 5 in the range —3 <§< — 1 with r(s)=r(5); we shall write 5= g(s). Define s B
Jje N inductively by

s10) {3756 S o

s;=o(s;-;) j even

starting with s, = —21/4. Clearly s;< —3 or —3<s;< —1asjis odd or even and p

must vanish on all the surfaces x=s,£?. We claim that 5,,, | increases monotoni-
cally to —3 as p— oo, necessitating p=0 as stated. From (5.10) it suffices to note
that

_ 2s+3)((s+3)*-5)

r(—s—6)—r(s)= (=56 <0

when —3<s< —1, to complete the proof.
For each k=1 define

(5.11)  Ob,=b,/[(b,"c,, F)D(bNay . (R)E*)].

The map O, in (5.7) is then defined by projection of AT, ¢ into Ob,, where ¢ Con,
is a representative of [¢]e I'*(#,s). Observe that O, is well-defined, if ¢’ Con, is
another representative then

919’0, =006,
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with ¢,, p,eCony(#,,5), ¢, ¢, € Con_-Cony(#). Thus

¢'= (1—51¢(Z 2
where ¢, e Con_-Con, (#), ¢,e Con,(Z.), since both restrict to the identity on
L. Applying Propositions4.6 and 4.11 and Lemmas4.10 and 5.9 one quickly
concludes that ¢,eCon,(¥), ¢,eCon(#,) and therefore, again by

Proposition4.5 AT, ¢=AT;,¢’ modulo by, +b,(F)+Db,(#). So, from
Proposition4.11 O, is well-defined.

Proof of Proposition5.6. The surjectivity of O, is obvious and from the discussion
above if 0,[ ¢]=0 then [¢] has a representative ¢'e Con, , ,, thus, (5.7) is exact. It
remains to calculate the dimension of Ob, as given in (5.8). From (5.11),

dimOb, =dima, , ; —(dimC, , — 1)— (dima, , (#)—1)
since, if pec,, s or pea,, 5(#) the condition pe(a+3&%)%a,, , is only one extra
(non-trivial) linear constraint. By direct observation,
dima, =[k/2]+1
(k/6]+1 k=1(mod6)
[k/6] k=1 (mod 6)
dime, =[k/4]+1

dima, (%) ={

from which (5.8) follows easily.
Summarizing these results we have

(5.12) Proposition. If #, #'e Ref(R?"*1, 4,0) then ¢ ~7 if and only if, there exists

se Con(L) such that, for each k=1, the successive obstructions O, vanish on the

image of #'in I'(#,s).

Proof. Certainly ¢’ ~F implies the vanishing of all the obstructions. Conversely, if

J'el(#,s) for every k then there exists uye Cony(Z#,,s) and for each k21,
e Con(Z,,1d), ¢, Con, such that

Hto I bo 1”1:1 :¢l:1j¢k'

Moreover the image of AT () in b,,/b,,, is stable for k>, so using the surjectivity
of the Taylor series maps in Sect.4 one can choose pe Con(#,,s) so that
pfu"t=¢"' #¢, pcCon_, as desired.

To apply this result to the intersection maps it is convenient to transform the
first non-trivial obstruction map O, somewhat. We shall choose as “basic”
involution

](ysﬂaX,é>Z)=(Y»’1, —X—6€2,f,2—4£3(x+362)).

FeRef(R?*1,4,0), indeed #*%=4&. Recall the property (5.4) of the extension
map, u, of Lemma 5.3. Clearly the sectlons (x+3&%)a% s, £a} s are invariant under
both ¢ =u(s) and . Since ¢ is defined by the solution of differential equations
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with #-invariant data on L it follows that u has the useful dual extension property
u:Con(L)—Cony(#)nCon, ().
Now, note that
a,(B)N(x + 3E%)?ay = {0}
;x4 383 Pa, =(x+3EH2E3.
So, given #e Ref(R*"*!, 4,0) we can define a germ fe C*(R?*"~1,0) by
(5.13)  ATd)= f(y,m 2)(x+3E?) xla*
modulo b, where ¢ Con, is such that
(514) ufu'=¢"'F¢ peCon,(#.).
Given a pair of intersection maps I, I; we can define the principal invariant
PHF,G)eC™((4,)%,5),
where A; is the contact bundle on L, by taking the section with value f on & in any
G-coordinates, where f is defined through (5.13), (5.14), with
F = greRef(R*"*1, 4,0). We must verify that, despite the freedom to choose

different G-coordinates this does indeed define a section of the line bundle (4,)* , 5
over L.

Suppose two systems of G-coordinates give the two germs f;, /,e C*(R*"™1,0).
The coordinate systems are connected by some ue Con(£.,s), se Con(L), so the
corresponding involutions #,, #,€ Ref(R*"* 1, 4,0) are related by

pAp =4,

Thus, the two Eq.(5.13) give
Pt Fd T =y 5 A by

which is simply = ,(u,uu; )7 e Con(#). Put ¢ =u(s), then
w’=(d>"¢2¢)(¢‘1uzuuf1)¢I1€’C0n1(}7)-

In fact, ¢ '¢p,peCon, and ¢ 'w,uu;'eCon,(#,) so, from Lemma5.9,
¢ uppy te Cony(R,)=Con,(#,). So, we need to find the projection of
AT (¢7'$,¢) in by, it is clearly of the form f,(x+3£%)?x¢@*. Thus we need to
calculate

(@ '$,)*(Eat )@ =¢—3f,(x¢+¢&%)  moday,.
Now, ¢*(Eat;s)= cal)s, ¢*(xa3,s)=xa3,s and

PHERY 5)= EYy s — B F, (XS s CE s+ (E0E 50 515
modulo (ag3}s). Thus,

(@~ %)t )@
=L-3(PH )+ p*a% )@  (moday,)
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and since, modulo a,,, ¢*a*(@) =s*af(@,), ¢*f,=s*f,,
Ji=(H I afNa)] ™",

Thus, f,&%,5=s*(f,&* ) is invariantly defined as asserted.

6. Equivalence at K

In the folded contact manifold (R*"** A4,0), where A4 is spanned by (2.3), let
m=C*(K,0)[[£]] be the ring of Taylor series on K ; m projects onto the ring of
Taylor series at L with kernel

n=Cp(K,0)[[r1],

where fe CF(K,0)if fe C*(K,0) vanishes to all orders on L. Let {n,} and {n,} be
the homogeneous gradation and filtration of n in these coordinates. Each
FeRef(R?+1, 4,0) acts on both'm and n; let n(#)Cn be the ring of #-invariants.

(6.1) Lemma. For each #e Ref(R?>"*1, 4,0) and each kelN the sequence

(6.2)  0-Mgp 4 5(F) e (F) =110

is exact, where n;(#)=n(#)nn,.

Proof. #*y;—y, F*nj—n, F*(—{ and #*r+t all lie in m, whereas
F*r—rem, so (F*— FEn,, Cn,, , for all k, where

fo()’a 1,1,7, C)‘—:(y,i’], —1, T7C)

and the exactness of (6.2) then follows from its obvious exactness for # = #,.
The singular relation %, transferred from (R?"*!, 4,0) to (R?>"* %, 4,0) by

(63) (y; 1, X, C,Z)=(y,’hx+3fza 572_2)663— %és)z(y’ ", LT, C)

(which satisfies p*a=4&) also defines an action on n (but not m) through the
singular involution near t=0

R(y,1,6,7,0)=0n,1,5,%,0)
(64) t=t—312+372
T=1/2(—t+(sgnt) |/91% —4t)
(=(+2(* )t~ 313+ L(° - 79).
Using the same reasoning as in Lemma 6.1 we obtain, for each keN an exact
sequence

T2k

(6.5) 01y () oNgp(#s ) — 15,0,

where n;,(Z,)=n;n(%,) and (£, ) is the ring of R-invariants in n. We use this
notation because of the following result on the Taylor series map
Ty : CR(R*"* 1 0)—n.
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(6.6) Lemma. T CR( R )R ) is surjective where Cr(Z,)
=C®R,)NCPLR™*1,0) is the space of R ,-invariant C® functions vanishing
to all orders at t=1=0.

Proof. The involution R defined by (6.4) clearly corresponds to the involution
defined by £, near t=0, for 1>0. On the other hand, the R-invariance of the
Taylor series T,f near t=0 for t<0 corresponds exactly to the fact that
feC>(#,) pulls back to a C* function on ¢t=2t* under the singular map R’
defined by replacing sgnt by —sgnzt in (6.4). Thus, T,CP(%,)Cn(£,) and the
converse is similar.

Next, consider the group Con_(R*"*!,4,0) of contact diffeomorphisms
leaving L fixed to infinite order. Clearly this group acts on n and we denote by
Con,, , the subgroup of those ¢ with

(@*—Id)n;Cny Y.

The following analogue of Proposition 4.5 can be proved by the same method.

(6.7) Proposition. To each peCon,, , there corresponds a unique fen o™ such that
(¢* —exp(V)*)n={0}.

The map ATy :¢—f maps Con_, , onto g, ,o* for each k=1 and if ¢, Con,
k21, i=1,2, then

(6.8) AT (P °0,)=AT{9,)+ AT ($))
modulo ng, 4. .20

Similarly, we have the following analogues of Lemma 4.9 and Proposition 4.10
for the stability subgroups, Con,, ,(#,) and Con,, ,(.#), that the two sequences

AT g

(6.9) {ld}—~Con, ,.,(#,)—>Con_ (ZX.,)

Mgy (R, ) 0¥ gy 3(#,)a*—0

neATk

(6.10) {Id}—Con, ;,,(F#)>Con_ ,(#)

Mg+ 2)(f)a*/n(k+ 3)(f)0‘**>0
are exact. In particular, because of (6.2) and (6.5)

Cong, yp+1(#,)=Cong, 4 5(R,), Con, 5441 (F)=Cony 14 2(F)-

Now, the main result of this section concerns the factorization of Con_. Put

Con,, = (D Con,, ;.

(6.11) Propesition. For each fe Ref(R2""1, 4,0)
Con_ =Con (F)-Con, ,°Con(4,).

Before proceeding to the proof we shall discuss the linearized analogue of this
splitting.
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(6.12) Lemma. For each keN, #ec Ref(R?"*1, 4,0)
Mook =N Z.) + 15, 7).

Proof. We shall show that ng,,, T, (2,) + 154 (F) + 1,4 5, Since then the desired
result follows by induction. Given fen,,, we wish to find pen,, (#), gen,,(#,)
such that f,,=py+ o foks 1 =Paks 1 Fd2x+ ;- From Lemma 6.1 and (6.5) the
maps

Ve M@ o Pap s+ 1 = Tgu 1 1/ 2P+ F¥Pa)EM s

VR M@ 2> dais 1 =Tar 1 1/2dor + R¥*q )€ Mgy y

are well-defined and extend trivially to 1 ,,,. Thus, the desired decomposition of f
is fixed by the equation

(6.13)  Veg,+ V;(fzk_%k) =foks1-

Clearly, V, is a first-order differential operator on K with C* coefficients and
differential part everywhere tangent to the Hamilton foliation of K

Vy=ad,+b.
V¢ is of a similar form but singular at 7=0; directly from (6.4)

1 0 2k
Vrdo=— 37 ank— W‘bk,

t - t? =
since T=T— I +0(?), t=—t+ 5.2 +0(t%), {={+O(t?). Thus, (6.13) is

a 2k
6.14) (1+37a) g;k + (3_; +3rb) A2k =T 2k +1>5

where r,,, € CP(K,0), and we require g,,€ CP(K,0). Defining
s(y,n, 7, 2)= | [(2k+q1*b)/(1 +37%a)—2k]/3r.
0
(6.14) becomes
4 :
3r~a—z~esq2k+2kesq2k==v eCpP(L,0)

which has the unique solution

—s17~2k/3 f A1 ;oo
dyp=e ' —5— fe reCP(K,0),
0

proving the lemma.

Proof of Proposition 6.11. First we show that
(6.15) Con,=Con,, ;°Con(Z#,)=Con, ;-Con,(#).
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This involves the extension of ¢ =¢1K, where ¢peCon_, so ¢ has the form

dRy;i=ypdin;=n;, oxl={dxr=(1+g)t

with ge C'(K,0), to an element of Con,(Z,); the construction for # being
similar, but simpler. Using y in (6.3) to transfer the problem to (R?*"*', 4,0) in
which 2, is simple, we can project ¢, using I; onto a transformation of the cusp
(3.4), leaving L fixed to all orders and preserving 4. The condition that the cusp be
fixed gives initial data for X on it and the choice of a smooth extension of ¢p}=
allows one to apply the method of Proposition A.16 to construct a contact
transformation which lifts to the desired element of Con (#,). We leave the
reader to check that regularity of this extension follows from the fact that ¢,
leaves L fixed to all orders.

Thus, by (6.15) given ¢eCon, we can choose ¢, eCon_(#,) so that
¢¢,eCon,, ;. Next then we must show that given ¢eCon, , there exist
yp,eCon(£4,), p,eCon_(#) such that

6.16) w5 1(,{)1pleC0noo’2 )

Clearly, ¢,1K=y,1K and then y;'¢p,eCon, ,, so we need to calculate
AT (5 "¢p;) modulo no* in terms of y, 1 K. Since yp, eCon,,

pit=f+pt+0(t?),

where f=(1+g)7, ge C(K,0), fe C*(K,0). From the invariance of ypt,fon K
we note that

pla*=(1+0@)a*

so the Lagrange bracket [1/2¢2,t1]=a* ;| shows that
pit=(f)""2t+0(%).

Suppose that t+7yt+0(t?), ye C*(K,0), is the #-even part of 7, then
i+ =f+pt+y0,m L O+ 0(?)

must be ¢-invariant, modulo O(t?), so

Fomt+298,0 -2t =29, n, LO(f) ™12
—f=0(t?).
This determines the first-order term f in terms of y and f:
B=vf—v(N(H™2
Carrying out the same calc:ulation for p,e Con (4,)

w3T=[+0t+0(t°)
using the invariance of T — 3% modulo O(t?) we find

fo U972
~ 6t +~'?f——‘
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Returning to (6.16) we must choose f so that, modulo O(t?),
wio*(p; DX+ =yie*c
=yt =f+et+cy.n LOU)
=f+pt,

3
T
where ATK(qS):c?oc* mod ngu*. Thus, ¢; '¢yp,eCon, , becomes the non-

linear analogue of (6.14):

’ - 1/2
fo (1)

SRR R VAR VA G AR ]

Rewritten as an integral equation, including the condition f=0 at t=0, this
becomes

T 2/3
6.17) fnt.O)=] 1+6%flzf6yfc(f ) pr;

which is easily shown to have a unique solution, of the form f=(l1+g¢)r,
ge CP(K,0), by contraction arguments.

Thus, we conclude that the first step, the factorization (6.16) can be carried out.
[t remains to verify by induction that ¢eCon,, ,, can be factorized as

¢ =w1¢’w51

p,eCon, ) (F), ,+Con, ,(R,), §'eCon,, ,, ... Applying Proposition 6.7 this
reduces to the equation

ATyd=ATyy, — ATy,

modulo 1, 4a* and Lemma 6.12 shows that such a decomposition is always
possible (and is unique). Clearly the inductive construction converges in the sense
of formal power series so, using Lemma 6.5 and the corresponding result for ¢ we
can sum these series to give the desired factorization with “error” in Con,, .

7. One-Sided Factorization on J

Recall that Con,, ,(R*"**, 4,0) is the group of contact diffeomorphisms leaving
the fold K of A fixed to infinite order, and Con, ,(#), Con, . (#,) are the
stability subgroups of ¢ e Ref(R****, 4,0) and £, .

(7.1) Proposition. For each ¢eRef(R*"*!, 4,0)
Conoo,oo=Conoo,oo(f)oconoo,oo(‘@+)'

The remainder of this section is devoted to the proof of this proposition. First
we note a simple extension result serving to simplify the analysis.

(7.2) Lemma. Given ¢peCon,, , there exists weCon, . (#) such that, for each
£>0, v~ ¢ extends to a global contact diffeomorphism of (R***1, 4,0) which is the
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identity outside the region
G, ={lyl<e lyl<elt<e [l <& 20},

Proof. First we choose . Let ¢ be some representative of g, put

__7_q,’> m t=0
“‘{/M in  t20,

clearly yeCon,, () and =1 '¢ has the representative y =~ 14 which is the
identity in t 0. If ¥(v,n,t, 7, ) = (3, %, ¢, 7, (), so T=7 in t =0, choose a C* function s
. _ . O .
which has the same germ as 7 at 0, with é% +0 everywhere and s=1 outside G,.
The differential operator A, (see the appendix), which is such that ¢4 is smooth
and transversal to K, allows one to extend the initial data (y,#,t,{,«) on K, using
the Lagrange bracket conditions, to a global contact transformation on R*"**
with all the desired properties.

(7.3) Remark. The construction extends to show that any germ ¢eCon which
leaves K pointwise fixed has a global representative ¢:IR?"*!—+R2"*! which is a
contact transformation and reduces to the identity outside J,={|y| <e, yi<s,
|7l <&, [{| <&}, where ¢ is preassigned. We shall use this observation to note that any
FeRef has a globally defined representative equal, outside J,, to the simple
reflection ¢, defined in Sect. 6.

Combining Lemma 7.2 and Remark 7.3 the factorization problem of
Proposition 7.1 is replaced by a global problem with ¢ and # simple outside J,.
We wish to construct y,, y, in Con,, ,(#), Con, . (#,) respectively, such that

(74) ¢:U)1U)2, wlfld,tpzsld on K,

where we write ¢ =¢’ on S for the equivalence relation of equality of Taylor series
on the hypersurface S. Note that #_ is defined, in the coordinates (y,#,t,1,{) by
the singular map
R, :Q=(,nt7,0)->0nt,,1,,(,)
with Q={(y,n,t,7,{);t=<0} and
t,=t—3t*+313, 1, =1/2(—t+ /9% —4)
(=042 ~13) (=3 +L8(z5-13).
Now, R, maps the region 1 <0 of K = {t =0} onto the hypersurface S, on which
t=9t%/4, 120 so
(75) w,=Id on Sp,y,=¢ on S,.
By assumption y, £ = £y, so from (7.5)
(7.6) v, =4¢F on To=J(So)p,=FF" on To=7'S,),
where we have written ¢’ for the involution ™' #y. Clearly, T, is a smooth

hypersurface in ¢t 0, tangent to ¢t =t =0 and of the form t = —9t%/4 for large 7. We
shall denote by Q, the closed region in Q lying below T;,. The R, image, A, of £,
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2
hesin D, = {( 1,117,005t 9%—, T2 0}, and is bounded above by S, and below

by a hypersurface S, it is not immediately clear that S, =R (T;) is C* at its

t
{l Se s,

boundary t=1t=0, but it is certainly smooth elsewhere and is shown to be C*,
below. Inductively, we define the closed regions Q;CQ, A;CD, and their
boundaries T}, S; by

(7.7 Aj=R+(Qj.— 1)7 Rjzf(/lj), Sj:R(’I}- W T1=j(SJ)
Similarly we define A}, Q), §’, T’ by replacing the involution # by #', and initially

Rl
T_=T_,,S,=5, Now, we choose y, in &

(78) =072,

certainly satisfying the compatibility condition (7.6), on T;. This choice fixes y, in
@(£2,) through (7.4), moreover the demand of £, -invariance fixes y, in A} as
R, p,R7Y, so defining p, in ¢(A4}) through (7.4) and hence fixing w, in $(£2))
through the requirement of #-invariance. Thus, our initial choice (7.8) of y, fixes
p, on each @, A’ through the following commutative diagram.

7 R { ;‘ ’
sy 2, 4
' 1
(79) y2 i Y2 i l(n
Ajp 154,

Note that all the horizontal maps are homomorphisms which are diffeomorphisms
on the interiors of their domains.
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We shall see below that, if ¢ >0 is sufficiently small and we put D, (e)={(y. , ¢,
7, {)eD,; t1<¢e}

(7.10) ka)] (A;nD (@) ={y.n,t,7,0)eD (), t>0}.

Thus, the diagrams (7.9) serve to define i, in a dense subset of D, (¢). We must

show that this definition is consistent across the common boundary S’ of 4} and
Aj,, for each j, and then show that v, extends smoothly to D +(8).

The consistency of the deﬁnmon of v, is built into (7.8) and (7.9). By
construction, p,=R_ # #'R.' in A| so y,=1d on S,. Now, in A}

(7.11) 1P2=R+f1P2f/R;1

so has Taylor series on S}, y, =R, ¢ #'R; ! agreeing with the limit from A'. In
general, the regularity of v, across S, follows from its regularity across S;
because of the recurrence formula (7.11) and the fact that #'R3' (S}, )=S

Thus, y, is smooth in U A’ To prove (7.10) and the regularity of y, up to t =0

it is convenient to introducé new, and singular, coordinates. Consider the mapping
kv, 1,61, 0=, 1,s,1,{), s=tr”? which is a diffecomorphism from {(y, #, t, 7, {);
>0} onto the corresponding region t>0. We shall denote by tildas the
transforms of objects into the new coordinates. Thus,

D.(©)={(315170);0S1<¢, 0<5<9/4} =D, (¢).

(7 12) Proposition. With v, defined by (7.8), (1.9), P, =ky,k “! defines a C* map
D, (e)»D, for e>0 sufficiently small, with Taylor series the identity on both s=0
and t=0.

The proof of this proposition is based on the following five lemmas which
analyse the problem in the new coordinates.

(7 13) Lemma. The map F= ;cR+j;c :D,-D, is C™, mapping /~1 =xd; into
Ay, for each j. The hypersurfaces S = KS » separating A; and A, i1 are c» and of
the form

s=0,+1fy,1,7,0)
near ©=0.

Proof. We shall show that R,=xR,x ' and F=«gx ' are C* on domains
={y 151, 0; 120, —r=s<0} and D respectively and that /(D )C V for
large r. Both maps are certainly C* away from s=0, since this is the only
singularity of ™1, ‘
Writing #(y, 7, s, 7, ) =(5, %, 5, t, {) we know that 5—y, 1—7n and Z—zare O(t?)
and T=r1+yt so these are C* functions of y, #, s, 7, {, when t=s7%, and

(7.14) T=(1+st5(y,n,5,7.0).
Since = —t(1+0t), #(,1,5,7,0)=(%,7,5,7,0) with

(7.15) §=17" 2= —s(1 +728)(1 +s77)" 2.
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Thus, # is C® and clearly j(5+)c ¥, for large r. From the form of R,,R.(y,n,s,
., )=, n, s,, 14, {,) where

(7.16) =1l s), 5, =(s=3s)+ 3,17 (s)=—1/241/2(9 —45)'/2
and

{,=0+20[s=3) A~ 173)+3A=173())].

Thus, R, is also C* so it only remains to demonstrate the form of S near 7=0.
Thus follows from (7.14), (7.15), and (7.16) since, at t=0, j jo when jo is the
reflection s— —s; the constants g; are therefore defined by

00:9/4oj+1=3—(3+oj)12(—aj).
For each j, e>0 put ;1j(e)=/~1jml3+(s).

(7 17) Lemma. Given 6>0 there exist constants £,>0, C,, C, such that if e<g,,
A, 1(z~:)CF(/1 () and

—

G-0)i+C, s SG+3)+C, in Af).

Proof. From (7.16), (7.17), and (7.18) and the Taylor series expansion
I2(—s)=s—1s? +0(s%) it follows that, if F(y, n, s, 7, )=(V, %, §, T, {') then
(718)  §'=s(1 =3s+0(D)yY —y, 7' —1,{'={=0(s’1?)

T'=1(14+ 3+ 0(s7)).
So, if 80 is small, 1<e<eg, implies that v =7 so certainly AJ+1(8)CF(A (). If

Pr= Fhp= (Vo Mo Sp T ) is the sequence of preimage points of p,=(y, 1, s, 1,
C)eA {(e), k=0, ...,j—1 then, from (7.18) if ¢, =¢,(d) is small

—

~(+9)=

::-m|"“

Sk~1

Summing this inequality over k, and noting that pj_le;ll(s) implies that s;_,

satisfies a fixed estimate 0 <C =1/s;_, ) gives the desired bound on s, =s.

(7.19) Lemma. There are positive constants &g, Cy, C,, Uy, i, such that if ¢ <e, the
successive preimages p, = =F- 0=V, Mo St T §3) Of any point pe/l (), k=0,...,j—1
satisfy estimates

1 2 M2
TSk 2 C to8hh TSk S C,uto8h

independently of p, j, and k.

Proof. Lemma 7.17 implies that for some constants §,, 8, >0 independent of k and
LB =k <5, < B,/(j—k). From (7.18) it follows that

k k
[a+G-0s)<2 < [[(A+G+0)s,).
r=2 Tk r=2
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Po\#1
So, estimating the product on the left by C| LJ—}J , 1, =P, (& —90) from below,

and that on the right similarly from above it follows from Lemma 7.17 again that

- S 23] ] Hy T ] uz B S M2
1{ 5k < <i< ' < 1{ 5k
e e S

proving the lemma.

(7.20) Lemma. There exists ¢,>0 such that if e<e, and Fp, FFqeD (e) for
0<r=ZI—1 then, in terms of the Euclidean norm,
|[F'p — F'q| <KIp—g],

where K, n>0 are independent of p, q, I, and .

Proof. From (7.18) it is clear that if ¢ is small, p, ge D , (¢) and s take the values s(p)
and s(q) at p, g then

|Fp— Fgl <(1+ C(s(p) +s(@))lp— 4l

with C an absolute constant. Lemma 7.17 shows that the assumption F'pe D +(&)
implies that s < C'/(r+ 1) with C’ independent of p and r, so iterating this estimate

ccC
\Flp— Fg| <|p— qsn(1+-—)

r

This product is bounded by KI¥, u=2CC’, proving the lemma.

The final preparatory result we need concerns the difference between F and the
map F'=kR, #'x! corresponding to #' =g~ ' #g. Lemmas 7.13, 7.17, 7.19, and
7.20 apply equally well to F'. Note that F and F’ have the same Taylor series at
both s=0 and t=0, so given />0, ;>0 there exists C; ,>0 such that

(721) |p—FF~'p|£C, (a5
for all p=(y,n,s,7)e F(D , (¢)).
(7.22) Lemma. There exists &, >0 and, for each keIN, constants Cy, J(k) such that if
e<gy and p=(y, 4, S, T, {)EAJ+1(S/2) then F'F'~'peD () VI<), j= J(k) and
lp— FIF'~ip| S C,s*.

Proof. By the triangle inequality,
1-1
lp—FF =< Y [FFp— F(FF~)F 1|

r=0
$0, assuming F'F "“"peD +(@) for r=1—1 we deduce from Lemma 7.20 that

-1
(1.23) |p—F'F'p|<KI* Y [F~"p—(FF~1)F~rp|.

r=0
From Lemma 7.19 we know that, at F'~"p, 7s*2 is dominated by C, s** with s
evaluated at p and C, some absolute constant. Using (7.21) with p=pu, we
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conclude that
P~ p—(FF' =) F~rp| <(C'(Ce))s™
and inserting this into (7.23) gives
lp_ﬁlﬁv—lplécllc+ lsuzl.
Since [<j and j<C"/s in ;lj +1(c) we obtain the desired estimate, for each k, by
choosing u, IZk+c+1,
lp— F'F~'p| < C,s .

If we choose J(k) so large that C,s*<e/2 for peA +1(/2) it follows that
F'F~'peD +(¢) proving the inductive hypothesis and therefore the lemma.

Proof of Proposition 7.12. We have defined §, in A} +1(8) from its definition in
A,(e) by

¢2P=Fj17’z(ﬁv)hjp
and have already shown that this defines a map C® in 5 +(e) away from s=0. So it
remains to examine the behavior as s{0: Recall that in A (&) P, =1d at =0. Thus,
if pe A j+1(8)

lp— 01 =p— Fip,(F")~p|

S|FAE ~Ip)— Flq| +|FIF ~Ip—pl,

where g=F'~ ’peA (¢). From Lemmas 7.20 and 7.22

lp—P,pl S KHF ~Ip—gl+Cys*

with s evaluated at p. Since Ilpzq gl £ C,7™(g) and from Lemma 7.19 we know that
7(g) < Cs**(p) (since g = F"~Ip) we deduce that

Ip—P,pl = C;csk

uniformly in j. Thus {, is certainly continuous as s}0 in D, (¢), indeed is equal to
the identity to all orders there.

The fact that {,eC® at s=0 can be proved inductively over the order of
differentiability. Thus the Jacobian of ¢, at ped j+1(8) is

(71.24) J;,(0=J40) .- Jx(a)J 5, (p) I 5 (P;~ 1)-- T (Po)

where p,=F'p, q;=0,p; p,—Ff"pj r<j. From Lemma 7.19 we note that
©p;) = Cs"(p) so that

(725 J4,p)=(1+CsH1d,

where the inequality between matrices means that the absolute value of each entry
of the matrix on the left is bounded by the corresponding entry on the right. From
Lemma 7.22 it follows that (p,~q,|§~Cks", uniformly in / and j, provided I<j so
from Lemma 7.19 and the fact that F, F’ have the same Taylor series at s =0 and
=0

JE'IQJI)—JE Yg)=C s 1d
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in the same sense as 7.25. Combining those estimates and estimating each
conjugation in (7.24) successively we find that

J5(p)—1d<jCC,s*1d,

where C is an absolute constant estimating the norms of Jz, Jp. and their inverses.
From Lemma 7.17 we note again that j < C'/s so this shows that the Jacobian of {,
is continuous as s]0. Continuity of higher derivatives follows similarly. Thus
Proposition 7.12 is proved.

Proof of Proposition 7.1. Using the global extensions of ¢eCon, , and
FeRef(R*"*1,4,0) proved by Lemma 7.2 and Remark 7.3 we have, in
Proposition 7.12, constructed the map y, =K '{,K:D_(¢)— D, for small ¢ which
is C* and satisfies y,=1d on S, and t=0. Thus yp, =R, y,R; " defined on @, near
0, is C* and is the restriction to t <0 of an element of Con,, . Then yp,; =y, ' in
t<0 [recall ¢=Id in t=<0 by (7.8)] extends to an element yp,eCon_ ., #),
uniquely, and by the construction of y,, in particular (7.9), y; '¢eCon_ ,(#,) is
an extension of y,, defined near 0 in D wQ. This provides the factorization stated
in the proposition.

9

> :
o

) :
7,

8. Extension Off J

The principal conclusion of Sects. 6 and 7 is that Proposition 5.12 can be
strengthened.

(8.1) Proposition. #, #cRef(IR?**1, 4,0) lic in the same Con(Z, )-conjugacy class
if, and only if, there exists se Con(L) such that, for each k=1, the successive
obstructions O, vanish on the image of #' in I'*(#, s).

Proof. The forward implication is already covered by Proposition 5.12.
Conversely, again by Proposition 5.12 the vanishing of all obstructions implies the
existence of ¢eCon_, ue Con(%, ) such that

pfu =97 g¢.
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Combining Propositions 6.11 and 7.1 we can decompose ¢ =i, peCon (),
sieCon (4, ) and therefore

Ip g (i)~ =y~ fyp=4
as claimed.

Proof of Theorem 5.1. As noted earlier, the forward implication is trivial. Given a
system of oriented-intersection maps with contact structures IJM=I¥M = A we
know, following Sects. 2 and 3 that local G-coordinates can be introduced as in
Sect. 5. Thus, the commutative diagram we must construct, to prove equivalence in
the sense of Definition 1.12 is (1.13) in G-coordinates.

Our hypothesis is the existence of y such that yeCon(#,) and p #p= # .y
where #,. #,cRef(R*", 4,0).

By examining Taylor series on L and K one easily verifies that ypeCon(%,)
projects under 15 =15, =] to a smooth map, ¢g on the closure of

(82) BL=B&={(y.1,x,&2);x+3*>0,E<0 or
X+3£2>0, 20}

which has C® structure defined by y, %, x, x& + &3, z. Indeed, I° identifies only those
points which are Z, -related. Similarly, we need to show that ¢ projects onto I,
I, to a diffeomorphism which can be extended to give ¢,. The regularity, near the
image =0 of the fold, follows easily from the fact that a ¢ -invariant function
vanishing exactly to second order on K is transformed by ¢ to a ¢ -invariant
function of the same type, and these project under I, I to give smooth functions
on B, By. Again using Proposition A.16 one can easily extend ¢, so defined.
Thus, the next step is to prove Theorem 1.14 and so finally show that the
formal equivalence #p~ #, in G-coordinates, implies the equivalence of the
L

original system of intersecting hypersurfaces.

Proof of Theorem 1.14. Starting from the diagram (1.13) we wish to extend p to a
contact diffeomorphism, ¢, as required by Definition 1.5. We shall apply
Proposition A.16, but not directly, first we must contruct suitable functions which
will become X, in the hypotheses of that result.

In the two manifolds E, i=1, 2, choose hypersurfaces X;. Through the base
point and transversal to the bicharacteristic foliation of G,. Since this foliation is
tangent to K; at p, the X, intersect F;, J,, and K; normally. Now, on X, we choose a
function Q, which is C®, vanishes on X, K, but has differential non-zero at p, in
2,nJ,. Extend Q, as the solution of

(83) V,,0,=0,

where g,€ C*((M,)*, p,) vanishes simply on G,. Then, as V, , where f, defines F, is
tangent to J, but not K,

(84) V,,0,+0 at p,.

Next, defin; o1J, =1p"f(Q21 J,), and note that' Q, then projects from J, to Bg,
as a C® function. In particular, Q, extends uniquely to G$' as a C® function
constant on the bicharacteristics. We choose an arbitrary C* extension of Q, off
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G%, so

8.5 V,Q,=h,h=0 on G,

where g, e C*((M)*, p,) defines G,. Clearly Q, satisfies the condition
(8.6) V,Q,+0 at p,

as Q, vanishes on K, n%, and has differential non-zero in X, nJ,. In particular, p
can be extended to a difffomorphism ¢,:F,—F, by defining ¢30,=0Q, and
noting that the surfaces Q,=const in F; are naturally isomorphic to the projected
spaces B . Thus, the commutativity of (1.13) allows us to define ¢, as ¢ on each
such surface, thereby assuring

¢3‘M2=M1,¢01J1=1p,

By Darboux’s Theorem each F; is certainly isomorphic, with its contact
structure, to x, =0 in (R?"*!, M, 0). So, using Proposition A.16 twice, for i=1,2,
with X,=Q,; in each case, we can extend ¢, to a contact diffcomorphism
¢:E,—»E, which certainly maps F| to F,. We must check that ¢(G}!)=G%. This
follows from the fact that each G{° is the Q,-flow out of J; because of (8.3), (8.4),
(8.5), and (8.6), which build the transversality of V(Q,, p;) to F; and the tangency of
Ap, to Gft into the definition of Q. Thus, the proof of Theorem 1.14 is complete.

9. A Complete Set of Examples

In the manifold R*"*! with base point 0, coordinates (x,, ..., X,, &}, ....&,,z) and
contact bundle M spanned by (A.11) we consider the hypersurfaces F, defined by
x, =0, and G defined by

g=¢(1xx,+xth(x, &, 2)— €,=0,

where "=(¢,, ...,&,_ ;) and his a C® function. For these examples of intersecting
hypersurfaces satisfying (1.1), (1.2), (1.3), and (1.4), J is the manifold x, =0=¢}—¢
n—1

with induced folded contact bundle spanned by a,= Y ¢dx;+¢&}dx,+dz in the
i=2
coordinates x,, ..., X,, &, ..., &, _, z; K is the submanifold x, =¢, =¢,=0and L is

defined by x, =¢, =x,=¢&,=0. The quotient manifold B, = F/V} is isomorphic to
x, =¢, =0and in the coordinates x, ..., x,, &,, ..., £, has contact bundle spanned by

tp= Y &dx;+dz. The F intersection map Ip:J— B, is then always
2

(9.1) Te(Xp oo X Epoeen & 122)=(X g5 s Xy €y oon &, €2,2).

Similarly, we can identify B;=G/V; with the surface x,=0 in G, in which the
n—1

coordinates x;, ...,x,_y, &y, ..., &,_, z give the contact form pg= Y & dx;+dz.
1

(9.2) Theorem. Every system of intersecting hypersurfaces(F, G, E, M, p, e) satisfying
(L.1),(1.2), (1.3), and (1.4) is equivalent, in the sense of Definition 1.5, to this standard
system for some choice of sign and h.
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To prove Theorem 9.2 it suffices, according to Theorem 1.14, to show that every
system of oriented-intersection maps (1.11) is isomorphic, in the sense of Definition
1.12, to that derived from F, G above for some h. According to Theorem 5.1 and
Proposition 8.1 once the sign (orientation)is correctly chosen thisis only a problem in
formal power series, so our first task is to find the Taylor series of I;:J— B, at
x,=¢,; =0 and to relate it to the Taylor series of h

h=) xkixth, (x",¢",z) on x,=x,=0.
k,p

For simplicity we shall assume that the orientation e of F corresponds to the choice,
“+7, of sign above, the other case is very similar.

Now, I; is defined by flow along ¥;; from J to x, =0, so if functions X , &, Z of
Xy o5 Xy €15 000 G 15 Z, @ ar€ defined by integration along the vector field V, .

dx d=

(9.3) 7}?:251 ?j=—Xn—(X§h)3ﬂ+Elh’zXf
an dZ -] 2 r—
dQ_~1 = — QB2+ EHpX2—E,)
dX// dEH
s X2h, o= — XMy — E"H)

with £, =27 +X X, +X?h(X, E”, Z) throughout and initial conditions on J,X , =0,
X"=x",X,=x,, 8=¢& Z=z at p=0 then,

IG(x29' . naéla-“3én—j{’Z):(Xl’X”’:l’:”’ Z)1(Q x)

Indeed, X, =x,—gso0X,=0exactly when ¢ =x,. To determine this map we only need
to know Z,1(¢ =x,) since the other functions and the factor ¢, for which e, = o,
are determined by their Lagrange brackets with Z, from the initial conditions at
x,=0:

X.5,Z,0)1(e=x,=0)=(x,¢,z,1) (onJ).

Recall the quasi-homogeneous filtration of the formal power series ring

=C*(L,0)[[x,, £,1] where, because of the change of coordinates from Sect. 4, &, is
now assigned weight 2 and x, weight 1 ; we shall denote by X j etc., the projection of
X Ye=x,) into a. Directly from (9.3)

_ x3
X1~2§1xn+2v3— €ay,

and
X' —x" &~ Z~z,0-1eqy.

Integrating the equation for X, gives the Taylor series at ¢=0

(4
Bi=t-xe+e2—| ¥ [k+2X}"'Xh, (X", 5",2)

0 k,pz0

~E, X172 X 0y, ), X", E", Z)]do.
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Thus, the projection of Z, into a/ag, ) for any [ depends only on the h, , with
3k +p+4 <! Moreover, the choice of each k;, ,adds to &, modulo a3, 4 ,+ 5 "a term
e ox”, & 2) T (%, &)

9.4) T (% &, f(k+2 (2810 —x,0% +0°/3V 1 (x,— oPdocazy pia-
Clearly,

05 Tlpi= 3 b0t 0m e,

where N

9.6) 4 pps1= (k+1)2k+ljgk+1(1 0)Pdo +0.

Note that the projection of X, and the X", Z” into a/ay, 1, depends only on the h, ,
with 3k+p+4<l

Now, given an arbitrary oriented-intersection system (1.11) we know that we can
introduce coordinates so that J'=R?"*! with contact bundle spanned by «,,
By =Bg, By =By with their contact structure and I, as the “standard” G map
corresponding to h=0 above. Then #.eRef(R***! 4,,0) is some contact
involution and we need to exhibit a formal contact diffeomorphism exp(V,), where
qeagsia*, such that

0.7)  exp(V)*a(%) = al%,),

9.8) exp(V)*a(fp)=alF).

Here, we have written a(£,) for the pull-back to J under I, (defined by h) of the
ring of formal power series at x, = ¢, =0on B, then a(%,) is the ring of %, -invariants.
Similarly, a(#;.) is the ring of #.-invariants where ¢ = ¢ is the involution defined
by I in (9.1).

Now, (9.7)and (9.8) can be analysed in terms of the quasi-homogeneous filtration
of a. First, as noted above (9.7) is equivalent to the condition

2

. X
1= eXP(Vq)* (C 1 7) € a(3)('@h) = a('@h)ma(S) .

Similarly, if S is the #p-even part of x, then (9.8) is equivalent to
(9.10) exp(V)*(S)eal#).

Thus, we shall show that for arbitrary S with S — x, e a,,, hand g can be chosen so that
(9.9) and (9.10) hold.

Since ay,(%,)=a(#,)Na,, projects into a, onto the subspace, f, spanned, over
C*(L,0), by the polynomials

O11)  (&yx,—x3/3V(&, —x2/2)"  3j+2k=1,

&)}

9.9

which is independent of h, we can analyse (9.9) inductively as follows: If
q=(qs+qs+...)a* q;€a;and (9.9)isknown to hold modulo ag, thenit holds modulo
ag ) provided

[‘11+3’€1"

2

X
?"} +V,— Peq,



Equivalence of Glancing Hypersurfaces. 11 195

where V,, P,€ a;are, respectively, the remainder term determined by the q;,j <!+ 3and
=, modulo ag, and the term in =, of homogeneity . From (9.4) and the preceding
remarks this can be written

x2
(9.12) [‘11+3°‘*:é1“ ‘1} +Vi—- > ey T p€Q)

2 3tpra=l
where V7 is determined by the g, j<!+3 and the h, , 3k+p+4 <l The second
equation, (9.10)is even simpler to interpret in terms of the filtration. Ifit holds modulo
a, -1, then, the condition that it holds modulo a;, is simply

93— Wea_ ()

thatis, it prescribes the £, -odd partofg, , ; in terms of the earlier choices of g, j </ +3,
which determine W,. Thus,in solving (9.12) we have the freedom to choose the £, -even
part of g, 5, subject to g, ;€ 075, as well as the h, . The problem is therefore
reduced to linear algebra.

. -1 . .
The subspace, d, D a;, spanned by the & x. ™ 2" withr < T(mtegral) together with

f, spanned by the polynomials (9.11), spans a,. From (9.5) and (9.6) we conclude that
the T, ,, with 3k+ p+4=1Iare independent in d, and, together with the element x/,
spanit. Finally then, we need to use the freedom to choose the even partof g, , 4 (thatis
we cannot choose ¢=0 because of the x! term). Since

2
Exi ¥ E ~ %”— =(n—-1)¢&x!72+2x}

and &$x.” 'isindependent of T , _ ; we conclude that (9.12) does indeed always havea
solutlon G4 €EIXIC™(L, O)Ca{‘_"fy for an appropriate choice of h. A similar
argument shows that the first step, solution of (9.10) and (9.12) modulo a,, and a,,
(the second of these being trivial) respectively, is possible.

This completes the proof of Theorem 9.2.

(9.13) Note. The arguments above apply just as well to show that any intersecting
pair satisfy (1.1)1.4) can be transformed to thenormal form in (R?"* 1, M, 0) in which
Fis x;, =0 and G is defined by

n—1

siixl(xn— » <x§+<§)+z2) xh(x, £, 2)— &, =0,

i=2

Appendix. Contact Transformations

Recall that a contact manifold (P, M) is a (2n+ 1)-manifold, P, with a distinguished,
oriented, line subbundle M* > T*P any local, non-vanishing, section u of which
defines a volume form

(A1) un(du)y'=+0.

Since all our considerations are local, all structure will be considered at the germ level
at a base point pe P. Thus, C®(M, p) is the space of germs at p of C* sections of M. A
vector field, Ve C*(TP, p),is a contact vector field iffor every ue C*(M, p) there exists
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oy.,€C*(P,p) such that

(Az) "?V:u = QV,‘uu .
We shall write €7 (M, p) for the Lie algebra of such fields.
Interior multiplication defines the Lagrange isomorphism

(A3) €V (M, pyaViriyop=u(V)e C*(M*, p)

onto the space of sections at p of the dual bundle to M. For fe C*(M*, p) the vector
field, V,, giving the inverse to (A.3) is determined by (A.2), which can be written

(Ad) 24V, )=—df (W) +e, .1,
together with
u(¥V)=f(u).
Note in particular that
(AS5) g, (undu)y=df () A(du)".

The Lie algebra structure on C*(M*, p) carried from €¥ (M, p) by (A.3) is the
Lagrange bracket, if f, ge C*(M*, p) and ue C*(M, p)

(A6) [fglw=Vgw—e, 9.

If seRlet M} be the line bundle with fibre at p’ the space of functions L, \{0} =R,
homogeneous of degree s. Thus, MT=M*, M} =P xR and for each s, ¢ there is a
product isomorphism

ME@MF=M¥,,.

Given pe C*(M, p) with u(p) + 0 one can define sections u*e C*(M*, p), for each s, by
requiring p¥(u)=1. The Lagrange bracket (A.5) extends uniquely to

[, 1:C™(M¥, p) x C*(MF, p)—~C*(M¥,,_,p)
if we require that [u¥, 1¥]=0 and that [u¥, f] be smooth in s. It then satisfies
[fg]l=—19g.f]
(A7) [fighl={fg1h+[fh]g,

(A.8) [f.[9,h11+1g.[h 11+ 1A [f91]1=0.

Condition (A.7) shows that every fe C*(M¥*,p) defines a firstorder differential
operator

Af:Cw(M;ksp)—’Cm(M:H— D)
for each t, (A.8) is then the Jacobi identity for these operators:
[Af’ Ag] = A[f,g] :

In particular, if feC*(M*,p), V, is the operator 4, on C*(M¥,p); whenever
ue C*(M,p) with u(p)#0 we shall put V, =V, , . With this notation and
feC*(MZ, p), ge C*(M, p)

(A9 [fglw=V, 9w)—se, 9w+ —1e,  f(1)
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where ¢, , is defined by (A.5) or

(A10) [w* flw=0,,.

Note that V, =0 at p precisely when f(p)=0 at p and d,f(weM, If
feC*(M¥,p) vanishes at pbut d f ()¢ M, for some ue C*(M, p) then the linein T, P
spanned by V;  isindependent of 1, we shall denote it by V(f, p). Itis of course just the
restriction to p of the Hamilton foliation of f=0.

The version of Darboux’s theorem given, as Proposition 3.11,in EQ can easily be
restated in terms of Lagrange brackets. We shall give a somewhat more general result
along these lines and sketch a proof more directly in terms of the contact structure.
The basic manifold we use is R*"*! with coordinates (x,, ...,x,, &, .- ¢,,2) and
contact bundle M spanned by

(ALl) f= 3 &dx,+dz>0.

i=1

This choice of section trivializes all the bundles 1\71;“. If fe C°°(J\7I;",0) then
5,
(Alz) Qf,ﬂz é‘;fﬂ(x9é7z)>
where f;=f{(f), and
0fy 0 _ 905\ 4
(AL3) V= Z (ac 0o (axj 70z Z 5165

Jj=1
Thus, if & =¢,p* then, for i,j=1,...,n
[xpx =[S == 71=[8*x]1=[p*¢F1=0
[x:, *1=x, [éf»xi] =6ij5 [8* z]=1.

(A.15) Remark.1f(Q, N*)isa second contact manifold and ¢: P, p—Q, q is a contact
transformation, ¢*N*=M", then the induced maps ¢*:C*(N* : ,p)=>C*(M¥*,p)
preserve the Lagrange brackets Conversely, if x;, ze C*(P, p), &¥, p*e C*(M*, p) for
i=1,...,nsatisfy (A.14), with p replacing 8, and x;=z={_{*=0at p, f*+0 at p then
¢:p'—(x, E¥(u), 2) (p) is a contact transformation to (R?"*!, M ™) such that

P*B=p.
{A.16) Proposition. Let (P, M™, p) be a germ of contact structure on the (2n+1)-
manifold P and let A, BC{l,...,n} be index sets. Given sections X, C*(M¥,p),

E;e C*(M?, p) foric A, je B, wzthX(p)uu (py=0ands;+t,=1if icAnB, together
wzth a submanifold 1x K, p—P,p such that

(A17) T,K,V(X,p),V(Z,p) are independent and
M, AN*K =0

and an immersion ¢ : K, p—+R*"*1 0 then, in order that there exist a diffeomorphism
¢:P,p>R>” 10

extending ¢ and such that

(A18) pu=¢*Be C*(M,p), X;=*(x,B%), E,=*(& )

(A.14)
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it is necessary and sufficient that
(A19) [X,X.1=0=[E,5,),[5,X,]=0,Vii€A,jjeB
and that ¢*Be C*(14M, p) be such that (A.18) holds on K.

{A.20) Note. Itis, of course, possible to remove the restriction s; +¢;= 1 but then the
useful property, that (A.19) is independent of the putative section y, is lost.

Proof of Proposition A.16. We follow the proof of Darboux’s theorem, Proposition
2.1in EQ, closely. Choose a manifold K' D K, of maximal dimension 2n + 1 —|4|—|B|,
such that (A.17)still holds. On K’ choose [i, a section of M, subject to 111 = ¢*{on K).
Then the section pe C*(M,p) is fixed by the first-order equations

(A21) [X,u*]=A 1*=0,[5, p*]=A; p*=0 icA,jeB

and the initial condition u*=p* on K'. The consistency of (A.21) follows from
Jacobi’s 1dent1ty Then we can replace the X;, E; by X,=Xuu*,eC*P,p) and
) Z;=Eu} , eC*(M*,p). We leave the reader to verlfy that A and B can be increased,
by the choice of extra sections X, » 2,50 that the meaningful equations in (A.14) hold,
and (A.17) s still valid, untif either A B={l1,..,n}ordimK=2n+1—|4{—|B|. In
thelatter case(and in the formerifdimK =1), for each point p’ near pthereare unique
constants a,, b; such that

n(p')= [ expla Vs, H)HCXP(b Ve)(p)eK

icA
SO wW¢ put
o(p)= [T exp(—b;V) [T(—a Vo pon(p).
jeB ieA

1t is easily verified that ¢ is a diffeomorphism, having the desired properties. If
K ={p} then Ze C*(P, p) is uniquely defined by

[X,Z1=[5;Z]=0,[x*Z]1=0 Z(p)=0

and, onceagain from Jacobi’s 1dent1ty, all the Egs. (A.14) holdsso there is a suitable ¢,
following Remark A.15.

References

1. Andersson, K.G., Melrose, R.B.: Propagation of singularities along gliding rays. Invent. Math. (to
appear)

2. Golubitsky, M., Guillemin, V.W.: Stable mappings and their singularities. Berlin, Heidelberg, New
York: Springer 1973

3. Guillemin, V.W., Schaeffer, D.G.: On a certain class of Fuchsian partial differential equations. Duke
Math. J. 44, 157-199 (1977)

4. Martinet, J.: Sur les singularites des formes differentielles. Ann. Inst. Fourier (Grenoble) 20, 95-177
(1970)

5. Melrose, R.B.: Equivalence of glancing hypersurfaces. Invent. Math. 37, 165-191 (1976)

6. Melrose, R.B.: Transformation of boundary value problems (in preparation)

7. Morawetz, C.S., Ralston, L.V, Strauss, W.A.: Decay of solutions to the wave equation outside
nontrapping obstacles. Comm. Pure Appl. Math. (to appear)

8. Nelson, F.: Topics in dynamics. Princeton: Princeton University Press 1970

9. Sternberg, S.: Lectures on differential geometry. Englewood Cliffs, New York : Prentice-Hall 1964

Received October 1, 1979



