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Introduction

If X is a Calabi-Yau threefold with an elliptic fibre space structure ¢ : X — §
over a surface S, there exists on X a nef integral divisor D on X with D? =0,
D* 0 and D-c; = 0. As a partial converse, given a divisor on a Calabi-Yau
threefold X with D* =0, D? # 0 and D-c; > 0, there exists an elliptic fibre
space structure on X determined by D ([17], (3.2)).

This paper considers the case when a Calabi-Yau threefold X contains a
nef integral divisor D with D* Z 0 and D-.c; = 0. Assuming X is not the
étale quotient of a torus, we know that D is not ample. If however D > 0,
then ¢,p for suitable large n > 0 defines a birational morphism ¢ : X — X
to a Calabi-Yau model X with ¢;(X) = 0, and this in turn implies that X is
the quotient of a torus by a finite group acting freely in codimension 2 [16].
We therefore investigate in this paper the case [ = 0; by Riemann-Roch
we then have that y{€y{(nD)) = 0 for all #, and so new ideas are needed to
prove effectivity of the divisor nD. The main theorem of this paper proves this
effectivity except when the Euler characteristic of X takes a specified value.

Theorem. Suppose that X is a Calabi-Yau threefold and D a rational nef
divisor on X with D® =0, D-c; =0 and D* # 0. Let E,,...,E, denote the
(necessarily finitely many) surfaces E on X with D|g = 0. Except possibly for
the case when the Euler characteristic e(X) = 2r and each E; is a rational
surface, some positive multiple of D will determine an elliptic fibre space
structure on X.

If we can show that some positive multiple of D is effective, then the
argument from (3.2)" of [17] shows that ¢,p : X ~— § is an elliptic fibre space
over a surface S for an appropriate choice on » (cf, also [14, 13]). Moreover,
the condition that D-c; = 0 says that this fibre space is very special; such
special fibre spaces have been studied by Oguiso {14, 15]. In particular, it
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follows that X is a smooth model of a finite quotient of either an abelian
threefold or a product E x Y for E an elliptic curve and Y a K3 surface. This
may be compared with the result proved in [16] for the case when D¢, = 0 for
a nef class D with D* > 0. As in the case from [16], we should in principle be
able to classify the quotients which arise in this way, and Oguiso has already
made a start here [15]. The author is informed by Mark Gross that for an
elliptic Calabi~Yau threefold X of the above type, a direct calculation on a
suitable minimal model shows that e(X') = 0; this would also follow from the
conjectured formula of Vafa for the Euler number of an orbifold resolution with
trivial canonical bundle [1], known to be true when the group is abelian. As a
Corollary of our Theorem, we deduce therefore that no Calabi—Yau threefold
with e(X) < 0 can contain a rational nef divisor D with D-¢, = 0 and D? # 0.

The proof of the Theorem proceeds by three stages. First we show that
by flopping curves C with D-C = 0, we may assume that the surfaces E;
are simultaneously contractable by a birational morphism ¢ : X — X. Letting
Q} denote the sheaf on X of g-forms regular in codimension 1, we show that,
unless all the E; are rational and e(X') = 2r, there are necessarily global sections

of H 0(Q)l;(nD)) or H 0((2/2\7(I1D)) for n sufficiently large. Stability arguments are
then employed in Sect. 3 to show that in these cases, some multiple of D must
be effective.

1 Contraction of the surfaces E;

We wish now to contract the surfaces E; simultaneously to curves or points, but
in order to do this we may have to flop to a different model. Since D> H > 0
for H a general hyperplane of X, it follows that D-C = 0 for only finitely
many curves C on H, and hence there are only finitely many surfaces E with
D|g = 0. The notation is the same as in the statement of the main Theorem.,

Proposition 1.1. (a) If X' is a birationally equivalent Calabi-Yau threefold
and D’ the divisor on X' corresponding to D on X, then some positive multiple
of D is effective on X if and only if the same statement holds for D' on X'.
(b) Changing X birationally by means of a finite number of flops in curves
C with D-C = 0, we may reduce the Theorem down to the case when there
exists a birational morphism g : X — X to a Q-factorial Calabi-Yau model
X with g contracting all the surfaces E; down to points or curves. We may
also assume that D determines a Cartier divisor on X.

(c) If g : X — X is a birational morphism to a Calabi-Yau model X on
which D is Cartier and which contracts all the surfaces E; on X for which
D, = 0, then there exists a very ample linear system |L| on X such that the
restriction Dy of the Cartier divisor D to the general element of the linear
system is ample.

Proof. (a) is obvious once we have observed that X and X’ are isomorphic
in codimension one, and in fact must be related by means of a finite sequence
of flops [6].
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{b) For any surface £ with D|g = 0, the Hodge Index Theorem implies that

(D*-HYE*H) <0

with equality if and only if E|y =0, i.e. E = 0. Thus E?-H < 0 for all i.

We now invoke the theory of directed flops as developed in [6], and eluci-
dated further in [8, 9]; the procedure following should be viewed in the context
of the general Log Minimal Model Programme as described in [5, 7]. Fixing
H, the surface F gives rise to a contraction on X (determined by £ + AH for
some A € Q; cf. [17, 18]). If this morphism does not contract all of E, it is
a small contraction of some curves Z C E with E-Z < 0. We therefore make
the corresponding E-flop on X. Continuing in this way, we will eventually
terminate and reach a stage where the corresponding surface £’ on X’ can be
contracted. We never reach the stage of E/ being nef on X’ since the divisor
D on X’ {corresponding to D on X)) continues to have the numerical property
that D|z = 0, and hence as argued above that (E')?-H' < 0 for H' ample
on X’. We therefore contract E’, obtaining a Calabi~Yau model X; with only
Q-factorial canonical singularitics. We continue this process with the other E;,
eventually finding a model X, with all the surfaces E,,...,E, contracted to
smaller dimensions (we have of course made a number of choices in achieving
this).

We now set X = X, and let X/ be any crepant resolution of the singularities
of X. By the theory of [6], X’ will be related to our original X by a finite
sequence of flops. Since the singularities and Betti numbers are unchanged
under flops [8], we deduce that X’ is again a smooth Calabi-Yau threefold
with e(X") = e(X); moreover the birational properties of the E; are unchanged.
Furthermore, since we have only flopped curves C for which D-C = 0, the
relevant numerical properties of D are unchanged, i.e. D represents a rational
nef divisor on X’ with D’ = 0, D-c; = 0, D* # 0 and D]y = 0 for the
corresponding surfaces E! on X’. In the light of (a) therefore, for the purposes
of proving the main Theorem, we may replace X by X’; i.e. we now assume
X = X' and that there exists a simultaneous contraction g : X — X of the
E;. Replacing D by a multiple if necessary, we may consider D (by abuse of
notation) as a Cartier divisor on X.

(c) Let |L| denote a very ample linear system on X and consider the countable
number of families of curves C on X with D-C = 0 (parametrized by various
Hilbert schemes). Suppose first there is a covering family; the parameter space
for this family will have to be of dimension two and the family unique, since
otherwise it is possible to find a big divisor M on X with D*-M = 0. By
taking a multiple of L if necessary and choosing L general, we can assume
that L contains no curves from this family.

The other families either cover surfaces in X or are isolated curves. If a
surface F C X only contains a 1-dimensional family of curves C with D-C =
0, then by choosing L general, we may assume that L contains no curve of
the family. If however F contains a family of dimension > 1, then we can
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consider the corresponding surface £ on X. Taking a resolution of singularities
Jf 1Y — X of the embedded surface E, we obtain a corresponding family of
curves on the proper transform E’ of E with D-C = 0 for all curves C in
the family (where D is also used to denote f*D on Y). Since this family has
dimension > 1, we can take 4 a sum of such curves on E’, a divisor which
is nef with 4> > 0. Since however D-4 = 0, and D is nef, the Hodge Index
Theorem implies that D?-E’ = 0 and D|zr = 0. Thus D|z = 0 and so E is
one of the surfaces contracted by ¢, a contradiction. It follows therefore that
by taking L general in its linear system (i.e. in the complement of countably
many proper subvarieties of |L|), we may assume that L contains no curves C
with D-C = 0, and hence that D|; is ample,

2 Calculations for H(Q%(nD))

In this section, X will denote a Calabi-—Yau threefold containing a divisor D
and surfaces Fy,...,E, with the properties as given in the statement of our
main Theorem, and g : X — X a morphism to a Calabi—Yau model X which
contracts all the £; and for which D is Q-Cartier on X; we shall furthermore
assume without loss of generality that D is in fact Cartier on X. By (1.1)(iii),
we can choose a very ample linear system |L| on X for which the restriction
D}, is ample for L general in its linear system. Mainly we shall be interested
in the case when X is Q-factorial, but at one stage in the proof of (2.3)(iii)
we shall need the slightly more general case.

We shall resolve the exceptional locus of g : X — X into a divisor with
smooth normal crossings & on a smooth threefold X. Thus we have f: X — X
with & = f~!(Sing X). To fix notation, we suppose that the components of
& are smooth surfaces Fy,...,Fy, where F; is a resolution of E; for i £ r.
We consider the sheaf Q}(log &). Since L is ample on X, it follows from
Corollary 6.7 of {2] that H‘(Q}‘z(log EX—f*L)) = 0. The Leray spectral se-
quence then implies that H'(f.Q}(log £)(—L)) = 0. We may however assume

that L has been chosen such that H 0(f),lg(*—L)) = 0, where as before Q,l( de-
notes the reflexive sheaf of 1-forms regular in codimension one. We have an
exact sequence of sheaves

0 — f.Qb(log &) — Oy — Q —0

where the sheaf 0 is concentrated in dimension zero (since the 1-dimensional
singular locus of X consists of quotient singularities). Thus tensoring the above
exact sequence by (g(—L) and considering the corresponding long exact se-

quence on cohomology, we deduce that Q = 0, i.e. that f *Q}(log &) =Qy

Proposition 2.1. With notation as above, H'(Q}(log £)(—nD)) =0 for all n
sufficiently large.
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Proof. Since L is ample on X, we saw above that H'(Q%(log &(—f*L)) = 0.
Let S be a general element of | /*L| and S € |L| the corresponding element of
|L|. The surface S has rational double point singularities, and S is a desingu-
larization. We have an exact sequence from page 13 of [2]

0—-Q

(log &) — Q(log(& +S5)) — Cs — 0.

Tensoring by ¢(—nD), we deduce using the Kawamata-Viehweg form of
Kodaira vanishing that

H'(Q}(log &)(—nD)) = H'(Q;(log (& + S))(—nD)) .
From the second exact sequence on page 13 of [2], we have

0 — QL(log(& +S)N(—S — nD) — QL(log (& + $))(~nD)
— Ql(log(&]5))—nD) — 0.

We know that H'(Q}(log(& + $))(—S — nD)) = 0 by (6.7) from [2], so the
Proposition follows if we show that 2' (Q4(log (&|s))(—nD)) = 0. Let M be the
number of curves C; in &s, i.e. the number of exceptional curves of § — S.
Thus we have an exact sequence

0 — Qg(~nD) — Q5(log (6 |5)N(~nD) — B¢, — 0
and hence an exact sequence of spaces
0— CY — H'(Q5(~nD)) — H'(25(log (§]5))(—nD)) — H'(9Cc ) = 0.
Now D is by assumption ample on S, and so
H'(Q4(~nD)) = R' f.QL = CY,

this latter isomorphism holding for any rational surface singularity. The result
therefore follows.

Lemma 2.2, The sheaf R' f *Qj\;(log &Y has at most zero dimensional support.
Proof. On X, we have

0— Q}? — Q)];(log &) — O — 0
where the sum is take over all components F; of &. Thus

f*Q)lZ - f*Q)‘?(IOg E)— @& f+Op, — le*Q)];
—R' f,Qb(log &) — @R [0, .
Restricting to S, and letting Z; = F;|s (where a non-zero Z; is either a single P!,

or two disjoint such curves corresponding to a line pair in the corresponding
fibre of E;), we obtain:
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CY = @H"(0z) — R' [R5 — R' [.Q}(log &)|s — GH'(0z)=0.

But H(R' .2} ]5) = H'(Q}]s ® O(nL)) for n sufficiently large. From the
exact sequence

0 — Os((n~ DL) = Qs ® O(nL) — QL @ O(nL) — 0,

the above group is the same as H'(QL(nL)) = R' £, QL 2 CM. Thus from the
previous displayed exact sequence, it follows that R' £ *Q}{icg &) =0, and
hence the Lemma is proved.

Observe now that x(féjg(nD)) = x(fl}) for any n € Z (by Riemann-Roch
and the Leray spectral sequence), and that h3(S~2;;(nD)) = ho(ﬁfg(mnD)) for
any n € Z {cf. [4], page 131).

Theorem 2.3. With the notation as above, assume that k‘}{ffg{nD)) =0 for
infinitely many n > 0, for both ¢ = 1,2. Then
. ~1
(1) x(Lg)=0
(ii) R‘f*Q)‘?(log &y=10
(iii} Ey,...,E, are rational surfaces and y(Q}(log 6)) =0
{iv) The Euler characteristic e(X) = 2r.

Proof. (i) We have seen that H'(QL(log &)(—nD)) = 0 for n sufficiently
farge, and hence by Leray that A i‘(ﬁ}{—nD)) = 0. Since, by assumption,
h%fé}(—m‘))) = hO(Qig(nD)) = 0 for some large », it follows that X(Q}) =
kz(f)}( —nD)) = 0. A standard argument however shows that H 2(@}(}@)) =0
for »n sufficiently large (since D|s is ample), and hence x(f)}) = X(f:?/l\;(nD)) =
wh’(ﬁ}(n}_’))) < 0 for some large n. Thus x(ﬁ}) = as claimed.
(i) The fact that hz(ﬂ}(“nl))) = { and h‘(Q}E(iog EN—nD)) = 0 for some
large n, implies by Leray that A°%(R' 1. *Q;:(iog E¥~nD}Y) = 0. Since the sheaf
has support in dimension zero (2.2), this gives R' f.Q}(log &)}(—nD) = 0.
(iii) We observe that the tangent space to the deformation space at X is
Ext'(QL,0g), which by Serre duality is dual to H*(Q}). But Q} is reflexive
except at the finitely many dissident points; i.e. the cokernel of Q)‘( S f);( has
support only at these points. Thus H(Q}) = H 2{(3}13 ). Since R' Q2 (log &) =
0, it follows from the Leray spectral sequence that kz(fz}) < K (Q4(log &)).
However, from the exact sequence
0 — Q) — Qh(log &) — GO, — 0
we deduce that
0 — ®H(0F,) — H'(2}) — H'(2;(log )

is exact. Here H'(Q}) = H*X,C) 2 Picc(X) = Pic (X) ® C and
H'(2}(log £))=H*(X\&,C), the latter since H(Q%(log £))=0=H*(Cx).
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Moreover, the natural map H*(X \ &,C) — H*(X \ &,0;) factors through
H*(Q4(log &)) = H*(U3) = 0, and hence is itself zero (cf. [3, p. 146]). Us-
ing the fact that the singularities of X are Cohen-Macaulay and rational, it also
follows that H'(X \ &,05) = H'(X \ Sing (X),(3) = H'(X,0z) = 0. This
then gives a natural isomorphism Picc(X \ &) = H*(X \ &,C). Since the map
Picc(X) — Pice(X \ &) is surjective, the previously displayed exact sequence
is also exact on the right. This then yields an exact sequence of vector spaces

0 — ®H (0p,) — H QL) — H (2} (log £)) — 0,

exact on the right since H*(O,) = 0 for all i.

As X is obtained from X by blowing up points or smooth curves, we know
that H*(Q},) = H(Qy) @ @,., H'(OF,); from this and the above displayed
sequence it follows that A*(Qp(log &)) < K*(Q}), with equality if and only if
the surfaces Fi,...,F, are rational (recall that these are desingularizations of
Ey,...,E.). Thus hz(ﬁ)lg) < h*(Q}), where the two numbers can be interpreted
as the dimensions of tangent spaces to the deformation spaces.

However, any small deformation of X will blow down to give a small de-
formation of X, and hence induces a map on tangent spaces (to the spaces

of deformations) H*(Q})¥ — H 2((2)1; )¥. The Kuranishi space of X is smooth
{since by the theorem of Bogomolov—Tian-Todorov, the deformations of a
Calabi~Yau threefold are unobstructed), and the map of {germs of) deforma-
tion spaces Def(X) — Def(X) has only finite fibres (the crepant resolution is
determined canonically up to a finite number of choices and so there cannot be
a positive dimensional family of deformations within the fibres of this map).
Thus, if X is general in moduli, we will know that the corresponding map on
tangent spaces H2(QL)¥ — IZ(Q)‘?)V is injective (i.e. we are at a point for
which the map Def(X) — Def(X) is unramified), and hence the dimensions of
the two tangent spaces are equal, i.c. hz(g}) = h*(Q}). In the case when X
is rigid, this equality is trivial as both dimensions are zero.

To deal with the case when X is not necessarily general in moduli, we
consider a general 1-parameter small deformation n : 2 — 4 of X. The con-
traction ¢ : X — X is determined by some nef and big divisor on X, and
we may assume that this defines a contraction of the whole family (vanish-
ing theorems ensuring that the cohomology does not jump in the family). We
therefore obtain a small deformation of X, say # : 4 — A. Letting X; be
a general fibre of the family = : 4 — 4, we obtain a map g, : X, — X,
which satisfies the conditions stated at the beginning of the Section (we are
only contracting curves C with D-C = 0); here X, is not a priori Q-factorial
even if X is taken to be a Q-factorial model. By considering the reflexive

sheaf é;i-/d, which is flat over 4, and applying standard semicontinuity theo-

rems, we may assume that ho(ﬁ}](nD)) = 0 for infinitely many n > 0 (for
both g = 1 and 2). Our previous argument may then be applied to the con-
traction g, : X; — X1, and since X| has been chosen to be general in moduli,

we deduce that hz(ﬁ},) = n Q).
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Semicontinuity however also implies that hz(f)}\;) = hz(éj\;‘ ); since AA(QL)

= QL) and () < KH(QY), we deduce the equality h(Qy) = KA(QL)
on X; this we saw above could only happen if Fy,...,F, were all rational
and A(Q}) = K(X,QL(log &) = hz(fé} ). The Leray spectral sequence then
implies (in the light of (ii)) that R* f.Q,(log &) = 0 and that x(Q}(log &))
= (@) =0.
(iv) We have seen in the argument of (iii) that 2'(Q}(log &)) = A'(QL) - N
= h'(Q})—r and that ©*(Q}(log &)) = A*(Q}), given our initial assumptions.
Since #'(2}(log &)) = 0 for i = 0 or 3, we deduce that 0 = y(Q}(log &)) =
x(Q%) + 7, and hence e(X) = 2r as claimed.

The main conclusion from this section is therefore {with notation as before)
that, unless the surfaces Ei,...,E, are rational surfaces and e(X) = 2r, either
Ho(f))l;(nD)) or HO(Q}(nD)) has sections for all n sufficiently large. In the

next section, we show by means of stability considerations that this implies
that mD is effective for some m > 0.

3 Proof of the main theorem

In this section, we follow previous notation, but with X now assumed to be
the Q-factorial Calabi-Yau model of X constructed in Proposition 1.1. We saw

in (2.3) that unless e(X) = 2r and each E; is rational, either K%(Q¢(nD)) or

h"(ﬁ}(ﬂl))) is positive for all n sufficiently large. We show that in either case
mD is effective for some m > 0. We assume for simplicity that we are in the
former case; the proof for the other case is entirely analogous. We may also
assume (replacing D by a multiple) that D is Cartier.

We assume that for some ng, H O(S'?;(RD))#O for n = no, and suppose first
that all the sections obtained (for different ) are dependent when considered as
rational forms at the generic point of X. Thus we have the inclusion of a rank

1 saturated divisorial sheaf & — fz}(nol)) (corresponding to a Q-Cartier Weil
divisor L) such that L ++D = 0 for all r = 0. We observe that semistability

of the sheaf O (see [11]) implies that D?-L = 0. Now set L = M + F
where F is fixed in |L 4 rD| for all » = 0 and is maximal with respect to this
property (i.e. it is the h.c.f. of the fixed parts of the linear systems). Note that
D*M =D*F=0,and that M ++D = 0 for all » = 0. If M = 0, we have
the required conclusion; therefore we assume M #0, Thus for any component
M; of M, there exists an integer r; = 0 such that M; is not a fixed component
of M + D).

The Hodge Index Theorem (with respect to the hypersurface mD + H for
m> Q) shows that -

{M*.(mD + HY)}{D*-H} < {M-D-(mD + H)}*
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where now the righthand side is bounded, and therefore D-M 2 < 0. Given a
component M; of M, we know that |M +r;D| does not have M; as a fixed com-
ponent, and hence D-(M+r.D)-M; = 0. But D*M;=0andso D-M-M; 20
for all i. Therefore D-M? =0 = D-M-M; for all i.

Suppose now that C is a curve with M-C < 0; then C C M; for some
component M; of M. Since M; is not a fixed component of |M +r;D|, we know
however that (M +#;D)-C = 0 unless C is in the intersection (M +r;D)NM,,
where divisors here are chosen to be general in their linear systems. In this
way, we produce an integer ¥ > O with the property that M + rD is negative
on only finitely many curves C, and these all have D-C = 0.

We now make flops directed by the effective divisor M + rD on X (cf.
[6, 8, 9]); as shown above, we may always assume that only curves C with
D-C =0 are flopped. Eventually, we reach a model on which M + rD is also
nef (we cannot reach a model for which some component Mj’ is contracted,
since then the corresponding surface M, on X is necessarily fixed in |M + rD|
for r 2 0).

With g : X' — X " a resolution of singularities for the flopped model X I,
we have divisors M’ and D’ on X with g*(M’ + rD') nef and effective on
X' for r>0. Thus some multiple of it will move without fixed points by [14].
The Calabi~Yau threefold X’ can be obtained from X by means of flops in
curves C with D-C = 0. The fact that D?>-(M + rD) = 0 on X implies that
(D) -g*(M' + D'y =0 on X’ and hence that the morphism ¢ corresponding
to an appropriate multiple of g*(M’ + »D') cannot be birational. Moreover, if
the image is one-dimensional, then (M’ + rD")-(M’ +rD’) = 0 for all r>0,
and hence that (D')?-H' = 0 for H' ample on X’. Hence D?-H" = 0 for some
big divisor H” on X, which is a contradiction.

Thus ¢ : X’ — § with g*(M' + rD’) = ¢* A, for some A, ample on the
surface S. Moreover, S has only quotient singularities, and so is in particular
Q-factorial (cf. (0.4) of [12] and (3.1) of [14]). Also g*(M' +(r+1)D') = 0
with

(M +rD')-(M’ +rD')-(M' + (r + 1)D') = 0.

This implies that g*(M' + (v + 1)D') is of the form ¢*4 for some Q-Cartier
divisor 4 on S. Thus D' = ¢* 4, for some nef Q-Cartier divisor 4y on S with
A2 > 0 (since D* # 0 implies that (D')? # 0). It follows therefore (from
Riemann-Roch on a smooth model of §) that some positive integer multiple
of Ay on S is effective, and hence that mD’ = 0 on X’ for some m > 0; i.e.
mD = 0 on X as claimed.

We may reduce consideration therefore to the case when there is no integer

ny for which the sections of HO(Q}(nD)) are dependent for n = ny, when

considered as rational forms at the generic point of X. Thus we obtain non-zero
sections of H O(f)fq(nD)) for infinitely many n. If these are not all dependent
at the generic point, then we know that there are sections o € HO(QIIY-(nlD))
and o € HO(Q}(nzD)) with ¢ A w=+0 as a 3-form at the generic point of X.
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Thus
6 Aw € HAGp((m + n2)D)) = HYCp((n) + n2)D))

is a non-zero section, and hence (n; + n;)D = 0.

Finally we deal with the case of an infinite sequence w; € H°(£~2§g(n,-D)) of
dependent sections; specifically that there exist generically independent o, €
HYQo(mD)), 02 € HY(Qp(maD)), with 61 A w; = 62 A w; = 0 for all i. We
now proceed in an analogous way to our previous argument (which works also
in the case of only an infinite sequence of dependent sections in H 0(Q)lg(n,‘D))),

obtaining an inclusion of a rank 1 saturated divisorial sheaf & — fl}(noD),
and a corresponding Q-Cartier Weil divisor . = 0 with L +#D = 0 for
n=0,n,ny,.... Writing L = M + F as before, with F fixed in |L + n;D| for
all i =2 0 and maximal with respect to this property, we follow the earlier
argument, If M =0, we obtain #,0 = 0 for i = 0. If not, we deduce that for
some r = 0, the divisor M + rD is negative on only finitely many curves C,
and these all have D-C = 0. With D assumed Cartier, the previous argument
(modified in obvious ways) yields the fact that mD = 0 for some m > 0.
We have therefore demonstrated the following result.

Proposition 3.1.If g : X — X as in (1.1)(b) and there are non-zero sections
of HO(Q}(nD)) for all n sufficiently large, then mD =z 0 for some m > 0.

A similar result holds if there are non-zero sections of H O(Qfg(nD)) Jor all n
sufficiently large.

This together with (1.1) and (2.3) provides a proof of our main Theorem
as stated in the Introduction.

Acknowledgement. The author wishes to thank Nick Shepherd-Barron for the benefit of
several conversations on the material below, in particular on some of the arguments contained
in Section 2.
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