
Math. Ann. 258, 11-15 (1981) 
 lisam 
A m  
O Springer-Verlag 1981 

Remark on Herz-Schur Multipliers on Free Groups 

Marek Bo~ejko 

Institute of Mathematics, Wroclaw Uniwersity, Plac Grunwaldzki 2/4, Wroclaw, Polen 

Introduction 

Let G be a discrete group, and A (G) = A 2 (G) = 12 (G)* 12 (G) be the Fourier algebra 
of  G introduced and studied by Eymard [2]. Herz considered the interesting algebra 
B z (G) of  multipliers on G and he observed that 

FS (G) ~ B2(G ) ~_ M(A (G)), (1) 

where M(A (G)) = {q~: (o. A (G) ___ A (G)} and FS (G) is the Fourier-Stieltjes algebra 
of G defined as the linear space generated by positive definite functions on G. 

If  G is an amenable group, then all the spaces in (1) are equal. 
It was shown by Figfi-Talamanca and Picardello [8] that for a noncommutative 

free group F 

FS (F) ~ M(A (F)) (2) 

and Leinert [6] proved that for a free group F 

FS (F) ~ Bz(F).  (3) 

In this note we show that 

Bz( F ) if= M (A (F)) (4) 

and even more, namely for 1 < p < oe 

Bp(F),  M(Ap(F)). (5) 

2. Preliminaries 

Let 1 < p  < 0% and X b e  an arbitrary set. The function u on X belongs to lp(X) if 

lul,,= (x~xlu(x)lt')l/J'< oo. 

The Banach algebra of  bounded linear operators on lp(X) will be denoted by 
ENDp(X). 
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Every element kEENDp(X) can be considered as a mapping 

k :Xx  X ~  such that [Ikllp< ~ ,  

where Ilkllp=inf~C: ~" k(x,y)u(y)v(x) <Clulplvlv}. 
l [x,y~X 

The algebra of Schur multipliers Vp(X) is defined as follows: q)EVp(X) if 
~o:XxX~C and 

IIq~'kllp < Ill~0 IIIp" Ilkllp 

for every k~ENDp(X) with finite support in X x X .  ~o.k is the pointwise 
multiplication. 

Now let G be a discrete group, and Mtp (g, h) = q~ (gh- 1) for a function r G ~ C. 
The algebra of Herz multipliers Bp(G) is obtained as the space of  functions ~o on 

G such that Mq~EVp(G) and 

Jko liB, = lllM~o Illp. 

Let P:lp~lp,(G)~co(G), (1+~7=1) ,  be defined on simple tensors in the 
following way: 

P(f |  =i f* f ,  for yelp(G), gElp,(G). 

Let the Herz algebra Ap(G)= e(lp~ lp,(G)) have the quotient norm. 
It was proved by Herz [4] for an arbitrary group G, that Ap(G) is a Banach 

algebra and 

Bv(G ) ~- M (A.(G)) = {u:uAp(G)=Ap(G)}. 

If  the group G is amenable, then 

Bp(G) = M(Ap(G)). (see [3]), 

We show now that for a noncommutative free group F 

Bp( PO ~: M (Av( F)). 

3. Leinert and Strong Leinert Sets 

We recall that the set E c G is called Leinert set if  there exists C > 0 such that for 
every function f el2 (E) 

Ilfll v~ < C Ifl2, (6) 

where []f[[ vN = [IMfllz = sup { If*g ]z :]g[2 = 1} 

or equivalent by a duality 

Ze" A (6)  = l z (E), (7) 

where Xe is the characteristic function of  E. 



Herz-Schur Multipliers 13 

By the classical argument, (7) is equivalent to the following statement: There 
exists C > 0 such that 

[ze ' f l2  < C [IfllA(~) for s u p p f c  E. (8) 

Now we introduce the following 

Definition. Let 1 < p  < oo. A set E ~ _ G is called p-Leinert set (EeL(p) )  if 

I ~ ( E ) ~ M ( A p ( G ) ) .  

A set E c  G is called strong p-Leinert set (E~L*(p))  if 

lo~(E)cBv(G). 

The existence of an infinite Leinert set and a strong p-Leinert set in free 
noncommutative groups was proved by M. Leinert in his papers [5, 6]. 

Note that the existence of an infinite Leinert set in the group G implies that G is 
not amenable. 

Proposition 1. (a) ,4 set E ~ G  is a Leinert set i f  and only i f  E is a 2-Leinert set. 
(b) For 1 c p  < 2, L(2)~L(p) .  

For the proof we use the following generalization of the Khin~in inequality 
given by M. Picardello [7]. 

Lemma (Picardello). I f  s u p p f  is finite in a discrete group G, then there exists a 
function r =  r ( f ) ,  [r(x)[ = 1 such that 

If12 < 2 1/3 Ilf" r IlA(c). (9) 

Proof o f  Proposition 1. (a) If  the set E is a Leinert set, then Xe" A (G) = l 2 (E). Hence 
by (8) l~ (E)- A (G) = l 2 (E), but I z (G) ~ A (G) so loo (E) ~ M ( A  (G)) and this means 
that E is a 2-Leinert set. 

Conversely, let E be a 2-Leinert set and take f ~ A  (G) with finite support in G 
then by the Lemma we obtain: 

If" Ze[ 2 < 2 b/3 llfze" r HA(G) < 2 ]/5 IIzg" rllu(A)IIflIA(~). (10) 

But from the assumption 

[[zE'rlIM(A) < DIIze.rlIoo = D  for fixed D = D ( E ) ,  

follows now 

If" ZEI2 =< 2 ~/3D IIfIIA~G). 

So E is a Leinert set. 

(b) If  Eis a Leinert set, then for 1 < p < 2 by the interpolation theorem, we have 
the following inequality 

I f*glv < Cv If lp Iglv 

for everyfr  and g~lp(G). Moreover, using a simple duality argument we get 
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for qoeloo(E) aelp(G),  belp,(G) 

II~o(a*b) Ih, < C, lea I~ lair Iblp,, 

hence I1~0 IIM(~,) _-- < Cpl~ol~o, therefore E e L ( p ) .  

4. Construction 

Let F be a noncommutative free group with free generators {xx, x 2 . . . .  } = E. Let 
E k = {a 1 a 2 . . .  ak:aieE}.  

In our construction we apply the following nice theorem of  Haagerup [9]: 

Theorem (Haagerup). E k & a Leinert set, (k = 1,2 . . . .  ) 

The main results of  this note are the following: 

Theorem 1. I f  E =  { x l , x 2  . . . .  } is the set o f  free generators in a free group F and 
1 < p  < c~, then E 2 is not a strong p-Leinert set. 

Theorem 2. I f  F is a noncommutative free group and 1 < p < o %  then 
By(F)  ~- M (A , (  PO). 

Proof  o f  Theorem 1. It is enough to construct a sequence of functions ~p. such that: 

(a) supp ~o.- E 2 

(b) II,p.ll~,~ nl - 'P lq~ . loo .  

For  this we produce a special unitary matrix as follows: Let 7/. = {gl, g2 . . . . .  g.} 
be the finite cyclic abelian group of  order n, let ~ ,  = {ya, Yz,. . . ,  ?.} be the dual 
group and air = ?i(&), 1 < i, j < n. 

Denote the matrix (a~j)ij~, by A = A,, and B = n-~/EA. 
One can verify the following facts: 

(x) B is the unitary matrix on r  

(xx) IIA 112-- 1/~ 
(xxx) IllAlll~=n, where t A l = ( l a i i t )  

(xxxx) For  1 < p -_< 2 

IIBIIp < n ~/~-~/2 

(xv) HAl[p= H3llp<=n i/p, where  

I IA2 II,, __> n 1 -~/p 
(xvv) IIIAIIIp> IIAIIp 

A = (a,j) 

Now we can obtain our"bad"  multipliers on a free group Fwith free generators 
xl ,  x2 , . . ,  in the following manner: 

For  fixed n = 1 , 2 , 3  . . . . .  let ~0, be a function, supported by the set 
E,  = {xixj,  1 <= i , j  <_ n} c E 2, which is defined in the following way: 

rP.(xlxj) = air 
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We show that  Ill Mq~. tll p ~ rtl - 1/p, (1 < p < 2). Let consider  the matr ix  A,  as the 
matr ix  of  the opera tor  o n / z ( F )  with respect to the o r thonorma l  basis {6~}x~o 

(A"(Sx)'6r)={ aO0 x=xi'y=xj'i"j<=notherwise 

then (M~o.).A. = IA.[ and  by (xvv) we have 

IIIMcp, Ill p = II ~0. II B, _-_ nl - lip 

Hence we get (b) for l < p < 2 .  Since •p(G)=Ap,(G), .Bp(G)=Bp,(G) and  

M(Ap) = M(A v, (G)). 
The Theorem 1 is also true for p > 2. 
The T h e o r e m 2  follows directly if we apply the theorem of Haagerup ,  the 

theorem 1 and  the Propos i t ion  1. 
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