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Introduction

Let G be a discrete group, and 4(G) = 4,(G) = I?(G)*1%(G) be the Fourier algebra
of Gintroduced and studied by Eymard [2]. Herz considered the interesting algebra
B, (G) of multipliers on G and he observed that

FS(G)<S B,(G) S M(A(G)), ()

where M (4(G))={p:¢ " A(G) S A(G)} and FS(G) is the Fourier-Stieltjes algebra
of G defined as the linear space generated by positive definite functions on G.
If G is an amenable group, then all the spaces in (1) are equal.
It was shown by Figa-Talamanca and Picardello [8] that for a noncommutative
free group F

FS(F) & M(A(F)) @
and Leinert [6] proved that for a free group F
FS(F) & B,(F). €)
In this note we show that
B, (F) & M(A(F)) )
and even more, namely for 1 <p <w
B,(F)§ M(4,(F). ©)

2. Preliminaries

Let 1 <p < o0, and X be an arbitrary set. The function z on X belongs to L(X)if
Jul,= ( ) |u(x)|ﬂ)”"< .
xeX

The Banach algebra of bounded linear operators on /,(X) will be denoted by
END,(X).
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Every element keEND,(X) can be considered as a mapping
k:XxX->C such that Ik, < o0,
where ||k[|p=inf{C: Y k(x, y)u(y)v(x) §C|u|p|v|p}.

x,yeX

The algebra of Schur multipliers ¥,(X) is defined as follows: eV, (X) if
@: XxX->C and

lo-kll, < lell, likl,

for every keEND,(X) with finite support in X xX. ¢-k is the pointwise
multiplication.
Now let G be a discrete group, and Mo (g,h) = ¢(gh™*) fora function ¢ :G - C.
The algebra of Herz multipliers B,(G) is obtained as the space of functions ¢ on
G such that MpeV,(G) and

lelis,=llMell,-
Let P:lp®lp,(G)——>c0(G), (—1—+—17=1>, be defined on simple tensors in the
following way: pp
P(f®g)=¢g+f, for [fel(G), gel,(G).

Let the Herz algebra 4,(G)=P(/,®1,(G)) have the quotient norm.
It was proved by Herz [4] for an arbitrary group G, that 4,(G) is a Banach
algebra and

B, (G)S M(A4,(G)) = {u:ud,(G)=A4,(G)}.
If the group G is amenable, then
B(G)=M(4,(G)).  (see[3]),
We show now that for a noncommutative free group F

B,(F) % M (4,(F)).

3. Leinert and Strong Leinert Sets

We recall that the set E< G is called Leinert set if there exists C > 0 such that for
every function fel,(F)

I lx= Clf L2, (6)
where 1 = I1MS Yl = sup {1 f*gl,:|gl, =1}
or equivalent by a duality
xe A(G) =L, (E), Q)

where y is the characteristic function of E.
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By the classical argument, (7) is equivalent to the following statement: There
exists C > 0 such that

e 12 = Cllf Naew for suppf<E. ®)

Now we introduce the following
Definition. Let 1 <p<o0. A set ES G is called p-Leinert set (E€L(p)) if
I (E)c M (A4,(G)).
A set Ec G is called strong p-Leinert set (EeL*(p)) if
lo(E)c B,(G).

The existence of an infinite Leinert set and a strong p-Leinert set in free
noncommutative groups was proved by M. Leinert in his papers [5, 6].

Note that the existence of an infinite Leinert set in the group G implies that G is
not amenable.

Proposition 1. (a) A set EcG is a Leinert set if and only if E is a 2-Leinert set.
(b) For1lcp=<2, L2Q)cL(p).

For the proof we use the following generalization of the Khincin inequality
given by M. Picardello [7].

Lemma (Picardello). If suppf is finite in a discrete group G, then there exists a
SJunction r=r(f), |r(x)| =1 such that

L2 22V30f " llae)- ©)

Proof of Proposition 1. (a) Iftheset Eis a Leinert set, then y.- 4(G) = [,(F). Hence
by (8) [ (E)- A(G) = I,(E), but [,(G) = A(G) so | ,(E)= M (A(G)) and this means
that E is a 2-Leinert set.

Conversely, let E be a 2-Leinert set and take fe4(G) with finite support in G
then by the Lemma we obtain:

1 2sla £2V3 0 1 P llaey £ 2 V3 e Tl 1S Laey- (10)
But from the assumption
I%e Fluy SN rllo=D  for fixed  D=D(E),
follows now
|/ xel2 £2V/3D 1 f llaor-

So E is a Leinert set.

(b) If Eisa Leinert set, then for 1 < p £ 2 by the interpolation theorem, we have
the following inequality

If*gl,=Colfl,lgl,

for every fel,(E) and gel,(G). Moreover, using a simple duality argument we get
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for g€l (E) acl,(G), bel, (G)
”(P(a*b)”zdpé Cpl(ploo Ialp |b|p’a
hence lolluu) = Cololw, therefore EecL(p).

4. Construction

Let F be a noncommutative free group with free generators {x;,x,, ...} =E. Let
E*={a,a,...a;a,€E}.

In our construction we apply the following nice theorem of Haagerup [9]:
Theorem (Haagerup). E* is a Leinert set, (k=1,2,...)

The main results of this note are the following:

Theorem 1. If E={x,,x,, ...} is the set of free generators in a free group F and
1 < p< oo, then E? is not a strong p-Leinert set.

Theorem 2. If F is a noncommutative free group and 1<p<co, then

B, (F)$ M(4,(F)).
Proof of Theorem 1. 1t is enough to construct a sequence of functions ¢, such that:

(@) suppg,s E*

(b) ”(pn"Bpg nl_”pl(pnlao'

For this we produce a special unitary matrix as follows: Let Z, = {g,,8,, - -, &}
be the finite cyclic abelian group of order n, let Z,={y;,7,, ..., 7.} be the dual
group and a;;=7;(g;), 1 Si,jsn.

Denote the matrix (a;), <, by A=A,, and B=n""24.

One can verify the following facts:

(x) B is the unitary matrix on C"
(xx) [ 4ll,=V/n
(xxx) {[|4lll,=n where = |A|=C(la,])
(xxxx) For1<p<2
1B, < ntip 2

xv) 4ll,=14l,=n'?,  where  A=(a,)

[

() A1, 2 e 2

Now we can obtain our “bad” multipliers on a free group Fwith free generators
Xy, X3, ... in the following manner:

For fixed n=1,2,3,..., let ¢, be a function, supported by the set
E,={x;x;,12ijESn}cE 2 which is defined in the following way:

@, (x; ;) = a;;
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We show that ||Mg,lll, = n' "'/7, (1 < p < 2). Let consider the matrix A4, as the
matrix of the operator on /,(F) with respect to the orthonormal basis {6,},.¢
X=Xx,y=Xx,LjS<n

a;
{A,(9,),6,> = { 0

otherwise
then (M ¢,)- A,= |4, | and by (xvv) we have

HM@,lil, = ll@all5, 2 n' ~17.
Hence we get (b) for 1<p<2. Since A (@)= A4,(G), EP(G) = B,(G) and
M(A,)=M(A4,(G)).
The Theorem 1 is also true for p > 2.

The Theorem 2 follows directly if we apply the theorem of Haagerup, the
theorem 1 and the Proposition 1.
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