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1. Introduction

Let X be a complex manifold of dimension n and E be a holomorphic vector bundle
on X. It is well-known [2] that to each hermitian metric on E there is a unique
hermitian connection inducing the d-operator on E; the curvature F of this
connection is an anti-self-adjoint section of A" @ End E. If hy, b, are metrics on E,
then the resulting curvatures are related by F, = F,+ 0o(u™!0u), where u is the
positive self-adjoint endomorphism u=hg 'h, . Conversely, a unitary bundle with
smooth unitary connection having curvature of type (1,1) inherits a unique
holomorphic structure by the Newlander-Nirenberg theorem.

If X has a Kdéhler metric and o is the Kéihler form, then the Yang-
Mills equations for connections of this type reduce to dF=0, where
F V== * 1

(n—1)!
the eigenspaces of the endomorphism F, so if the connection is irreducible or
if E is simple, then F=i)1 for some AeR. Such a connection, introduced
by Kobayashi and by Hitchin, is called Hermitian-Einstein (H — E). The constant

(F A w"™1). In this case, the bundle and connection split up into

. 2
4 is determined by cl(E):,1=lE=————n——-p(E), where V=Vol(X) and

-0V
MEY:=(cy(E)vw" ) [X]/rank(E).

The quantity u(E) also features in the algebro-geometric notion of stability: E'is
(semi- )stable in the sense of Mumford and Takemoto if every coherent subsheaf
Sc@(E) with 0<rankS <rank E satisfies u(S)<u(E) (u(S)Su(E)). (The defi-
nition of u for sheaves is given in Sect. 3 below.)

In [17], Narasimhan and Seshadri proved that an indecomposable holomorphic
bundle on a Riemann surface is stable iff it admits an irreducible H — E connection;
(their theorem is expressed in terms of projective unitary representations of the
fundamental group). This result was later reproved by Donaldson [4] by a different
method. About the same time, Kobayashi [14] and Liibke [16] showed that if a
bundle on an arbitrary compact Kahler manifold admits an irreducible H —E
Connection, then it is stable. In [5], Donaldson showed that in the case when Xis an
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algebraic surface X = P" and w is cohomologous to the restriction of the Fubini-
Study form, the converse is also true. Recently, Uhlenbeck and Yau {23] have
proved the general n-dimensional Kihler version of this theorem.

In [11], Hitchin observed that the notion of stability can be extended to bundles
on an arbitrary hermitian n-manifold X: a theorem of Gauduchon [7] states that
any hermitian metric on X has a conformal rescaling (unique up to a positive
constant) so that the associated Kihler form w of the rescaled metric satisfies
00w"~'=0. If L is a holomorphic line bundle on X, the degree of L (with respect

to w) can then be defined by deg(L)=deg(L, w): =2—11; § f A", where f is the
X

curvature of any hermitian connection on L compatible with J;. Since any two
such forms differ by a do-exact form, deg(L) is independent of the choice of connec-
tion. If dw =0, then deg(L, w) is the usual topological degree ¢,(L) - [w" '], butin
general, deg( —, w) is not a topological invariant (cf. Proposition 2 below). Having
defined the degree of holomorphic line bundles, the definition of stability can be
repeated verbatim, and the definition of Hermitian-Einstein connection remains
unaltered. Hitchin suggested that there should be a relationship between H—E
connections and stable bundles in this general setting.

The case when X is a compact complex surface is perhaps the most interesting,
for it is in this case that the differential topology of the underlying 4-manifold is
intricately connected with this problem. For example, using a deep application of
his results in [5], Donaldson has given a counterexample to the 5-dimensional
h-cobordism conjecture [6]. The interaction between the complex and real analysis
stems from the fact that H — E connections on bundles with u=0 are precisely the
anti-self-dual Yang-Mills connections. [It should be noted however that if dw+0,
an H—E connection on E is a Yang-Mills connection compatible with g iff
deg(FE, w)=0.]

The main result to be proved here is (cf.[5]).

Theorem 1. Let X be a complex surface with an hermitian metric whose Kdhler form is
00-closed. Then an indecomposable holomorphic bundle on X is stable iff it admits an
irreducible Hermitian-Einstein connection. This connection is unique.

(“Stability” and “Hermitian-Einstein> are, of course, with respect to the given
d0-closed Kibhler form.)

The proof of Theorem 1 is by induction on the rank of the bundle, and is based
on Donaldson’s proof [4] of the theorem of Narasimhan and Seshadri. In brief
outline this runs as follows: given the stable bundle E on the Riemann surface X, 2
functional J(4) is constructed on the space of hermitian connections A on E
compatible with J, essentially equivalent to the L? norm of F(A4) —ilg1. Choosing
a minimizing sequence A4; for J and employing Uhlenbeck’s weak compactness
theorem [22] for connections on bundles, a limit connection 4’ is obtained with
J(4)<infJ(4,). Now A’ might define a different holomorphic structure £’ on the
smooth underlying bundle, but in any case, by a semi-continuity of cohomology
argument, Donaldson shows that there is a non-zero holomorphic ¢:E-E.
If ¢ is not an isomorphism, he shows that J(4")24nV ~'2vg(ker), where
vg(S):=(rank S)(u(E) —u(S)) for ScE and V=Vol(X). On the other hand,
using the canonical filtrations of Harder and Narasimhan [12] and the induc-
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tive hypothesis, he can construct a connection 4 on E (compatible with dg) with
J(4)<4nV ~2yg(kerd). This contradiction means that 4’ is compatible with d
and minimizes J. A simple argument then shows that for 4’ to minimize J,
necessarily J(4')=0, giving F(4')=iAz1. The “only if”’ part of the argument is
more straightforward.

The main features of Donaldson’s proof also appear here, the biggest strategic
difference being that the Harder-Narasimhan filtrations are avoided by reversing
the order of his arguments. However, the technical differences are somewhat more
significant, owing to the appearance of singularities of one sort or another: torsion-
free sheaves are no longer locally free, and sequences of connections only converge
off finite sets of points. These difficulties are resolved generally by blowing-up and
by appealing to the appropriate removability of singularities theorem of Hartogs,
Serre or Uhlenbeck. Moreover, some of the techniques used by Donaldson in [5]
can still be employed and indeed, these too play an essential role in the proof to be
given here. The introduction and first section of [5] also contains more background
material, and in particular, a clear description of the two equivalent formulations of
the problem; namely, finding a certain connection on a fixed U(r)-bundle, or
finding a certain hermitian metric on a fixed holomorphic r-bundle.

2. Hermitian Geometry
Let X be a compact complex surface and 4 be an hermitian metric on X. In local
holomorphic coordinates z¢, the associated Kahler formis w: =% h;dz" A dz’; (all

conventions here follow those in [10]). The volume form is dV=%{w A w, and if
*:AP95 A2~ 92-P i5 the Hodge *-operator, then with respect to the inner product
(f,g) * (f A *g), the adjoint of AP93gi>g A we AP*14*! is denoted by fi— Af.
On (1,1)-forms f=f,;dz* A dz°, Af= —2ih® f;, frequently denoted by 7. Note
that Aw=2.

The s-operator on 2-forms satisfies #*=1, and the decomposition into
teigenspaces is A2 =A42° @ A% @span(w), 42 =kerA: 41 -A°.

With respect to the inner product (f,g) [ f A *g, a straightforward calcula-
tion gives X

0*g= —»0xg=iA0g+i+*(Ow Ag), gedA'®, (2.1a)

O*f= —wJuf=i(AT—TA) f—(xS)Af , feA™ . (2.1b)

Let P be the second-order real elliptic operator on functions P:=iAdé, (so if
his flat, P=%4 A where A is the usual Laplacian having negative symbol). Then
P* =4 i80(wf ) =iA80f+i% (Bw A 8f) —i* (0w A Of) +i(* O0w) f. That is,

P*=P+ix0w AJ—i*0w A O+ixd0w . 2.2

From (2.1a) and its complex conjugate, it follows easily that
A'=0*0=P+i*0w Ad , (2.3a)
A"=0*=P~iA(00+00)—i*dwAD , (2.3b)

A=A+ 4" =24"+iA(05+80) +ixdw ad . (2.3¢)
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[Of course, 00+ 00 =0 on functions, but (2.3) is valid for an arbitrary hermitian
connection on a bundle, in which case 0+ 00 is the (1,1) component of the
curvature.] Adding (2.3a) and (2.3b) and using (2.2) also gives

A=P+ P*—iA(00+00) —i*dow . (2.4)

Now suppose that the metric 4 has been conformally scaled according to the
theorem of Gauduchon [7] so that ddw =0. Then a number of easy but important
consequences follow from these equations. The first of these is the existence of
H —E connections on holomorphic line bundles. For if L is a line bundle with
hermitian connection compatible with 6, and curvature fe A'"*(X), any other such
curvature form has curvature f+ddlogu for some positive function u. Thus the
equation to be solved is Plogu= —if —1 where | (if+21)dV=0. From (2.4), 4=P

X

+ P* on functions, so ker P*=IR. By standard linear elliptic theory on compact
manifolds, there exists a smooth solution u to Plogu= —if—A, unique up to
multiplication by a positive constant. .

Next suppose that E is a holomorphic bundle with H — E connection: F=AF
=iil for A= —2nV " u(E, w). If s is a global holomorphic section, then from (2.3)
(0), ||ds|]*=<s, dsy= —A|s|| +<s, * idw A dsD, (ds denoting the covariant deriva-
tive of s). But s, *do Adsd={s,*0w A 0s>={s,* [ —0(0ws)+ ddws]) =
—(#5,0(0ws)y = —{0* x5, 0wsy={* 0s, dwsy =0, so |ds|*= —A|s|?. Thus, just
as in the Kéhler case, one has the result of Kobayashi [13]:

Proposition 1. Let X be a compact surface with a metric whose Kéhler form is 00-
closed. If E is a holomorphic bundle on X which admits an H — E connection, then if
u(E)<0it follows that H(X, O(E)) =0, and if u(E) =0, every holomorphic section is
covariantly constant. [

Corollary 1. If L is a holomorphic line bundle on the compact surface X such that
HO(X, L)*0, then deg(L, w) 20 for any positive 30-closed (1,1)-form w, with equality
iff Lis trivial. O

If s is a holomorphic section of L, it follows from the Poincaré-Lelong theorem
[10] that deg(L, w) = Vol (s 1(0), w).

Corollary 2. Let w be a positive 00-closed (1,1)-form on the compact surface X, and let
{e1, ..., em} be an integral basis for H* (X, ZL)/torsion. Then there exists ¢=zg(w)>0
such that any holomorphic line bundle L on X with c,(L)=Y ne,mod torsion and
HO(X, L) +0 satisfies deg(L,w) =& In%.

Proof. Let e, e;=g,5 be the intersection matrix on H?(X, Z)/torsion, q* thp
inverse. If f, is a closed 2-form representing e,, the (1,1)-component f, of f, 15
do-closed. If ¢ > 0 is sufficiently small, w +em Y ¢*, is positive forany a =1, ..., M.
By Corollary 1,0 deg(L,w+em Y, q"“’f,,) =deg(L, w) +emn®, [forif fe A'! repre-
sents ¢, (L), [ f A fp= \f Af,,]. Thus deg(L, w) 2 em|r?| for all «, and summing over ¢
gives the desired conclusion. [

Corollary 3. AnH — E connection on an indecomposable bundle is unique if one exists-
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Proof. (cf. [4]). If E is a smooth unitary bundle with two integrable unitary
connections 4y, 4, inducing isomorphic holomorphic structures E,, E; then, by
definition, there is a complex automorphism g of E such that 0, =g -dyo g~ and 9,
=g*~! 0§y 0g*. After a unitary change of gauge of one of them [g(g*g) "%}, g can
be assumed positive self-adjoint. If A4,,4, are H—E connections, then the
(holomorphic) isomorphism g : Fy— E, is covariantly constant by Proposition 1,
implying 0=0,(g*9)=0,(g9%), and 0y(g?>)=0. Since E, is indecomposable,
g* =const 1 and since g is positive self-adjoint, g=const1. [J

The next corollary is taken verbatim from [S]. For the proof (which is short), see
that reference.

Corollary 4. Suppose that the main theorem has been proved for bundles of rank less
than r. Then any r-bundle which admits an Hermitian-Einstein connection is a direct
sum Y E; of stable bundles E; with u(E})=p(E). In particular, it is semi-stable. If E
admits an irreducible such connection, it is stable. O

A slightly different version of (2.3) (¢) will be of use subsequently. Suppose
that E is a bundle with integrable hermitian connecting having curvature F.
Then (2.3c) gives 4=2A4"+iF+i*dw A d for the full covariant Laplacian on sec-
tions. So if 5 is a local holomorphic section, A|s*=4s,s)=2(s, 45> —2|ds}
=24s,iFs) +2i{s, *dw A ds) —2|ds|*. Using the same manipulations as before,
together with 0s =0 = dow, one computes {s, *dw A ds) = —* d(|sP*0w). Thus Als]*
+2i % 3()s]20w) =2<s, iFsy —2|ds|*. Since iF is a real operator, taking the complex
conjugate of this last equation and adding gives

A|sP +i # 0(sPP0w) —i * 0(|sP0w) =2 s, iFsy —2|dsP |

. 2.5
(s holomorphic) ,

which is the unintegrated version of the equation used for Proposition 1. Note that
since d0w =0, the operator on the left of (2.5) satisfies the maximum principle, by
Theorem 3.1 of [8].

The last application of (2.1)—(2.4) is the result mentioned in the introduction on
the topological invariance of deg(—, w).

Proposition 2 If w is a positive 00-closed (1,1)-form on the compact surface X, then

deg(L, w)=— j' F;. A  depends only on the image of ¢,(L) in H*(X, R) iff by(X) is
even.

Remark. b;(X) even is equivalent to the existence of a Kihler metric on X by results
of Kodaira, Siu.

Proof of Proposztwn Suppose b, (X) is even. Under the map H WX, 0)-HY (X, 0%
induced by 0-»1—-—-»(93‘—’»(9*—»0 a representative o-closed (0,1)-form g is

mapped to — j (09 —§) A w by deg(—, w), and of course, this map annihilates

the image of H 1 (X, Z) in H'(X, 0). Since b, is even, H' (X, ©) has real dimension b,
3), and since H(X, Z)—~ H'(X, 0) is always injective, deg : H' (X, ©)— R must be
zero, otherwise the kernel would contain a lattice of rank greater than its dimen-
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sion. Thus deg(L,w) depends only on c¢,(L)e H*(X,Z) in this case. Since
{ (89 —09) A =0 for all d-closed (0,1)-forms g, replacing g by ig shows that
{09 A ©=0 for all sich g, and similarly | 0h A w=0 for all d-closed (1,0)-forms h.
Thus if f,,f; are (1,1)-forms such that f,—f,=dh for some heA', then
Oho 1 =0=20hy, giving [(fo—f1) A w={(0ho1+0hy o) Aw=0. Thus deg(L,w)
depends only on the image of ¢,(L) in H*(X, R).

Now suppose that {(dg —87) A w=0 for all d-closed (0,1)-forms g. Then as
above, [dg A w=0 for all d-closed ge A*°. Given such g, the equation Pu=iAdg
has a solution u since | AdgdV =(dg A w=0, and moreover u is unique up to the
addition of a constant. But this is just 49§ =0, where §: =g+ 0u. From (3.1) (b) it
now follows that {4, 3§ = (g, 0*d§> = (g, [(AF —IA) + * dwA]dg> =0, so g gives
the unique d-closed (1,0)-form g’: = g. Conversely, every holomorphic 1-form on a
compact surface is closed [3], so that the map H(X, 0)—H(X, Q') defined this
way is invertible. Thus A**°(X)=h%!(X) and b,(X)=hA"°(X) +h* (X) iseven. [

Remark. An easy continuation of this argument shows that when b,(X) is even,
any real 00-closed (1,1)-form w is cohomologous mod im 0+ 0 to a d-closed real
(1,1)-form, and any two such (cohomologous) d-closed (1, 1)-forms differ by a d-
exact term, so w defines a unique element of H2(X, R).

In order to use the inductive hypothesis to prove Theorem 1, it is necessary to
find sub-bundles of a given bundle. However, in general one can expect to find at
most subsheaves which are sub-bundles off a finite set of points. To get sub-bundles
therefore, these singular points have to be blown-up, and then appropriate metrics
must be constructed on the blown-up space. For details of what follows, see [10,
pp. 182-187].

Let x be a point on the surface X and let ¥ 5 X be the blow-up of X at x. Given
the positive (1,1)-form @ on X, n*w is degenerate on the exceptional divisor
L=n"(x), but it can be modified as follows. If U is a sufficiently small
neighbourhood of x and U':=n"!(U), then there is a holomorphic projection
7, : U—TP,. Now L is the zero set of a section se I'(X, 0( —1)), so let i be the metric
on O(—1)(:=0(L)) over X\L such that |s|=1, and let h; be the standard metric on
0(—1)over IP;. Let g be any cut-off function with support in U such thatg=10na
neighbourhood of x. Then A:=(1 —g)ho + @nfh, is a metric on O(—1) and and the

resulting Chern formis ¢ =§% Jologhe A (X). o is identically zero outside of U

and is negative definite in directions tangent to L in a neighbourhood of L. Thus, for
sufficiently small &, &,:=n*w —eo is positive.

If wis d0-closed, resp. d-closed, then so too is &, and if o is rational (dw =0 and
[w]e H*(X, @Q)), so too is @ if ¢ is rational. These are the metrics used for the
Kodaira embedding theorem.

If wis 8-closed, then in a neighbourhood W of x, w = du+JV for some ue A%,
ve A0, Since { n*w A o does not depend on the choice of o, it can be supposed

b4
that supp o =< W, from which it follows that | n*w A ¢ =0. Similarly, deg(—, @)

x
does not depend on the choice of ¢, only on e. Note also that since L has self-
intersection —1, § o A o= —1 and Vol(¥, w) =% | &2 =Vol(X) —} &.
X b1
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Finally, note thatif f isa 1-form on X, thenlim {n*f| < n*| f|, where the norm on
-0
the left (resp. right) is with respect to @, (resp. ). This is easily checked by using
coordinates for which w(x) is standard; (equality holds at any point off L).

3. Desingularization of Sheaves

It is well-known that singularities on surfaces can be resolved by blowing-up [3],
and the same is true for coherent analytic sheaves. This will be indicated shortly, but
first a number of basic facts about sheaves will be recalled, taken directly from [18,
pp. 139-1607] (see also [9]).

Let B be a coherent analytic sheaf on a complex manifold X. The singularity set
of Bis S(B)={xeX:B, is not a free 0,-module} and is an analytic set in X of
codimension = 1. Thus B has a well-defined rank, b say. The torsion subsheaf t(B) is
defined by t(B), =torsion submodule of B,, and 7(B) is coherent. If 7(B)=0, then
Bis torsion-free and codim S(B)=2. Thus if X is compact and B is torsion-free, B
has a well-defined first Chern class. An equivalent definition of torsion-free is that
the canonical homomorphism B— B** is injective, where B*:=Hom(B,0). If
B=B** then B is reflexive and codim S(B)=3. In general, B is reflexive iff it is
torsion-free and normal, where normal means that I'(U, B)—I'(U\4, B) is injective
for any analytic set 4 of codim=2 in an open set U< X. Thus for arbitrary B, it
follows B* is reflexive. In general, a reflexive sheaf of rank 1 is a line bundle, so the
determinant of a coherent analytic sheaf Bofrank bis det B:=(A°B)**. If B~ Cisa
monomorphism of torsion-free sheaves of ranks b<c, then A’B—A®C is also a
monomorphism since the kernel is a torsion subsheaf’; thus if b=c, det B—detC is
also a monomorphism.

If 04— B—+C—0 is an exact sequence of sheaves with B reflexive, then
Lemma 1.1.16 of [18] states that 4 is normal if C is torsion-free. If C is not tor-
sion-free, then the maximal normal extension 4z of 4 in B is given by
Ap:=ker[B—C/t(C)]; thus there is a monomorphism 4— 45 and in this way it
generally suffices to deal with reflexive subsheaves of bundles in questions related to
stability.

In the case when X is a compact surface, torsion-free sheaves are singular only at
finitely many points and reflexive sheaves are locally free. If wis a positive 50-closed
(1,1)-form on X, the degree of a coherent analytic sheaf B of rank b on X is deg(B)
=deg(B, w) : =deg(det B, w), and u(B)=pu(B, w):=deg(B, w)/b. It follows from
Corollary 1 that if B—C is a monomorphism of torsion-frec sheaves of
the same rank, then p(B)=u(C). Also, despite its possibly non-topological
nature, deg(—,w) behaves well with respect to exact sequences 0»A—B—C
-0 of torsion-free sheaves, for since detB=(detA)®(detC) off a finite
set of points, this isomorphism extends by Hartogs’ theorem to all of X, giving
deg(B)=deg(4)+deg(C).

With these preliminaries out of the way, the desingularization of torsion-free
sheaves on surfaces can now be described.

Let B be a torsion-free sheaf in a neighbourhood of 0e €2, singular only at 0.
Thenina neighbourhood of 0, Bis given by an exact sequence 0»0™— 0" B—0,
Where f(x)is an # x m matrix of holomorphic functions which has rank m for x 0.
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A measure of the degree of the singularity at 0 is given by rank f(0). If this is zero, a
second measure is given by the smallest integer p such that »§ is contained in the
ideal I(f), generated by the germs of the m x m subdeterminants of f, where s is
the maximal ideal of O¢2 .

By elementary row and column operations, f is equivalent to a matrix of the

1
form < 0 2) where 1 is the unit k x k matrix (k =rank (0)) and g(0) =0. Blowing-

up the origin gives n*g=gs where s=diag(¢*,...,t*" %), a;>0, te'(O(-1))
defining the exceptional divisor L, with § nonsingular and having a non-zero entry
in each column. In terms of diagrams, this is

ok ok
0— @ —» ® ——1*B—0
om -k on-k

u@»—

ok ox -
0— & —s @ — B —0.

TO(-a) ¢ on-k

Here B is defined by the lower row.

Now let B, :=B/t(B), 4:=ker[0"—>B,], so 4 is locally frec and the map
7: A—O"is of rank = k + rank § at each point. In particular, f has rank m off L and
rank > k at generic points of L. If k =0, then at every point x € L, the smallest p such
that »2c I (f), is clearly less than that for I(f),. In this case, the procedure can be
repeated at each of the singular points of B, until eventually the rank of the derived
map J is positive at every point. Thus in either case, the rank of f can be increased
by blowing-up, and after finitely many such blow-ups a diagram of the form

0—s 0" 2L 0" — 7*B—50

L]

-~

0 » 4 » (" > B >0

is arrived at, where the lower row is an exact sequence of bundles.

It follows from the above thatif 0—» 4+ E— B—0is an exact sequence of sheaves
on a compact surface X with E locally free and B torsion-free, then there is a
modification ¥ 5 X consisting of finitely many blow-ups and vector bundles 4, Bon
X such that

00— a*4 —s n*E—— 1*B—— 0

o

0— A —r*E— B —0
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has exact rows, commutes, and has the lower row an exact sequence of bundles.
Moreover, off the exceptional divisor, the vertical arrows are isomorphisms. This
will be referred to as a desingularization of B.

Remarks. (a) Since A is locally free, so too is n*4, so a*A—»n*E is is a
monomorphism of sheaves even though = is not flat. Moreover, since n,0z=0x
and 7}, 05 =0 [3, Theorem 1.9.1] it follows that n,n*4 = A and nin*4 =0. Applying
7, to the top row of (3.1) then gives n,n*B= B and since ker(z,n*B-n,B) is a
torsion sheaf and B is torsion-free, it follows B—m, B is injective; this implies
T A=A.

(b) In general, if 0>A4’'—n*E— B'—01is exact with B’ torsion-free, thenn, B is
torsion-free so K : =ker[n,B’-+n,A ]is also; thisimplies n, 4" is locally-free. If Lis
any component of the exception divisor and 4’|, =) @(a;), then necessarily a;<0
for all i because 4’|, —»n*E|, is injective off a finite set and n*E|, is trivial. (If all q;
vanish it is easy to show 4'=7a*7,A4’, where 7 is the blowing-down map for L.)

(¢) If X is compact with positive dd-closed (1,1)-form w and ¥ 5 X is the blow-
up of X at xe X, let &, =n*w — ¢o be one of the forms constructed in Sect. 2. If Cis
aline bundle on X, then by [3, Theorem 1.9.1], & =n*C ® 0 (k) for some C € Pic(X).
Since 7, O(k) =0y if k <0 and ., O (k) =~ for k>0, n*C C or C ®»~. In either
case, det(n*C) C, so it follows that deg(C,d,)=deg(C,w)—c¢o ci(C)
=deg(m, C,w)~¢o - ¢,(C). If now C is an arbitrary torsion-free sheaf on X, then
n,C is a torsion-free sheaf on X and the isomorphism detn*C n,detC off a
finite subset extends to an isomorphism detn*C det[r,detC] over X by Har-
togs’ theorem. Thus deg(C, @)= deg(detC D) = deg(n*detC w) —e&a - ¢y(det C)
—deg(detn*é w)—¢e0 ¢,(detC)= deg(n*C w) —¢o - ¢;(C).

(d) With X, ¥isin (c), suppose that L =n~1(x)is the exceptional line and C on ¥
is locally free of rank n. Suppose, moreover, that C l.=2 O(—a;)forsome a;=0and
that C:=n,C is locally free.

By the Riemann-Roch theorem, the holomorphic Euler charactenstlc for C is
given by ()= p1(5)+*cl(X ) 61(5)+nx((9x) where p; =cf —2¢, and x(03)
is the birational invariant i (c;(X)*+c, (X)) =1y (c,(X )2+c2(X )). Moreover,
e(X)=c;(X)+t, where t=c,(0(1)). On the other hand, using the Leray spectral
sequence, y(C)=x(C)—x(#LC). Now, nil is supported at x and thus is
annihilated by »£*! for sufficiently large p (by the Riickert Nullstellensatz [9]),
and it follows that 7l C=n% €|y where L is the p-th formal neighbourhood of
L in ¥. From the exact sequences 0—0(q)— 00— 0pa-n—0, it follows that if
a, say, is the largest a;, then C(a,)|, has a non- vamshlng section extending
to all orders. By induction, C|.» can be expressed in terms of extensions by
lme bundles O( —a;), so for purposes of computing x(zk C) it can be supposed that
C= =3 0(—ay). Since n,0(—a;)=0z, the Riemann-Roch formula gives 1@ C)
= (L Y 0(~a) = (X 0x) -1 0(~a)) = ny(0x) =Y. x(O(~ay)) = ny(Oy)
- 4a,(1 —a)+x(0f)]=%Y ai(a;—1). Substituting this into x(C)=%(C)
~x(#L ) and using ¢,(C)=¢,(C) —at for a=Y. g gives p,(C)=p,(C)+Y.a}. In
particular, p,(C)2p,(C).

(e) If E is a holomorphic bundle on the compact surface X, then the Chern
classes of holomorphic subbundles E’ < E must satisfy certain restrictions. To see
this, fix an hermitian metric on E, so E’ and the quotient E” have induced hermitian
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metrics. In a unitary frame, the induced connection 4 on E has the form

_| 4 8
4= e 2]

where A', A" are the induced connections on E’, E” and e A%!(Hom(E", E'))
is a O-closed form representing the extension 0—»E'—E—~E"—0, (cf. e.g. [4)]).
(Conversely, 4', A", B gives E as smooth bundle a holomorphic structure, and any §
of the form ¢+ dy for t e C\0 gives an isomorphic structure.) The curvature of this
connection is

F'=p ~B* VB } (3.2)

rr" 0 s

The characteristic class p,(E)=(c? —2¢,)(E) is given by pl(E)=i [trFAF,
P .. 472 ¥
so if w is a positive (1,1)-form on X,

1 1 s
PE) =gz (|F? = |F- )= G| F|* - |F-|>) . (33)

The first and second Chern forms are ¢, =§l—7; trFand c, =81? [tr F2 —(tr F)?],
(where F?:=FAF). With G:=F —B A B* and B:=p A B* one calculates
1
(c; —cH(F") T [trG?+(trG? +2tr(G A B)+2(trG A tr B)] —(27) “2try Ay*,

where 7 is the component of B®B in A>2 @ S2E’' ® A2E"* (cf. [10, pp. 416—418]
for similar calculations). It follows that there are constants C;, C, >0 depending
only on the sup norm of F(A), and thus only on E and w, such that
*cy —B)WF)SCy+GC,|B?.  Furthermore, since f is a (0,1)-form, |8
= —ittABAB*=itrG—itrF, so if w is J0-closed, it follows that [|BPdV
< —2n deg(E’, w) +const. Thus there are constants C,, Cs >0 depending only on
E and o such that (¢, —})(E) £ Cy — Csdeg(E’, w).

Now suppose that A<=FE only has torsion-free quotient. Let ¥ 5X be 2
desingularizing space for E/4 and A be the “desingularization” of 4. For the
metrics @, on X constructed as in Sect. 2, |n*f| compares uniformly with |f] for
a two-form f on X by choosing the scaling factors ¢ appropriately. By remarks
@), () above, (c;—4cd)(A)=(c;—4cD(A)SCy—Csdeg(d, d)+4c,(AP <G
~Csdeg(A4, w)+4%c,(4), so the inequality

(c2 —cP(A)S Cy—Csdeg(4, w) (34

is valid for any 4<E with torsion-free quotient, with C,, Cs>0 constants
depending only on E, w.

(f) The last observation is the following: by definition, deg( —, w) ignores the
singularities of torsion-free sheaves. However, this is also true on the level of forms
in the following sense: if Q is a torsion-free quotient of a bundle E and the latter is
given an hermitian connection as above, then off S(Q) the bundle Q inherits an
hermitian connection and thus gives a curvature form F, on X\S(Q). The claim is
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that tr F is integrable and indeed 2’— f tr FydV =deg(Q, w), where the right-hand
T x

side is defined in the usual way. To see this, it suffices to assume that rankQ =1
(otherwise replace E, Q by AYE, A1Q), and then Q is the image in detQ of a
holomorphic map E—detQ which is surjective outside S(Q). Locally, the singular
part of Fy is then 0dlog|f|?, where f is a rank E-tuple of holomorphic functions
whose only common zero is the singular point. Pulling back to the desingularization
space X5 X, n*log|fP=log|fI* + Y a;logls;> where 7 is non-vanishing, s, is the
holomorphic function defining the exceptional line L;, and a;e Z. By the Poincaré-
Lelong lemma [10, p. 388], loglsj|2 is integrable and n*Fp=F5+2niy a;T,,in the
sense of currents. Since [ n*w =0, this gives j Forw= _[ *(FgAw)= [ Fgan*o,

and smce 0 =(n*detQ) ®K for some line bundle Kwith curvature Yn; a j»it follows
that =— | Fo Aw=deg(Q, w), as claimed.
2n X

In fact, since the curvature forms o constructed in the last section lie in LP(X) for

all p <2 (when pushed down to X\{blown-up points}), the same is true of ddlog|f?
and Fy.

4. Construction of Subsheaves

Let X be a compact surface and o be a fixed positive 0d-closed (1,1)-form on X. If B
isa torsion-free sheaf on X, a subsheaf 4 = Bwill be called admissibleif 4 iscoherent
and 0<rank 4 <rankB. Then B can be one of two types; namely, B has an
admissible subsheaf (type I) or, B has no admissible subsheaves (type II). All of the
analysis in this section will deal exclusively with a bundle E of type L.

The following fact will be used frequently (cf. [S, p. 3]): if E is a bundle which is
not stable, then there exists a stable admissible 4 < E with E/A torsion-free and
1(A4) 2 u(E).

Lemma 1. If E is a bundle on X, then {deg((4) : A < E is admissible} is bounded above.

Proof. If not, there exists a sequence A;=E with u(4;)1c0. Without loss of
generality, E/A; is torsion-free, and passing to a subsequence, rankd4;=aq is
constant. Then det 4;,->A°E is injective, and deg(det 4;)f co. Fix a connection on
A°E, and on (det 4,)* put the H — E connection. Then (2.5) applied to the non-zero
section of (det4;)* ® A°E yields a contradiction for i large enough. O

If A = E is admissible of rank a, let vg(4) :=a(u(E) —u(4)). By Lemma 1, the
possible values of v; are bounded below, and indeed, if E is stable, then vg(4) >0
for all admissible 4.

Lemma 2. If E is a stable bundle on X and if there exists an admissible A = E of rank a
such that vg(A)=inf{vg(4"): A'<E s admissible}, then

(a) A is stable; and

(b) B:=E]/A is torsion-free and stable.

Proof. (a) If CcA is admissible of rank ¢, a(u(E)—u(4))Sc(u(E)-p(C))
<a(u(E)—p(C)) since c<a and u(E)> p(C).



636 N. P. Buchdahl

(b) If 4 is the maximal normal extension of 4 in E, then a(u(E)—pu(4))
<a(u(E)—u(A)), so u(4) < pu(A4). On the other hand, 4 — 4 is a monomorphism so
#(A) S pu(A). Thus u(4)=pu(A), giving vg(A) = vg(4). By (a), 4 is stable, so 4~ 4
must be an isomorphism. Thus B=E/A4 is torsion-free.

If C = Bis admissible with torsion-free quotient, let K: =ker(E— B/C). A quick
calculation gives

ﬂ(c)zu(E)_‘i‘(VE(K)_VE(A))éﬂ(E)<ﬂ(B)s c=rankC . O

The strategy of this section is to produce subsheaves 4 < E with this infimum
property, to desingularize these, and show that (eventually) such 4 can be assumed
to be subbundles; this process commences with the next lemma.

Lemma 3. Let S be a torsion-free sheaf on X and let {L;}, be a sequence of line
bundles such that |p(L;)| £const and I'(X, L} ® S)+0. Then there is a subsequence
with ¢,(L;) constant.

Proof. By replacing S with S** if necessary, it can be assumed that Sislocally free. If
rank S=1, the result follows from Corollary 2. If rankS>1, pick a non-zero
homomorphism L, —S and let S, :=S8/L;, S{:=5/1(Sy), L, :=kerS§—S§;. From
the exact sequence 0—»L¥ ® L, » L* ® S— L¥ ® S{—0 it follows that the sequences
I'X, L} ®L,) and I'(X, L¥ ®S]) cannot both be almost always zero, so the result
follows by induction on rankS. 0O

The next lemma is the key lemma of this section even though its proof is trivial
when (X, w) is algebraic and straightforward when X is Kahler.

Lemma 4. Let E be a bundle of rank r on X and suppose that the main theorem has been
proved for bundles of rank less than r. Then

(a) If E is of type I, then there exists a stable admissible A = E with torsion-free
quotient such that u(4)=sup{u(4’): A’ < E is admissible}.

(b) If, moreover, E is semi-stable, then there exists an admissible B < E such that
ve(B)=inf {vg(B’): B' < E is admissible}.

Proof. (a) Choose a sequence of admissible 4,= E with u(4;)1M :=sup{u(4’)
: A’ c E}, and without loss of generality, each A, is stable and has torsion-free
quotient. If u(4,) is eventually constant, then 4; satisfies the requirements of the
lemma for large enough i, so suppose that this is not the case. By passing to a
subsequence it can be supposed that rank 4;=a is constant and p(4;) is strictly
increasing.

Since p(detd;)=au(4;) and det4;,— A°E is non-zero, Lemma 3 implies that
there is a subsequence with c;(4;) constant. By Proposition 2 therefore, it must be
the case that b,(X) is odd. Since each 4; is stable, it admits an H — E connection by
the inductive hypothesis, so by (3.3), {(¢} —2¢,)(4,)} is bounded above. On the
other hand, by (3.4), {(c% —¢;)(A4;)} is bounded below, so it follows that 2
subsequence has ¢,(4;) constant. By passing to yet another subsequence, it can be
assumed that {4,} is topologically constant.

Now recall that deg : Pic(X)— R induces deg : H!(X, 0)—R and this annihilates
the rank b,(X) lattice H '(X,Z)>H'(X, 0). Since b,(X) is odd by assumption,
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Proposition 2 implies that deg: H'(X,0)—~R is not identically zero, so
ker(deg)/H'(X,Z)=T, a torus, and Pic,(X)=H'(X,0)/H (X,Z)=Tx R. After
picking a basis for H (X, 0) as R-vector space and setting L;:=det4;, the
component of L} @ L;in T'can be assumed to converge to some element of 7, and on
the other hand, the component in R also converges since it is measured by deg and
deg(L;)TaM. Thus (a subsequence of the) L; converges to some L, & Pic(X) with
W(Ly)=aM.

Now let L e Picy (X) be a line bundle with u(L) =1, and set 4; : = 4; @ L™ *“), so
u(A;)=0, {4;} is topologically constant, and of course, 4; is stable. By the inductive
hypothesis, 4; admits a (unique) H — E connection, and this is moreover an anti-
self-dual Yang-Mills connection. The curvature F; of these connections satisfy
|F; |22 =4n%p,(4;)=constant, so by Uhlenbeck’s weak compactness theorem [22],
[19, 5], there is a finite set S= {xl, ..., Xy} < X such that a subsequence of these
connections (on the same underlying smooth bundle) converges weakly in
LY 1o (X\S) for any p to an anti-self-dual connection over X\S. By the removable
singularities theorem [21], this connection extends across S to a smooth ASD
connection on a (possibly topologically different) bundle A4, , This ASD connection
gives 4., a unique holomorphic structure.

Since det4;=L; ® L~*“) and this converges to L, ® L™*M, it follows that
detd,=L,Q®L™ "™ and u(4,)=0. Setting A,:=A4, LM, it follows that
wAy)=M and A;—>A4, weakly in L}, (X\S) for any p (in the sense of
connections).

1t suffices now to produce a non-zero holomorphic map 4, — E, for if 4, is one
of the stable components of 4, whose existence is asserted by Corollary 4, and if
A~ E is non-zero, then 4., — E must be a sheaf inclusion else the image [/ satisfies
M=pu(AL) <u(l). Moreover, A, must be equal to its maximal normal extension
A, in E (since the latter must have u= M and is therefore semi-stable), so 4/, has
torsion-free quotient.

The existence of a non-zero holomorphic map 4, — Eis proved by repetition of
Donaldson’s argument [5, pp. 22-23], and will be an argument appearing here
subsequently also.

For each j, there is a non-zero holomorphic map s;: 4;— E. Fix an hermitian
connection on E compatible with d; and, as before, 4; is equipped with its
H—E connection. From (2.5), 4|s;? +i*(|s;*dw) —i*8(s;* 0w) < (| + | Fe)ls; P
<const|s;[?, so by Theorem 9.20 [8] it follows that sup Is;? < C||s;||2sx,- Choose

balls B, about the points x, € S such that A, E are holomorphically trivial on them
and such that C*Y Vol(B,)=%, and normalize s; so that ||s;||;ex,=1. Since the
connection connections converge weakly in Lf ,,.(X\S) for any p and 0;s;=0, it
follows that |s; || 3 < const(|s; | ek, + 1) S const for K : = X\ U B,, (using also the
C° bound on s;). Thus {s;} has a subsequence converging weakly in L3(K) and
strongly in C°(K) to a limit s,, which satisfies 0,,5, =0. Since ||s;||3sx, 24 for all j,
the limit is non-zero, and by Hartogs’ theorem, it extends to X to give a non-zero
holomorphic map A, — E. This completes the proof of ().

The proof of (b) is essentially identical. If B E is not stable, then there exists
stable B’ = B which has E/B’ torsion-free and vg(B') Svg(B). The proof of (a) can
then be repeated by choosing a minimizing sequence for vg and passing to a
subsequence of constant rank. [
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Let X5 X be a modification of X consisting of N blow-ups, and let o be a
positive do-closed (1,1)-formon X. Let gy, ..., oy be forms constructed as in Sect. 2,
one for each component of the exceptional divisor and all pulled-back to X. Suppose
ay,...,ay>0 are such that, if ¢ : =) &;0;, then n*w —g is positive. Then &, : =n*w
—gg is positive for any ¢ € (0, 1] since n*w is positive semi-definite. If Eis an r-bundle
on X, then by Lemma 4 (a), there is for each ¢ a subsheaf 4(g) c#n*E maximizing
u(A4, @,) over all admissible 4 cz*E. This can be strengthened as follows:

Lemma 5. There exists ¢,>0 and a stable admissible Ay n*E such that p(4,, @,)
=sup{u(4, ®,) : A= n*E is admissible} for all e€ (0, &].

Proof. Take g; =1 and choose 4; «n*E according to Lemma 4 (a). Suppose that
there exists g, <& and A, cn*E with u(4,,d,,) > n(d;, d.,). Without loss of
generality, 4, has torsion-free quotient so by remark (b) of Sect. 3, ¢ - c;(4;) =0.
Moreover, using remark (c); u(A;,®,,)=p(myd;) =10 ¢1(4r)/ay Z p(m,Az)
—&10¢1(Ay)]ay = (A3, @,,) and p(A4;,d,,)=p(ned) —e20° ¢ (4;)/a; < p(ny4,)
—&0 " ¢;(4z)/a, = u(A4;, »,,). These imply (e, — &) [¢ - ¢1(41)/ay —@ - ¢1(42)/az] <0,
50 ¢-¢;(4y)/a; <g - ¢,(4,)/a,. Here a,=rank 4,.

Now replace (¢, , 4,) by (&3, 4z). This process must terminate after finitely many
steps because g - ¢;(4;) is bounded above by zero, all the ;s are positive, and the
coefficients ot the a;’s in ¢;(4;) are all non-negative integers. [

Corollary 8. If E is w-stable, then

(@) n*E is &,-stable for all & sufficiently small, and

(b) there exists & >0 and admissible Bycn*E such that vu.g(Bgy, ;)
=inf{vug(B, @,) : Bon*E is admissible} for all £€(0, &).

Proof. (a) Let M :=sup{u(4, w): A < E is admissible}. Since M is realized by some
Ac E by Lemma 4(a) and E is stable, it follows M < u(E). Let Ao =n*E be the 4o
given by Lemma 5. Then p(do, @) = p(m, 4o, ) — €@ - ¢1(do)/ao S M —&g - ¢;(Ao)/a0
< u(E, w)=u(n*E, @,) if ¢ is small enough.

(b) Take ¢, small enough so that n*E is &,-stable for ¢<¢,. Choose B, cn*E
according to Lemma 4(b) and repeat the argument of Lemma 5. O

Thus stability is preserved under pull-backs to blow-ups (in the above sense).
[Semi-stability is not preserved!]. The following lemma shows that this is also true
of the desingularization process:

Lemma 6. With X, X, w, ¢ as in Lemma S, let B be a torsion-free sheaf of rank SronX
and suppose that B on X is a desingularization of B according to Sect. 3. Then
(@) If B is w-stable, it follows that B is &,-stable for £>0 sufficiently small;
(b) If B is given by an exact sequence 0—A— E—B—0 with rank A<r and
0 A—n*E- B—0 is the desingularization sequence, it follows that 4 is é3,-stable for
sufficiently small ¢>0 if A is w-stable.

Proof. (a) There is nothing to prove if B has no admissible subsheaves, so suppose
that it has such subsheaves. By the Remark (a) of Sect. 3, there is an exact sequence
0-> B—»m* B Q—0, where Q : = quotient is supported on S(B). If follows that det B
=det(n*B), so u(B)=u(n,B). Now, n,Bis also stable : if 4 =, Bis admissible, let
I'be the image of A in Q under the composition 4 <»n, B-»Q. Then A': =ker(4—1)
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is an admissible subsheaf of B, and since B is stable it follows y(A )< u(B). But as
above, A’=A off a finite subset, so (A)=p(A") < u(B)=p(m, B).

By Lemma 5, there exists 4, B such that u(4,,d e)-—sup{u(A &) AcB}
for all ¢ small enough. So if a=rank4,, b=rankB and ¢ : —u(n*B) p(m Ao),
then 6>0 and u(4,, &,)=p(n, A4y, w) —eg- c1(4o)/a= u(n*ﬁ w)—0—&g ¢ (Ag)a
=u(B,@,)—d+e(o ¢, (B)/b—o- cl(Ao)/a)<u(B @,) if & is small enough.

(b) The same proof as (a) works (and is simpler since 7,4 = A4 is stable by
hypothesis). O

The next lemma is somewhat technical and is required for the proof of the main
result of this section which follows it.

Lemnm 6. Leta=(a;,n,,...) be anelement of I, all of whose entries o, are positive, and

let {a’}j-"= 1 be a sequence in 1, such that all entries af in a’=(af,a$,...) are non-

negaitve integers (so almost all af are zero for fixed j). Suppose that A;:={a,a’)
@

=Y oaf is strictly increasing. Then {|}a’||,,} is unbounded.

i=g
Proof. Suppose on the contrary that |a/|| < Bfor allj. If, for each i, {af} %, is almost
always zero, choose ko such that Y of <(A4,/B)?, and choose N so large that

izko 1/2
a}=0 for all i<k, if j2N. Then for jZN, A,<A;= Y, a,-a{g( > a,z)
‘(Y (@)»'* <(A4,/B) - B=A,, a contradiction. izko izko

So there emsts k such that {aj} 2, is not almost zero, and let k, be the first such k.
Since ||a/| < B, {af,} is bounded, there is a subsequence which has aj,=a,+0
constant, with af, . aio =0 for all ;.

Since {4;} is strlctly increasing, there exists M such that Ay > oy, ay,. If every
entry after the ko-th in the subsequence is almost always zero, choose k; so that

Y o <(Ap —o,a,)? B~ and N> M so large that af =0 for all i with ko <iSk,
izky

ifj= N. Then for j = N, the same contradiction as above ensues, giving another entry
which is not almost always zero. Repeating this argument B?+1 times gives the
desired conclusion. O

Proposition 3. Let X be a compact surface with positive 00-closed (1,1)~form w, and
suppose that the main theorem has been proved for bundles of rank less thanr. If Eis an
w-stable r-bundle on X which has an admissible subsheaf, then there exist

() a modification X 5 X consisting of N blow-ups;
(i) ay,...,oan>O0suchthat,if 6y, ..., onare forms constructed as in Section 2 and
0:=Y o0y, the form w*w —gq is po.s'ztwe
(iii) &> 0 and a subbundle A < n*E such that veg(A4, &,)=1inf {Vep(d', Gp): A’
=n*E is admissible} for all e€(0, &), where @&, :=n*w —gg.

Proof. By Lemma 4(b) there exists Ao E satisfying vg(4o)=inf {ve(4"):4'<E
admissible}, and the quotient By : = E/A4p is automatically torsion-free and stable by
Lemma 2.

If B, is locally free, then there is nothing more to do, so ) suppose this is not the
case. Desingularize B, to get X, 5 X together with n* By—» By, n*4, = 4. Let {0}
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be any of the forms of Sect. 2 (one for each exceptional line), and choose «;> 0 so
that g,:=) o;0; has n*w —g, positive.

By Corollary 5(b), there exists 4, = n*E satisfying (iii), except that it may not be
a subbundle. If not, for any positive ¢ sufficiently small one has vg(myA;)
+&go - cl(Al)—Vn*E(Au DS Vep( Ao, B) = ve(m,Ao) +£0 - ¢ (Ao). Since m, A=A,
letting e—0 gives vg(n,4,) S ve(4,), and by definition of 4, the reverse inequality
holds also. So vg(n,A4;)=vg(4,), giving gy ¢;(A4;) =00 " ¢,(4,). If equality holds
here, then 4, satisfies the requirements of the proposition.

Suppose then that g, - ¢;(4,) < go * ¢;(4,). Desingularize the torsion-free sheaf
B, :=7*E/A; to get X, > X,, n‘l"Bl —»B,, n*A,<>4,. Choose more ¢’s and o’s so
that ¢, :=n¥go+) ay0; has n*w—g, positive, where n denotes ¥;—»X. Now
choose A, according to Corollary 5(b) so that v..g(A,, @) =inf {vep(d',d;): A’
cn"‘E} where @, =n*w—eg,. (It is important to use n:X, -»X rather than
n,: X; X, at this point.] Again one obtains vg(mAy) S vg(n,A,;), and since
MyAy =TMgemyed; =7peAd;, it follows as before that vg(m,4,)=vg(4,), and
01" ¢;(4;) < g, * ¢,(4,). If equality holds here, then 4, satisfies the requirements of
the proposition; otherwise, repeat the process again.

If this procedure fails to terminate, then there is an infinite sequence of
modifications ... ,+1—~>X—+ .—X with 4;,,, A .cn*E on X; ;+1 satisfying
VE(E* ,+1)—V£(75* J)_VE(AO) and gj+; "¢ (AJ+1)<Q]+1 C1(AJ), where n denotes
X,+1—>X Here Qj+1=T n¥10;+ Y, 0;0; for some ;>0 and o; belonging to the
modification X; +1—->X

Since 4; results from the desingularization of the torsion-free sheaf B;=n*E/4;
on X Qj+t” ci(4; NS0 ci(4)); (mdeed this is strict). Thus {g;4; - c,(A,)} isa
strictly decreasing sequence. By passing to a subsequence it can be assumed that
rank 4;=a is constant, and then the equation vg(n, 4 ;)=vg(4,) implies p(m, A ;s
constant Since m,, A; jis contained in E and has torsion- free quotient, it follows from
Lemma 3 that there is a subsequence with ¢y (m, A ;) constant. Since ()—»n*A —E
-m,B;~0 is exact off a ﬁmte subset, ¢, (n,B;) is also constant. Thus if ¢ (n*A ;)
—ﬁeHZ(X Z)and ¢ (n B))= yeH2(X Z), then it fonows that ¢,(4;) =B +Y dlo;
and cl(B) y— ajai for some non-negative integers aj. If Qj+1 =Y ;0;, then
Qj+1°C (A J=—)ajo; is strictly decreasing with j, and since Vol(X 410
*w—g;.1)=Vol(X) -5 of, the infinite sequence of o’s is in /,. By Lemma 7,
la?|* :=Z (a})? is an unbounded sequence.

Now, by Lemma 2, 4; and B; on X X; are stable with respect to n*w —gg; for
¢ sufficiently small. So by Lemma 6, A and B on X; ;+1 are stable with respect
to some positive do-closed (1,1)-form on j+1 (not necessarily n*w —£gj+1)- BY
the inductive hypothesis, they admit H—-E connections and therefore satisfy
Liibke’s inequality [15]: with 4=4;, B=B,, rank4=a, rank B=»b, this states

- ~1
(az ! -2—b——c%—c2 (B)<0. Adding these together and
substituting  ¢;(4d)= ﬂ+Za, o,, cl(B)-y—Za{o—,-, c2(E)=c,(A)+c2(B)
. -1
+¢1(4)¢c;(B) gives 0>—B ﬂ+ 557 y+B-y——c2(E)+2—:E||a’||2 after

ashort calculation with some fortultous cancellations; (r = a+ b of course). Since all
terms except the last on the right are independent of j in this inequality, the desired
contradiction has been achieved because ||a’| is unbounded. [
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5. Proof of Theorem 1

In order to prove the main theorem, a certain functional, to be given shortly, must
be minimized. The set over which this minimization is performed is the set of all
integrable L? connections on a fixed U(r)-bundle, each connection inducing the
same holomorphic structure. By the Newlander-Nirenberg theorem, a smooth
integrable connection induces a holomorphic structure, but it is not immediately
clear that the same is true of general Lf connections. However, the following resuit
shows that if p is large enough, this is indeed the case. The proof was suggested by
the proof for the case n=1 in [1].

Lemma 8. Let B, denote the open unit polydisc in €" centred at the origin. Let A be an
r x r matrix of (0,1)-forms with coefficients in L 1..(B;) satisfying 0A+A A A=0,
where p 22n. Then locally in B, A=u""0u for some ue L3.

Proof. Consider first the foliowing: let # denote the Banach manifold of invertible
r x r matrices on IP, with coefficients in L, .# denote the Banach space of r xr
matrices on IP, with coefficients in L?, and .« denote the Banach space of r xr
matrices of (0, 1)-forms on IP, with coefficients in L?. Let .# * be the subspace of M
perpendicular in L? to the constant matrices.

Since p >n, the Sobolev embedding theorem shows that the map ¢ given by

U X A3, A)—0*u u+u" ' Au)= —iAd(u ou+u"Auye #*

is a smooth map of Banach manifolds % x of —.# 1, where the adjoint is with
respect to the Fubini-Study metric on IP,. The partial derivative of ¢ in the %-
directionat (1,0)is T#3v+ A4"ve 4 *, which is surjective with kernel the constants.
By the implicit function theorem, the equation 0*(u™'0u+u"'A4u)=0 has a
solution ue % for all 4 € o sufficiently small.

Now suppose that A4 is simply a matrix of (0,1)-forms with coefficients in
L% 1,.(By) satisfying 04 + A A A=0. Pull-back 4|5, to B; by the holomorphic map
B,3zvrzeB, to give 4,€ LY(B,). Then | 4,|| Lyp,)<constr! ~2"? "A ||Lf(3,). Let 7
be a cutoff function with support in B, and with =1 on By/,. Then if 4,:=n4,,
|4,] = const | 4,| gs)<constr! “2%P|| A | g, and the last term on the right
can be made arbitrarily small by shrinking r since p =2n and 4 e L{(By,).

The matrices 4, can now be regarded as defined on IP,, so if r is small enough,
there exists » such that 0*(u™'0u+u"'A,u)=0. If A,’:=u:‘5u+u“A,.u, then
JA + A, A A =u"Y(JA, + A, A A)yu=u"[{0(nd,)+(n4,) n(nA)}u. Thus near 0,
A, satisfies the (overdetermined in general) elliptic system 0*A4,=0, J4,/=
~A;AA] and is therefore smooth there. By the usual Newlander-Nirenberg
theorem A, =v ™18 for some smooth v defined near 0, and if W:=ovu" '€ L} then
Ww~15% = 4, near 0. Reverting to the original coordinates gives 4 =w ™! ow for some
we L8 defined near 0, and the conclusion of the lemma follows by applying this
result at each point of B;. 0O

Remark. With simple alterations the above proof can be sharpened to p>n.

The functional to be minimized can now be given — it is almost identical to
Donaldson’s [4], so the same notation will be used.
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For hermitian r x r matrices M, the trace norm is v(M) : =tr(M*M)'2 =" |}
i=1
where {4,} are the eigenvalues of M repeated according to multiplicity. As explained

;* f;) then v(IM)2|trA|+|trD|. If sis a
section of the endomorphisms of a U(r)-bundle E on the compact surface X, set
N(s):=||v(s)|| Locx)» and for a connection 4 on E with curvature Fin A!*'(EndE),

in [4], it defines a norm, and if M=

the functionalis J(4): = N(iF+ A1), where A=A = —11—/ ] tr FdV. Here p will be some
irVx

fixed number greater that 4.
The following lemma corresponds to Lemma 3 of [4].

Lemma 9. Suppose that Theorem 1 has been proved for bundles of rank less thanr. IfE
is a stable holomorphic r-bundle on X which can be expressed as an extension
0> B— E—-C—0with B, C stable, then there is a smooth hermitian connection A on E
compatible with 0y such that J(A)<4nVY P~ 1y (B).

Proof. On B, C, fix the H — E connections which exist by the inductive hypothesis,
and let Be A% (Hom(C, B)) be a d-closed (0,1)-form representing the extension
0->B—E->C-0.

If Q is the operator Q := —iAd7, then Q =iAdd —iA(0F+ 60) =P —iF [cf. (2.2),
(2.3)], so from (2.4) it follows that Q + Q* = P+ P* —2iF= A —iF. For the induced
H — E connection on Hom (C, B), F=i(A3 — )1, and since Eis stable, 15 > Ac. Thus
Q* has no kernel and Q is surjective ; in particular, there exists y€ Hom(C, B) such
that A(B+dy)=0.

If Bis thus modified so that A0 =0, now rescale it so that sup|8|=1; (B +0since

X

E s stable). Using ¢8 in place of g for t =10, (3.2) shows that the curvature of the
induced connection on E has

(Ag—Ag)1 —it*AB A B* 0 ]
0 g —Ac)1 —it2AB* A B |

Since Ag> Ag> Ac, when ¢ is small enough all of the eigenvalues of the top term
are negative and all those of the bottom are positive. For such such ¢, it follows
that  v(iFp(t)+ A1) = —tr[(Ag —Ap)1 —itPAB A B*]+tr[(Ag —Ac) 1 —it2AB* A B]
=41tV'1vE(Bl)—-2t2|ﬁ|2. Since |f* <1, taking 7 sufficiently small gives N(iF(?)

+z1)<4nV? 'v(B). O

The next step is the equivalent of Lemma 1 of [4], but in the current setting, it is
made considerably more complicated by the presence of singularities of one sort or
another.

Suppose, as usual, that E is a stable r-bundle on the compact surface X, where
stability is with respect to a fixed positive do-closed (1,1)-form w. If E has an
admissible subsheaf, pull-back E to the modification ¥ 5 X given by Proposition 3
and fix one of the forms @, described there. By Proposition 3 and Lemma 9, n*E
admits a smooth connection A with J(4) <4z 77~ 1m, where V= Vol(X, &,) and
m:=inf{vug(S, &,) : S = n*E is admissible}. IfE has no admissable subsheaves, n0
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blowing-up is required what follows. To simplify notation, (X, n*E,d,) will
temporarily be denoted by (X, E, w) when E is of type I.

Now choose a sequence 4; of smooth connections on E which minimize the
functional J. Since line bundles admit H — E connections, it can be assumed that the
induced connections on det E are all the same; namely, the H — E connection.

Since J(4;) is comparable with the usual L? norm of the self-dual component of
the curvature F(4,), | F(4;)||z: is bounded. By the weak compactness theorem of
Uhlenbeck [22], ([19, 5]), there is a finite subset S={x;, ..., xy} = X and local gauge
transformations such that the gauge-transformed connections converge weakly in
L2 1, (X\S). In fact, an inspection of the proof of Corollary 23 [5] shows that the
sequence can be assumed to converge weakly in Lf 1,.(X\S), for all that is required
in the proof of that corollary is a uniform bound on the L? norm of the self-dual
component of the curvatures. The transition functions of the resulting “bundle” on
X\S are then continuous, and (as in [5]), Sect. 3 of [22] applies to construct global
gauge transformations from the local ones. Thus, after suitable bundle automor-
phisms of the underlying U(r)-bundle, (a subsequence of) the gauge-transformed
sequence, also denoted by 4;, converges weakly in Lf ;,.(X\S) to a connection 4’
with F(4")e L*(X) and F(4")e LP(X). By semi-continuity, J(4") SinfJ(4,).

The connection A’ has curvature of type (1,1), so by Lemma 8 it induces a
holomorphic structure; denote this holomorphic bundle on X\§ by E’. Since
the connections on detE do not change in the sequence, detE’=detE and
tr F(A")y=tr F(4,).

Following Donaldson [5] again, a non-zero holophorphic map E— E’ will now
be constructed, as in the proof of Lemma 4. Let g; be the complex automorphism
intertwining 4, and A4, with detg;=1 for all j; (that is, g, is the map which gives the
isomorphism between the holomorphic structure E, defined by 4 and that which is
defined by 4;).

By (.5), dlg+i*a(g,?00)~i*d(g;Pow)<2(Fol+IFDg;P, so by
Theorem 9.20 [8] there is a constant C, independent of j, such that sgp lg; 1?

<Cl||g; 22+ | Fol +1EDIg;P|| cx)]. By Holder’s inequality, it follows that
Sl)l(plg,-|2§Cl(gj |2ex) for g=8p/(p—4) and some new constant C, using the

uniform bound on || £;|| .». Since {4;} converges weakly in Lf, jo.(X\S) and p >4, the
Aj;s are bounded in C°(K) for any compact K< X\S. Repeating the argument of
Lemma 4, after rescaling g; to g satisfying || ;|| axy=1 and choosing small balls B,
about the points x,€ S, a subsequence of the §;’s can be found which converges
weakly in L8(K,) and strongly in L%(K,) to a non-zero limit § representing a
holomorphic map Eo—E’, where Ko=X\UB,. Since 0K, is pseudo-concave, §
extends to X\S, and by diagonalization ([19]) it can be assumed that §; is converging
weakly to § in Lf 1, (X\S).

Since the connections on detE, detE’ are the same, detd is a holomorphic
function on X\S, and therefore constant by Hartogs’ theorem. Suppose that detg
=0. Then § has non-zero kernel at every point, giving a diagram on X\S

0—K— E—Q—0

gl ! G.1

0e—C—EFE T 0.
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where K=kernel, Q =quotient, I=image, C=cokernel. If O(E), is generated by
sections ey, ..., e,€ I'(B,, O(E)) as O,-module for each x e B,, then the images of
e,...se, in I'(B\{x,}, Q) generate Q, as O,-module for each yeB,\{x,}. By a
theorem of Serre [20], i, Q is a coherent analytic sheaf on X, where i: X\S—X is
inclusion. {Indeed i, Q is locally free in a neighbourhood of x, € S, being torsion-free
and normal there; E—i,Q need not be surjective at x, though.] It follows that i K is
coherent, so in particular, £ has an admissible subsheaf and is therefore of type L.

Off a codimension =1 analytic subset 7 of X\S, (5.1)is a diagram of bundles. In
a unitary frame for E’, the curvature F(4') has the form

Fr—BAB* Ve }
~VB*  Fc—p*nBl’

where fe A% (Hom (C, I)) is a d-closed form representing the extension 0—1—E’
—C—0. Moreover, irig=tr F(4,) =trF(4")=tr F,+tr F, and it follows from the
property of v stated earlier in this section that v(iF(A4")+Ag1) 2 |tr(iF, —iAp
AB*+ D) +itr(Fe —IAB A B* + Ag )| =2|triF, +|BP +gAg), where g=rankQ
=rank/ and [Bf=—tridBAB*. Thus J(A)=|v(iF(A)+ D) Lre)

22V Yy (E(A) + 25D | Ly 22 V”‘"“j' [(trif;+gig+ 18P +q(Ag —iQ)]dV‘.
X

F(4") =[

If it could be shown that | (triF,+qu+|ﬂ|2)dV were non-negative, then a
X

contradiction (to detd = 0) would be obtained at this point. For since E is stable, 4z
>Ag, and therefore J(A)22V'Pq(Ag—Aig)=4nV'/P~1yy(K); this contradicts
Lemma 9 and J(4") SinfJ(4,).

Were it not for the singularities arising from the Uhlenbeck-Sedlacek-
Donaldson technique, the non-negativity of the above integral would be im-
mediate: | (triF,+q/1Q)dV is the volume of the zero set of detQ-—>detl/.

X
To see that the above integral is always non-negative, note first that on
X\(SuUT), trFy=trFy+3d0log|j,*, where g, is the induced map AE—AIE"
Although 0dlog|g,|* may not be integrable, it can be assumed that 09|g,[* is in
L'(X). For

00\g;* =<0yg;,09,>+<9;, Fi9;—9;Fo) - (5.2

(where ¢, > involves only the inner product on EndE and not that on A'?).
Rescaling g; to §;, applying i4 to (5.2) and integrating gives ||8g; | .. Sconst,
so {8g;} can be assumed to converge weakly in L*(X) and 00|§1* = (o4, 04>
+{g,F(A") g —§Fy)> € L'(X). The same conclusion applies if § is replaced by g,

If 5 is the composition A2E— A1Q<>detQ and detQ is equipped with its H —E
metric, then with the induced metric on Hom (A, detQ) it follows trFg=Fye0
—d0log|s|* where Fyop=ilgerg=iqAg. Thus

trif;+qig+|BP =Plog|g > — Plogls|? + 8> , (5.3)

where P=iA00 is the operator of Sect. 2.
Although triF; and |8* need not be integrable, the sum on the left of (5.3) isin
LP(X) since F(4")e L?(X) and hermitian projection has constant norm. Thus if



Hermitian-Einstein Connections 645

) (trif 1+qlg+|BP)dV =a, then there exists ¢ € LE(X) such that Pp=triF;+gly
+|BI> —a/V. Hence

Plog(1§*e™*) +IB —a/V = Plog|s/* , G4

If(fi,...,f,)is ann-tuple of holomorphic functions which is not identically zero and
IfE=Y1f, then log|fP is plurisubharmonic; ie. iddlog|f?<0. Therefore
Plog|s|* is bounded above, and a smooth function y can be chosen so that Plog|s|?
+ Pyris negative in a neighbourhood of each of the zeroes of 5. [Since A4Q is torsion-
free, s has only finitely many isolated zeroes.] Thus

Plog(|g,*e" =) +IBI* —a/V=Plog(s*¢¥) , (5.5

with the right hand side negative in a neighbourhood of each of the zeroes of s.

Suppose now that a= —b? < 0. By the last remark of Sect. 2, the right-hand side

of (5.5) is integrable, so a smooth bump function #=0 can be found which is

identically equal to 1 in neighbourhoods of the zeroes of s and is supported in the

neighbourhoods where Plog(|si*e¥) <0 such that [ nPlog(ls*e¥)dV = —c* with
X

<4 b2 Then | (1 —n) P(log|sPe¥)dV =2, so there exists a smooth function y such

X
that  Py=(1—-n)Plog(s?e¥)—#/V.  Thus  Plog(si*e*)=nPlog(s|*e*)
+(1 —n) Plog(|s?e*) (1 —n) Plog(|s|*e*)= Py + 2|V, so (5.5) gives

Plog(|gglf e’ * ™M) +IBP < (2 -bY)/V <0 , (5.6)

But since Plogf=f"!Pf+|0logf for any positive function f, (5.6) implies
P(|§*e*~* ") <0. This gives the desired contradiction, for 00|g,f* e L'(X),
¢ LE(X)S>C(X) and y, y are smooth, so d3(|G le¥ ~¢~*) e L'(X), and a sequence
of smooth function f; such that 80f; converges to dd(|Fle*"*"%) in L'(X)
(8, Theorem 7.4] yields 0=lim [i09f; A <0. This means that a is, in fact, non-
negative, and consequently det§+0 by the earlier argument.

Thus when E is of either type, §: E—E’ is an isomorphism. Unfortunately, a
priori this is only an isomorphism outside S and it must be shown that §e LE(X).
By emulating part of Donaldson’s argument in [5], it will be be shown that S'in fact
is empty.

Recall that the unscaled g;’s had detg;=1 and that §;=g;|g;|z for
q=8p/(4 —p). From the preceeding arguments, sup|g;| < const ||g;| . is uniformly
bounded and therefore, so too is Sl)l{p lg; .

If h;:=g*g;, then Fj=g;(Fo+0o(h; *doh)g; ", giving
0o0oh; =g Fjg; —h;Fo+0oh; Ay 1 0oh;

Since {;}, {h;'} are uniformly bounded, |55k’ = —itrAGoh; A oh; compares
uniformly with —itr Adyh; A b} ' 0oh;, and after applying triA to the above equation
and integrating, it follows that {3,4;}, and hence {h; ' 9ok}, is bounded in L*(X). By
ellipticity of 8y, {h; *dph;} is bounded in L}(X), implying that {#,} is bounded in
L2(X). Thus a subsequence converges weakly in L3(X), and by compactness of the
embedding L2<»L%2, strongly in L7*(X).
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For any j.k, set g:=gxg;' and hy:=ghgp. Then iA0;0;hu=g%iFg;
—hyiF+ iAd;hy Ahz! thﬂ,, and taking the trace gives Ptrhy <tr [iﬁ‘kgkhj'lg;:‘
~iF,gt " 'hyg; =te[iFi(guh; gt —1) —iFy (g}~ hg; * —1)]Sconst (B
+ |F,I)|h ;—hy|, using here the uniform bounds on sup |}, sup|h; !| and the fact that
trF,=trF;. Interchanging j, k and adding gives Pa(h;, hy) < const(|Fj|+| Bk
—hy|, where a(h;, b):=teh; * by +trhg thy—2r (cf. [5, Sect. 2]). By Theorem 9.20
of [8] and Hélder’s inequality, sup a(h;, i) Sconst(||h; —hy|| o+ ||o(hs, b o)

X

Sconst ||h; —h || Lo2. Since {h;} is converging strongly in LY2(X), it follows that the
sequence is uniformly Cauchy and therefore converges in C°(X). By (the proof of)
Lemma 19 of [5], it follows that {h ;1 is in fact bounded in L8(X), and by making the
unitary change of gauge g;+—h}’?, a weak limit g e L5(X) is obtained such that the
associated connection 4’ minimizes the functional J.

The next task is to show that infJ=0; the argument follows closely that in [4].

Recall the operators P=iA80 and Q= —iAdd. Since P+ P*=A+iF and
Q+Q0*=4—iF, R:=P+Q satisfies R+R*=24. Any solution se L§(End E) of
Rs=01is necessarily of the form s =const 1 ; this is true even though R may not have
smooth coefficients, because a sequence of smooth connections A; can be chosen
converging strongly in L to 4" and the corresponding operators R; have the same
second order term, first order terms converging in L} and zeroth order terms
converging in LP. Thus 0= (s, Rs)=lim s, R;s) =1im {d;s, d ;5> = {d 45, d45);
implying s=const1.

The same type of elementary approximation argument shows that there is a
unique solution se L§(End E) n(ker R)* to Rs=iF(A")+ Azl [since iF(A")+ g1 is
orthogonal to ker R*), and s is self-adjoint since (Rs)*=Rs*. If g, : =1 —1s, then g,
is invertible for small ¢, and F,:=F(g,A")=F(A")—t(00 —80)s+O(t*). Thus
iF,+ Agl =(1 —)(iF(4")+ Ag1)+ O(r?) implying iF(4") + Ag1 =0 else J is not mini-
mized at t=0.

In the case when E has no admissible subsheaves, it has now been shown that £
admits an H — E connection. In the case that E does have admissible subsheaves, it
has been shown that n*E admits an H — E connection for each of the forms &, of
Proposition 3, where ¥ 5 X is the modification described in that proposition. The
final task is to push these down to X.

Recall that the forms g, of Proposition 3 could have support in arbitrarily small
neighbourhoods of the exceptional lines they represent, so @, —n*w can have
support in an arbitrarily small neighbourhood of the exceptional divisor D.
Shrinking these supports (and necessarily, the coefficients a; at the same time) gives
a sequence of forms {@;}, say, and corresponding connections A jon m* E such that
4 ;is an H — E connection for @&;. Thus if {xl s ... s Xy} =n(D), then off each fixed
(but arbitrarily small neighbourhood) of n(D) the sequence 4; can be viewed as
a sequence of connections 4; on E, which for j large enough, are all H—E
connections for w. The constants Ag in this sequence are of course changing:
(Ag)j= —2nu(E)/Vol(X, &;), with Vol(X, &;)~ Vol (X).

Applying the argument of Uhlenbeck-Sedlacek-Donaldson once again, there
exist Xp41,...,Xy€X such that, if S:={x,,...,xy}, then after suitable gauge
transformations the A; converge weakly in Lf ,,.(X\S) to an H — E connection 4
with finite Yang-Mills action over X\S. (The U —S — D argument is still applicable



Hermitian-Einstein Connections 647

even though it is being applied over X\ ( } B} with Bj—{x,}, as an inspection of [19]

quickly shows.) By ellipticity, 4 is smooth, and since, in a neighbourhood of any
point of X the connection A4 can be twisted by an H — E connection on a trivial line
bundle so that the resulting connection has 1=0, it follows from the removable
singularities theorem [21] that 4 extends across S to an H —E connection on a
(possibly topologically different) bundle E’. The new holomorphic bundle E’ is
automatically semistable by Corollary 4. If U is any neighbourhood of §, then for
sufficiently large j, | trF(4;)dV=ir(ig);Vol(X\U), so u(E’)=pu(E).

nv
It remains therefore to construct a non-zero holomorphic map E— E’ or E'~»E.
Choose a small ball B, about x, and set U: =] B,, U:=n"(U). The balls B, are

chosen small enough that E has a connection 4, (compatible with dg) which is
smooth and moreover is flat in all B,. Pull 4, back to X and let g; be the
endomorphism intertwining n*4, with 4;. Using the Laplacian 4; on X deter-
mined by @;, as well as the * and A operators for &;, (2.5) gives

Ajlgjlz +i*a(|gj|za—(5j) ~i*5_(|gj|28a~)j)§2 {gj iﬁ(zj)gj "gjiFO> s (X))

where iF(4,) =2nu(E)/Vol(X, &;) 1. If u(E) >0, replace g; by g; !; otherwise leave
g;asitis. Thenin U, F,=0 and the right-side of (5.7) is 0. Since 66&;=0, Theo-
rem 3.1 of [8] (the maximum principle) gives sup |g,-|2_<__.sup lg;%. On the other

hand, outside U the forms &, all agree for large egough J and in X\U one has the
usual bound P|g;I* <const|g,[*>, where P is simply determined by w. By Theo-
rem 9.20 of [8] it now follows that sup |g;1> < C| g;|1*¢\0",2%w), Where U'ccUis
slightly smaller. b

Now choose U” < U’ such that C*Vol(U") £} and fix a non-singular metric
@ on X such that supp(d—n*w)cU”. Normalize g; so that |g|pxa=1;
[here it is assumed u(E)<0, otherwise use g;! as above]. Then since
Vol(J”, &) < Vol (U”, w), the usual calculation gives || g;| 07, may =5

Now regard g; as defined on X\S. Then | g;|3scxum 24, and exactly the same
argument as in proof of Lemma 4 (i.e. [5, p.23]) shows that the g;’s have a
subsequence weakly convergent in L§(X\U”) and strongly convergent in C*(X\U")
to a limit g representing a non-zero holomorphic map £— E’(or E'> E)over X\U",
and by Hartogs’ theorem, this extends to X. This map must be an isomorphism since
E is stable, £’ is semi-stable and u(E)=pu(E"). This completes the proof of the
theorem.
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