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Abstract. The equilibrium configuration of an elastic perfectly plastic body
may be described by its stress or its strain. By use of a first variation formula,
a description of the strain tensor, not necessarily unique, is obtained from the
stress, which is unique.

Most aspects of this work extend to more general elastic plastic models,
in particular ones which lack convexity.

1. Introduction

The equilibrium configuration of an elastic plastic body may be found by
minimizing potential energy among appropriate displacements or by resorting to
a generalized principle of complementary energy, which provides the stress tensor
of the deformed body. The displacement found as the solution of the minimiza-
tion problem need not be unique and its strain tensor may only be a measure. The
stress tensor, obtained by the duality method, is unique, it is pertinent to note,
and determines the regions where the body is elastic and plastic. In fact, it
depends only on the absolutely continuous part of the strain measure of a
corresponding displacement.

This situation suggests inquiring of properties of the stress tensor which lead
to information about the displacement, the scope of the present work. It is
divided into four parts:

a useful first variation formula;

duality and complementary energy;

some regularity properties of the solution; and

existence of elastic and plastic states and examples illustrating transition

to fracture.

*This research was partially supported by the N.S.F.
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As elastic plastic body occupying a reference configuration £ C R" (with
Lipschitz boundary d§2) undergoes deformation, a material point x is transformed
to y =x+ u(x), with respect to the application of a system of forces. The
behavior of the displacement u(x), x €2, is governed by the Von Mises yield
criterion and Hencky’s Law, (1.1) below, which define a static theory of perfect
plasticity [10, 21].

Let

112 for |£| <1

q)(t)={ teER

[t|—4  for 7| =1’

The potential energy of a smooth virtual displacement v = (v',...,0") of 2 CR" is

I(v) =f<p(|£D(v)|)dx +£f(divv)2dx—<T,v> (1.1)
Q 2/
where the distribution of assigned body and surface forces is given by
1,8y = [ f,$dx + $1dS.
T8y = [18'ax + [
Above we have used the notations

v’
-1 T I
e(v) =3(Dv+Dv"), Do (ij)’

for the strain tensor of v,
D 1 1.
eP(v) = s(v)—;tre(v)]l = e(v)—;dlvvﬂ, (1.2)
1 = n X n identity matrix.

The constant » > 0 is a normalized modulus of compression. For a tensor ¢,
D 1
Yo o= — ;l' tr lpﬂ

is called its “deviator.”

Since @ grows only linearly as |¢| — oo, the definition of / must be extended
to account for displacements whose strains are merely measures in the same way
that the nonparametric area functional must be extended to functions of bounded
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variation. This has led to the introduction of the spaces ([17, 23, 27, 28])

BD(Q) ={v=(v',...,0") € L'(R): ¢, (v) is a bounded measure, 1 <i, j <n)
P(Q) = {ve BD(2):divo € L*(2)}
P,(2) = {(veP(Q):v=00ndQ)
whose properties are discussed in the works cited above. Some useful ones will be
recalled in the next section, but note that BD(Q) c L"/"~1(Q), [27].
For v € P(Q) the matrix-valued measures (tensor-valued measures) £(v) and
¢P(v) may be written

e(v) = e(v) dx + e(v)’, e(v)’ L dx,
eP(v) = eP(v)%dx + (v)’, €P(v)’ L dx.

Since divo € L*(2) gives rise to an absolutely continuous measure, e(v)* = &(v)°
and

eP(v) = eP(v)%dx + e(v)’. (1.3)

As a shorthand we define, for v € P({2),
J#(e2(0)) = [9(e”(0) 1) dx + [ 1eP(0) (1.4)
Q Q Q

and

I(v) =j;2¢(eb(v))+%j;2(divv)2dx —(T,v), v € P(Q). (1.5)

As mentioned earlier, solutions of an elastic plastic problem may be sought
by minimizing (1.5) in a subspace of P({) satisfying desired side conditions.
Concern here is limited primarily to local solutions. Assume that

(T, =/Qf-§dx, ¢ e V@),

where

f=(foesf),  fie L2(Q) (1.6)

and I is given by (1.5). An element u € P(Q) is a local minimum (in Q) if
I(u) < I(u+¢)  for¢ € P(Q). (1.7)

The hypothesis (1.6) is not essential and is imposed for technical simplicity.
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The stress tensor associated to v € P(£2) is defined by

o(v) = oP(v)+ xdivol
eP(v)* for |e?(v)9 <1
oP(v) = <pp(|eD(v)a|) = ¢ eP(v)°
e”(0)"

(1.8)

for |e?(v)=1.

For a local minimum u the notation (1.8) is abbreviated by writing
o =o(u) and o = oP(u).

If u is a smooth local minimum, then ¢ is formally the solution of the equilibrium
equations

—dive = f inQ, (1.9)
where, for a tensor 7 with rows 7,...,7,, divr = (divr,,...,divz,) is an R" valued

function or distribution, as the case may be.
The elastic set

E ={xeQ:]6? <1}
and the plastic set
Q-E={x€Q:|c?21)

are defined to within an n-dimensional Lebesgue null set. They depend only on
the state of stress ¢ and not on the particular displacement u.

The traction problem for elastic plastic deformation will play a useful role in
the duality theory and the various examples. Here the admissible displacements
constitute the closed subspace P,(£2) of functions v € P({2) satisfying

_/S;v"dx=/Q

Let T be an equilibrated force distribution, namely,

vi

X; '

dx = 0, 1<i,j<n. (1.10)

(T, ¢) =j9f-§dx +fmg-§ds, ¢ e P(R),

obeys

(T,y) =0  whenevery(x) =c+ Bx, c€R", B+B"=0.
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One seeks the solution of
Problem 1.1. Find u € P,(Q): I(u) = infp o, I(v).
The discussion so far has concerned only isotropic homogeneous bodies, but

the yield criterion and Hencky’s Law may be adapted to other materials as well.
For example, the functional

I(v) =fﬂq)(|£D(v)|,x) dx +%fg(divv)2dx —«(T,v)
with

9(p,x) = a(x)%p(;(%)p), a(x) = 1,

corresponds to an inhomogeneous isotropic body.
1.1, Variety of Solutions
The variety of solutions displayed by a one dimensional problem offers some

indication of the difficulties which lie ahead. Let 2= (0,1) CR. For v € BV(Q)
write the gradient of v, a measure, as

Do = v'dt + D'v  wheredt L D%v. (1.11)
Set
_ { 8 =0
85 8 t=1

and consider the functional
F(v) = Dv)— v dS
(0) = f9(D0)=[ ¢
= [@(v")dt + [1D*0] = 8(0(1)- 0(0)) (1.12)
Q Q
defined for v € BV,(Q),

BV,(Q) = {ueBV(Q):fﬂudt=o}.

Consider

Problem 1.2. To find u € BV,(Q): F(u) = infpy, g, F(v).
Clearly for |8| <1,

us(t) =8(t—1) teQ
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is the unique solution of Prob. 1.2. In this case the “stress tensor”
o =g, (u;) =8 and F(uz) = - 182,

As 8 > 1, uz(t) > u(t)=1—%, witness that the thin rod experiences a
transition from a pure elastic state to a pure plastic state as the loading exceeds
certain acceptably safe limits. It turns out that F(u,) = — % is the minimum value
of F(v) when 8 =1, a property to be clarified later. Since

F(w) =
for

t—34—¢c 0O<t<a

, c¢=0,
t—3+c¢ ax<t<l

w(t) = {

w is also a solution. This w exhibits “fracture” or “slippage” at t = a.
More generally, let w € BV,(£2) be monotone and satisfy w'(¢) > 1 a.e. in £,
cf. (1.11). Then

F(w) = [o(w)de + [1D"w] = (w(1) = w(0))

Il

J o = (1) = w(0)) ~%

|
Nf—

In other words, any monotone w(t), with average zero, whose absolutely continu-
ous part satisfies w’ > 1 1s a solution of Prob. 1.2.

Likewise note that any w € BV({) withw'=§if [§|<lorw'>1ifd=1isa
virtual displacement with associated stress ¢ = § without necessarily minimizing
the functional F. Thus a “weak solution,” that is, a w which has the property

——%a(w) 0 i@

g =g on 9%,

_/S;o(w)f’dt = 8(¢(1)-4(0)), ¢ e C2(Q),

need not be a minimum. This is in marked contrast with the situation usually
encountered in the theory of differential equations.
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We conclude these introductory remarks by discussing a simple inhomoge-
neous rod initially occupying @ = (—1,1). Let

kzq;(%) —-1<t<0

p(p) O=t<l

o(p,1) = (1.13)

for a fixed k>1. So transition to plastic will occur at |p|=k in the region
(—1,0) C L. Consider the functional

F(o) =f_ll<I>(Dv,t)—}\(v(l)—v(—l))

=/jl¢(v’,t)dt + kf_01|st| +/01|st| — A(v(1)=o(-1)),

an energy functional for a “traction problem.”
For A =1 it is not difficult to verify that F achieves its minimum at u,(¢) = ¢,
F(uy)=—1. From this other solutions may be constructed, as before, by setting

—-1<t<0

u(r) = {w([t) 0<r<l (1.14)

where w € BV(Q) is monotone, w(0) =0, and w’>1 for ¢ > 0, cf. (1.11), and

fO‘wdt -1

The “stress” associated to u of (1.17) in (—1,0) 1s

w o |u| <k

o(u)= u | =k —1<t<0

=1, —~1<t<0

so the region (— 1,0) is elastic whereas [0, 1] is plastic.

Thus both transitions, from elastic to plastic and plastic to fracture, are
present in the equilibrium configuration.

Most aspects of this effort may be extended to more general problems,
including, in particular, elastic plastic laws which are neither “perfect” nor
convex. In particular, solutions to such problems may display instabilities which
suggest a challenging analysis especially from the quasistatic viewpoint. One
exception to these extensions is the duality theory of Section 3, which requires a
convex functional.
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2. First Variation

Two features of the problem complicate the derivation of a useful first variation
formula. Since 7 is not differentiable in the ordinary sense, variations will have to
be restricted. One certainly expects nu, for u a local minimum and 5 smooth, to
be admissible, but unfortunately P(£2) is not a local space. In particular, div(nu)
lies in L"/"~1(Q), but not necessarily in L2(2). Here we make use of Anzellotti
and Giaquinta [4] and a result of Kohn and Temam [18].

Given u € P(), denote by S a carrier of |e(#)*} so that 2~ S and S is a
Lebesgue decomposition of § with respect to the mutually singular measures dx
and |e(u)*|. Set

. > inQ@-S

D={g in & (2.1)
where

Oy

the derivative of &(u)* with respect to its total variation, satisfies
E=¢T, 08 =0, and (€ =1 |e(u)’| —ae.
More formally, with x , the characteristic function of the set A,
67 = 6Pxq_s + éxs- (22)

Since ¢” is Lebesgue measurable and ¢ is |e(u)*|-measurable, 6% is dx + |e(u)*|-
measurable. It is convenient to write

@
f

62 + xdiv ul

0Xg-s + £xs- (2.3)

Il

Consider a { € P(Q) satisfying £({)° < |e(u)®| and let ¢ = (¢;;) be the
symmetric traceless tensor such that

e($)" = yle(u)7, le(u)] —ae.

Now y € LY(R, |e(u)’]) so §-§ € LY(R, [e(u)*]),

/QaD-eD(g) =/90D-8D(§')adx +f9¢-g|e(u)~°| (2.4a)
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and
[8-() = [oPeP(§) dx + [y -£le(w)’
=/ﬂ(ob-eb(§)“ + xdiv udiv) dx +fg¢ -gle(u)). (2.4b)

Recall that for a local minimum the inhomogeneous terms f € L*(Q).
Theorem 2.1. Let u be a local minimum with stress o = o(u). Then

(1) o€ L (), 1<s5<o0 and

(i) if ne H">*(Q), suppn C C R, and v € P(Q) satisfies

e(v)” < le(u)],
then

-/;zné-s(v)=—'/szo~nx®vdx+j;2nf-vdx (2.5)

We begin with a restricted version of (2.5), cf. [3].

Lemma 2.1. Let u be a local minimum in @ with stress 6 =a(u). If { € P,(Q)
satisfies

e($)" < |e(u)]

then

Jo-e¥) = [f-gax. (2.6)
In particular,

—dive = f (2.7)
in the sense of distributions.

Proof. The demonstration rests on calculating
d
El(u + t§)|,=0.

For this note that

e(u+ 1) = (e(u)’+1e($)") dx + (§+ 19)le(u),

_ e(u)’ _ @)
¢ le(u)’] le(u)’
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Thus

Jo(eP(ut 1)) = [@(eP(u)” +1e2($)") dx + [ 1 + 1] e(u) .
Q Q Q
Differentiating this expression keeping in mind that

1€+ 9] = (1428 +292)7% Je(u)] —ae.,
leads immediately to (2.6).
To show (2.7) it suffices to choose { € C§°(2) in (2.6) since €({)* = 0 for such

§. o
Next we prove a variant of [18].

Lemma 2.2. If u is a local minimum in Q, then
divu € L5 (), l<s<ow

and
o =d(u) e L5 (Q), 1 <s < oo.
In other words, (i) of the theorem is satisfied.

Proof. Express o by

6 = o? + xdivul.

By (2.7), for each i, 1<i<n,

d
. D v . = —f
dive,” + x p divu fis

0P = ith/row of .

i

Now o? € L*(Q) and f, € L*(Q) so

xdivu = - [~ dive? € H=(8) = H"'(2),
or the gradient of divu is locally expressible as the distributional derivative of
bounded functions. This means that divu € L} (). (Cf. Morrey [20], p. 70.) O

Proof of the Theorem. Step 1. Extension of (2.6) to we€ H"“7(Q), suppw CC Q.
Let {, €CP(Q), §—»w in H"?(Q) for a given p, 1< p <oo. Then by the

previous lemma

div{, divu — divwdiva  in L?(Q)
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from which it follows immediately that
fa‘e(w)dx =ff-wdx, we H"?(Q), suppw cC Q. (2.8)
Q )

Step 2. Adjustment of nv. Since it is not known that I(u + tqv) is finite, Lemma
2.1, or its argument, cannot be applied directly. With K =suppnCC{, let
Kc@,ccQ, Q, open with 92, smooth, and 7, € C;°({,) vanish near 9%,
satisfy

1 = 1 in K.

Now calculate that

e(nv) = ne(v) +3(n,®v+ 0v®7, ) dx,

e(nv)” < |e(u)7, and

div(no) = qdivo + n,-v,n,-v € L"/""1(Q).

By the symmetry of o and e,
6-e(nv) = no-e(v)+o-7,®0.
Now let h € H>"/"~1(Q,) be the solution of

—Ah =m0 inQ,
h =0 ondf,

(thus one need not assume anything about 92 itself,) and set
w = noh, € Hy"/"" ()
With { = nov + w observe that
e($)’ = ne(v)’ < |e(u)]. (2.9
Furthermore,
div{ = ndivo + 9y, - A,

Since the support of 1,, is contained in the set where A is harmonic, 7.,/ is
smooth on £,. Consequently { € P,(£2) and fulfills (2.9). Applying (2.6),

j;;i-e({) =£26-e(nv+w) ='/;2f-(’qv+w)dx.

Writing this out in detail and noting that all the integrals are well defined gives
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that

fﬂn&-s(v) = —_[Slo-nx®vdx+j;znf-vdx

+ {—fﬂo-e(w)dﬁfﬂf-wdx}.

Finally, the expression in brackets vanishes by (2.8). 0O
The next lemma will be an aid in estimating various quantities.

Lemma 23. Letv€ BD(Q)and € C(R),0<n<1. For UCQ,
[n1e2(0)l < [ n9(e”(0)) +41U1,
U U
|U| = measure of U. (2.10)

Proof. For any t > 0,

t <3t +1and

t

IA

t—1+4, 50

t<o(t)+3.

IA

Consequently,
[n1eP(0) dx < [ ng(eP(0)*) dx +4U]|
U U
and
[ n1eP() = [ mleP(0) ] dx + [ mle?(v)]
U U U
< [ ne(eP(0)*) dx +31UI + [ mjeP(v)]
U U
_—_fUnq>(eD(v))+%|U|. i
The conclusion of the lemma resembles Jensen’s inequality,

o7 [1°0)) < 37 [o((0)

which is valid for v € BD(). The proof is omitted because (2.10) suffices for our
purposes.
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Combining the first variation formula with (2.10) provides a useful inequality.
Given a local minimum u, we may take v = u in (2.5) with n € CG°(), 0 <y <1,
suppn =U, say |U|=|U|. Observe first that since ¢ is convex, ¢(0)=0,
o(p) <¢,(p)p
so that

9(e2(1)") < 0”6 (u)*

whence

[0 (e2(w)) < [ 067 2(u).

Adding the divergence terms and using (2.10),
nle(u)| < eP(u)| + [ n|divu| dx
[nteGt < faleP ()l + [ nidivul
<fn|£D(u)| + n/n(dwu) dx + fndx

</'qq) e2(u)) +x/n(dlvu) dx +(4_1x )|U|

l\)lt—‘

sD D v )2 1.1
s/una e?(u)+ xfun(dlvu) dx + (4x + 2)|U|
Now applying (2.5), we obtain for a local minimum u

/nle(u)| < —fo-nx®udx +fnf-udx + G| U],
v v v (2.11)

In the study of duality, a version of Lemma 2.1 for the traction problem is
useful.

Lemma 24. Let f;, g, € L*(R), 1 <i <n, and set
(T.¢y = [f-tax+ [ g-vds, §eP(@). (2.12)
U a9

Let u be a solution of Prob. 1.1 with stress 6 = o(u). If { € P(82) satisfies

e($) < le(u)]
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then

[8-e(6) = (T8 (2.13)

Q
Also,
—dive =T

in the sense of distributions, namely,
Jo-e(§)de = (T.8) for§ € C=(Q). (2.14)
Q

The proof is omitted.

3. Duality or Complementary Energy

In equilibrium, the elastic plastic body has a potential energy which may be
characterized in two ways. It may be the minimum of potential energy among
admissible virtual displacements, as in Prob. 1.1, or it may be realized by
Castigliano’s Principle, as the minimum of the stress energy among suitably
equilibrated tensor fields. In duality theory the two viewpoints are reconciled by
showing that the extrema are connected and, moreover, when a minimizing
displacement exists, its stress tensor resolves the problem of stress energy. An
alternative way of expressing this is to say that a saddle point condition is
satisfied and the solution and its stress tensor are in duality.

Duality theory has been considered in Duvaut and Lions {10}, Kohn and
Temam (18], Strang {22], Suquet [23], Temam [24, 25}, and Temam and Strang
[28], and is described here for the orientation and convenience of the reader. The
uniqueness of the stress tensor and the saddle point/duality condition are
verified. These latter properties have only recently been clarified [18]. A different
proof is given here based on the first variation formula and the approximation
theorem found in the appendix.

Duality theory is treated more generally in Fkeland and Temam [11], cf. also
Courant and Hilbert [9], p. 210. Of special interest here are the works of Brezis [5]
and Goffman and Serrin [15].

Our so-called primal problem is Prob. 1.1 for a distribution of forces

(T, ¢ =fﬂf-§dx +/:mg‘§dS ¢ e L(Q)

satisfying

feL*(Q), geL°(Q)and
T is equilibrated.



Elastic Plastic Deformation 217

Its dual problem is defined in terms of virtual stress tensors 7 = (7;;) € L*({; R ")
obeying

=" ~
- inQ (3.1)

—divr=f inQ

g on J%Q. (3.2)

3
A
[

Equations (3.2) mean
/ﬂ*r-e({)dx =(T,¢), ¢ eC2(Q).

Denote by K the tensor fields satisfying (3.1) and (3.2), a closed convex subset of
L*(2;R""). The energy of 7 is

1 1 2
* = D2 —_—
*(7) 2/9“ | dx+2m2fﬂ(m) dx (3.3)

The dual problem is [24, 28].

Problem 3.1. To find o0 € K: [*(0) = min, I*(7).
Thus the solution of the dual problem resolves the variational inequality

S |K2j;Z{OD'(TD—OD)+#H‘0H‘(’T—O)} dx« >0 forreK (3.4)

Now it is easily checked that the bilinear form of (3.4) is coercive (on all
symmetric tensors in L2(2; R n )); consequently, if i =&, the solution of the dual
problem is unique, [16], p. 24.

Proposition 3.1. Ifv e P,(Q) and 7 €K, then

I(v) > —I*(7). (3.5)
Proof. Assume first that v € C*()N P,(£2). Then by (3.2),

I(v) =/;2q>(|eD(v)|)dx +%f9(divv)2dx —{T,v)
=/Q(p(|eD(v)|)dx +%j;2(divv)2dx —js;'r- e(v) dx.
Let E={x<€Q: |e’(v)| <1} and P =§ — E and recall that

1 .
r-e(v) = 7P-eP(v) +‘;tI"leVU.



218 R. Hardt and D. Kinderlehrer

Using these notations we compute that
_l D 2 D 1 x . 2
I(v) = 2fE|e (v)?dx +L(|e (v)—3)dx +2f9(dlvv) dx
1
— D, D —= i
./QT eP(v) dx nv/ﬂtrv-dwvdx
= —I*(T)+%f(|£D(v)|2—2'rD-eD(v)+|7D|2)dx
E
% 1 g
+ \/jdivo— trr| dx
fP( 2 V2un )

—1*(7)+fp(|eb(u)|~%—TD-ED(U)+%|TD|2)dx

v

v

-I*(T)+fp(|sl’(v)| — 4172} [P (0)] + ¥ 7P |?) dx.

Finally, note that the polynomial
p(t) =a—i—a +4t*, witha =1,
satisfies p(¢) > 0 for 0 < ¢ <1. Thus
eP(0) =4 |7°|eP(0) +37P> = 0 inP
whence
I(v) = = I*(7).
Given v € P,(2), choose a sequence vy € C*(2)N P,(Q) such that I(v;) —

I(v) according to Thm. A.2 (of the Appendix), subtracting a rigid motion if
necessary to satisfy the normalization requirement (1.10). O

Theorem 3.1. Let u be a solution of Prob. 1.1 and & a solution of Prob. 3.1. Then
inf, g I(v) = I(u) = — I*(6) = —miny I*(7) (3.6)
and

o =a(u). (3-7)

Proof. According to (2.14), o =o(u)<€ K. In view of the uniqueness of the
solution of Prob. 3.1 and Proposition 3.1, it suffices to show that

I(u) = ~1*(6) foro = o(u).
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By the first variation formula (2.13),
f&-e(u) =(T,u)
Q
or, with E=(]o®|<1}and P=Q - E,

I(u) =/Q<p(eD(u))+—;—/;z(divu)2dx —/Qé-e(u)

fﬂ(p(lsu(u)a|)dx +fﬂ|e(u)s| +%L(divu)2dx
= foeu)dx = [1e(u)’

-3 [P P + [ (1e2(0)1 - 162 () - 3 ) d

{

4 . 2
—Efﬂ(dlvu) dx

- —%L]e”(u)alzdx —%/de —%fn(divu)zdx

1 1 2
= —E'/;Z|0D|2dx - 2’”12‘/;2(&0) dx

since tro = xndiv u. O0

4. Some Properties of Local Minima

Recall that for a local minimum u it is assumed that the inhomogeneous term
f € L*(R), (1.6). Also recall that if v € BD(U), U CR” and v =0 on dU, then
ve L"/" Y(U) and

ol < €[ Je(o)) (4.1)

where C, depends only on n, {27].

Theorem4.1.  Let u be a local minimum and let Q' CC §2. Then thereisap > - i
p = p(), such that

1’

ue L?(Q)

Proof. Given a € and p > 0, 4p < dist(£2’, IQ), choose n € C5°(B,,(a)), =1
on B, (a), 0 <n<1. Thus {=nu is admissible in the first variation formula and
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by (2.11),

J,

Note that by (4.1),

nle(u)| < —f o-(n,®u)dx +j;; nf - udx + Cy| B, | (4.2)

20(@) By, (a) 20(a@)

”u n/n—1 < C "u
” ”L /n=lQ) sfls( )l
< C{ fnle(u)+ | |lu®n,| dx 43

Setting (4.2) in (4.3) and recalling that o € L3 (L),

o-(nx®u)dx+f nf-udx

llnull prm-1@y < Cs{_/
B By, (a)

20(@)

+Cy| By, | +fB lu®mn,| dx}
2p

< C(IIOlle(sz(a»“)%fB

2p

|ul dx + Cllfll ey Jul dx + Co
(@) By, (a)

Since 7 =1 on B,(a), after dividing both sides by p"~! and restricting on the left
to B (a), we obtain the inequality, valid for some M > 0,

. 1-(1/n) .
— |u|"/""dx) SM{—; |u|dx+l},
(P pr(a) (2p) /Bz,,w)

p < Ldist(', 9Q).

The conclusion now follows from the reverse Holder inequality (Gehring [13],
Giaquinta and Modica [14].) O

An interesting characterization of § is provided by a result of Anzellotti [2], a
different proof of which is given here. To begin, let u be a local minimum with
stress ¢ and set

1
7(a) = — odx 4.4
»(a) EX pr(a) (4.4)
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Thus 1, € C(R), 7, > o in L{, (2), 1 < p < oo, and

1
—divry, = f, = — dx,
= h=ig7 ),

f, = f inL{.(9), 1< p<oo. (4.5)

Theorem 4.2. Let u be a local minimum and define 7, by (4.4). Then for each p,
l<p<oo,
o6 inLf(Q dx+|e(u)’]) asp - 0.

p

Prior to giving the demonstration we remark that the conclusion holds as well
for any suitable mollifier a, (A — 0) with

T, = @, *0.

Proof. Note that it suffices to prove the theorem for the case p=1 since
6 € L=(Q, dx + |e(u)’]).

Let £ CC {Q be a fixed subdomain and 7 € C§°() a fixed function, 0 <y <1,
with n=1 on &'. Thus { = nu is admissible in (2.5) so

fno e(u) = /a u®n, dx +fnf-udx (4.6)

Since 7, is a locally Lipschitz tensor,
e = Lldx 4.7
[ e®) = [ £, (4.7)
for any { € BD(R), supp{ cC . In particular, for { = nu,
f’r;fr e(u) = f'r u®mn, dx +fnf udx. (4.8)
Subtracting (4.8) from (4.6) gives
o—1) e(u)y=—f(o—7) u®n dx + —f)-udx. 4.9
fn(o=n)-e() = = [(s-)-u@nds+ [a(f-1) (4.9)

Let S denote the carrier of |e(u)®| and recall that

6P e(u) = &-¢le(u)’] = |e(u)} on S,
c.f. (2.1). Also |7”| <1 in & and, of course,

70 € < |0
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Consequently,
0= [ (1= 17”1 )e(u)
< [ (6=77)-1e(w)’
<fn 6—1P) e(u)’
=—j;)(o——'rp)-u®nxdx+£Zn(f—ﬂ)'udx—fﬂn(o—'rp)-e(u)adx

by (4.9). It follows from (4.5) that each term in the last line tends to zero as
p — 0; thus

lim [ (1=1771)ie(w)’ = 0
and

:grlf 1-¢-7P )s(u)| llmf —1P)-¢le(u)’] = 0.
Indeed, since |77| <1,

p]j_r)rlofg,(l—lq-pl)lz)|e(u)s| = 0.
So

L1 = 52P1e(u)] = [ (1415207 =277 le()

=2f (1=&52)e() T+ [ (17717 = 1)ie(w)’

— Qasp = 0,

or 72 —¢ in L*(¥;|e(u)*]), hence in L'(2; [e(u)*]). The conclusion is now
immediate since 7, > o in L'(2) = L'(2; dx) (and divo = 0 |e(u)*| —a.e.) |

5. The Strain Measure in the Elastic Set
For a given local minimum u € P() with stress

6 = o2 + xdivul
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we have regarded the set
{a€Q:6(a) <1},  o®(a) = o®(u(a)),

as the elastic set. As such, it is determined within a Lebesgue null set, for example
as the set of a € @ for which the family of averages

1
7(a) =— odx
2 |B, /B,,(a)

satisfies
lim 7,(a) = o(a) exists and |o”(a)| < 1.
p—0
This notion may be slightly refined by choosing a sequence p, for which

7, = 6,dx + |e(u)’] ae., ask — oo,

which exists in view of Theorem 4.2, and defining
— . - D
E = {aEQ. Jim |7,2(a)| <1} (5.1)
A different choice of sequence yields a set £ with
f _dx +f Je(u)] =10
EAE EAE
Theorem 5.1. If u is a local minimum and E is defined by (6.1), then

fE|e(u)s| = 0.

Proof. Let ' CQ be open and E’= E N Q. The object is to show that SN E’
has |e(u)’| measure zero. But

lim 12 =62 =¢ and | =1 |e(u)]—ae,
k—o X
or
{aeﬂ’: lim |'rp‘k’(a)|<1}
px—0

has |e(u)’|-measure zero. O
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Note that the Heaviside function

0 <0
olr) = {1 £>0

is not a local solution of the one dimensional problem since o(v) = 0 but
i 1
e(v)f] = Dv| =1
[ jeo)i = [ D]

A point a € Q is an elastic density point if a € E (for some choice of sequence
p,) and it is a Lebesgue point of ¢. In particular, there are a symmetric traceless
matrix 0”(a), |6?(a)} <1, and a 8(a) €R such that

I [ (P =oP (@) +divu=d(a)r)dx = 0 asp = 0. (52)
[ pld

for all p, 1 < p <oo. Note in particular that at an elastic density point a, for small
0, Jp,(ay|divuj dx < Cp".

Theorem 5.2. If u is a local minimum and a is an elastic density point, then there
are M >0 and ry > 0 such that

f le(u)] < Mp" forp < r,. (5.3)
B,(a)

It will be clear that M depends on the data of the problem for 7, sufficiently
small. The condition above is not a general property of measures, but relies on the
local minimum property. For example, let

0 <0
v(t)=vk(t)={kt (20 k>

so to be consistent with (5.1)

0 <0
o(v)(6) = {4 =0
1 >0.

Thus z = 0 is an elastic density point according to the definition although
L (" |Do| = &
% | 1Do] = k.

Proof. We may choose u = 0 and p > 0 small. After subtraction of a rigid motion
from u we may suppose that

fBu"dx='/;9

2p 2p

u’

i X

Y dx=0, 1<i,j<n. (54)
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Set
1 x| <p
x
n(x) = 2—% p<l|x|<2p
0 |x|>2p

so that (2.5) holds. Indeed, by (2.11),

f nle(u) < —f o-n,®udx +‘/;gzpnf-udx+ Cp"

By, By,

SO

/;nleD(u)l < —/; o-n,®udx +/ nf-udx + Cp",

2p 2p BZp

keeping in mind that [ |div u| dx < Cp".
By the divergence theorem, noting that 0 2(0) and 8(0) are constants,

foo-e(nu) = 0,0, = 02(0) + % §(0)1.
Q
Thus

/ 16°(0)-eP(u) = —f oo-nx®udx——x8(0)f ndiv udx.
By, By, By,

Observe that since |0(0)| <1, there is an a > 0 such that

0 <a<|y—a?(0) teP(u)| — a.e.,
e?(u)
&P (u))

Thus, subtracting (5.6) from (5.5) and using (5.7),

¥ = gl =1 leP(u)| — a.e.

af nieP(u)l < [ n(eP(u) = oP(0)-¢2(u))

By, By,

s_f ("_00)'11x®udx+f nf-udx + Cp"
By, 5,
1 1
s—f |o—oo||u|dx+f If] |u| dx + Cp
0 g, B,
1 H
< ;“0 - 0()||L"(B2p) +Cn“f||Loo(g)p Hu”L"/"’l(sz) + Cp .

225

(5.5)

(5.6)

(5.7)
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Now employing the Sobolev-Korn inequality, note (5.4),

1
a e2(u) < C,l =|lo — ap]| 1 + oo) e(u)l + Cp".
fszm () < | Sllo =00l 2qa,,) ”f”“’,fzp'( )i+ Cp
Adding to this the inequality
a/ n|divu| dx < Cp"
B,

we obtain, for some constants C,, C; > 0,

fBle(u)I s/B nle(u))

1
< Coi—|lo—ayl|;n + o e(u)| + Cyp".
{519 = 0l 411, p)f32|( )+ Cp

'3

Whence

—n n 1 —n
o el < 2 €[ 519 = 0l 5 111500 | (20) J e+ e

o

= A(p>(zp>'"/3 le(u)] + C;.

By (5.2) it is possible to find an 7, > 0 such that
AMp)<p <1 forp < 2r,.
Thus

—-n -n C3
p /;p|s(u)| <i"f e+, e < D

o

A somewhat more precise result holds, one which makes more evident the
remarks preceding the proof of the last theorem.

Theorem 5.3. Let u be a local minimum and let a € be an elastic density point.
With 6, = 0P(a)+ x8(a)l,

lim p~" le(u) —a,dx| = 0.
p—0 B,(a)

First note
Lemma 5.1. Let o €RY. If |6P| < a <], there is a B = B(a)> 0 such that
Blte® — 6P| < (oD—oaD)-(toD—oaD) for |6?] =1, o2 €eRY, r>1.

The proof, which is elementary geometry, is omitted.
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Proof of the Theorem. Choose a=0. Let w(x) = o,x. With 7 as in the previous
theorem, we may apply (2.5) to u — w and 7, from which we obtain

f 76 - (e(u)— oy dx) =/ o-(u—w)®n, dx +/ nf(u—w)dx.
B,, B,, B,
Similarly, since g, is a constant matrix,
f 10, (e(u)— 05dx) =f oy (u—w)®n,dx.
BZ’ BZr

Subtracting gives that

J

16 =a) - (e(w) - ayds) = [ (a-05)-(u=w) @n,ds

2

+/;3 nf(u—w)dx.

The left-hand side may be divided into a number of pieces, to wit,

f n(6 —0y) - (e(u)— 0y dx) =/E n0e® — 02(0))? dx

BZr

# [ (07 =02(0)) - (e(w)* ~02(0)) dx + [ (s~ 0y)-e(w)’

+ x/B n(div u — 8(0))* dx

2

where E,,=ENB,,and P,,=B,,— E,,. By Lemma 5.1,
B ieP(w) — aP(O) dx < [ n(a®—62(0))- (¢?(w)" ~ 0P (0)) d
P2r PZV

assuming that |0 ”(0)| < @ <1 for some a. Since

6-e(u)’ =|e(u)’| and
oy e(u)’ =02(0)-e(u)’ |e(u)’| —ae.,

(1-a)f3 nle(u)’] sfgn(é—oo)'s(u)s
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Thus fora C >0,

anleD(u)—OD(O)dxl < CfB (6 —0p) (u—w)®7,dx

2r

+Cf nf-(u—w)dx
B,

I3

= T“U = Oyl Lrgp,plltt — Wl prn-1¢5, .,

+ Crllu = Wl prm-1ep, )
1
< {70 = aullizcs,y ) [ 1e() ~ oy,
2r

assuming, as before, that u satisfies the normalization conditions (5.4) in B,,.
Consequently, for a constant M > 0,

1
—-n D D - _ —n
r j;’,is (u)—0P(0) dx| < M( r||a 00||L"(Bz,)+r) r /192,|8(u)|+1

(5.8)

The first factor on the right-hand side tends to zero with r and the second remains
bounded by the previous theorem; thus,

r—0

lim r*"/|eD(u)— aP(0) dx = 0
Pr
Since it is part of the hypothesis that

lim r~ f|o —oD(O|dx=hmr f|d1vu——8(0)|dx= ,

r—0

the theorem is proved. O
The expression (5.8) suggests that the strain in the plastic set P,, decreases
more rapidly than the strain in E,,.

6. Elastic States

The discussion is directed toward establishing the presence of an elastic state in a
body £ subjected to a given force distribution 7. The question of plastic states
will be considered in the next section. Taken together, the two sections illustrate
that elastic sets arise from global restrictions on the data 7 whereas the transition
to plastic behavior is a local question which depends in some sense on the
smoothness of T. To fix the ideas we shall discuss the traction problem, Prob. 1.1.
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If T and its derivatives are suitably small, then there is a smooth solution of
Prob. 1.1 which satisfies |¢”| <1 in ©, [1]. In this case the solution is also unique
(in P,(R2).) To check the uniqueness in this class, one employs Thms. 5.1 and 5.2

which imply that any solution has a bounded (locally) strain matrix.

Let & > 0 denote the Korn-Sobolev constant such that
lollorer@ +10lan) < S [le(0)l, 0 € P(R).

Suppose now that £ is entirely plastic so

D _ eP(u)”

|eP(u)
and
|e?(u)] = 1
Setting { = # in the variational formula (2.13) yields that
flsD(u)l + x/(divu)zdx =f60~eD(u)+ xf(divu)zdx
) Q Q )
= (T, uy < |\TIllull rn-10) Hlull pogy ) < 5HT||fQIE(U)I,
ITH = I/ en@y + 181 L= a)-
Recall that
a, D a 1 .
le(u) =1e”(u) + - 1divu

< (!st(u)"|2 + (div u)z)l/2

< 1eP(u)% +(divu)®  ae.inQ

since

Jal+ B2 < a+3p? ifax=1.

This informs us that

fgls(u)l ngle”(u)l +%fg(divu)2dx.

(6.1)

a.e.in Q.

(6.2)



230 R. Hardt and D. Kinderlehrer

Using this in (6.2),
_ D _l . 2
(1= SITI) [ 1o () +(x 25||T||)f9(d1vu) dx <0,

Thus an elastic state must exist in § if
ITIl < ~min{1,2%). (6.3)
S

Furthermore, the weakened condition

1
1Tl <= (6.4)

may be used to show that I(v) is bounded below in P,(Q) and thus forms the
basis of an existence theory. A limit analysis would provide a more careful
estimate of the best constant & [28].

7. Prisms

Left unresolved so far is whether or not both elastic and plastic states may be

present in the same body, or, more generally, how plastic states arise. The

convenient form assumed by special solutions of antiplanar shear and torsion

problems exhibit elastic /plastic behavior and even plastic slippage, or fracture.
Given an infinite prism

Q2 =32XxR, = c R"'Lipschitz region,

and an equilibrated force distribution independent of the axial coordinate x,, an
evident definition of a solution arises by consideration of the restricted func-
tional, for each interval J = (a, b),

I(v) =f2qu>(eD(o))+§/2XJ(divu)2dx—fzxjg-udexn (7.1)

A displacement u is a solution (in ) provided that for any interval J,

ue P(ExJ): [(u) < L{u+%)
{ € P(Q), supp¢ € =X J. (7.2)

Note that { need not vanish on d= X J. The functions f; and g, depend only on
X' =Xy, X, 1)

The easiest form to use in actual calculation is not (7.2) but the saddle point
condition (3.6). To express this, introduce the stress energy

1 1
I = = P12 dx +
J(T) 2v/;><1| | 2xn?

fz Xj(trf)zdx (7.3)



Elastic Plastic Deformation 231

and the distribution
(T,,¢) =f f-¢dx +f g-dSdx, +f (o-¢,)¢dx’
IxXJ ITxJ IXb

—f (0-e,)-$dx’ (7.4)
2Xa
where

o =o(u) = oP(u)+ xdivul,

is the stress tensor of the given solution of (7.2). According to the first variation
formula (2.14)

~dive = f inQ
ov =g ondXXR (7.5)

in the sense of distributions, where v is the outward normal to d=. That f,, g;
define an equilibrated system of forces means that for any affine rigid motion y

f f-ydx + g-vdSdx, = 0.
IxJ aExJ

Hence

(Tovy = [ (oe,)ydx'— [ (oe,)vdx’
ZXb IZXa

I

f dive - ydx —f (ov)-ydSdsx,
IXJ a=TxJ

I

— f-ydx—/ g-ydSdx,
=xJ A= X J

by (7.5). Thus 7, is also equilibrated so it makes sense to pose Prob. 1.1 for the
functional

I(v) =f2w<p(e’)(u))+§fzw(divv)2dx —(T,, v). (7.6)

Note that if v is a rigid motion then
i,(v +v) = IJ(D)'
According to Thm. 3.3,

infpg(sz)iJ(v) = —infy I¥(7)
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and

I(u) = —I3(5)
if and only if u is a solution of Prob. 1.1 and 6 = 6(u). Given an interval J,
assume that u has been adjusted by a rigid motion so that 4 € P,(2 X J). Choose

ne€ H"*(R),

n=1 inJ
n =0 outside(a—h,b+h)

and 7 linear in (@ — 4, a) and in (b, b + k). The first variation formula, or a trivial
variant of it, may be applied to nu={ so

[Qa- e(%) =f9f-§dx +/{;EXRg-§dexn.

Expanding this and letting # — 0 yields precisely that

/ 6-e(u) = (T, u). (71.7)
IxJ

Separating the left- and right-hand sides into elastic and plastic regions as in the
proof of Thm. 3.2, one obtains that

I,(w) = ~ Ix(o) (7.8)

or, explicitly

f q)(eD(u))-i—%/ (divu)zdx—{f frudx + g-udSdx,
ZxJ IXJ IxJ IZXJ

+ e Judx — oe, Yudx’
[, (oeuae= [ (oeua|

1 D12 1 2 }
= —{= o”|“dx + tro) dx ;.
{2/2><JI | 2xn2-/;><J( )

(7.9)

Observe that (7.7) and (7.8) are equivalent. Thus u is a solution of Prob. 1.1 for
3 x J, for every J, if and only if it is a solution of (7.2). More exactly

Proposition 7.1. Let u€ P(Z X J) for each (bounded) interval J. The displace-
ment u is a solution of the prism problem (7.2) if and only if u satisfies the saddle
point conditions (7.7) or (1.8) for each J.
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7.1.  Antiplanar Shear

Antiplanar shear of £ consists in finding solutions of (7.2) which have the form
u(x) = (0,...,0,u"(x)), x €23, (7.10)

For motivation, a few remarks about the nature of solutions of (2.2) not subject to

(7.10) might be pertinent. Since T is independent of the axial coordinate x, and

the boundary conditions involve only functions on 9Z XR, whenever u is a

solution, the displacements

o(x) = u(x',x,+c¢), c<€R,and

o(x) = u(x)+y(x), v an affine rigid motion,
are again solutions, which furthermore have the same stress tensor. Uniqueness
may fail in a more significant manner, for example, if @ is all elastic with respect
to u, the addition of a small St. Venant’s torsion solution (e.g., [19] p. 310)
provides another solution with a different stress tensor.

Solutions in antiplanar shear may be found by means of an obvious varia-
tional principle. If v = (0,...,0, v"(x")), x’ € Z, then

e(v) = e?(v) = 1(e,®Dv" + Dv"®e, ),
(o) = 1w

Dv" = gradient of v",

and v € BD(Z X J) if and only if v" € BV(Z), the functions of bounded varia-
tion in 2. Consequently with L the length of the interval J,

1,(v) = LF(s"),

F(o") =L¢(%Dv”) —fzfnv"dx’—fazgnv"dS. (7.11)

This leads to the discussion of

Problem 7.1. To find ¢ € BV(Z): F(¢) = infg (5, F(w), where
BV.(3) = {weBV(E):fwdx'=o}.
=

Considerations identical to those of Sect. 6 show that a solution ¥ exists whenever

Wl sy F 8l ogsy < 1/8
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where &, is the isoperimetric constant in the estimation
I-1/n
(f|w|"/"—‘dx') +f lw|dS < 5O/|Dw; forw € BV,(Z).
p s p

So the sizes of f, and g, not their smoothness, govern the existence of a solution.

For a function w € BV(2X) its gradient will be written

Dw = w_dx"+ D’w, wheredx’ L D’w. (7.12)
Set

(w,,0)  wel <v2
1= (W— 0) W | =V2 .

‘wx'l ’

With these notations, the displacement v = (0,...,0,w) has the stress tensor
q,

o(v) = 3(gBe, +e,8q) =

which has the special property

(o(v)e,)-v = (g-e,) v = 0.

This facilitates checking (7.7) or (7.9) for the u = (0,...,0, ¢) obtained from the
solutions ¢ of Problem 7.1, whose details are omitted in the interest of brevity.

7.2.  Existence of a Plastic State

Examination of the behavior of f and g leads to prediction of a plastic state. To
fix the ideas, assume that = C R? contains the semidisc G = {|x| <1, x, > 0}, with
the segment (—1,1) of the real axis in 2, and that u = (0,0, ) is a solution of
the problem of antiplanar shear in which
=0 inG
0 x,>0,x,=0
8 =

€ R.
8 x,<0,x,=0’ 60, §R

For a solution elastic in all of G, ¥ would satisfy

Ay
L2

0 onG
g on(—1,1) (7.13)
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and
|Dy| <2 inG. (7.14)

Such a  satisfying (7.13) is given by
(x) = im(zlog2) + h(x), 2= x, +ir. x, > 0 (7.15)

when #(x") is harmonic in a neighborhood of x’=0. The gradient of y fails to
obey (7.14). Thus any solution with f,, g, as above must have some plastic set.
Since f, g may be chosen so that

W &ll2) 18l nasy = 8 < 1/,

the argument of Sect. 6 may be employed to show the presence of an elastic set.
Even if f and g are smooth with large gradients the same notions lead to states of
stress where both elastic and plastic regions are present. The example of anti-
planar shear was adopted for ease of presentation; a similar analysis holds for
solutions of Prob. 1.1.

7.3.  Examples in Antiplanar Shear
In the sequel we use the notation
Dw = w'(t)dt + D’w, D’w L dt
for a real valued function of the real variable ¢ of bounded variation.
A first example of what might be termed fracture in antiplanar shear may be

obtained by scaling the example Prob. 1.2. and studying the transition as the
forces are increased. Let = = (0,1)X(0,1) CR? and @ =3 XR. Set f =0 and

—8e; x,=0, 0<x,<1
g =4 8e; x,=1, 0<x,<1
0 elsewhere on 2
1 ) .
for |8] < 7_2—, a solution of (7.2) as given by

u(x) = (0,0,28x,), O0<x, <1,

which corresponds to simple shear of a linearly elastic body. For §=1/y2,
solutions of (7.2) are given by

u(x) = (0,0,¢(x;))) 0<x <1 (7.16)

where ¢ is any monotone function on (0, 1) with ¢’ > V2.
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The stress tensor associated to u is

1( 1 0 0 1 (
0 =—(e,®e;+e;,®e,)=—=10 0 0]. 7.17
/2 1¥e3 T8y 1) 3 L 0 o )

If ¢ is smooth, the body is merely stretched in some fashion. Discontinuities of
represent planes of slippage in the material occupying .

The slippage or fracture exhibits other forms, even with the same stress (7.17).
Let n(x;), x; €ER, be a monotone function with d»n L dx,, and let ¢ be as in
(7.16). Then

u(x) = ((x5),0,¢(x,)), 0<x, <1, x;€R (7.18)

also satisfies the conditions of Prop. 7.1.

The example illustrates that discontinuities in » can arise in more than one
way. But these cannot be arbitrary, for if # has a discontinuity along a surface
with normal », then this discontinuity is in the direction 6®v and |o”»|=1/V2.
Other restrictions must also be obeyed; these will be studied in a subsequent note.

7.4.  Examples in Torsion

Torsion of the prism £ is a solution u of (7.2) with f = 0 = g. The trivial solution
need not be the only one, as mention of the classical St. Venant solution
illustrates. Frequently solutions are sought in an analogous form, (n = 3),

u(x) = (= x,x5, x,x3,9(x;,x,))  x €Q (7.19)
where T €R is a parameter. One class of examples in this category is given by
merely extending the domains of the solution of elastic plastic torsion of a finite
cylindrical column. This problem has been studied extensively [4, 6, 7, 8, 12, 29,
30].

One illustration concerns the right circular cylinder

Q=BXR, B={x'=(x,x,):|x'|<1}.

Here a solution is

u(x) = 7(— x,x;, x,x,,0), x € Q,

the same as the St. Venant’s solution for the elastic cylinder.
It would be of interest to classify all torsion solutions of (7.2), or for example,
those which satisfy

f (IeD(u)|+(divu)2dx) <M
Sx(k.k+1)

for each k € R. They needn’t have the representation (7.19).
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To illustrate the last remark, consider the hollow cylinder
€ =A4AXR, A= {1<|x"|<2).

As in the case of the circular cylinder, one solution is

u(x) = 7(— x,x5, x,%5,0) x e
with
0 0 —x,
e(u) =% 0 0 x |,
—X, X 0

7] ,
e(u) = —p, = |x'|,
le(u)] ﬁp p = |x'|

and stress tensor

I7|
e(u <1
(u) 7P
7" i7| ’
o >1
ﬁp
1 0 0 —sinf
6 =— 0 0 cosf |.

V2 —sinf cosé 0

In particular, if 7> V2, the configuration is entirely plastic. Now new
solutions may be found by setting

u(x) = (=7(x;)x,, 7(x3)%,,0), x€Q
where 7 is any monotone function of x, satisfying

' >V2 ae.

8. Appendix— Approximation

The approximation theorem given here, valid for Lipschitz domains, is used in the
discussion of duality. Unfortunately its proof is technical. A similar theorem is
due to Anzellotti and Giaquinta [4], with a different proof. We state Thm. A.1
below since (A.1) is the basis of (A.4).
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Theorem A.1. Let v € BD(Q), suppv C C . Then there are vs € C{() such
that

lim [+ e(v;) dx =f9¢-e(o) (A1)

50
for any continuous symmetric tensor ¢ on .
Since the proof of this statement is routine, and anyway may be seen as a

special case of Thm. A.2 below, it is omitted.
In I(v) given by (1.5), let T be defined by

(T.8y = [f-¢dx + [ g-gds, ¢ e P(R), (A2)
Q I
where
feL"(Q) and g e L*(49).

Theorem A.2. Let QCR" be a bounded domain with Lipschitz boundary 0.
Given v € P(Q), there exist vy € C*(8), 0 <8 <1, with the properties

vy = vin L"" 1 (Q)N L'(9Q) and
I(vg) = I(v)asd - 0 (A.3)

if T satisfies (A.2);
Jim [y -e(v5) dx = [y -e(v) (A4)

for any continuous symmetric tensor y on §2,

Jim [ 1e°(00)l dx = [ 1e”(0)l, (A.5)
Jim [ 9(1e”(05)1) dx = [ @(e(0)), and (A.6)
aliino_/;(divvs)zdx =j;(divv)2dx (A7)

whenever E C § is dx + |e(v)’|-measurable and

fade +/8E|£(D)s| = 0.

Proof. The demonstration is separated into three parts.
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Step A.1. Convolution. Let U CR”" be open and E CU be open. It is obvious
that for w e BD(U),

Jpeo = sup { = [ waivy a |
v = ‘I'E = {Hl’:(ﬁbu)ecol(E): N’lSl"l’:‘PT}'

This formula renders evident that / |e(w)| is lower semicontinuous with respect
E

to convergence in L!(E). To find an analogous expression for the functional in
(A.6), supposing momentarily that w is smooth, one checks that

[ 2P (w)1) ax 2/{1 e?(w)? — e (w)—0(w)*} dx
= sup 3 [ (e2(0)f2 = e2() ~ yI2) dx
where

V=", ={(ye¥. try=0).

After an integration by parts, one is led to the formula
D 1.2 :
f(p(|£ (w)]) dx = sup—f FI¥I*+ w-divy | dx

an expression which has meaning for any w € BD(U). In fact, it is easily verified
that ([5, 24))

fE(p(eD(w)) = 51_1p-/E(%|¢|2+w-div¢)dx, w € BD(E). (A.8)

As in the previous case, lower semicontinuity of the functional with respect to
convergence in L'(E) is answered by (A.8).

Let & C U, where U is open, and let E C Q satisfy the hypotheses of the
theorem. Let ., k > 0, be a family of mollifiers. Set

E, = {x:dist(x, E) <A}, A >0,

small enough that E, C U.
Given w € BD(U),

w, =w*a, > w inL/""(U)



240 R. Hardt and D. Kinderlehrer

o in particular,

fq)(eD(w)) < 1iminff<p(|e'>(w,,)|)dx. (A.9)
E h—0 YE
Letn € C°(E,,) satisfyn=1on E,, 0 < n <1. From (A.8), with §, = 6 ®(w,),
Jo(ew)l) dx < [ @(1e2(m,)1) dx
E E\
1
=5 [ (1e”(w)I> = 1e°(w,) — 6,12) dx
Ey
1
= E/ (|5D(Wh)12 - |8D(Wh)_n0h|2) dx
Exx
= — [ (81 + wdiv(ne,) )
Ejn 2

_ _l l * 2 Ai * )
- 2-/52,\(2'7’%%' + w-div(n8;a,) | dy

1
+5 [ (nbreul® ~ n6, )

Exxin

= — A+ B,

after interchanging the order of integration. Now 7, E\ifEu, from which it
follows that n6ja, € ¥g . Thus

22

-4 < p(eP(w)).

Epx+n

It is a standard fact about convolutions that

6} e, |? dx st 196,12,

Eynin 2A+h

so B < 0. Consequently

/posD(whn)au <[ o(eP(w), A>0, h>0
E Exnin
so small that E,, ,, C U. It follows from this that

lihmjlgpj;gcp(|sb(wh)!)dx stq)(eD(w)). (A.10)
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From (A.9) and (A.10),

Jim [ @(1e?(w,)) dx = [ 9(e2(w) (A.11)
whenever

[ ax + [ 1eP(w)T = 0. (A.12)

JE E

Furthermore,

Jim [ 1w, dx = [ () (A.13)

when (A.12) holds. If in addition,
divw € L"/""Y(U),
then

lim ||div w, — div w|| pa/n-1(gy = 0. (A.14)

h—0
Step A.2. Approximation of v € P(R) by w € BD(U) having divw € L"/"~(U),
Qcu.

Here we follow Morrey [20, p. 76]. Since 9§ is Lipschitz, for each x, € 9%,
there is a cylinder Q, ;(x,, a,) with axis in the direction a,, |ay| =1, such that
after a suitable rotation and translation of axes, say y = C(x — x,),

B/ X (=L,L) = C(Q, (x0,a0)—%;), By ={y|<r,y’eR"}
and
<yg(y/) <yn<L> = C(Qr,L(XO’aO)mQ_xO)

where g is a Lipschitz function. The Lipschitz constant of g, r, and L may be
taken independent of x, € 9%.

Let £,,...,2, be a finite covering of dQ by such cylinders with the property
that

N
1
e(v) < -6 and
I ERECTES

N
: 1
2 Ndivollam-1g g, < 2% (A.15)
1



242 R. Hardt and D. Kinderlehrer

N
Let ©, be a neighborhood of @ — U &; in @ satisfying dist(2,, dQ)< L/2 and

1
choose 7y, € CP(R2), ng=10n g, 0 <y <1. Letn, €CP(L)), I < j< N, be such
that 0 <7, <1 and

N

Y.n, = 1 in a neighborhood of .
0

Note that whenever ¢(x) is defined in @ N, J(x)=¢(x+ Aa)m(x),a;
the axis direction of Qj, is defined whenever x+}\ajEQj. Also, 1,(x)=0

whenever (x — x;)-a; > L/2 where x; € 9% is the “center” of ,, by the choice of
Q-
Now set

w(x) = Fo(x) = an(x)v(x+}\aj)
= no(x)o(x)+ an(x)o(x+?\aj) (A.16)

= mo(x)v(x)+ len,(X)vA,,-(X)

N
which is well defined in a neighborhood U=U, < U &;, Xy, =1m U.
0

The claim is that for A > 0 sufficiently small, w= Fyv provides a suitable
approximation to v. First observe that

N N

[lw = ol prn-1ggy =| M0 + anv)\,j - anv
1 0

/@)
N

= Z”"lj(v)\,j - D)”L"/"*‘(Qmﬂl)'
1

Since v, ;= v in L7~ (@ N Q)), for A sufficiently small
“W - U”Ln/nfl(g) < 6. (A.17)
Let us give the proof of (A.6). For 6 >0, 1 >0,

lp(s+2)—@(1) < s (A.18)
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N
Also, since anx =0in &,
0

N

N
1 2
eP(w) = anED(U)\,j) Ty ) (n_/x® Oy, T Oy ;8 — ;n,g%,ﬂ)

0 0

N
= anED(UA,j)
0

1

2
) (njx®(v>\,j —v)+(vy,;—0)®n, — ;njx'(vh,j - v)]])

oMz

and
eP(v) = %el)(njv) = %:njeD(v).

Writing E, = E N Q, for E C &, and using (A.18),

3020 [o(e2(0)

<

N
+ ;/Enj'BD(D)\,j)l

L¢(WOED(U))—L¢(UOED(U))

2
'qjx@(v)\’j—v)+(v>\,j—v)®njx—;njx-(v)\,j—v)ll dx

1N
+5%-£5

N
+ 1eP(v)].
z ijn,l (o)
Since for A sufficiently small
D D
[ie? (o ) < fmgjle (o))

and v, ;—vin L'(2N Q) as A -0, it is possible to choose A so small that (cf.
(A.13))

<8
2

Lo~ [ 9(e2(0)

A similar but easier calculation may be used to prove (A.5).
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Now observe that

N N
divw=andivv>\J+anx-vx,j

0 0 in O

N v in Q.
=Zn,din>\,j+anx'(U>\,—v)
0 0

Although divo, ;—>dive in L*(2N,), one only knows that v, ,—v in
L/~ (2N Q). This leads to (A.14).

Step A.3. Approximation of v € P(2) by wy € C*(Q).

Combining the previous steps, given 8 > 0 choose w = Fyv, cf. (A.16), and
ws = w*a,, h so small that

“WB - DHL,./"—I(Q) < 6/2

]/Q|e(w5)| ax = [ |e(v)
[0 dx = [9(e2(0)

fldiv ws — divol| pa/n-1qy < 6/2.

<§/2

< 8/2, and

Step A.4. Correction for divergence term.

The approximation wy of the last step must be adjusted slightly to account for
the divergence. Suppose that R is large enough that € C C B, and choose
z5 € C3°( By ) satisfying

llzs — xodivoll 2z, < 6,
Xgo = the characteristic function of Q. Let {; denote the solution of

{s=0 on dB,

and set g5 = {;,. Then by the well known estimates of Calderon and Zygmund (cf.
(20])

(g8l zrrnm=1cmay < NS5l r2nsn-1(y

< Clizs — divwsxgll o1,
< C(||z5 = XgdiVOl o 15,

+idivo — div wsl| 1r/0- 1)

< C. (A.19)
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Choosing 8 /C, instead of 8, we may assume that C, = 1. Finally, we set

SO

Uy = Wy + g;

lldivos — divol 2y < 8.

Using (A.19) and the estimates for wy it is an easy matter to check that the

sequence v, has the required properties. For this, note especially (A.18). O

Note Added in Proof (4,20,/83)

Our treatment of duality has elements in common with a new paper of F.
Demengel and R. Temam, Convex function of a measure and applications (to

appear).
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