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Abstract. In this paper we study questions of existence, uniqueness, and
continuous dependence for semilinear elliptic equations with nonlinear
boundary conditions. In particular, we obtain results concerning the con-
tinuous dependence of the solutions on the nonlinearities in the problem,
which in turn implies analogous results for a related parabolic problem. Such
questions arise naturally in the study of potential theory, flow through porous
media, and obstacle problems.

1. Introduction

In this article we establish some results concerning the existence, uniqueness,
and continuous dependence on the data of solutions of boundary-value problems
for semilinear elliptic equations of the special form

(i) B(u)—Ausf onQ,
(i) u,+vy(u)s0 onT,

where Q< R” is open, connected, bounded, and locally lies on one side of its
C? boundary I', A denotes the Laplace operator in R, fe L'(Q), and u, denotes

(BVP)
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the exterior normal derivative of u on I'. The nonlinearities 8 and y are maximal
monotone graphs in R (see, e.g., [8]). In particular, they may be multivalued and
this allows (ii) to include the Dirichlet condition u =0 (taking y to be the
monotone graph defined by y(0) = R) and the Neumann condition u, =0 (taking
v(r)=0 for all r) as well as many other possibilities.

In order to discuss the notion of solution of (BVP) we will use, we require
a little notation. The Sobolev space consisting of those functions whose derivatives
up to order k lie in L”(Q)) will be denoted by W5P(Q). We use dI to denote
area measure on I' and L?(I') will mean the L? space defined by this measure.
The statement ““a.e. on )’ means with respect to Lebesgue N-measure and the
statement ““a.e. on I'” means with respect to dI'. A solution of (BVP) will mean
a triple [u, v, w]e W (Q)x L'(Q)x L'(T') such that

v(x)e B(u(x)) a.c.on Q, w(x)e y(u(x)) ae onI' (1.1)

and

J vp+J Vu-Vp+J wp=J fo forevery pe W (Q). (1.2)
Q Q r Q

Here and below the integrals over () are with respect to Lebesgue measure and
the integrals over I' are with respect to dT'. Of course, if we write 8(u) in place
of v and y(u) in place of w, (1.2) is just the expression which would result from
assuming everything is smooth and single-valued (so v=pB(u) and w=y(u)),
multiplying (BVP)(i) by p, integrating once by parts, and using the boundary
condition (BVP)(ii). The definition above uses the fact that the trace of u € W"'(Q)
on I is well defined in L'(I') (Theorem 4.2 of [18]). Observe that we use the
same notation u for u and its trace when convenient.

Some hypotheses on the graphs 8 and vy are necessary in order for (BVP)
to have a solution. To begin, we clearly need that the closure of the domains of
B and y are not disjoint and so it is natural to assume that

D(B)n D(y)# (1.3)

however, we will assume more. For example, if a€ R, 8(a)=R, and (u, v, w) is
a solution of (BVP), then u=a, v=f, and 0=w(x)=y(u(x))=1v(a) a.e. In
particular, for this 8 we must have

D(B)Nny (0)= D (1.4)

in order for (BVP) to have any solutions at all. We will assume that (1.4) holds,
which in turn amounts to assuming that there is at least one constant function f
for which (BVP) has a solution (u, v, w) which is a constant.

Another necessary condition for the existence of a solution of (BVP) is
obtained by choosing p=1 in (1.2) to find

[r=] v+J . (15)

! Hereafter when we write the expression v € n{u) where u and v are functions on a measure
space and 7 is a monotone graph, we will mean that v and u are integrable with respect to the
measure defined by the context and v(x)e n(u(x)) a.e.
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Using the notation ¢, =sup R(¢) and ¢_=inf R(¢) for a graph ¢ in R with
range R(¢), (1.5) immediately implies that

BAIQI+Y-IFISLfSB+IQ|+y+IFI, 16)

where [Q] is the Lebesgue N-measure of Q and |[| is the area of T.

Since (1.6) arises from an approximation of the condition imposed by a single
choice of test function p, it is not quite sufficient for the existence of a solution
of (BVP). It will be convenient to use the graph

B(r)=[T|y(r)+]0IB(r) (1.7)

for the statement of necessary and sufficient conditions in the following theorem.
Observe that (1.4) implies B(r) is maximal monotone (since D(B8)~ D(y)# &)
and B, =|I'|y.+|Q|B., etc. Then (1.5) in fact leads at once to the necessary
condition stated in the following theorem. This theorem also completely character-
izes the cases in which (BVP) is solvable—in particular, it follows from the
theorem that (BVP) is solvable if (1.6) holds with strict inequalities.

Theorem A. Let (1.4) hold and f e L'(Q). If (BVP) has a solution [u, v, w], then
J f€ R(B). (1.8)
Q
Conversely, (BVP) has a solution if |, f € interior (R(B)) or, equivalently,
B_<J f<B,. (1.9)
Q

Lastly, if Inf: B, € R(B) (respectively, | f = B_c R(B)), then the solvability of
(BVP) is determined as follows: if B. > B_, then (BVP) has a solution exactly when
(the unique within a constant) solutions z of the linear problem

~Az=f—-B, inQ, z,=—v, onTl (1.10)

(respectively, —Az=f—B_in Q, z,=—vy_ on I') are bounded below (respectively,
above) on Q. If B.=B_ and y.>vy_, then (BVP) has a solution exactly when
solutions of (1.10) (respectively, etc.) are bounded below (respectively, above) on
I. IfB,=B_ and y, =y._, then (BVP) has a solution.

We remark that a sufficient condition for the solutions of (1.10) to be bounded
is that fe L?(Q) for some p>max(1, N/2). This can be proved by the method
of Murthy and Stampacchia [17].

Theorem A will be proved in the next section together with the following
result concerning the continuous dependence of v on 8 and y where [, v, w] is
the solution of (BVP) provided by Theorem A. Using nonlinear semigroup theory,
this result implies, as is recalled in Section 3, the continuous dependence of
solutions of an associated nonlinear parabolic problem on the nonlinearities in
the problem. The resulting continuous dependence result for this parabolic
problem was a principal motivation for this investigation.
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Theorem B. Let B*, v* be maximal monotone graphs with 0€ B*(0) ~ y*(0) and
fie LNQ) for k=1,2,...,0. Assume that B8* > B~ and y* - y™ in the sense of
maximal monotone graphs® and f, > f., in L'(Q) as k. Let B* = g*|Q|+ |1,

B‘i°<j fo<BY (1.11)
Q

and [u, v, w,] be a solution of

Bk(uk) ‘—Auk 3f on Q,
(BVP), .

(u), + v ()30 onT
for large k (the existence being guaranteed by Theorem A in view of (1.11) and
the other assumptions). Then v, - vy in L'(Q) and w, > wy, in L'(T') as k-,

Problems related to (BVP) have received a great deal of attention. If B, y
are Lipschitz continuous on R and 8', ¥’ =& >0 and fe L*(Q)), the existence of
a solution follows from standard variational arguments. Brezis in [6] and [7]
handles the case in which 8 is the identity, ¥ is a maximal monotone graph, and
fe L*(Q). The case in which fe L'(Q)) and B, y are continuous nondecreasing
functions from R to R with B’ =& > 0 is studied in Brezis and Strauss [10]. Other
aspects of (BVP) are generalized in [10]—for example, A can be replaced by
more general elliptic operators, etc. We could consider this generality as well,
but do not do so here since they will be developed in [5]. In [2] Benilan has
proven existence results for fe L'(Q}), y a maximal monotone graph, and S
continuous and strictly increasing. The analog of Theorem A for f in L*(Q) was
obtained by Schatzman [19] by variational methods—however, the gap between
results for fe L'(Q) and for fe L*(Q) is substantial (indeed, think of the linear
Dirichlet problem in this regard). Brezis has pointed out that formally the problem
can be regarded as a ‘“‘range of the sum” question, although the L' setting falls
outside the scope of Brezis and Nirenberg [9]. Finally, see Magenes et al. [16],
Alikakos and Rostamian [1], and Diaz [13] for some other special cases, referen-
ces, and applications to some corresponding parabolic problems. The problem
addressed in Theorem B in the case where Q) is R (and so there is no boundary)
is rather different in character and was studied by Benilan and Crandall [4].

Section 2 of the text contains the proofs of Theorems A and B and several
auxiliary considerations concerning (BVP). The “‘simplicity” of these proofs is
one of the contributions of this paper. Section 3 is devoted to explaining the
relationship of the results to the associated parabolic problem. In Section 4 we
discuss the case fe L? for p>1 and an associated obstacle problem.

2. Proofs of Theorems A and B
Before proceeding, we will simplify the writing by using the assumption (1.4) to

2 This convergence of (e.g.) the B can be expressed in terms of the inverse (I +8%)"! of
r- r+B*(r); it means that (I+8%)"'(r)> (I +B°)"Y(r) for reR.
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reduce to the situation in which
B(0)~v(0)>0; , (2.1)

this is done by choosing ae€ D(8) n y~'(0), be B(a), and putting i =u—a. In
terms of ¢ the problem becomes [-}(ﬁ)—Aﬁ =f-bin Q and 4, +y()=00onT
where B(r) = B(r+a)—b and 7(r) = y(r + a). Since (2.1) holds for B, v in place
of B, v we hereafter assume (2.1).

In fact, the heart of the proofs of both Theorems A and B is the following
sharpened form of Theorem B:

Theorem B'. Let B, y* be maximal monotone graphs with 0e B*(0) N y*(0) and
fie LNQ) for k=1,2,...,00. Assume that B* - B~ and y* >y in the sense of
maximal monotone graphs and f, > f., in L'(Q) as k>0, Let [uy, v, wi] be a
solution of

B () —Ausf, onQ,

(BVP)
§ U, + ¥ ()30 onT

for finite k=1,2,.... Let B¥(r)=|Q|B*(r)+|['|y*(r) for all k and assume that
B®= J. fo=BY. (2.2)
Q

Then we have:
(i) The sequences {v,}, {w.} converge to limits v, in L'(Q}) and w,, in L'(T")

as k-,

(ii) If {u} has a limit point u, in L'(Q), then [y, v, Woo] is a solution of
(BVP).

(iti) If {Jo w} is bounded, then {w} is bounded in W"“9(Q) for 1=g<
N/(N —1) (and hence is precompact in L'(Q)).

(iv) If

BT<J fo<BZ (2.3)
Q
then {[o w} is bounded.

Clearly, Theorem B’ implies Theorem B if we know that whenever [u, v, w]
and [#, 0, W] are solutions of (BVP) then v =0 and w=w. This follows at once
from the first assertion of Proposition E below. We proceed below by deducing
Theorem A from Theorem B’ and then we prove Theorem B'.

Proof of Theorem A. 1n order to prove Theorem A we use the following standard
approximation scheme: let A >0 and 8,, y, be the Yosida approximations of S,
v; that is

Bi=(I-(I+AB)")/A, wm=I-(I+ry) /A (2.4)
Let
éA(r):Ar+BA(r)' S (2.5)
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Then ﬁA and its inverse are both Lipschitz continuous homeomorphisms of R.
The problem

Ba(w)—Auy=f inQ, wu,+y(u)=0 onTl (2.6)

has a solution [u,, v,, w,]1=[u,, /'B‘A(u,\), v, (u,)] for A >0 by the results of [10].
Alternatively, if the reader prefers a self-contained presentation, for fe L*(Q) it
is a simple matter to exhibit the solution of (2.6) as a minimum of the functional

O(u) =) L (\Vu|2+jl(u)—fu)+Jrjz(u),

where j; = BAA, j5=v,. Now replace f by an approximation f, € L*(Q) where f, > f
in L'(Q) as A | 0. Since 8, > 8 and vy, > y as maximal monotone graphs as A | 0,
we may use Theorem B’ to conclude that if f satisfies (1.10) there is a solution
of (BVP).

Assume now that [o f= B, and (BVP) has a solution [u, v, w]. Then the
identity (1.5) implies w = y, and v = 8, so z = u satisfies (in the obvious sense—we
assume some simple facts here concerning the Neumann problem which are
reviewed again in Proposition C below)

—Az=f-B., z,=—7.. (2.7)

Moreover, the relation v{x) = 8, € B(u(x)) a.e. shows that either 8=, or u is
bounded below (by inf{r: 8, € 8(r)}) and in the former case we must have (by
(2.1)) B=0. Similarly, either u is bounded below on I" or y=0. If 8, > B_ then
u is bounded below so (2.7) has a solution z which is bounded below. Conversely,
if (2.7) has a solution z which is bounded below on (, then for a large enough
constant ¢ [z+¢, B, y+] solves (BVP). Assume therefore that =8, =0 and
v+> v_. As above, a solution of (BVP) is then a solution of (2.7) which is bounded
below on I" and if z is a solution of (2.7) which is bounded below on T, then
[z+¢,0, y,] is a solution of (BVP) for large enough c. In the remaining case,
B=7y=0,fqf=0andif z solves —Az = f, z, = 0 (see Proposition C), then [z, 0, 0]
is a solution of (BVP).

We turn now to the proof of Theorem B'. The theorem itself is a fairly direct
consequence of several ingredients. First we recall some basic facts concerning
the linear Neumann problem

(NP) —Au=f inQ, u,=g onl,
where fe L'(Q) and ge L'(T'); a solution of (NP) is a ue W"'(Q) such that

J‘ Vu'Vp=J fp+J gp
Q Q r

for pe WH(Q). Set

I(f,g)=Lf+Lg-
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We will use the following proposition:

Proposition C. Let fe L'(Q) and ge L'(T").

(i) (NP) has a solution if and only if I(f, g) =0.
(ii) Solutions of (NP) are unique within a constant so if I(f, g) =0 there is a
unique solution u with the property (o u =0; this solution will be denoted
by u=G(/f, g).
(iii) For 1=g<N/(N —1) there is a constant C depending only on q and Q
such that if I(f, g) =0, then

1G )l whay = CU Al oyt I8l ey ' (2.8)

(iv) There is a bounded linear mapping T: L'(Q) > L'(I') such that the solution
ue Wy'(Q) of the Dirichlet problem —Au=fin Q, u=0 on T is also a
solution of (NP) with g = Tf. Moreover, if 1 =< p <o, then the restriction
of T to L?(Q) is a bounded linear operator from LF(Q) into
LWN-DPIIN=PUTY if N> p and from LP(Q) into L(T) for any finite q if
p=N.

(v) If I(f,g)=0 and u= G(f, g), then

I(fX(u>0}’ gX{u>0}) = I(f_X{u=O}’ giX{u:o}),

where r* =max(r,0), r =r"—r, x4 is the characteristic function of the
set A, and {u> 0} denotes the set of x€ Q (or T') on which u(x)>0, etc.

Sketch of Proof of Proposition C. For the moment, let ru denote the trace of
ue W"'(Q) in L'(T"). Let M be the operator in L'(Q2) x L'(T") with the graph

{[(w, w), (£, ©)]:[u, £, gle WH(Q)
x L'(Q)x L'(T"), w=ru and u is a solution of (NP)}. (2.9)

Clearly, M is a linear, single-valued, and densely defined operator in L'(}) x
L'(T). It follows from [10] that M is an m-accretive linear operator (i.e., (I +
AM) ™" is an everywhere defined nonexpansive self-mapping of L'(Q) x L'(I') for
A >0). Moreover, if P is the projection of L'(Q)x L'(I') onto L'(Q), Lemma 23
of [10] implies that

P(I+M)™": L'Y(Q)x L'(I')» W"1(Q) (2.10)

boundedly for 1=g<N/(N—1). Thus M has a compact resolvent and (f, g) e
R(M) if and only if (f, g) is orthogonal to the null space of the adjoint M* of
M. Now if (u, z) is in the null-space of M we have z=ru and

—Au=0in) and wu,=0 onT.

We claim that then u is a constant (and therefore z is the same constant). To
see this, we rely on the classical fact that the problem

-Ap=(f),, inQ and p,=0 onTl
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has a classical solution whenever each f; is smooth and compactly supported in
Q) and then use p as a test function in the relation satisfied by u. The null-space
of M is thus one-dimensional and (because of the compact resolvent) so is the
null-space of M*. But constants (as elements of L*(Q})x L*()) are in the
null-space of M*, whence the sufficiency of the condition I{f, g)=0 for the
solvability of (NP). We have argued that (i) and (ii) hold. The estimate (iii)
follows from similar considerations. Since a solution u of (NP) also solves

u—Au=f+uel'(Q), utu,=g+tuecl'(l)

we have u=P(I+M)™'(f+u, g+7u)e W"¥(Q). Thus G is a mapping from the
subspace of L'(Q)x LY(T') on which I(f,g)=0 into W"9(Q). It clearly has a
closed graph and is therefore bounded, whence (iii).

We turn our attention to (iv). A solution u of the Dirichlet problem also
satisfies

—J uAp+J. u,,p=J Jp (2.11)
Q r o

for p e C*(Q)) if f is smooth. If we choose a regular function g on I and solve
—Ap=0in Q, p=g on I', the maximum principle implies that

Il =@ =llgl =
s0 (2.11) yields

L wg =1 wlel -

We conclude that the linear mapping f - u, = Tf where u is the solution of the
Dirichlet problem (which is well defined for smooth f) is bounded from LY)
into L'(T") whence the result for p=1. For 1< p < the result follows from the
W?P regularity estimates and trace theorems for W'?(Q).

To establish (v) we use the following variant of Lemma 2 of [10]:

LemmaD. Let 1=p=c, fe L*(Q), ge L?(I'), and u be a solution of (NP). Let
1 be a maximal monotone graph in R and 0€ n(0). Let p’ be the Holder conjugate
of p, ac L*(Q), be LP ('), a(x) € n(u(x)) a.e. on Q, and b(x) € n(u(x)) a.e. on
I'. Then

J af+I bg=0.
Q r

In order to deduce (v) from the lemma we choose

{1} for r>0,
n(r)=4{[0,1] for r=0,
{0} for r<0,

and a(x)=1 on {u>0}, a(x)=0 on {u=0 and f=0}, and a(x)=1 on {u=0

and f <0} (respectively, define b on I' by b(x)=1 on {u>0}, b(x)=0o0n {u=0
and g=0}, and b(x)=1 on {u=0 and g <0}).
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Sketch of Proof of Lemma D. The lemma follows from the fact that the m-
accretive operator M in L'()) x L'(T') satisfies the conditions (I) and (1I) formu-
lated below. We will use the notation J, = (I +AM) '=(J,,, J,,) to indicate the
projections of J, on L'(Q) and L'(T'). The first condition can be verified by the
arguments of [10].

L S, &) =TS, g))wfr (ol S, 8) =l F, 87

= f (f—f)*+f (g-8)" (I
Q T
for (£, g), (f.§)e L'(Q) x L'(T'). The second condition is trivial—we have
(b, b)=J,.(b,b)=0b (11)

for all constants b. Now one shows that the (analog of) Lemma D holds for any
linear densely defined m-accretive operator M in a product space L'(u)x L'(»)
(u and v are measures) which satisfies the analogs of (I) and (II). This can be
done by the method of proof of Lemma 3 of [10]. In particular, if (J;, J,): L'(u) X
L'(v)» L'(x) x L'(¥) has the properties (I) and (II) then one checks that for
any convex lower-semicontinuous function j: R— [0, o] one has

J.j(Tx(f, g)) du+Jj(Tz(f, g)) dv= Jj(f) du+Jj(g) dv.

The next proposition is formulated for the reader’s convenience for the
generalization

i) B(u)—Ausf on(},

(BVP),
" Gi) w+y(u)sg onT,

where fe L'(Q2) and ge L'(T) of (BVP). A solution of (BVP) , is a triple [u, v, w]
as before, but (1.2) is replaced by

L vp+JﬂVu'Vp+JF(W—g)p=Jnfp (r.2y

if pe Wh(Q).

Proposition E. Let f, fe L'(Q), g, g L'(I), [u, v, w] be a solution of (BVP),,,
and [4, 0, w] be a solution of (BVP)z;. Then

J (0—6)++J (W—WYSJ (f—f)++J' (g-8)" (i)
0 I Q r
Moreover, if g=0 and b=0 then

L <|v|—b>+sjn (A~ by (i)
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and
J (IWI—b)+SJ (T(f-v)|-b)", (iii)
r r
where the operator T is from Proposition C(iv).

Proof of Proposition E.  According to the assumptions z=u —4 is a solution of
—Az=f—f+d—-u, z,=g—g+w—w.
Proposition C(v) implies that
I(f=F+ 8= 0)x0p (8 =+ W = W)X (z20)
=I((f = f+0-0) Xz, (8 =+ W= W) X(-0)-

Now the relations v(x) € 8(u(x)) a.e., etc., imply that v — 6, w — w =0 (respectively
=0) on {z>0} (respectively, {z<0}) and then manipulation of the above
inequality (using [q 0" = { X200+ X(z00™, 07 =(f— ) +f7, etc.) implies (i).
To obtain (ii), let [«, v, w] be a solution of (BVP),,. If a, b, ¢=0, be B(a), and
cc y(a) then [a, b, c] is a solution of (BVP), .. By (i) we have

I (v—b)++‘L(W—C)+SJ’O (f-b)"

and so

J' (v—b)*S.[ (f—b)". (2.12)

So far we have obtained this inequality for b € 8([0, o) n D(y)). If D(y) contains
D(B), then it will hold for all b>0, since if b= B(R) we have (v—b)"=0. If
be B(a) and a> D(v), we proceed by letting A > 0 and observing that [u, v, w]
is a solution of

B(u)y—Ausf onQ, u,+y(u)ysy,(u)—w onl,
while [a, b, y,(a)] is a solution of
B(a)—Aasb onQ, a,+ vy, (a)>vy,(a) onl.

Using the estimate (i) on these problems yields

J (U—b)++_[ (W—YA(a))+5J (f*b)++J (ya ()= w—y(a))".
Q r Q T
Since |w|= |y, (u)| and y,(a) > as A | 0 (by properties of the Yosida approxima-

tion) the inequality (2.12) follows upon sending A to 0. In a similar fashion one
proves that

'[ (v+b)_sj (f+b)

for 0= b and adding this and (2.12) yields (ii).
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It remains to prove (iii). To this end let # be the solution of
—Ali=f-vinQ and @=0 onl};

according to Proposition C(iv) # also solves
—Ad=f-v inQ, #,=T(f—v) onT.

Thus (using that @ =0 on I') we have the solution [u —, 0, w] of
—A(u—#)=0 inQ, (u—d)y,+y(u—a)>sT(v—f) onl.

If be y(a) we have the solution [ga, 0, b] of
—Aa=0inQ and a,+7y(a)>b onl.

Applying (i) again to the latter two problems (with 8 =0 now) we find that

J (W—b)+SJ (T(v—f)-b)"
r r
as desired. This completes the proof.
We now complete the proof of Theorem B'.
Proof of Theorem B'. We use the notations and assumptions of the theorem.
Step 1. The sequence {v,} is weakly sequentially compact in L'(Q). This follows

from the following criterion for weak sequential compactness of a subset F of
L'(n) where u is a finite measure:

lim sup J‘ (f1-b)" du =0.
b>co p

Indeed, this condition is easily seen to be equivalent to the uniform integrability
of the family F (that is, for every &> 0 there is a § > 0 such that [alfldu=<eif
#(A)=8) and this implies the weak sequential compactness. Since we have

L;wg—w+s£5uu—m+

by Proposition E(ii) and {f,} is convergent in L'(Q) by assumption, the weak
sequential compactness of {v;} follows. Observe in particular (taking b =0) that
{v.} is bounded in L'(Q).

Step 2. The sequence {w,} is weakly sequentially compact in L'(T'). First note
that the sequence {T(f; — v,)} is weakly sequentially compact in L'(T') because

of Step 1, the assumed convergence of the f;, and the continuity of the linear
operator T as a map from L'(Q) into L(I'). Since Proposition E(iii) implies that

[| awi=pr=] dre-st-ny

we conclude as above.
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Step 3. The sequence {v;} is precompact in L'(Q). In view of the uniform
integrability of the sequence, it suffices to prove that for each compact subset €’
of Q, {1} is precompact in L'(€)). For this we use the following local version
of Proposition C(v).

Lemma F. Let uc Wi(Q), fe LL(Q), —Au=f, and { € C*()) be nonnegative
and compactly supported in ). Then

J (f§+uA£)2J ¢ (2.13)
{u>0} {u=0}

Proof of Lemma F. We may assume that ¥ =0 holds in a neighborhood of I
since otherwise we may replace u by Yu where ¢y =1 in a neighborhood of the
support of { and has compact support in ). Since

V- ({+e)Vu)=({+e)f —Vu- V¢
Lemma 2 of [10] implies that if n is a maximal monotone graph containing the

origin, a € L*(Q), a< n(u), and £ >0, then

J ({+e)f—Vu-V)a=0.
Q

Now choose 1 and a as in the proof of Proposition C(v), let £ > 0 and use the
fact that Vu =0 a.e. on {u =0} to see that

J{ o ({f=Vu- VZ)ZJ' fé

{u=0}

Next we claim that

J’ Vu-Vi= —J u ¢,
{u>0} {u>0}

this may be seen by choosing a suitable sequence of smooth approximations 7,
of the Heaviside function and passing to the limit in the relation

J' Mm(u)Vu-v{= ‘J Ni(u) AL,
Q Q

where N, (r) = n:(s) ds.
To continue, fix y € R", observe that

~A(up(x) ~u(x +y)) = f(x) = f(x + y) + (v (x + y) — ve(x)),

and apply Lemma F (as we did with Proposition C(v) to get Proposition E(i))
with ¢ supported in {x € Q: distance (x, ) <|y|} to conclude that then

L {0+ ) — ()

= [ et -weeent+ [ ol lae ol
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The sequence {u —(1/]Q]) |, u} is bounded in W"9(Q) by the boundedness of
{v,} and {w,} (from Steps 1 and 2) and hence is precompact in L'(Q2) by
Proposition C(iii). Likewise, translations act equicontinuously on {fi} in LL.(Q)
by the assumptions. We conclude by appropriate choice of { that

lim supj [oe(x+y)— vi(x)] =0
]y{—»O k Q
and this implies the desired compactness.

Step 4. 1If [u , vx,, Wi, ] is a subsequence of [uy, vy, wi] and v, > v, weakly in
LY(Q), w,, > w,, weakly in L'(T), and u,, - uy in L'(Q), then [Ue, v, W is a
solution of (BVP).,.. To establish this, first note that {u, } is bounded in W"9((2)
by Proposition C(iii) applied to {u, —(1/|Q]) fo .} so we can assume that
Vu,, > Vu, weakly in L9(Q) for 1=g<N/(N —1). Now we must show that

J vmp+J Vu, - Vp+J woop=J Jeop (2.14)
Q Q N 0 .
for every p € W»*(Q) and

Vo€ B7(Us),  Wa€ ¥ (Ua). (2.15)

Equation (2.14) follows immediately from the assumptions. Condition (2.15)
follows from the next simple lemma.

Lemma G. Let n and n*, k=1,2,..., be maximal monotone graphs in R and
n*— 7 in the sense of graphs as k. Let (S, u) be a o-finite measure space, u,
u, v, ve L'(w), vee n*(w) for k=1,2,..., and u.~u strongly in L'(x) and
v, = v weakly in L'(u) as k- co. Then ve n(u).

Sketch of Proof. Itisstandard in the theory of accretive operators that if v satisfies

J (v—10) signg(u—#) du=0  whenever #, 6e L'(S) and fe n(i)
(2.16)

(where signo(r) =1, —1, or 0 according as r>0, r<0, or r=0), then ve n(u).
Moreover, owing to the assumptions, if ©€ n(i) then there are sequences o, €
n*(d) such that @, > &, f, > 5 in L'(x). Finally, the monotonicity of n* implies
J (0= 8)p(ux — i) du =0 where p(r)=r/m, 1, —1 according as |r|<m, r>m,
and r <—m. We may pass to the limit as k -> o in this relation and then as m - c©
to find (2.16).

We know from Proposition E that if [, ve, We] and [, fx, We] are two
solutions of (BVP)., then v, = ¥, and w., = w... We therefore further conclude
that if {u,} is precompact in L'(2), then (BVP),, has a solution and if [, Ve, Weo]
is a solution

Uk Ve in L'(Q) and  w, > w, weaklyin L'(T). (2.17)
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Step 5. If {J, u.} is bounded then {u,} is precompact in L'(Q}) and L'(T') and
(2.3) implies that {{, u.} is bounded. The first assertion follows from Proposition
C(iii). As regards the second, we argue by contradiction. Indeed, assume for
example that

j U, —> 0, (2.18)

Proposition C(iii), —Au, = fi — vy in ©Q, u,, = —w, on I', and the boundedness of
v and w; from Steps 1 and 2 imply that {u;, — (1/|Q|)fq 4} is bounded in W"9(Q)
for 1= g < N/(N —1). The precompactness of this sequence in both L'(Q) and
L'(T') follows and we can conclude (passing to a subsequence if necessary) that

w->0 ae.on{) anda.e.onl (2.19)

and there are voc L'(Q) and w,e L'(T') such that (2.17) holds. It follows from
the assumptions and (2.19) that v,.= B85 and w,= 17y a.e. The compatability
condition

ey
Q r o)

then yields

|n|ﬂf+|r|yfzj 1o
(¢}

in the limit, and this contradicts (2.3). Hence (2.18) cannot hold (even along a
subsequence). In this way we see that { | u,} is bounded and {u,} is precompact
in L'(Q) and LY(T).

We note that the existence assertion of Theorem A now follows from what
has already been proved (recall the argument which showed Theorem A follows
from Theorem B’ and the above steps).

Step 6. The sequence {w,} converges in L'(I'). We begin by assuming that
B> B™ so that B%> BX for large k. By the previous steps we know that the
problem (BVP), has a solution [u,, v, w,] if

BX < J f < B* (2.20),
Q
and we set Sy fi = [ S11fk, Sarfi] =[x, wi]. By Proposition E(i) S, is a nonexpan-

sive mapping of the subset of L'(Q2) on which (2.20), holds into L'(Q)x L'(I')
and we may therefore extend it by continuity to the set

D(Sk)={fe LYQ): B’isj fsBﬁ}.
[¢]
Moreover, we know that if f, € D(S,) and fi>f» in L'(Q) then {S,.fi} is

precompact in L'(Q) and every limit point is S, foo. Hence Syfi= Siwfoo in
L'(Q). Let (2.20), hold and consider {S,if..}. If this sequence is precompact
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LY(T') we conclude as above that S, f.c> Sy foo in L'(I') and then (using the
nonexpansiveness) that Sy fi = Sy foo I L'(I"). Moreover, using the nonexpan-
siveness, it will suffice to check the precompactness for a dense set of f.,’s satisfying
(2.20), and once we have this we get the desired conclusion: S fi > Si foo in
LY(T).

LemmaH. Iff.c L*(Q) and satisfies (2.20), then { S, f.} is precompact in LYT).

Sketch of Proof of Lemma H. For the moment let [uy, vy, wi] be the solution
of (BVP), with f; replaced by f.. It will suffice to show that {u} is bounded in
L*(Q). Indeed, we have

e —Aup =fotu,—v, inQ, up, + v ()20 onT

and we argue below that {v,} is bounded in L*(Q) and {w,} is bounded in L*(T).
If we show {u.} is also bounded in L*(Q}), then {fo+u, —v;} is as well and we
conclude from Brezis [6] that {u,} is bounded in W>?({2). This implies that {u,}
and hence {w;} is precompact in L*(T") and so also in L'(T).

In order to see that {u;} is bounded in L*(Q2) we use Proposition E(ii) and
(iii) as in the proof of Lemma 3 of [10] to conclude that

nj(vk)s‘[ﬂj(foo) (2.21)

and

.

Fj(wk)S IFJ(T(fw—vk)) (2.22)

for every even lower-semicontinuous convex function j: R [0, ]. Taking j(r) =
r* we deduce first that {v,} is bounded in L*(Q) and then (using Proposition
C(iv)) that {w,} is bounded in L*(Q}). Hence

“Auk=f’\k in{) and uk,,=ék,

where fi, & are bounded in L*(Q) and L*(I') and then we conclude by the usual
duality argument that {—Vu,} is bounded in L*(©)). Moreover, we know that
{IQ u,} is bounded, so by ihe Poincaré inequality we are done.

There remains the case in which 8 =y~ =0, which is trivial by Proposition
E(ii) and (iii) with b =0 (in this case v, =0, We=0).

We end this section with some simple remarks concerning the uniqueness of
the solutions of (BVP). We know that if [u, v, w] and [d, §, W] are two solutions,
then v =17 and w=Ww. However, it is not true that u and # must coincide. For
example, if 8 =y =0, then u is only unique up to an arbitrary constant. In fact,
the uniqueness of v and w implies that this is the general case, in the sense that
we must have # = u + ¢ for some c. Using the arguments of Lemma 3.5 of [3] we
see that if u is not unique then v must be a constant. We suspect that then w
must be constant on each component of I' but have not established this. If, for
example, y=0 (so w is constant) and v=>b is a constant, the compatability
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relation shows that b|Q|=(,f Then beB(u) and b=(1/|Q|)f,f imply
1/ §, f € B(u) and u is unique if B'((1/|Q2) [, f) is a singleton. In the event
we knew w is constant as well, we could conclude that u is unique if B‘l(jQ )
is a singleton. See Theorem 3 of [19] in this regard.

3. The Parabolic Problem

Let T>0 and Q=Qx(0, T). We consider the “parabolic”’ problem
z,—Au=f onQ,
u,+y(u)>0 on (0, T)xT,

zeB(u) onQ,
z(0, x) = zo(x) on{},

in which B and y are maximal monotone graphs with 0€ 8(0) n ¥(0), fe LY(Q),
and z,€ L'(Q). The partial differential equation above could be formally replaced
by either the inclusion B(u), —Au>sf or by the inclusion z,—A¢(z)3f where
¢ =B". Both forms appear in the literature and here we are emphasizing that
they are coextensive. By a classical solution of (3.1) we mean a function z € c(Q)
with z,€ C(Q) for which there is a ue C(Q) which is twice continuously
differentiable with respect to the space variables so that the conditions in (3.1)
are satisfied in the pointwise sense. If B is everywhere defined, smooth, 8’ is
bounded away from zero, y and f are smooth, and z, is smooth and compactly
supported in , it can be shown by standard methods that (3.1) has a classical
solution. We are going to define generalized solutions of (3.1) when these
regularity conditions are not satisfied by taking limits of classical solutions of
approximating problems in which they are satisfied.
We will say that a sequence of problems

Z—Aug=fi onQ,
U, +y*(4 )20  on (0, T)XT,
ZkEBk(uk) on Q,

7 (x,0) = zo(x) onQd,

(3.1)

(3. D

of the same form as (3.1) converges to the problem (3.1) provided we have
(i) B*—> B and y* > y in the graph sense,
(ii) fi>fin L(Q), (3.2)
(iii) zxo— zo in L'(Q),
as k- 0.
Definition. A generalized solution z of (3.1) is a limit in C([0, T); L'(Q)) of a

sequence of classical solutions z, of a sequence of problems (3.1), which conver-
ges to (3.1).
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For each t =0 let B' be the maximal monotone graph
B'(r)=1t[Tly(r)+]Q[B(r). (3.3)

One sees, in the obvious way, that if (3.1) has a classical solution then the
compatability condition

BLSJ 20+J (J f(x,s) dx) ds=< B!, for 0<t<T (3.4)
(e} 0 o

holds. This condition is not quite strong enough for what follows and we will
use the following stronger variant:

Either y,+B,= or Jf(x, t) dx<|T|y,
O

for 0<t<T and J 2=|Q|B. and
? (3.5)
either y_+B_=-0 or Jf(x, t) dx=|T|y_
Q

for 0<t<T and J z=|0Q|B_.
Q

To motivate (3.5), consider the case in which f(x, t) = f(x) is independent of ¢
and (3.4) holds for all T. Then (3.4) is obviously equivalent to (3.5). We have
the following theorem:

Theorem 1. Let (3.5) hold. Then a necessary and sufficient condition that (3.1)
have a generalized solution is that
B_=zy(x)=B, ae. (3.6)

Moreover, if (3.5) and (3.6) hold, then the generalized solution of (3.1) is unique.
Finally, if (3.5) and (3.6) hold and (3.1), is any sequence of problems converging
to (3.1) with generalized solutions z, we have

ze>z in C([0, T); L' (D)),

where z is the generalized solution of (3.1).

Outline of Proof. The proof of this result relies upon nonlinear semigroup theory
and the results of Section 2. In order to apply the nonlinear semigroup theory
to (3.1) we define a (possibly multivalued) operator A in L'() associated with
(3.1) by f—ve Av if there is a ue 8~ '(v) and a we y(u) such that [, v, w] is a
solution of (BVP). We now exhibit the dependence of A on 8, y and define

Ag,={[v,f—v]): v, fe L'(Q) and there is a solution [u, v, w] of (BVP)}.
3.7

A= Ag, is accretive in L'(Q) by Proposition E(i).
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Step 1. We determine the closure of D(A) where A=Ay, is defined in (3.7).
If [u, v, w] solves (BVP), then clearly v(x) € B(u(x)) a.e., so v(x)e R(B) a.e. On
the other hand, if ve L'(Q) and satisfies

v(x)e R(B) ae. and B|Q|<J v<B,]Q] (3.8)
ie)

we will show that ve D(A). Once this is established, it follows that
D(A)={veL'(Q): B_=v=B,ae.} (3.9)

since the closure of the set of v’s satisfying (3.8) is given by (3.9) (except in the
trivial case B_=8,).

Let ve L'(Q), (3.8) hold, and A > 0. We claim there is a solution [u,, v,, w,
of the problem

B(u,)—AAu, v in{,
(3.10)
uy, +y(u,)0 onT

with v, € B8(u,), etc. In particular, v, € D(A). The existence assertion follows
from Theorem A (applied with the graph r> (1/A1)B(r) in place 8) upon dividing
the equation by A. We may rewrite (3.10) as

B u*)—Autsv inQ,

(3.11)
u,+y*(u*)s0 onTl,
where
B (r)=B(r/\), Y (ry=Ay(r/A), and u’=Au,. (3.12)

Of course, a solution of (3.11) is a triple [u*, v*, w*]e W"'(Q) x L'(Q) x L'(T")
with the obvious properties. In this correspondence v* = v, and we claim that
v* > vas A | 0 (at least along a subsequence) in L'({)), whence v € D(A). Indeed,
there is a maximal monotone graph /§ such that 8* > 3 as A | 0. Concerning 8
we only need to note that

int §(0) = (8-, B-)- (3.13)

Similarly, there is a sequence A, | 0 and a maximal monotone graph ¥ such that
Y1, > ¥ as n>o0 and

$(0)30. (3.14)
It follows that a solution [, 6, w] of
B(d)—Adsw,

i,+9(id)20

is =0, § =, and w=0. We conclude from Theorem B that v, > v in L'(Q2) as
A} 0, completing the proof.
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Step 2. In order to apply the nonlinear semigroup theory to the abstract problem

7’+Az>f, z(0) =z, ' (3.15)
in L'(Q) we need to know the closure R, of R(I+AA) in L'(Q) for A>0.
However, it is immediate from Theorem A that

R, ={fe L'(Q): B‘sj f=Bi}. (3.16)

To give the idea of the proof it will suffice to let f be independent of ¢ Let
A be the closure of A in L'(Q). It follows from (3.16) that if f, z, satisfies (3.5)
then, if t,=0<1t,<t,<-<-is an increasing sequence, the difference scheme

ji——:i-1+/iz,» sf for i=1,2,,- (3.17)
i~ ti
has a unique solution z, z,, . ... It follows that if z, is in the closure of D(A),

that is (3.6) holds, then (3.15) has a unique mild solution (see, e.g., [5] and [12]
concerning this notion). In the general case of time-dependent f satisfying (3.5)
we use a suitable approximation of f by step functions and proceed in the obvious
way to conclude that if (3.5) and (3.6) hold, then (3.15) has a (unique) mild
solution.

If we have a sequence of problems (3.1), with associated operators A, = Ag, .,
which together with (3.1) may be solved by this method, then the “‘graph conver-
gence” inclusion

Aclim inf A, (3.18)

guarantees that the mild solution z; of z; + Az 30, z,(0) = z;, 0f (3.1) converges
to the solution z of (3.1) in C([0, T); L'(€)) as k- co (see Theorem 6 of [12]).
Moreover, the relation (3.18) is an immediate consequence of Theorem B.

Step 3. 1If {3.5) and (3.6) hold, then a generalized solution exists. Indeed, we
can approximate (3.1) by a sequence of problems (3.1), which converge to (3.1)
and which have classical (and hence mild) solutions z,. By Step 2 the z; converge
in C([0, T): L'(})) to the mild solution z of (3.1), which is then a generalized
solution according to the definition. In fact, a refinement of this argument shows
that if (3.5) and (3.6) hold, the problems (3.1}, converge to (3.1) and z, is a
generalized solution of (3.1),, then z, >z in C([0, T): L'(Q)). This relies upon
the fact that the notion of graph convergence is convergence in a metric topology
and so the notion of convergence “‘of problems” we are using is also metrizable.

Step 4. To conclude the proof, we remark that under assumption (3.5) any
generalized solution is a mild solution. In particular, (3.6) holds and generalized
solutions are unique since mild solutions are unique. To see this, first note that
because of (3.18) generalized solutions are integral solutions in the sense of [2]
(see also [5] when it appears). Then use the fact that if an integral solution z of
(3.15) satisfies z(0) € R, for A >0, then z(t) lies in the closure of D(A) and hence
is the mild solution.
This completes the outline of the proof.
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The notions above are very general. There are interesting questions about
generalized solutions which we have not answered—for example, the uniqueness
is open in the event we do not know that generalized solutions are mild solutions.
We do know, however, that the class of generalized solutions strictly includes
the class of mild solutions. An example of this can be given by choosing 8 =y =0,
f=0. Using the approximations

Bi(r)=r/k and y,=0

one can see that constants are generalized solutions in this case while only 0 is
a mild solution.

We remark that the recent interesting works of Caffarelli and Friedman [11]
and Friedman and Huang [ 14] determine the limit of the solutions of a sequence
of problems

e, —Aee(u)=0 for t>0, xeR", u(x,0)=g(x)
in some cases where the ¢, are everywhere defined and have the limit ¢, given
by @u(r) =, [0, ), {0}, [0, —©) according as |r|>1, r=1, |r|<1, or r=—1 and

the function g does not take values in D(¢,,) a.e. There are interesting questions
about analogous results in our setting.

4. The L? Case

We consider the analog of Theorem B’ for the case in which f,e€ L7({) and
fi> fwo in L7(Q) where 1 <p <N,

Theorem J. Let B*, v* be maximal monotone graphs with 0 B*(0)n y*(0),
1=p<oo, and f, e L"(Q) for k=1,2,...,. Assume that B* > B~ and y* - y*
in the sense of maximal monotone graphs and f, - f, in L*(Q) as k—»>0. Let
[uy, v, wi] be a solution of (BVP), for finite k=1,2,... and (2.2) hold. Then

(1) {ovx} is convergent in LP(().
If, moreover, 1 <p < N, then
(ii) {we} is convergent in L'N"VP/(N"PNT) gnd
(iii) {Vu.} is bounded in L™?/N"P(Q).
Corollary K. Assume the hypotheses of Theorem J(ii) and (iii) and also (2.3).

Then (BVP),, has a solution [, Vs, We] belonging to W"NP/N=P)(Q)x LP(Q) x
LIN=DP/(N=PXT) | Furthermore, v, - v in LP(Q) and w, - wy, in L'N~VP/(N=P (T,

Proof of Theorem J. Since f, > f, in L"(Q}), there is a convex function j: R~
[0, 0) with lim,.« (j(s)/|s]”) =co for which {{,, j(f)} is bounded. By (2.21),
(putting f; in place of f..), [oj(v:) is bounded and this implies that {|v|’} is
uniformly integrable. Since {v,} is convergent in L'(2) by Theorem B, it is then
also convergent in L”(Q)), and we have proved (i).
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To prove (ii), we use Proposition C and (i) above to conclude that T( f; ~ v} »
T(foo— Uo) in LN "VP/(N=PUT') where v, is the L?(Q) limit of the v,. Using (2.22),
Theorem B’, and arguing as above we conclude that {{w, |~ "7V ="} is uniformly

integrable and {w,} is convergent in L'(I'), so {w} is convergent in
L(Nfl)p/(ng)(F).

To prove (iii) We argue by duality. Let h be thé solution of mean zero of

—Ah=§(p,~)x‘_ inQ) and h,=0 onT, (4.1)
where p,e C3(Q) for i=1,-,-, N. We have

Ilwsa=Clplioe — for 1=q<wx, (82

where C depends on () and g. There seems to be no convenient reference for
this estimate, but it is proved by standard methods. Using h as a test function
in (1.2) yields

J gukx,-pi:J’ h(Uk—fk)"'J' hwy. (4.3)
Iy} Q r

1

Let g= Np/(Np+p— N), which is the Holder conjugate of Np/(N —p) and
satisfies g < N. Using Sobolev and imbedding inequalities together with (4.2) we
thus have

(Bl Lrro-veqy, Bl cv-vervenm = C L | pill Lo - (4.4)
Equations (4.3) and (4.4) together imply that

N
J' b3 Upx i
)

and we conclude that {Vu,} is bounded in L™?/'VN"P(Q) as asserted.

N
= C{|lox = fill ooy + | wicll Lox=vorevo ) 3 |l il Loy »
1

The final remarks we make concern the obstacle problem: let ¢ € H*(2) n
HyQ) and put

K={ve Hy(Q): v="¥ in Q}.
We consider the solution of the variational inequality

ueK and (Au,v—u)=(f,v~u) for vek, (4.5)
where A=—A and (-,-) is the inner-product of L*(Q). A standard way (see
Kinderlehrer and Stampacchia [15, Chapter IV]) to approximate the solution u
of this problem is to choose a € C*(R) satisfying0=< o', a{r)=0forr>0, a(r) <0
for r <0, and a(r) is linear for large r and then put

B:.(r)=er+a(r)/e.
Let u, be the solution of

BAu.—¥)—Au,=f on(}, u.=0 onl.

The arguments in Chapter IV of [15] establish thatif 0> p =2 and f, AV € L?((}),
then u, converges weakly in W>?({}) to the solution u of the variational inequality.
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The point we wish to make here is that in fact one has strong convergence in
W>P(Q).
Indeed, if @, = u, — ¥ then i, is a solution of

B.(i,)—Ad,=f+A¥ inQ) and #.=0 onT.

By Theorem J we conclude that —Au, is compact in L?(Q) and so by the
Calderon-Zygmund estimates #, > u — ¢ strongly in W>?(Q). Similar consider-
ations may be used to prove the continuous dependence of u in W>?(Q) on f
and AV in L7(Q).
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