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Abstract. Some stochastic partial differential equations arising from a tur-
bulent transport model are studied using Hida’s theory of Brownian func-
tionals. For the spatially homogeneous case, the solutions are constructed as
a regular or generalized Brownian functional, depending on a small param-
eter. The regularity property of such solutions is also determined. However,
for the spatially nonhomogeneous equations, only generalized solutions in
a series form involving iterated singular Wiener integrals are found.

1. Introdnuction

This paper is mainly concerned with the fundamental solution of a certain
stochastic parabolic equation as a generalized Brownian functional in the sense
of Hida [3]. The equation arises from turbulent transport theory. Let u(x, t, w)
be the concentration of a passive substance convected by a turbulent fluid, such
as smoke in turbulent air. For an incompressible flow with the turbulent velocity
field v(x, t, w), the concentration u satisfies the heat equation with a random
drift [1, p. 31]:

d
LI =3V,
at (1.1)

u(x, 0, w) = 8(x),

where v denotes the molecular diffusivity and the initial concentration 8(x) is
the Dirac delta function representing a unit point source at the origin. Usually
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the molecular diffusivity is relatively small and often neglected. Then, by some
physical arguments, the mean concentration is assumed to satisfy an effective
diffusion equation (see, e.g., pp. 606-614 of [10]). In fact, under some technical
assumptions, this kind of diffusion approximation can sometimes be justified [7].
The diffusion approximation allows as to approximate the random velocity
v(x, t, w) locally by a white noise 7,(x) satisfying

{ dn,=b(x, t) dt+o(x,t) dB,,
No= ya

(1.2)

where b, o are the drift vector and the diffusion matrix, respectively, y is the
initial state, and B, is the standard Brownian motion. Taking the molecular
diffusion into account, we are led to the model equation

ou
—+n,0Vu=3rV*
FYRER (1.3)

u(x, 0) =8(x).

i

Here the symbol “o” in the random drift term denotes the symmetric
(Stratonovich) scalar product. While the diffusion approximation alleviates the
computational difficulty considerably, it also creates some serious mathematical
problems. For example, consider the simple one-dimensional problem

ou . ou ’u

+ 1.
ot U ax ax? (1.4)
u(x, 0) = 8(x),

where v = ¢ is taken as a small parameter. Regarding the solution u = qf‘,,(B) as
a Brownian functional depending on ¢, it is easy to check by the stochastic
calculus that

q;sc,!(B) =P(x - Bts 8t)9
where

e—-x2/2t.

pAx 5= V2t
As £ >0, we expect, at least formally, that
q%(B)~ q.,(B)=8(x~B,),

which, as shown by Kuo [9], is a generalized Brownian functional, known as
Donsker’s delta function. Clearly, for & > 0, the solution g5 , is a regular Brownian
functional. The remarkable change in the solution behavior as ¢ >0 is due to a
singular perturbation (for the deterministic case, see [12]) of the problem (1.4).
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Also we note that, in It6’s form, it may be rewritten as

ot 9x 0x (1.5)
u(x, 0) = 8(x),

where v®=(1+¢). Therefore, for a parabolic It6 equation such as (1.5), the
solution is a generalized Brownian functional unless »* is sufficiently large (v° > 1
in this case).

In this paper the solution to a stochastic equation is called a “regular” or a
“generalized” solution according to whether it is a regular or a generalized
Brownian functional. For notational simplicity, we study only one-dimensional
stochastic parabolic equations suggested by the model equation (1.3) in the
turbulent transport theory. In Section 2 we briefly review Hida’s generalized
Brownian functionals. A few definitions and technical lemmas on some mixed
singular stochastic integrals are also introduced. Then, in Section 3, a spatially
homogeneous turbulent transport equation is treated. By the Fourier transform
and the Wiener-Hermite expansion, the solution is constructed explicitly. Thereby
the singular behavior, as £ - 0, and the regularity of the solution are also examined.
When the coefficients are spatially nonhomogeneous, the situation is more com-
plex. Such an equation is considered in Section 4. Here, for technical convenience,
the stochastic parabolic equation is written in Itd’s form. By an iteration pro-
cedure, the solution is constructed as a series of iterated singular stochastic
integrals which is shown to converge to a generalized Brownian functional. In
view of the above example (1.5), in general, we cannot expect to find a regular
solution. The regularity question for this equation seems difficult and remains
open to us (see remark (2) following Theorem 4.2).

We wish to point out that regular or even strong solutions to parabolic It6
equations have been studied by several authors (for references, see [1]). However,
most of the abstract results are applicable only when the spatial domain is
bounded. The regular solution of a simpler parabolic Ito equation with spatially
homogeneous coefficients has been treated by Shimizu [13] using Hida’s theory
of Brownian functionals. However, no one seems to have studied the generalized
solution-and the regularity question as presented here. It will also become clear
that most techniques used in this paper can be applied to problems in higher
dimensions and to other types of stochastic equations.

2. Preliminaries

To fix the notations, let us first briefly review Hida’s generalized Brownian
functionals (G.B.F.s) (see Chapter 8 of [4]). The white noise distribution u is a
standard Gaussian measure on &* with the characteristic functional

C(¢)= J' eiBo dy,(B) — e*llﬁIFZ/Z, (e,

P
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where &* is the dual of the Schwartz space & = #(R) with the duality relation
(-,"), and | -|| denotes the L*(R)-norm.

Let (L?)=L*(¥*, u) stand for the space of regular or L’-Brownian func-
tionals ¢(B). By the Wiener-Itd decomposition theorem, we have

(L=} ®%,,
n=0
where J, is the set of nth multiple Wiener integrals
In(F)zj F(t,,...,t,)dB, ---dB,, (2.1)
_"

for Fe 2, the symmetric L2 = L*([R"). Denote by HX = H*(R") the Sobolev space
of order k. Let H: = I:f, ~ H¥and ﬁ;k = (I:If)*. For Fe H,*" witha,, =(n+1)/2,
the corresponding multiple Wiener integral I,,(F) is known to be a generalized
Brownian functional of degree n. Now let ¥ ={I,(f): Fe H%} and #{™ =
{I,(F):Fe H,*}. Then we can define

(L'=Y @xy
n=0
and
(L) =Y @,
n=0

which are called the space of test functionals and the space of generalized
Brownian functionals, respectively.

An interesting application of G.B.F.s is due to Kuo [9], who has defined
Donsker’s delta function 6,,X(B)=5(x—B,) in this framework. The regularity
property of such a function was subsequently investigated by Kallianpur and
Kuo [6]. Some analytical techniques developed in these references will be found
very useful to the problem under study. In the subsequent analysis, it is necessary
to introduce multiple Wiener integrals with a mild singular kernel F, which are
related to the iterated stochastic integrals

I(F) =j e J "F(t,...,1,)dB, - - dB, 2.2)

0 (¢}
in the usual way: I,(F)=n! I{”(F). To be specific, let the kernel F satisfy the
condition ‘
|F(t13 L) tn)|SA[(t1_ t2) e (tnfl— tn)tn]-l/2 (23)

for some positive constant A. Then I{"(F) can be defined as a G.B.F. according
to the following lemma.

Lemma 2.1. Let condition (2.3) hold. Then the singular iterated stochastic integral
I'")(F) can be defined as a G.B.F. in %' ™. Furthermore, for each t>0, there
exists a constant A> 0 such that

[T (F) || g < 4A(7>"26)"?/n[T(n/2)]? for n=2, (2.4)

where T' denotes the Gamma function.
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Proof. Let
E(tly' <t tn)=F(tl9 R ] tn)jt(tla o tn)a (2‘5)

where $.(t;,...,t,)=xs"(ti,...,t,) denotes the indicator function over the
simplex ST ={0=1t,=<---=t,=<t}inR". Let F, be the symmetrization of F,. Then

L o == U F) = [ Foll (26)
On the other hand, by definition,
= | anpyelEoor a,
where F is the Fourier transform of F,
F(1) =J F(r) e"" dr
R

with 7= (¢,,..., t,)€R". Note that the sup-norm
|Flo=|F|l,:  with L.=L'®R"),
and

n+1
2 b

J (1+AP)™dr<o, for a,=
o

where o, =27"/?/T'(n/2) denotes the surface area of the unit sphere in R" [9,
p. 173]. It follows from (2.6) that

n/4

115 (F))|

2
s SW I Fllo:. (2.7)

In the meantime, from conditions (2.3) and (2.5), we get

”E L:, S14drl(t)s

where
dn(t)=J [(t=86) (o —t)8, 72 dty - - - dt,.
sy

By a change of variables s,=(t; - 1,),...,s,_1=(t,.,—1,) and s, = t,, the above
integral d,(t) can be shown to be dominated by the Dirichlet integral [14, p. 258]:

J (sy° 85,072 dsy - - - ds, =2(wt)"*/nT(n/2),
T

where T} ={t,=0,...,1,=0: t,;+- - -+1,=t} is a tetrahedra in R". Therefore
| Fll .t <2A(art)"*/nT(n/2)

or, in view of (2.7), the desired inequality (2.4) now follows. (]
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As a variant of an iterated Wiener integral, consider the mixed integral of
the form

I(x, t>=(f D . (j Dfl(x, X3 6 0)  fa(Xys Xn' aei s 1)

X (dx,; dB,) - - - (dx, dB, ). (2.8)
Let

Fgc?r)(tly L] tn) = -[ fl(xs X1, ta tl) o 'f;l(xn—ls Xn s tn‘ls tn) dxl e dxn-
"
(2.9)
Suppose the following conditions hold:

(A1) For each k=1, the function fi(-,-; t, s) is bounded and jointly con-
tinuous over R’ for every t, seR", and uniformly integrable over R
separately.

(A2) fpx |[FO(t, ..., )P dt - -+ dt, <o, for xeR, t=0, and k=n.

Then, as usual, the integral I,(x, t) can be defined in the (L?)-sense and rewritten
as

t o

L(x, 1) :J e J Fo)ty,...,t,)dB, - - dB,. (2.10)
0 0

To do so we have to appeal to a Fubini type of theorem [5, Lemma 4.1] to change

the order of mixed integrations. For instance, take the integral I,(x, ¢), which

can be written as

t s
Lix, t)= L I:J- Fi06 x5 8 6) falx, 1, 1) dBrZ:] dx, dB,
0

with fz(xl, ty, )= fo(x1, x5; t;, ;) dx,. The above integral is of the form (2.10)
provided that the order of the last two integrations may be interchanged. Under
conditions (A1) and (A2), it is easy to check that the assumptions of Lemma 4.1
in [5] are met so that the interchange is justified. For higher-order integrals, it
resolves in a similar fashion.

Now let us turn to the stochastic integral I,(x, t) with a singular kernel. In
particular, in lieu of (Al) and (A2), we assume that:

(B1) For each k=1, the function fi(x, y; t, 5) is jointly continuous for x,
yeRand 1, s=0.
(B2) There exist positive constants A and v, independent of n, such that

[FONt, .o )= AP, i) [(h— 1)« + - (tamy — 1) 2,172,

where, as before, p(x, t) = (1/v271) e */*.

(B3) For each k=1, there is a regular function f; which satisfies conditions
(Al) and (A2) for each £>0, such that f} converges to f, pointwise
for t>s=0.
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Then the mixed singular integral of the form (2.8) may be defined as follows.

Definition 2.1. Let F{)* be a regularized version of F{? defined by (2.9) and let
! -
Ii(x, 1) =J e '[ F&*(t,,...,t,)dB, - - - dB, .
0 0
Then we define the integral (2.8), if it exists, as the limit
L(x, t)=lm I%(x,t) in(L*".
el0

We note that, by regularization, the integral I,(x, t) can be written in the
form (2.10). The existence of such an integral as a G.B.F. is ensured by the
foliowing lemma.

Lemma 2.2. Under conditions (B1)-(B3), the integral I,(x, t) defined above exists
as a G.B.F. of order n such that, for n=2,
1. (x, )| se-m =< 4p(x, vt) A" (7> *t)"?/n[T(n/2)]>% (2.11)

Proof. By regularization, the proof follows closely that of Lemma 2.1 and is not
given here. O

For simplicity, the same notations for norms, inner product, and the duality
pairing are used for different Gelfand’s triplets as long as there is no confusion.
Otherwise, appropriate subscripts will be attached to indicate to which spaces
they are associated.

3. Spatially Homogeneous Equations

Consider the following stochastic equation with time-dependent coefficients:

aue aue 2. e
+ go—=2ev(t +e{Du®
ar " ax 2ev(1) ax> e(yu’, (3.1)
u®(x,0) = 8(x),
where

dn,=a(t) dt+o(t) dB,,
{ m, = a(t) a(t) (32)
Mo = Xo-

Suppose that the coefficients satisfy:

(C1) a(1), v(1), c(t)e Li,(R") and o(t)e L], (R™), that is, they are locally
L' and L? functions over R =[0, o), respectively.

(C2) There exist constants o, ¥o>0 such that o(t)= o, and »(t)= v, for
a.e. t=0.
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For convenience, define

( t
a, =x0+J a(s) ds,

0

€= Jr C(S) dS,
J T = Jr [a*(s)+ev(s)]lds  with 7,=1, (3.3)
and

(B, o), 2\/% J’t o(s) dB,.

\ 0

Then we can construct the solution to equation (3.1) as follows:

Theorem 3.1. Let the coefficients a, o, v, and ¢ satisfy conditions (C1) and (C2)
given above. Then equation (3.1) has a unique solution u® = q; (B) which is a
regular Brownian functional having the following representation:

& 5 £y . C - 1 Ty "2 X—a, <B, U>t
qx,r(B)=P(x_ata T )e" Z I H, — | H, s (3-4)
a=o N12" \77 x/ZTf V2

where H,(x) is the Hermite polynomial of order n.

Proof. The theorem will be proved in the case when a = ¢ =0. The general case
can be verified by a simple modification. Therefore, it will be shown that, setting
a =c=0 in (3.4), the solution is given by

. x 1 Tt n/2 X—a, (Ba U)!)
)Ect B)= (] f s Hn — Hn . .
0= B)=p(x 7 )Eon!2"(7-f> (eri) ( NG (3:3)

By the Fourier transform, @°(A, t)=Ju®(x, t) e**dx, equation (3.1) with
a =c=0 can be easily solved to give

4°(A, 1) = exp{ir(B, o) V7, — 31 *(r} — 7))}

Thus, by the inverse Fourier transform, it yields
. 1 ,
u'=q(B)=—— J. exp{iA ((B, o) V1, —x) —3A* (77 — 7,)} dA, (3.6)
which is clearly well defined as a regular Brownian functional.

To obtain the series representation, we formally expand the integrand in
(3.6) and interchange the order of summation and integration to obtain

£ 3 —L > — 1,2 e (lA)n 2 "2 <B,o'>r
qx,,(B)—zﬂEOJexp{ iAx —3A°75} ( ) H,,( /3 )d/\, 3.7)

n! \2
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where we have made use of a formula for the generating function of the Hermite
polynomials [4, p. 311]. By invoking an integration formula [4, p. 312], we get

L J (iA)" exp{—iAx ~3A%r5} = (275) ™" p(x, 75) H, (—3“——) . (3.8)
. N

In view of (3.7) and (3.8), representation (3.5) follows.
In justifying the above procedure, we only show that the series (3.5) converges
in (L%). Since H,((B, o),/v2) € %, and |H,({-, ¢),/v2)|| = n!2", the (L?)-norm
\/27,)

of g5, given by (3.5) yields
2 n
)
m
In view of the estimate [9, p. 173],

(mn12") V2 e~/4H, (—\;%) ‘ =0(n"%,

it follows that there exists a constant K >0 and a positive integer n, such that

PO H, (J )

which converges for 1> 0 and x €R, since the ratio

I =% (n12") <xr>H<

n=0

sup
t=>0
xeR

(ri)"=K(r5)™ e g a7y

n=ng

S (n12m)

n=ny

ri=—<1 for £>0.

With the aid of the above results, it is straightforward to show that, in fact, the
series (3.5) converges in (L?) to the unique solution #° given by (3.6). O

Now, as £\0, equation (3.1) reduces to

au+ du (1)
O—*:c u
at K ax (3.9)

u(x, 0)=956(x).

As mentioned before, the above equation does not have a regular solution.
The next theorem states that there exists a unique generalized solution u, which
is defined as the weak limit, in (L*)~, of the perturbed solution u° as £}0. But
let us first define a modified Donsker’s delta function.

Lemma 3.1. Let 7, be given as in equation (3.2). Then the Donsker’s delta function
8(x—m,) is a generalized Brownian functional which has the following rep-
resentation:

s(x—n)=p(x=a,7) ¥ (n12")H, (’j/;—f-) H, (%’l) (3.10)

n=0



10 Pao-Liu Chow

Proof. The proof is similar to that of Theorem 2 in [9], and thus is omitted. [

Theorem 3.2. For a fixed t >0, as €0, the solution u® = q,i,,(B) of equation (3.1)
converges to the generalized solution

u=qx,,(B)=eC'6(x—1;,) (3.11)
in the sense that, for any ¢ € (L*)",

(9%, ©)>(qxr, 9)  uniformly in xeR. (3.12)
Proof. The fact that the G.B.F. (3.11) is the unique generalized solution of (3.9)
can be verified by applying a Fourier transform (now, in the distributional sense)
to equation (3.9) in a manner similar to the proof of Theorem 3.1. Here we only
prove the convergence statement (3.12) with a=¢=0.

For ¢ € (L™, let

8ro(x)=(q%.,, ) and g ,(x)=(gx,, ¢).

Noting (3.5) and (3.10), we have

|gi¢(x) - gl,qp(x)lz = <(Ifu ~fx:s ‘P>2

[oe}
=llellan: L (012 hi(x 1

2

("

(3.13)

2

where

(2 o) o )

By invoking the Fourier integral representation (3.8) and the like, it can be shown
that

hf.(x, t)S(Z'r,)" J' ,\Zn e—/\zf,[l_e—(l/Z)AZ(T‘,~Tr)]2 dr

<i(ri—7)(27)" J’ 2n¥2) g2 gy

=(ev)* 1/ T(n+3)/2"", (3.14)

where we have used the fact (1—e ")=<¢, V=0, and v, =L') v(s) ds.

Let £,(s) = (0(5)/vV1,) %,(s), where J, is tAhe indicator function on [0, ¢]. Then
(B, o), =A<B,f,) and the Fourier transform f,(A) = f,(s) e** ds has the obvious
bound [£,(\)|=(1/V7) folo(s)] ds=V.

Now an application of Lemma 1 in [9] gives

< ) 9 a>t> 2
H,,(

‘ V2 -
Since o, =27"/?/T(n/2), inequalities (3.14) and (3.15) imply that

(B,O')r 2 - 22,2 —S/ZL(E___‘:%L(@)H
Hn( ) ) e 0T T (n/2)

=2(2t)"n! oy, n=2. (3.15)

(n12")?hi(x, 1) (3.16)
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By the ratio test and Stirling’s formula, it can be shown that the series
> T(n+3) ,
n=2 n! F(n/z)

converges for t=0. Therefore, upon substituting (3.16) and (3.13) into (3.13),
we get

lgls,qp(x) _gt,(P(x)l = th’

where, for a fixed t>0, K, is a constant independent of x. This proves the
theorem. 0

The following theorem is concerned with some regularity results for the
solutions of the stochastic equations.

Theorem 3.3. Let the assumptions in Theorem 3.1 hold and let q,, and g, , denote
the solutions of the stochastic equations (3.1) and (3.9), respectively. For each
¢e(L? and y e (L*)" define

gf,cp(x) = (q::c,ta (P) and gt,qll(x) = (qx,ta dl>'

Then, for each fixed t> 0, the functions g;, and g, , belong to &. Furthermore, for
¥ € (L?)", the uniform convergence (3.12) can be strengthened so that 8w 8yin.

Proof. To prove the regularity property, introduce the Sobolev space %, = H*(R)
of order k with the norm

1/2
gl = H A+A)Mg)P dA} for ge, (3.17)
where g(A) is the Fournier transform of g. By definition and (3.5), we have

© 7 1/2 -, o),
gla() =p(x, ) X (n 2n)—1(7_f> (H,, (%)qo) H, (é‘;_t) (3.18)
In view of (3.8) and (3.17), equation (3.18) yields

<<J2:,>> 2

%)

2
2 Tt

lgsli=lelzs T (n12" i

n=0

p(ri, ) H, («/27,)

= llelli Zo(n!2")‘2(%)@!2")(27?)" J (1+A2)FA2" ™27 gy
n= t
Slels £ 2 [ aeanarernan 19

Making use of the fact (1+ %) <2*7'(1+A2*), the above integral has the bound

I'(n+1) l"(n+k+%)}
nl ()" (n+ k(75"

I (1+ADFN2" ™70 gy < 2k! {
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Again, by the Stirling formula, it is easy to check that the last series in (3.19)
converges for each k> 0. This implies that g{, e ¥ =), ., F-

With an appropriate change of norms, the proof of the fact g,,€¥ is
quite similar, and the convergence g7, g,, in & as ¢}0 can be verified as in
Theorem 3.2. 0

In passing, a few remarks are in order.

(1) Since the proofs are based on the method of the Fourier transform, the
above theorems may be generalized to stochastic equations in several
space-dimensions. This requires the introduction of the spaces (L*)",
(L*)", etc., for functionals of multidimensional Brownian motions.

(2) Note that, if n, = B, and ¢=0in (3.1) and (3.9), the results of this section
reduce to that of Kuo’s Theorem 2 in [9] and Theorem 1 of Kallianpur
and Kuo [6]. In addition, qi,,(B) = p(x— B,, €t) may be regarded as a
regularization of the Donsker’s delta function 8(x — B,) for £>0.

(3) By taking ¢ =¢ =1 and then ¢ =gq,,, Theorem 3.3 implies that the first
two moments of g5, and the first moment of g,, are C*-functions in
each space variable for ¢ > 0.

4. Spatially Nonhomogeneous Equations

To avoid undue notational complication, let us first consider a special case:

ou ou 3 u
—+1(x) —=3v— t>0, xeR
pr T ) = o XEW (4.1)
u(x, 0) = 8(x),
where 7,(x) is the Wiener integral
i
n,(X)=J‘ o(x, s) dB,, (4.2)
0

and v > 0 is a constant. Note that in contrast with (3.1), the product in the random
drift term 7, - du/ox is now taken in the It sense. Let g be Green’s function
associated with (4.1):

g(x, t)=p(x, 1) =~—\/%exp —{-21; xz}. (4.3)

Rewriting (4.1) in an integral form, we get

[

u(x, t)=g(x, t)—J glx—y, t—ys)

0

au(ay’ 3 o(y,s) dy dB;. (4.4)
y

Since we are interested in a generalized solution, the above stochastic integral
should be interpreted in the sense of Kubo [8]. An obvious procedure for
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constructing the solution to (4.4) is by an iteration method (see, e.g., [13]). To
this end, we set

(uo(x, 1) = g(x, 1),
and (4.5)

t

Upa(x, 1) = g(x, t)—J‘ g(x—y,t—s) du,(y, 5)

0 ay

a(y,s) dydB,

\ for n=1,2,....
Thereby, we obtain

() =gl 0+ T (1)l 1), (46)

where I, is a k-iterated integral of the form

L(x, 1) = (L D . (L J’> [e(x —x1, t— t)o(x1, )]

X [gelx1 =22, i — 1) (xs, 1)1+ - [ (dhmy — Xy tomy — B) O (X, )]

ng(xks tk)(dxl dBtl) Tt (dxk dBtk)s

agix,t)

with g.(y, )=
0x

(4.7)

xX=y

Since, referring to (4.3), the integrand in (4.7) is singular in ¢’s, the above
iterated stochastic integral I (x, t) cannot be defined in the usual sense. In fact,
this has motivated us to define such singular integrals (Definition 2.1) in Section
2. Based on this definition, we can show that

Lemma 4.1. Suppose that the function o is in L°(RXR™). Then, for each t>0
and x € R, the singular stochastic integral I,(x, t) given by (4.7) exists as a G.B.F.
in %ﬁ,“")forn=1,2,....
Proof. This is an easy consequence of Lemma 2.2. To see this, let

Silx y; 65)=g(x~y, t=s)o(y,s),

Silx,y;t,s)=g.(x—y, t—5)o(y,s) for k=2,...,n-1,
and

Jn(x p5 8, 8) =g(x =y, t—5)o(y, 5)8:(y, 5).
Condition (B1) is clearly met. Then define F\? as in (2.9), or

FOXt, ..., t,)

=J N [g(x—xly t— tl)o'(xs tl)] e [gx(xn-—l_xna tn—l - tn)o-(xna tn)] .

x g (x,, t,) dx, - - dx,F.(t,,...,1,). (4.8)
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Since, for each v, <y, there exists @ > 0 such that (see Lemma 4.2)
|g(x, )] = at™p(x, 1), (4.9)

condition (B2) is satisfied. To verify (B3), we simply take g°(x, ) =g(x, t+¢)
for & > 0. It is straightforward to show F ch',)’e, with g replaced by g° in (4.8), is
a regularization of F;’,’,). The conclusion now follows from Lemma 2.2. il

In view of this lemma, the sequencé u,(x, t) given by (4.6) is well defined in
(L*). It converges to the generalized solution of equation (4.1), or, equivalently,
the integral equation (4.4), as asserted by the next theorem.

Theorem 4.1. If o L°(RXR"), then equation (4.1) has a unique generalized
solution u = q, ,(B), which admits the following representation:

g (B)=g(x, )+ T (-1)"L(x1). (4.10)
n=1
For each t> 0, the above series converges in (L*)”, uniformly in x over R.

Proof. Consider the regularized version of equation (4.4) in which g is replaced
by g°, as mentioned above. Then its solution u®(x, t)= g5 ,(B) has, in lieu of
(4.10), the representation

95.(B)=g (x, )+ ¥ (=1)"Ii(x,1), (4.11)
n=1
where
Ii(x, 1) = J Fo)re(ty,...,t,)dB, - - dB,,. (4.12)
R"

By invoking (4.9) and Lemmé 22 for0=g=<t and n=2, we have
I T5(x, £)]|3-m=16g1(0, )2A>%>*t)"n!/ n’[T[(n/2)T", (4.13)

where g,(x, t) = p(x, v,t) with »; <y, and A = ¢ ¢| .. Again, by Stirling’s formula,
the series with the nth term given by the right-hand side of (4.13) converges for
each fixed > 0 (independent of x and ). Also, if u;(x, ¢) denotes the nth partial
sum of the series (4.11), then [ul(x, )|72-=1g°(x, O + X ro, ITE(x, )] 3.
Therefore, g%, defined by (4.11) converges in (L*)” to the generalized solution
g, as indicated in (4.10). , O

Now we consider the stochastic parabolic equation

ou u
—+1 -—=L >0, eR,
oy T (x)o= L, x (4.14)
u(x, 0) = 8(x),
where

’u ou
Lu=3a(x, t) —+b(x, t) —+c(x, Hu,
3a( )axz ( )ax (x,1)
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and, without the loss of generality, n,(x) is taken as the stochastic integral (4.2).
For, if it has the general form (1.2), the deterministic drift item can always be
incorporated in the definition of L.

Suppose L is a regular, strongly elliptic operator such that its coefficients
satisfy the following conditions:

(D1) There is a constant »> 0 so that a(x, t)= v for all =0 and x<R.
(D2) The functions a, b, ¢ are bounded and uniformly Hélder continuous
on RxR*.

Then, by appealing to the theory of parabolic equations, the reduced equation
of (4.14) {n,=0) has a unique Green’s function h(x, y; t, s) with the following
properties [2, pp. 23-24]:

Lemma4.2. Let assumptions (D1) and (D2) be satisfied and let v, be any constant
with 0 <v, <w. Then there exists a constant A> 0 such that

() |h(x, y; 1, 5)| < A(t—5)""? exp{—(x —y)*/2v,(¢ — 5)} and
(ii) |(8/ax)h(x, y; 1, 8)| < A(t—s) " exp{—(x—y)*/2v,(t —5)},

fort>5>0 and x<R.

To construct the solution to the problem (4.14), we may proceed as before
by the method of iteration. Let u(x, t)= g,,(B) be such a solution. Then the
series representation is given by

4 (B)=Jo(x, )+ T (~1)"U,(x, 1), (4.15)

where
JO(xa t) = h(On x; O’ t)a

and, forn=1,

Ja(x, 1) =(Jr J) T (J”"‘ j) h(x, x5 t, t)[o(xy, 1) h(x,, 3;2; t, )]

e [U(xna tn)hx(xn—ls Xns bao1,s tn)]hx(oa X, 0, tn)(dxl dBrl)
-+ (dx, dB,) (4.16)
with

d
hx(xla X33 tls t2) =£ h(xls X t19 t2)|x=x2'

Define
Gi?r)(tla ceey tn)

= t¢t(tla crey trl) J’ h(xa X1, ts tl)[a-(xly tl)hx(xla xZ; tla t2)]
R"

o [a-(xrn in)hx(xn—l’ Xn3 th-1, tn)]hx(o; Xn s 0; tn) dxl et dxn- . (417)
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Then, by Lemma 4.2
|Gty 1) = Baga (6 D[ = 1)+ + + (pmr = 1,) 1,17
XE(t, ..., t), (4.18)
where ‘
Bn=[AV2m]"" 0| %

In view of this inequality, it is easy to prove the following theorem.

Theorem 4.2. Suppose conditions (D1) and (D2) are satisfied and o € L*(RxR™).
Then there exists a unique generalized solution u = qx,,(B) of equation (4.14), which
can be expressed in the form (4.15). This series solution converges, for each t >0,
in (L*)~ uniformly in x over R.

Proof. Because of the bound (4.18), it should be clear that this theorem can be
proved in a way parallel to Theorem 4.1. Therefore, the proof is omitted. O

Finally, we would like to make a few comments.

(1) By comparison with the spatially homogeneous case, we have been unable
to show the solution of (4.1) as being regular for sufficiently large ». This
is due to the necessary use of the estimate for the derivative of Green’s
function given by (ii) in Lemma 4.2, which gives rise to iterated singular
Wiener integrals.

(2) In addition, the regularity results similar to Theorem 3.3 are lacking for
the same reason. However, for Zakai’s equation, the regularity property
of the solution has been shown by applying the Malliavan calculus [11].
But, in this case, it could also be proved more simply by the present
approach, since the multiple Wiener integrals involved are nonsingular.

(3) The analysis in this section cannot be extended directly to a multi-
dimensional problem. This is so because the associated multiple Wiener
integrals would have a nonintegrable singularity. To overcome this
difficulty, it is necessary to enlarge Hida’s class of G.B.F.s in such a way
that the kernel in the integral representation admits a generalized
function.
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