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Abstract.  Generalized solutions are defined for stochastic evolution equa-
tions of the form dY, = A*Y, dt + dZ, on the nuclear triple #(R?) = L%(R?%) <
SF'(RY), where A does not map F(RY) into itself. One case which is treated in
detail involves 4 = —(—A)*2, 0 < « < 2. This example arises as the Langevin
equation for the fluctuation limit of a system of particles migrating according
to a symmetric stable process and undergoing critical branching in a random
medium,.

1. Introduction

Stochastic evolution equations of the form
dY, = A*Y, dt + dZ, (1.1

defined on nuclear triples F = H = F’ arise in many applications (e.g., [2], [5], [6],
[9]-[12], [14], [16], [20]-[24], [28], and [31]-[34]). The operator A is assumed
to generate a semigroup {T;} on the Hilbert space H and it is usually assumed that
the nuclear space F is contained in the domain of 4 and is invariant under 4 and T,.
These assumptions are basic for the usual techniques employed in the study of such
equations. A different situation arises when F is not invariant under A, because
then A* does not map F’ into itself and therefore the notation A*Y, has no meaning.

* The research of D. A. Dawson was supported by the Natural Sciences and Engineering Research
Council of Canada. L. G. Gorostiza’s research was supported in part by CONACyT Grants
PCEXCNA-040319 and 140102 G203-006, Mexico.
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An example of such an equation is

dY, = A*Y, dt + dZ, (1.2)
defined on F(RY) < L*(RY) < &'(RY), where #(RY) and ¥'(RY) are the usual
Schwartz spaces and A, = —(—A)*?, 0 < a < 2 (i.e., the generator of the spheri-

cally symmetric stable process on R?). In this case ¢ € £ (R?) does not imply that
A0 and Tp are in #(R?) (fast decay at infinity fails). This raises the question of
giving an appropriate meaning to equations of the type (1.2). Our objective in this
paper is to do this, in particular for (1.2) which was stated in [6] as the Langevin
equation for the fluctuation limit of a particle system. This is achieved by means of
appropriate intermediate spaces in the triple #(R?) = L%(R%) < &'(RY).

In several of the papers cited above the operator 4 is A (Brownian motion),
which maps Z(R?) into itself. Most of the evolution equations in these papers still
hold with A replaced by A,, and the same problem of interpretation of (1.2) will
arise. The approach we propose here may be useful for these cases also.

An alternative procedure could be taken: rather than insisting on &(R?) as a
space of test functions we might construct an ad hoc nuclear space F with the
desired invariance properties (e.g., [28], the method used in [20] and [21] does not
work in our case because (41 — A,) ™" is not Hilbert-Schmidt for any r). This could
be done in our case [6], but F turns out to be too small, and therefore F’ too large;
and in this sort of problem, while generally there is no smallest adequate F’, it is
desirable to have a reasonably small F'. One reason for this is that the processes Y
which satisfy equations of the type above often arise as limits of other F’'-valued
processes, and therefore a smaller F' means a stronger form of convergence.
Another reason is that a smaller F' implies a smaller support of the distribution of
the process Y, which yields finer information.

Section 2 is devoted to the nuclear and intermediate spaces we need and
background material, in particular the regularization theorem [1], [18], which is
one of our main tools.

In Section 3 we formulate definitions of generalized forms for equations of the
type (1.1) and for cheir evolution (or variation of constants) solutions on #(R%) <
L*(R%) = #'(R%), and show that under these definitions an equation of this type has
a unique solution and it is given in evolution form.

Section 4 is concerned with the processes Y and Z in [6] and in Section 5 we
prove that for (1.2) in [6] the formulation given in Section 3 is applicable, thus
justifying this equation which was written formally in that paper.

2. Preliminaries and Intermediate Spaces

We give some preliminary results we need and introduce intermediate spaces for
the operator A,. The space #(R?) of C*-functions rapidly decreasing at infinity on
R? is topologized by either of the two following increasing sequences of norms:

n 1/2
loll, = { Y (1 + |x|*)"| D*e(x)|? dx} / (Hilbert norm),

k(=0 J R4

loll, = max sup (1 +[x]?)"|D¥o(x)l, @€ SL(RY,

0<|k|<n xeRd
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n=0,1,2,..., where k = (ky,..., kp), |kl =k, + -+ + ky, D* = 8'*/gx%: ... oxka,
and || is the usual norm on RY. If &, (R?) denotes the | -||,-completion of #(RY),
then #(RY) = (2, L(RY), and F(RY) is a countably Hilbert nuclear space.

The space of tempered distributions #’(R?) is the strong topological dual of
F(RY), and &'(RY) = | )=, LAR?Y) where F(R?) is the dual of £(R?) with dual
norm denoted by ||-|_,-

Let 2([a, b]) denote the space of C*-functions with supports contained in
(a, b), a < b in R, with its usual topology. The completed tensor product #(R%) ®
9([a, b]) is nuclear [30]; this space is topologized by the norms

@i, = max sup (1 + |x|?)"| D*(x, 1),

0<|k|<n xeR4,tela,b]

de SRY® Z([a,b]), n=0,1,...,

where D* acts also on the variable ¢. Separately continuous bilinear mappings from
FL(RY x 9([a, b]) into an arbitrary topological vector space are continuous [30].
We denote by (-, - > the duality on (¥'(R%), #(R?), as well as other dualities
(the underlying spaces will be clear from the context).
Let D([0, T], &'(R%) denote the space of functions from [0, T] into &'(R%)
which are right-continuous and possess left limits, with a Skorohod-type topology

[271.
Lemma 2.1 [3]. For x € D([0, T}, #'(R%) let % be defined by

T
X, @) = f (0, ®(-, 1)y dt,  @e PR
0

Then x> X is a continuous mapping from D([0, T], ' (R%) into #'(R** ). If ® is
restricted to #(R%) & 2([a, b]), [0, T] < [a, b], then the mapping is continuous into
(L(RH® 2([a, b])).

An obvious consequence of this lemma is:

Corollary 2.2. If X is a process in D([0, T, S (R?), then X is an &' (R** VY-valued
(or (#(RH ® 2([a, b)) -valued) random variable.

Lemma 2.3 [3]. Let X be a process in D([0, T, ¥'(R%)), continuous at T a.s. Then
the distributions of X and X determine each other.

Let F be a nuclear space and denote by £°(Q, #, P) the space of equivalence
classes of real random variables on a complete probability space with the topology
of convergence in probability (this topology is metrized by p(X, Y) = E(|X —
Y| A 1)). A linear random functional on F is a family {X, f € F} in %Q, #, P)
which is linear and continuous on F.

Lemma 2.4 (Regularization Theorem [1], [18]). A4 linear random functional on F
has a unique regular version, i.e., there exists a unique F'-valued random variable X
such that (X, f> = X, a.s. for each f € F.



244 D. A. Dawson and L. G. Gorostiza

The regularization theorem will be applied when F is £(R%) or #(RY)®
Z(([a, b]).

We now introduce the intermediate spaces. Let C(R?) denote the space of
continuous functions on R?, C(R?) the subset of C(R?) of functions with compact
supports, and Cy(R?) the set of elements of C(R?) vanishing at infinity.

For p> 0 let ¢, (x) = (1 + |x|*)™%, x € RY and define

C,(RY={pe C(RY:lel, < 0},
where

Oe0, = sup |p(x)/@,(x)|

xe R4

and
C, o(RY) = {¢ € C(R?): ¢/p, € Co(RY)}.

Then C, o(RY) and C,(R?) are Banach spaces for the norm [0-0,. Note that
F(RY) = C, o(RY) = C,(RY) for all p>0, and C, o(R*) = LAR?) for p > dj2.
In addition the inclusion #(R%) = C, o(R?) is continuous and dense for any p > 0,
as well as the inclusion C, o(R%) = L*(R?) for p > d/2.

We denote by C(R?) and C), o(R*) the duals of C,(R*) and C,, o(R?), respectively,
with dual norm designated by 0-0_,. Hence for p > d/2 we have the following
sequence of inclusions:

F(RY < C, o(RY) = LARY) < C, o(RY) = F'(RY).

For p > 0 let .#,(R?) denote the space of nonnegative Radon measures y on
R? such that {u, ¢,> < oo equipped with the p-vague topology, ie., the smallest
topology making the maps u— (g, @) continuous for all 9 € C(R)* U {¢,}. The
Lebesgue measure on R? belongs to .#,(R?) for p > d/2. We have .#,(R%) = Fi(R%)
for some n depending on p, and .#,(R%) = C,(R% with Dul_ »=<H @, for

€ M, (R%). On #,(R*) the topology induced by &#,(R?) is weaker than the p-vague
topology, and the one induced by C,(R?) is stronger than the p-vague topology.

Set {S,, t > 0} denote the semigroup of operators on L?(R?) determined by the
spherically symmetric stable process on R? with exponent &, 0 < « < 2 (e.g., [19]).
The case a = 2 corresponds to the Wiener process with variance parameter 2. The
generator of {S,} is the fractional power of the Laplacian: A, = —(—A)*? (e.g,
[29]), and #(R?) = Dom(A,). The spaces C,(R?) and .#,(R?) are in duality, and S,
is defined on .#,(R) by duality.

For o = 2 the operators S, and A, = A map F(R?) into itself, but for « < 2 they
do not, as can be verifed by means of Fourier transforms. This is the reason why we
cannot work with the triple #(R?) = L%(R?) < %'(R?) alone and we introduce the
intermediate spaces related to ¢,,.

The next results, which follow from [15], show why these spaces are appropri-
ate.

Lemma 25(6]. Foreacht > 0and p > d/2, and additionally p < (d + «)/2 in case
a <2, 8, is a bounded linear operator from (C,(R%), D-0,) into itself, and from
(M(R?), 0-0_)) into itself.
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Lemma 2.6 [6]. For each p > d/2, and additionally p < (d + a)/2 in case o < 2,
and any ¢ € C(R%) such that lim . o, @(x)/@,(x) exists, t+ S, is a continuous
curve in (C,(R%), 0-0,). Also, for any pe M(R?), t— S, is p-vaguely continuous.

Corollary 2.7. For eachp > d/2, withp < (d + a)/2 in case o < 2, S, is a continuous
linear mapping from ¥ (R?) into C,, o(R?) for any t > 0, and t+ S, is a continuous
curve in (C, o(R%), 0-0,) for any ¢ € L(RY).

The following inequality is basic for proving the previous results and is also
used below: for each p > d/2, with p < (d + ®)/2 in case o < 2, given T > 0 there is
a constant Cr > 0 such that

08,00, < Crlel, 2.1
for ¢ € C,(R% and t € [0, T].

Lemma 2.8. For each p > d/2, withp < (d + o)/2 in case a < 2, A, is a continuous
linear mapping from ¥ (R%) into C, o(R?).

Proof. We consider the case o < 2 (the case « = 2 is obvious). We have the
representation (e.g., p. 166 of [17], in the case d = 1)

Aa<p(x)=KJ Yx, My —x|"“*?dy, xeR%, ¢@eF(RY,
Rd

where
Y(x, ) = 0(y) — @(x) — Vo(x)- (y — x)(1 + |x — yI>) "
(- is the scalar product in R?) and K is a constant. Therefore
A, o(x) = K[F(x) + G(x)],

where

F(x) = ﬁy—xm Y(x, ply — x|~ dy
and

G(x) = le_x|>1 Y(x, Py — x|~ dy.

Using Taylor’s theorem we can obtain, since a < 2,
0F0, < const{ll|Ve|O, + 0¢,0,},
where

$o(x) = sup max |62(p(z)/8zi62j|.

|z=x|<1 1<i,j<d
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On the other hand,

G(x) = f (p(y) — p(x)|y — x| 7“4+ dy,
ly—x|=z1
hence

DGDpsconﬁDpr+sup(1+|xPVJ. o)l 1y — xI7@* dy.
ly—x|=1

xeRd

Now, for any q > O,

J |<P(y)i\y—XV"”“"dyﬁ[Iqo[IqJ~ (1 + 1)~y — x| "4+ dy
ly-x]z1

ly—x|=1
< DwﬂqJ (1 + 1y (y — x|) dy,
R4

where

1, 0<r«l1

f(r):{r(d+a) o1

By Lemma 4.1 of [8] we can show that

j (U + 1) f 1y = x|y dy ~ x|
Rd

as | x| — oo for ¢ = (d + «)/2. Then for such ¢, since 2p —d — a <0,
sup (1 + IXIZ)”J (I + 1y (ly — x[) dy < 0.
xeR4 R4
Hence
0G0, < const(0el, + Oel,), q=(d+ a)2.
In conclusion, there is a constant C > 0 such that
0A, 00, < C(0e0, + 0IVe|0, + 0,0, + Oel,), ¢ € S(RY,

with g > (d + «)/2. Therefore ¢ — 0 in #(R?) implies 0A,p0, — 0 (use the norms
-1l in S(R).

It remains to show that A, maps (R?) into C,, o(R%). But this follows from
Corollary 2.7 and the fact that C, o(R?) is closed for 0-0,,. O

Remark. The above proof can be modified to yield the fact that 0A,¢,0, < co.

Let us summarize the previous results since they constitute the setting for our
formulation of stochastic evolution equations of the type (1.2).

Proposition 2.9. For o < 2 and d/2 < p < (d + ®)/2 we have the inclusions
F(RY) < C, o(R) = LAR?) = C,, o(RY) = S'(RY),
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S(R?) is continuously and densely embedded in C, o(R?), the operators A, and S, for
each t > 0 are continuous linear mappings from #(R%) into C, o(R%), and t— S, ¢ is a
continuous curve in C, o(R?) for each ¢ € #(RY).

The results in this section are the tools for the proofs in the following sections.
In general we omit computation details.

3. A Generalized Form of &’-Valued Stochastic Evolution Equations

We will define a generalized form of the symbolic stochastic evolution equation
dY, = A*Y, dt + dZ,, te[0, T, (3.1)

where Yand Z are &'(R%)-valued processes, Z is a semimartingale, Z, = 0, Y, and
Z are independent, and A generates a semigroup {T;} on L*(R%). We assume that
F(RY <= Dom(A4) but 4 and T, do not necessarily map #(R?) into itself.
We denote # = #(RY) ® Z([—9d, T]) where 6 > 0 s fixed, and ®, = ®(-, 1).
We start with some formal calculations in order to motivate our definitions.
Applying (3.1) to ¢ e S(RY), multiplying by f € Z([ 6, T]), and integrating by
parts we obtain

T T
J (Y, 0f () + Ap f(1)) dt = (Y5, 9 f(0)) + J {Z,; f' (D)) d1,

0 0
which extended to # yields

T a T
J Y, =@, + AD, Y dt = —(Y,, B> + Z,,§—<D, dt, ®eH.
o at o ot
(3.2)

Since A®, may not lie in #(R?), the term [{ (Y,, AD,> dt is not well defined (all the
other terms are well defined; see Corollary 2.2). Nevertheless, (3.2) together with
the special case of Proposition 2.9 gives us the basis of a definition.

Definition 3.1. Let Y and Z be processes in D([0, T, '(R?%), defined on the same
probability space (Q, %, P). Then Y is said to be a generalized solution of (3.1) if
there exists a Banach space of real functions on R% denoted by V(R?), such that
F(R% = V(R? < L*(R?%), #(R?) is continuously and densely embedded in V(R?),
A is a continuous linear map from ¥(R?) into V(R?), the expression I (Y,, A®,> dt
is a random variable on (Q, #, P) for each ® € (Dom (4) N V(RH) ® 2([ —-6,T]),
and (3.2) holds for each such @ (equality in £°(Q, #, P)).

We will define similarly a generalized form of the evolution solution of (3.1),
namely
i

Y, = T*Y, +J T* . dZ, te[0,T]. (3.3)

0
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From (3.3) we have, for y € #(R% and g e ([ -4, T)),

f R4 w>g(t)dt=<Yo, j Wg(t)dt>+ f j (dZ,, T ¥ >9(0) dt.

0 0

Using formally integration by parts and Fubini’s theorem the last term is
transformed as follows:

f ' j Az, T g(t) di = f ' <dzs,j T () dr>
0 0 0 s

- <zs, o)~ [ Tbe) dt> ds

0 s

—JT <zs, f g dt> ds.
0 s

Hence, extending to ## we have formally

T t T T
[ ]z woa= | <dzs, | 7;_S~P,dr>
4] 0 0 s

T T a
:_J <zf T,_sa‘l’,dt>ds, YeH, (34)
[} s

Il

and therefore

T
f (Y, ¥ de
]

T T T a
:<Y°’J T,‘P,>dt—f <Zs,f T,_sa‘l’,dt>ds, Yex. (3.5
o] 0 s

The left-hand side of (3.5) is well defined (Corollary 2.2) but the right-hand side is
not because T,¥, and T, (0W,/6r) may not liec in £(R%. But again with the
motivation of Proposition 2.9, (3.5) gives the basis of a definition.

Definition 3.2. Let Y and Z be processes in D([0, T], &'(R%)), defined on the same
probability space (Q, #, P). Then Y is said to be the generalized evolution solution
of (3.1) if there exists a Banach space of real functions on R? denoted by V(R%),
such that #(R?% < V(R?) < L?(R%), #(R%) is continuously and densely embedded
in V(R%), T, is a continuous linear map from #(R%) into V(R?) for each t € [0, T],
t+— T is a continuous curve in V(R?) for each y € #(R?), the right-hand side of
(3.5) is a random variable on (Q, #, P) for each ¥ € V(R%) & 2([ -4, T]), and (3.5)
holds for each such ¥ (equality in £° (Q, &, P)).

Remarks 3.3. (a) Since 2([—4, T]) is nuclear, the = and ¢ completions of
(Dom(4) N V(RY)) ® 9([—9, T]) are isomorphic [30]. Similarly for V(RY)®
Z2([—9, T

(b) In (3.2) all the terms except [J(Y;, A®,) dt constitute #”-valued random
variables (Corollary 2.2). If this exceptional term can be shown to define also an
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#'-random variable, then by the Hahn-Banach theorem all the terms in (3.2) can
be extended to (Dom(A)n V(RY))® Z([—J, T]) (the seminorms on
V(RY) ®,2([ -9, T]) are described in Proposition 43.1 of {30]). Moreover, since
the fact that ¥ (R?) is dense in Dom(A4) n V(R?) implies that # is dense in
(Dom(A4) n V(RY) ® 2([—4, T]) [30, Proposition 43.9], these extensions are
unique. Thus it suffices to prove that

T
{J (Y, A®,> dt, D e Jf} (3.6)
0

defines an s#'-random variable in order for Definition 3.1 to make sense. Similarly,
in order for Definition 3.2 to make sense, since Y, and Z are independent if suffices
to prove that

{< Y,, jT T, dt>, ¥ .%} (3.7)
(4]

and

T T a
{J <ZJ T,_fql,dx>,l{’ex} (3.8)
0 s at

define ##”'-random variables. Now contrary to the other terms in (3.2) and (3.5), the
families (3.6), (3.7), and (3.8) do not in general define #”-random variables. It must
be shown in each specific case that they do, and for this it is necessary to use the
distributions of the processes Yand Z, the fact that #(R%) is dense in V(R?), and the
regularization theorem, as is illustrated in the following sections.

(¢) The process Y is uniquely determined by {[g <Y;, ¥,> dt, ¥ € #'}, assuming
it is continuous at Ta.s. (Lemma 2.3). Hence only one process Y can satisfy (3.5).

(d) The difference between our formulation and the analogous one in the
deterministic theory (e.g., p. 131 of [29]), is that in ours some of the terms in (3.2)
and (3.5) are not required to be well defined a priori, and they must be shown to be
well defined in specific cases.

We now show that Definitions 3.1 and 3.2 are equivalent, assuming, on the
basis of Remark 3.3(b), that all terms are #’-random variables.

Proposition 3.4.  Provided that the conditions in Definitions 3.1 and 3.2 are satisfied
and all the terms in (3.2) and (3.5) constitute #'-valued random variables, the
stochastic evolution equation (3.1) has a unique generalized solution and it is given by
the generalized evolution solution.

Proof. Let (3.2) be satisfied for ® e (Dom(A4) N V(RY) ® 2([—6, T]). To show
that (3.5) holds for each ¥ € V(R%) ® 2([ -4, T]), since F(R?) is dense in V(R?)
and by the Hahn-Banach theorem (as in Remark 3.3(b)) it suffices to take ¥ of the
form ¥ =y ® g, ¥ € $(RY), g € 2([— 8, T]). Define

T

O(x, 5) = J T, _ W(x)g(t) dt, xeRY se[—-6,T].

s
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The conditions of the definitions imply ® € (Dom(A) N V(RY))&® 2([—6, T])
(note that ®(-, T) = 0). Hence (3.2) holds for this ®. We have

Dy = JT Tpg(r) dt

0

T
= J TP, dt,

0

T

0
(—3; (I)s = —l/lg(S) - j Tt—sAlpg(t) dt

s

T
= f T,_ g (1) dt

T
0
= Js ﬁ—sa \Pt dt,

and

T T

T, Ayg(r)dt + A j Ti_sg(t) dt

s

6Q+AQ=—wmw—j
s

s

= —vg(s) = - ¥,

Substituting into (3.2) yields

T T T T 6
_J Y,¥dt = —<Yo,j TP, dt> +J <ZS,J N dt> ds,
4] 0 0 s at

which is (3.5).

Assume now that (3.5) is satisfied for ¥ e V(R%) ® 2([ — 6, T]). To show that
(3.2) holds for each ® e (Dom(A) N V(R%) ® Z([ -6, TY), since #(R?) is dense in
Dom(A) n V(R and by the Hahn-Banach theorem it suffices to take ® of the
form ® = ¢ ® f, o € (R, f € ([ -6, T]). Define

¥(x, s) = % O(x, s) + AD(x,s), xeRY se[—6, T].

The conditions of the definitions imply ¥ € V(R%) ® @([— 4, T]). Hence (3.5)
holds for this ®. We have

T

T T
J Tt‘Ptdt=f T,<pf'(t)dt+f LAef(r) dt
0 _

0 0

—¢f(0)
= —0,
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and

T

T a T
J Tt-sat‘l‘tdt=J T, o f (D) dt + f T,_, Ap (1) dt

= —0f'(s)
0

— — O,
ds °

Substituting into (3.5) yields

T Gl T d
J Y,, - @, + AD, Y dt = —(Y,, Dy +f Z,—®,)dt,
o ot 0 ot

which is (3.2). O

Proposition 3.4 is a result of the usual type for evolution equation (e.g., [4],
(7], [20], and [22]), except for the fact that all the terms in (3.2) and (3.5) need not
be well defined a priori, but may be well defined for particular processes.

4. The Processes Y and Z

In the following section we apply the previous theory to the system discussed in
[6]. In that paper we studied the asymptotic fluctuations of a branching particle
system in a random medium, where the particles migrate according to a spherically
symmetric stable process in R? with exponent «, 0 < « < 2. The branching law is
critical and belongs to the domain of normal attraction of a stable law with
exponent 1 4+ f, 0 < B < 1. The fluctuation of the system is described by an
&'(R%-valued process Y* = {Y, t > 0} depending on a parameter ¢ > 0. It was
shown that for d > «/f, under certain assumptions on the initial distribution of
particles the process Y converges weakly in D([0, o), &'(R%) to a process Y as
¢ — 0. It was stated in [6] that Y satisfies the Langevin equation

dY, = A*Y,dt + dZ,,

where Z is an &%'(R%)-valued stable process with independent increments. Our aim
is to make this statement precise. We assume that o < 2 since the case o = 2 is well
understood.

In the rest of this section we present some background on the processes Y
and Z.

Part of the convergence proof in [6] involves showing that for d/2 < p <
(d+ )2, and for 0 =ty <t; <+ <t,, Po, Py1,-.., P, € C,(RY), and n > 1, the
random vector ({Yi,, ¢¢),...,<{Y:, ¢,>) converges weakly, the limit being
denoted by (Y, (¢o), ..., Y. (¢,)). In the limit random vector the ¢, play the role of
parameters; however, it is a consequence of the model that for each ¢ > O the
random variable Y, (o) is a linear function of ¢ as.

The characteristic function of the limit random vector above satisfies the
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relation

n n—1
E exp{—i 2 Y,,.(w,»)} =E exp{—i[ Y. V(o) + KM(S:,,-:"-NP,,)]
j=0 Jj=0

tn
+y<A,n_1,f st"_,(is,_,n_xpn)”ﬂdr>},
th-1

4.1)

@os---» @€ C,(RY. Here y is a positive constant, and A, = S*A, where A is a
deterministic element of .# (R?).
Iterating (4.1) we find

Eexp{—i i Y,j(%)}

j=0
=E exp{—iY(,( Y S,j(pj>
j=0

n—1 ti+1 n—1 1+8
+ Y Z <Atj’J‘ Stj+1—r<isr—tj< Stk+1—tj+1(pk+1>> dr>}’
j=0 tj k=j

4.2)
®o>---» Pp € C,(RY). Moreover, (4.1) implies that Y, (¢,) — Y, _ (S, _, _,¢,) and
{Y(0o), ..., Y, _ (9,-,)} are independent for all ¢, ..., ¢, € C,(R?), and therefore

E[exp{ _lYt”((pn)}I Yto((Po), vees Yt,,; l(qon—l); (p09 ey (pn— 1 € Cp(Rd)]

= GXP{—iKn_I(S,"_t"_Jpn) + v<Arn-1,J S-Sy, @) F dr>},
t
(4.3)

tn

n-1

¢n € C,(RY).

Now, since for the #'(R%)-valued process Y the random vector (Y, , @o); - -,
(Y,, @,») is distributed as (Y, (@), ..., Y, (¢,) for ¢q,..., ¢, € L(R?), we would
like to write expressions corresponding to (4.2) and (4.3) for the process Y; namely,

n—1 ti+1 n—1 1+p
+ Y Z <Atj’ J\ Stj+;~r<iSr~tj< Stk+1—t,-+1(pk+ 1>> dr>}9
j=0 17 k=j

®o,---> @y € F(RY), and (as a consequence of (4.3))
E[exp{—i<Y, >} I<KY,, ), r < 5,4 € #(RI)]

t
- exp{ iKY, S0 + y<As, j S, IS, @) dr>}, @5)
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0 <s<t, ¢ e S(R%. However, since ) 7_, S,,¢; and S,_ lie in C, o(R?) but not
necessarily in #(R%), the expressions (Y,, Y 7-0S,¢;> and (¥, S,_) make no
sense and they must be justifed.

The main assumption in [6] is that the fluctuations of the system at time 0
converge weakly and the limit Y, is such that Y,(¢) is defined for all ¢ € C,(R?).
This suffices for the proof of convergence of finite-dimensional distributions. In
order to prove tightness of {Y®}, in D([0, o), &¥'(R%) a stronger condition is
needed. A simple condition which simplifies computations is that Y, is a
C;(R%-valued random variable such that EJY,01%# < co. (In most cases ¥, = 0,
so this is not an important restriction, see [6].) Therefore (4.4) is legitimate, as well
as (4.5) with s = 0. In order to legitimize (4.5) for s > 0 we show that for fixed s > 0
the #/(R%-valued random variable Y, has an extension to C, o(R%), and therefore
the expression (Y, S,_ @) is well defined for ¢ € #(R?); this is done by applying
the regularization theorem on %(R?) (Proposition 5.2). (We cannot assert that Y is
a C, o(R%-valued process because the regularization theorem does not hold on
C,.0(R%.) Note that (4.5) implies the Markov property of the process Y.

The #’(R%)-valued process Z has independent increments such that

E exp{ —i(Z,, ) — <Z,, o))} = eXp{l f <A, (@)™ dr},

0<s<t @eP(RY, (4.6)

and Z, =0

For each ¢ € #(R?) the real process {(Z, ¢ is stable; hence it has a version in
D([0, ), R), and therefore by [26] Z has a version in D([0, o), ¥'(R%). The
process Y is in D([0, ), &'(R%) since it arises as a weak limit in this space. (It
should be possible to show directly from (4.4) that Y has a version in D([0, o0),
F(R%)).)

There exists n > 0 such that Y, — S} Y, takes values in &, (R%) for all ¢ > 0. This
follows from Theorem 3.1 in Chapter 3 of [13] because <A, [, S,_,(iS,@)' *# dr) is
continuous in ¢ for some norm ||-||, for all ¢ > 0 (see (4.5)), which can be shown
using (2.1) and the usual relationships between the norms 0-0,,, ||-||,, and || -|[,. The
same is true of the process Z.

In the case § = 1 the processes Y — S*Y, and Z are Gaussian, and it can be
shown by [25] that they have continuous versions, but for f <1 they are
discontinuous. Thus the fact that Y is continuous or not depends on whether the
branching law has finite second moment or not, which corresponds to § =1 and
B < 1, respectively (see [6]), and the continuity or discontinuity of the particle
motion (x = 2 or a < 2) had no bearing on this. In the case f < 1, Yhas no fixed
points of discontinuity.

Processes like Y, in the case ﬁ < 1, are called infinite-dimensional stable
Ornstein-Uhlenbeck processes, meaning that they satisfy an equation of Langevin
type and (Y,, ¢> has a stable distribution for each t and ¢ (more precisely
Y, > — (Yy, S,¢) in our case). Note that Y does not have independent incre-
ments.
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5. The Langevin Equation for the Process Y

We apply the formulation given in Section 3 to the processes Y and Z in order
to justify the Langevin equation for Y. In addition we show that for fixed s > 0
the &’(R%)-random variable Y has an extension to C I,,o(R"), so that the expression
(Y, S,_,0) in (4.5) is well defined for ¢ € #(R?).

The conditions on the operators A, and S, in Definitions 3.1 and 3.2 are
satisfied with V(R?) = C,, o(R?), due to Proposition 2.9. By Remark 3.3(b) we must
show that {§ <Y, A,®,> dt, (Y, [§ S,®@, dt) and [} {Z,, (T S,_,00,/0tdt) ds, e
H = P(RY) ® 2([—35, T]) define #”-random variables on the same space where
Y and Z are defined.

Since we assumed that Y, is a C’p(R“)-random variable, and ®+—
{3 S.®, dt is continuous from # into C, o(R%), then {<Y,, [ S,®,dt), ® e H#}
defines an #”-random variable due to Lemma 2.4.

Propesition 5.1.
T
[ ama veor
0

defines an H#'-random variable on the same space where Y is defined.

Proof. By the regularization theorem (Lemma 2.4) it suffices to define the
expression § (Y, A,®,> dt in such a way that it is a linear random functional on #
on the same probability space where Y is defined.

We show first that the integral (I (Y, ¢)>f()dt is well defined for
9eC, (R, d)2<p<(d+w)2 and f e P[5, T]). The following fact is used
(see [6]). If X is a real random variable such that E|X|!"® < oo for some 6 > 0,
then

© 1/r
EIX|'"** <K'+ C(1 +9)J r”"J [1 — Re F(%)] dA dr, G.1)
K 0

where C > 0 is a constant, F(4) is the characteristic function of X, and K > 0 is
arbitrary.
From (4.4) and (4.5) we have, for 4 > 0,

E[exp{iCY,, 9>2}<Yo, ¥, ¥ € S (R)]

t
— exp{iCYy, Sip>A) exp{v<A, f S, iS,0)! dr>xl +ﬂ}, 0 € F(RY),
0

52
and .2)

Fo(3) = E exp{iY,, 94}
= Eexp{i<Y,, 5,052}

x exp{v<A, '[ S,_(—iS,p)'*# dr>ﬂ.‘+”}, ¢ € F(RY). (5.3)
0
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Hence

1 — Re F (4) = E(1 — Re[exp{idA} exp{Bi' *#}]), 5.9
where

t
A= <Y0, St(p> and B= '))<A, J St—r(_iSr¢)1+ﬁ dr>

0o

We can write (5.4) as
1 — Re F,(i) = E(1 — Re(1 + UY1 + V),
where
U =exp{idl}—1 and V =exp{BA'*#}—1.
Therefore
1 — Re F,(4) = E Re(— V(1 + U)—U)
<E|V||[1+ U/ —EReU
<|V|—EReU.
It follows from (5.2) that |exp{BA'*#}| < 1, and therefore |V| < 2|B|A'*. Now,

using (2.1),

t
|B| < ?j (A IS, - (—iS,0)' *P|) dr
4]

< const[ @ [|5<A, S,lo|>
< const| ¢ |5 0A0_,0¢0,
< constDAD_, 0034,

(II'l, is the supremum norm), where the constant is independent of ¢t (for
t € [0, T]); hence

|V < constlel, *PA1 2,
For the other term we have
—Re U = —Reexp{idi} + 1

= —cos A4 + 1
= A'*H(1 — cos AA)/AM*H
< H(p)A' P,
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where
H(p)= sup sup A~ "P(1 ~ cos(Y,, S,¢0>7)
0<t<T A=20

=const sup [{Y,, S,@>|**#

0<t<T

< constl Y,0L*# sup 0S,00,%°
0<t<T

< const0 Y, 014400} +*
(the constant depends also on f). Therefore, since E0Y,01%# < oo,
1 — Re F(4) < constleO) H#A1*4, @ € (RY).
Hence, taking 6 < § in (5.1) we have

0 1/r
EIKY, op|'t"* < K'*0 + constJ r”"J AEdAdrleDit?,

K 0
$O

E|<Y,, D't < K'*? + const K PO *?,  @eF(RY, (5.5)
for all t e [0, T}, with K > O arbitrary.

Given ¢ € C, o(R?) let (¢,), be a sequence in &(R?) such that 0o, — @0, -0
(by Proposition 2.9). By (5.5) we have for f e 2([—6, T]), using Holder’s
inequality,

j <Y,,<Pn>f(t)dt—f Y @y f(1) dt
0 0

1+0

E

T

< constJ EKY, 00— @ [" 1 f(O' " dt
0

< const[K'*? + K*~ (0o, — ¢,05 7)1 sup |f(O)**°.
0<t<T
Therefore, since (¢,), is a Cauchy sequence in C,, o(RY,
1+¢6

T T
lim sup E J Y, @0 f(0)de —j Y, o f(D) dt
4] 0

m,n— oo

<const K'*® sup |f(t)|* "
O0<t<T

But K is arbitrary, so we may let K — 0 and therefore (jg Y, o0 f(®) dt), is
a Cauchy sequence in probability. Hence it converges in probability and it can
be shown that the limit is independent of the chosen sequence (¢,),. We define
[§<Y,, > f(t) dt to be this limit.

Let us write Y{p, f} = [I<Y, >f(t)dt, p € C, (R, f € Z([—3, T]). It
follows from the procedure above that Y{¢,f} is a bilinear form which is separately
continuous in ¢ and f Hence, by Proposition 2.9 (¢, /) Y{A,@, f} is a
separately continuous bilinear form from #(R?) x 2([— ¢, T]) into L°(Q, #, P),
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and therefore it is continuous. This form can be extended to #(RY) ® 2([ -6, T])
and it is continuous on this space. We designate it by [{ (Y, A,®,>dt for
® e (R ® Z([ -6, T)). Finally, by a procedure similar to the one above it is
shown that [§<Y;, A,®,> dt can be extended to # (the integral is also defined as a
limit in probability, obtained by means of a sequence (®,), is (R ® 2([ -4, T))
converging to A,® € C, o(R%) ® 2([ —98,T]). This yields a continuous linear map
from # into #°(Q, #, P) which is the linear random functional we need.
Finally we apply the regularization theorem, and we use the same symbol
§o <Y, A,®,> dt to designate the regular version. |

Proposition 5.2. For fixed s >0, (Y,,-)> has a continuous linear extension to
C,,o(RY), and

{KY,, 8,_50), ¢ € F(RY)}

defines an &'(R%)-random variable on the same space where Y, is defined.

Proof. The proof is the same as that of Proposition 5.1 up to (5.5). It is then
shown, similarly as above, that if (¢,), is a sequence in F(R?) converging to
¢ € C, o(RY, then ({Y,, ¢,>), is a Cauchy sequence in probability, therefore it has a
limit in probability, which is denoted by (Y,, ¢ ) and is linear continuous in ¢. Then
by Proposition 2.9 ¢ +— (Y, S,_,¢) is a linear random functional on &(R?); next
we apply the regularization theorem (Lemma 2.4), and denote the regular version
also by <Y, S,_,.

Now we pass to the process Z. From (3.4) we have the formal expression

T T T T a
f <dZs,j S,_S‘I’,dt>=—f <Zf S,_S‘I‘,dt>ds, e .
0 s 0 s ot
(5.6)

We will give definitions of the two sides of (5.6) as random variables on the same
space where Z is defined, and show that they are equal in £%(Q, %, P). Only the
right-hand side of (5.6) is needed in connection with Proposition 3.4, but the left-
hand side is relevant because it has the form of a stochastic integral.

Since {7 S,_ ¥, dtand [T S,_, 0'W,/0t dt belong to C, o(R?) for ¥ € #, we must
first define {Z,, ¢) for fixed s > 0 and ¢ € C, o(R%).

Proposition 5.3. For fixed s >0, {Z,, -) has a continuous linear extension to
C,.o(R%.

Proof. The argument in the proof of Proposition 5.2 works also in this case due to
the similarity of the structures of the characteristic functionals of Y, and Z. (The
present case is in fact simpler.) [l

Note that expression (4.6) then holds also for ¢ € C, o(R?).
Since Z is in D([0, o0), ¥'(R), and s+ [T S,_ ¥, dt and s+ [T S,_ 0¥, /0t dt
_are continuous curves in C, o(R% for W e #, it is natural to define each of the
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terms in (5.6) as a limit of Stieltjes sums. The next result shows that this can be
done.

Proposition 54. Let'W ¢ o be fixed. Let0 =t} <ty < .-- <t} =Tn=12,...,
be an increasing sequence of partitions such that sup,(ti ., — ty) >0 as n— oo. Let

Nn—-1 T
A'l = Z <Zt£+l - Zt:) J\ St_t;\l"t dt>
k=0 4
and
Na—1 T
B, = Z (tiv1 — t;)<zt:’J St—t;alyt/at dt>,
k=0 14
n=1,2,.... Then A, and B, are random variables on the same space where Z is

defined, they converge in probability as n — oo, and their limits coincide in #°(Q, #,
P). The limits of A, and B, are independent of the particular sequence of partitions
{tz}, they are denoted by the left-hand side and the right-hand side of (5.6),
respectively, and

T T
Eexp{ij <dZS,J A dt>}
4] s
T T
= Eexp{~ij <ZS’J S,_,0¥,/ot dt> ds}
0 s
T T 1+8
= exp{y<A,J Ssliij S,_,Y, dt] ds>}, Ve 5.7
0 s

Proof. The extension given in Proposition 5.3 holds for each s > 0 a.s., due to the
application of the regularization theorem. This causes no problem in the present
proof because it involves only countably many time points.

We show that (4,), is a Cauchy sequence in probability and 4, — B, converges
to 0 in probability. Hence both 4, and B, converge to the same limit in probability.
It suffices to prove that

E exp{iu(A,, — A,)} - 1 as m,m- o, ueR, (5.8)
and

E exp{iw(4, — B,)} - 1 as n— oo, ueR. (5.9

Denote &, = [T S, ¥, dt. Assume m > n. For each 0 < k < N, there is a K/,
0 <k < N, such that ¢} = tj.. Then

Np—1(k+1y—1

Au=Ay= Y Y Zg, —Zp iy — b
k=0  j=k'

Using the independence of the increments of Z and (4.6) we have

E exp{iu(A,, — A,)} = exp{u' "y L, .},
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where

Nn—1 (k+1)—1 peTy,
um=<m DIED) Sﬂ@¢—QMH”m>
k=0 j=k t;"
Hence to prove (5.8) it suffices to show that L, , — 0 as n, m — c0. Using
results in Section 2, in particular (2.1), we have

Nn=1 (k+1)—1 pe7,

|L, .l <0AO_, ¥ Y

k=0 j=k i

08, [i(Eg — &)1 20, dr

and
Dsr[l(ét;" - ézm)]1+ﬂnp <2 sup ” ét “goCTDét;" - ét,"", []p;
0<t<T

hence

Nn—1(k+1) -1

ILn,mI < const kzo = (t;'”+1 - zr)nét;" - ft,'c", Dp'
= =K

Now, for each x € RY, s+ & (x) is differentiable, so by the mean value theorem
Cem(x) = Lo (x) = (£ — 1HE, (%)

for some r e [, ¢}'], and sup, ., r0¢;0, < 0. Hence

No—1 (k+1)—1
|L, | <const Y (7 — (T — 1
k=0  j=k'

<const Tsup(t;,; —t5) >0 as n—- oo.
k

Therefore (5.8) is proved.

The proof of (5.9) is similar, so we indicate only some of the main steps. Use
summation by parts in B,, do a Taylor expansion of £ at s = T, do an integration
by parts, and estimate the errors similarly as L, ,,.

We now prove (5.7). Using the independence of the increments of Z and (4.6)
as before we obtain

Nn=1 iy
E exp{id,} = exr>{v</\, > S,[i&x1'"° dr>}
k=0 Ji

Np—1
= eXp{y<A, Y (ther — DSgliEa 11 ¥ + s,,>},
k=0

where ¢, is the sum of the errors made by replacing S, by S,z for r € (1}, t; ;. It can
be shown by estimates as above that ¢, > 0 as n — oo, and since s+ S,[i£,]* 4 is
continuous, then

Np—1 T T 1+8
Y Gy —tS[i) P | S| S,_ W, dt ds as n-— .
k=0 KT 0 ’

s
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Finally, the previous results are independent of the particular sequence of
partitions used. O

From (5.7) and the Bochner-Minlos theorem we have

Corollary 5.5.

T T
U <zs, J S,_ 0%, /ot dt> ds,¥ € %’}
0 s

defines an A -random variable on the same space where Z is defined.

We have shown that the conditions of Proposition 3.4 are satisfied, and we can
now state our main result.

Theorem 5.6. The processes Y and Z with paths in D([0, T], ¥ (R%) whose
finite-dimensional distributions are given by (4.4) and (4.6), respectively, satisfy the
Langevin equation

dY,=AXY, dt + dZ,, te[0, T];
moreover, Y is the unique solution of this equation and it is given by the evolution
solution
t
Y, =S}Y, + J Sk . dZ,, te[0, T7],
0

where these expressions are interpreted in the sense of Definitions 3.1 and 3.2.

Proof. The only fact which remains to be proved is that the equalities (3.2) and
(3.5) are satisfied. Due to Proposition 3.4 we can prove either one of them, and the
other one will then aiso hold.

Let % denote the #'-random variable defined by

T T T a
(Y, ¥y = <Yo,f S,'¥, dt> —J <zj S5 5 ¥ dt> ds, Yex
0 0 s

(see (3.5)). Since Y, and Z are independent we have

Eexp{ — K%, ¥}

T T T
=E exp{—i<Yo, J S\, dt>}» exp{y J <As, <i J S, ¥, dt>1 +”> ds}.
0 0 s

(5.10)

Using the same procedure as in the proof of Proposition 4.1 in [3] we may take ¥
of the form ¥ = Y7_, ¢;9,,, where g, ..., 9, € (R), 0=t, <t; <--- <t, < T,
and 9, is the Dirac distribution centered at ¢;, j = 0,..., n (more precisely, we can
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take sequences in 2([ —4, T]) which converge in #'(R) to these Dirac distribu-
tions). Then the right-hand side of (5.10) becomes

n T 1+8
Eexp{—i< Yo, Y. S,jqoj>} exp{yJ <As, (i Y S,j_sq)j) >ds},
j=0 0] s<tj

and

T 1+p
) e
0 s<tj

n—1 fte+y n—1 1+8
Z <S;k—tkAtk’<i Z St,-+1—s¢j+1> >d5
j=k

k=0 vy J=

n—1 te+ 1 n—1 1+8
= Z <Atk’J Ss—tk (lstk+1_s Z Stj+1—tk+x(pj+1> dS>
k=0 te i=k

n—1 tie+ 1 n—1 1+§
z <Atk’f Stk+1—r<isr—tk Z Stj+1—tk+1(pj+l> dr>
t j=k

k=0 T

Hence the random variable <%, ¥) is defined for all ¥ of the form ¥ = }"_, ¢ 01
and for each such W its distribution coincides with the finite-dimensional distri-
bution of the process Y with the same ¢; and ¢; given by (4.4). Therefore
¥, ¥ = jg <Y,, ¥,> dt by Lemma 2.3 for all ¥ € #, since Y has no fixed points
of discontinuity (assuming Y is in D([0, T], &'(R%))). O

Remark 5.7. In this proof we took Y, and Z as given on a probability space,
we defined the #’-random variable % in terms of Y, and Z, and we showed that
{#,¥) is of the form |§ <Y,, ¥, dt for a process Y with finite-dimensional distribu-
tions given by (4.4). In order to complete the argument we should prove directly
from (4.4) that Y has a version in D([0, T], &'(R%), but we omit this since we
know it is true from [6], and a proof from (4.4) is cumbersome. Another way
of proving Theorem 5.6 is as follows. We take Y as given and denote by % the
H#'-random variable defined by

T
{Z, CD>=<Y0,Q)O>+J <Yt,§td>,+Aa<D,>dt, beH#
4]
(see (3.2)). The distribution of the right-hand side is obtained using (4.5), which
requires interpreting the integral as a limit of Stieltjes sums, and then it is shown
that (&, @) is of the form 3 <Z,, ®,/0t) dt for a process Z with independent
increments distributed according to (4.6). This proof turns out to be less simple.
Note that the solution to the equation is “strong” in the sense that given one of the
processes Y and Z on a probability space the other process is constructed

(pathwise) from it so as to satisfy the equation which is also unique by Proposition
34,
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