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0. Introduction

In recent years it has become apparent that the class of completely positive kernels
introduced by Clément and Nohel [8, 9] plays a prominent role in the theory of
Volterra equations in Banach spaces. Recall that a kernel a, € L} (R ) is called
completely positive if there are k, 2 0and k, € L} (R, ) nonnegative and nonincreas-

ing, such that
t
koa, (1) + [ a,(t—ky(Ddr=1, >0 . 0.1)
0

An equivalent of this definition is in terms of the solutions s(¢, p) of the parameter
dependent equation

s(t)+u_ia1(t—'c)s(r)dr=1 , HLu>0; 0.2)
V]

a,(t) is completely positive iff s(z, u) is nonnegative and nonincreasing in ¢ >0, for
each u> 0. It follows from the results of Friedman {14] that every kernel g, () >0,
which is nonincreasing and such that log a, () is convex, is completely positive ; see
also Miller [27]. In particular, every completely monotonic functiona; e LL (R . ) is
completely positive, since it is wellknown that such functions are log-convex ; this
follows also from Reuter’s theorem [33].

The concept of complete positivity has been successfully applied to the study of
abstract Volterra equations of the form

u(t)+§al(t—r)Bu(r)dt=f(t) , >0, 0.3)
0

where B denotes an m-accretive (linear or nonlinear) operator in a Banach space X;
cf. Clément [5], Clément and Nohel [8], Clément and Mitidieri [7], Gripenberg
[17), Priiss [29-31]. Equations (0.3) arise in several applications, like the theory of
viscoelastic materials (cf. e.g. Priiss [29]), or the theory of heat conduction in
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materials with memory; cp. Section 6 for the latter. If f(¢) is of the form
f(t)=x+5; a,t—1g®dt, >0, 0.4)
then by virtue of (0.1), (0.3) is equivalent to the problem
% (kqu(?) +(}: k (¢—=du(t)dr)+Bu(t) =k (Hx+g(),u(@)=x . (0.5)
This motivates the study of operators A defined by
(Au)(t)=% <kou(t)+ik1(t—r)u(t)dr) , >0, 0.6)

in certain function spaces, where k,=0, and k, e L (R ) is nonnegative and
nonincreasing. It has been shown that operators A4 of the form (0.6) are m-accretive
in L2(0, T; X)and in LP(R , ; X), 1 £p < o0, where X denotes any Banach space; cf.
Clément [5] and Gripenberg [17]. The semigroup T,(t) generated by 4 admits a
representation of the form

(TONO=] fC=)dwT) . 41>0 0.7)

where the measures d,w(-, 7} are nonnegative and finite.

The structure of these measures d,w(-, t) — in particular their supports and their
regularity properties ~ have been studied in the recent paper Priiss [29]. There it was
observed that they lead to another characterization of completely positive kernels.
Namely, g, (7) is completely positive iff the transport equation

w(t, )+ a,(t—s) 9 wis, 7)ds=0
o ot

0.8
wt,00=1,w(0,7)=0, £1>0 ©.8)

admits a solution w(z, 7)=0 which is nondecreasing in ¢ and nonincreasing in 7.
w(t, 7) and the solution s(z, u) of (0.2) are related by
sw=—[e *dw1, tu>0, 0.9)
(4]

i.e. s(t, -) is the Laplace transform of the nonnegative finite measure —d,w(z, +).
Priiss [29] contains also another more practical characterization of complete
positivity by means of Laplace transforms; namely a, () is completely positive iff
the function @ (4)=1/4, (1) satisfies

o(A)>0 and ¢'(l) is completely monotonic for A>0 . (0.10)
Observe also that the Laplace transforms of the measures d,w(-, 7) are given by
kA, )=exp(—10(4) , A1>0, 0.11)

which yields just another equivalence. a, (¢) is completely positive iff #(4, 1) <1, and
h(-,1) is completely monotonic for all 7>0.
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Functions ¢(4) which are subject to (0.10) have already been considered by
Bochner [4] and Feller [13], and are called Bernstein functions by Berg and Forst [2].
Their relations to infinitely divisible probability measures via (0.11) and to
translation invariant positive C,-semigroups of contractions via (0.7) are well-
known; cf. e.g. Hille-Phillips [18], Feller [13] and the more recent monograph of
Berg and Forst [2]. Every Bernstein function admits the representation

oAy =1/da(d), >0 , (0.12)

where da is a unique nonnegative measure on R, . Berg and Forst [2] call this
measure a potential measure, and in case it is absolutely continuous w.r. to
Lebesgue-measure, its Radon-Nikodym derivative a,(f)=a’(t) is a completely
positive kernel as defined above; in the notation of Kingman [21], 4, (¢) is the
multiple of a p-standard function. In the sequel we shall call a measure da on R,
completely positive, if ¢(A) defined by (0.12) is a Bernstein function.

It is one purpose of this paper to present a unified approach to completely
positive measures via Bernstein’s theorem, simplifying and extending this way
existing proofs. This approach is based on a new representation of Bernstein
functions which directly employs k, and k, appearing in (0.1); this is the main result
of Sect. 1. In Sect. 2 we then derive the characterizations of a completely positive
measure da in terms of ¢, h, s, and also in terms of the complete symbol of (0.8)

1 dad 1 1
(i, 1) Fl 1+M32(A) L atel A>0, (0.13)

while Sect. 3is devoted to the study of the solution w(z, ) of (0.8), the central subject
of the theory. As a first consequence of this approach, we obtain in Sect.4 a
complete description of the domains of the generators of Feller-semigroups 7,(7) in
IP(R), 1 £p < o0, induced by the measures d,w(-, t). This description is in terms of
the functions f e L?(R) itself, rather than the classical one which is in terms of their
Fourier transforms. We also compute the dual semigroups, and study the
dependence of T,(r) on the measure da(t). Since these semigroups have a
representation in terms of the measures d,w(-, 1), it is not difficult to extend them in
the “tensor product sense” to the spaces LP(IR, ; X), where X denotes a general
Banach space; this is done in the first part of Sect. 5.

Since for functions f of the form (0.4), (0.3) isequivalent to (0.5), it is natural to
look at (0.3) as an equation of the form

Hu-+RBu=g 0.14)

inLP(0, T; X)orin LP(R . ; X). Recently, it has been shown by Dore and Venni [12]
that the boundedness of the imaginary powers of «/ and # significantly influence
the behaviour of the solutions of (0.14), in particular their regularity. For this
reason the second part of Sect. 5 is devoted to the study of the boundedness of
", yeR. Via the method of transference developed by Coifman and Weiss [11],
certain results on “tensor product extensions” of positive linear operators, and by
means of an abstract multiplier theorem due to McConnell [26], we prove that the
negative generator o/, of the Feller semigroup J,(r) induced by a completely
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positive measure admits bounded imaginary powers for p e (1, o0) and the estimate

N SC,(1+ PP . yeR 0.15)

holds, provided the Banach space X is {-convex; see McConnell [26] or Dore and
Venni [12] or Priiss and Sohr [32] for brief explanations of this concept. In
particular, any space L?(2), pe (1, o), where (2, .#, p) is a o-finite measure space,
is {-convex. If X is a Hilbert space and p=2, or if k, (¢) is completely monotonic,
(0.15) can be sharpened; in fact, we prove that (0.15) holds with z/2 replaced by

6, =sup {larg ¢(/1)|:Re/1>0}§g . (0.16)

This is important for applications as shown in Sect. 6. It would be interesting to
know whether (0.15) with =/2 replaced by @, always holds, or whether there are
counterexamples.
Finally, Sect. 6is devoted to the equations of linear heat conduction in materials
with memory (cf. Nunziato [28])
t

bou,(t, x)+§; § by(t—s)u(s,x)ds

- @

=chu(t,x)+§7 j ¢ (t—8)Au(s, x)ds+ £ (1,x) ,

teR, xe@, 0.17)

u(t,x)=0, telR, xedQ ;

here Q< IR™ denotes a smooth bounded domain, and u(?,x) represents the
temperature of the material point x € Q at time 7. The numbers b, 20, ¢, =20 and the
functions b, (1), ¢, (¢) reflect the heat conduction properties of the material under
consideration. We rewrite (0.17) as an abstract equation of the form

Bu+btu=f

in the Banach space LP(IR, L9(Q2)), 1 <p, g < o0, and apply the results of Dore and
Venni [12] and Priiss and Sohr [32] to obtain wellposedness of (0.17). Here the
estimates (0.15) and its improvement involving (0.16) are crucial. Up to now there
is no other approach to the maximal regularity of the solutions of (0.17) in
the L7 —L? framework ; here maximal regularity means that for f e L?(IR, LY(R))
we obtain weLP(R, W*9(Q)nW}%(Q)) and some extra time regularity,
e.g. ueWhtP(R,L%R)) in case by>0 holds. Note that since LP([0,T],
L) o LP(R, , L(Q) o LP(R, L(R2)), our results also apply to the initial value
problem for (0.17) with initial value (0, x)=0 on finite intervals [0, T'] or on the
halfline R , .
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1. Bernstein functions

The theorem of Bernstein on completely monotonic functions will play a
fundamental role in what follows. Before we state this result, recall the definition of
a completely monotonic function on R

Definition 1.1. A C®-function f : (0, ©0)— 1R is called completely monotonic if
(=1 f®()=0 forall A>0 and nelN, . 1.1)
We shall denote the class of completely monotonic functions by €.#4.

Bernstein’s theorem characterizes completely monotonic functions as Laplace
transforms of positive measure supported on R, .

Theorem 1.2 (Bernstein). A function f : (0, oo)—R is completely monotonic if and
only if there exists a unique function g : [0, 0)— R, nondecreasing, left-continuous,
with g(0)=0 such that

f(l)=°f e Mdg(t), A>0. 1.2)

Moreover °
(—1)"f‘”)(2)=°ft”e“’dg(t), A>0, nelN, (1.3)

and ‘
(~1P1O0)=[¢"da(e) . neDo . (1.4)

In the sequel we shall denote by BV(R.) the space of functions of bounded
variation on R , normalized by g(0) =0 and left-continuity, by B¥, . (R , ) the space
of functions which are of bounded variation on each compact interval Jc IR, and
normalized in the same way. We shall use the notation

DW= e *dgr), >0 1.5
0

for ge BV, (R, ), whenever the integral exists in the Lebesgue-Stieltjes sense, and
similarly

E(A)=°j° e *k@)yd:t, i>0, 1.6)
(1]

whenever ke L] (R ,).

It is wellknown that the class €.# is closed under pointwise addition,
multiplication and convergence; see [35]. However, it is not true that the
composition of two functions f, g € ¥.# belongs to €.4# again, in general. For the
composition, the class of Bernstein functions appears naturally.

Definition 1.3 (Berg-Forst). A C*-function ¢: (0, c0)—IR is called a Bernstein
Junction if ¢ is positive and ¢’ is completely monotonic.

Observe that Berg and Forst [2, p. 61] allow ¢ to be nonnegative, but the only
function we exclude in our definition is the function ¢=0.
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Proposition 1.4 (Feller). Let f be a completely monotonic function and @, be
Bernstein functions. Then

(i) f o ¢ is completely monotonic.

(i) Y © @ is a Bernstein function.

This proposition is taken from [13, p. 441], for a converse, see [4]. It is easy to
verify that the class of Bernstein functions is closed under pointwise addition,
multiplication with positive numbers and pointwise convergence. From Bernstein’s
theorem one can deduce the following representation of Bernstein functions.

Theorem 1.5. A function ¢ is a Bernstein function if and only if there exist unique
nonnegative constants «, B and a unique nonnegative measure y on (0, ), not all zero,

satisfying | La’*y(s)< oo such that
o 1+s
pM=a+pi+ | (1—e )dy(s), i>0. 1.n

©, »)

For a proof of this theorem see for example [13]. This representation is not quite
appropriate for our purposes; however, a slight modification of it appears to be of
central importance in the following sections.

Theorem 1.6. A function @ is a Bernstein function iff there exist unique nonnegative
constants kg, k,, and a unique nonnegative, nonincreasing, left-continuous function
1

k, : (0, 0)>R satisfying lim k,(¢t)=0 and | k,(t)dt < o0, not all identically zero,
tind: ] o
such that
k
(p()~)=,1<ko+-i‘9+131(1)> , forall 2>0 . (1.8)
We give a proof of Theorem 1.6 which is based on Bernstein’s theorem only,
although it is possible to derive it from Theorem 1.5.

Proof. Suppose ¢(2) has the form (1.8) where k,, k, and k, are as in the Theorem.
Then @(A)is well defined for A > 0, is positive and belongs to C®. To prove that pisa
Bernstein function, it is therefore sufficient to show that f(1):=(4k,)'(1) is
completely monotonic. Assume first k£, (0*) < co. Then by setting k, (0) =0 we have
k, e BV(R ), hence

t

t
I(t):=—{ sdk,(s)=— | sdk,(s)

] o+

is nondecreasing since &, is nonincreasing on (0, ov). We obtain
”~ N P
FA)=(dk) (D)= —1tdk, (A)=dl(2)
which is completely monotonic by Theorem 1.2. If &, (0*) = oo, we approximate k,
k .

by ky (1) : =k, (t+€), >0, let ¢, (1) =4 (ko +-f+E1’E(A) . Then ¢, is a Bernstein

function and ligl 0. (A)=p(A), for every 1> 0, since

k, () =€k, (,1)-} A0k (1)dt .
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Conversely, assume that ¢ is a Bernstein function. Then

ke :=(0) (1.9)

exists, is nonnegative and finite. Subtracting k,, we may assume w.l.o.g. that
k., =0. Since ¢ is positive and concave

ky: = lim 2P _ i €A

P >0 A

(1.10)

exists, is nonnegative and finite, and so we may also assume ko=0. Next observe

o(4) .

that —— is also completely monotonic since ¢(4)=24 j" ¢'(tA)dt, 1>0. Thus by

Bernstein’s th/e\orem there exists k e BV, (R ,), nondecreasmg with k(0*)=0, such
that (p(l) Adk (2). On the other hand, since ¢’ is completely monotonic, we have
¢'(A)= dl(3) for some le BV,,.(R ) nondecreasing. Then

I @’ k - E A
=7 (,1213) 2I+/€-2I—zk
implies
tk(t)=2 [ k(s)ds—J I(s)ds , >0 . (1.11)
0 0

From this identity and k(0*)=0, it follows that ke W*1[0, T], for every T>0;
we define
ky:=k'. (1.12)

This defines k, a.e. only, however differentiating (1.11) we obtain
tky()=k@)-I1(t) , >0 (1.13)

which defines k, everywhere as a left-continuous function, and in addition we have
tky € BV, .(R,); in particular k, € BV [e, T, for every 0 <g< T < 0.

We now show that k; is nonincreasing. For this purpose, let pe€(0, o) be
nonnegative with compact support; we then have

0<] p()di()= 39 p(t)dk(r) T Pk, (D)= ~ T () dk (1)
(4]

Since p has been arbitrary, and the space of continuous functions with compact
supportin (0, c0)is dense in (0, o0) w.r. to the compact-open topology this implies
that k, (¢) is nonincreasing. Finally, we have

lim k, (1)=lim 2%, (1) =lim ¢()=0. O

Lateron, we shall need a decomposition of k, (¢) into one part k,(¢) which is
integrable and another part k;(¢) which is of bounded variation on R . We choose
the following

ki()=k,(t)+k;(t) , >0, (1.14)
where
ky(t)=max(k,(t)—k,(1),0), >0, (1.15)
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and
ky(t)=min (k,(2), k, (1)) , >0 . (1.16)

Then representation {1.8) becomes
(W)= kg + My (W) +k o +dR (D), A>0 . (1.17)

As a direct consequence of (1.17) we obtain

Corollary 1.7. Let ¢ be a Bernstein function. Then ¢ admits a continuous extension to
C, ={AeC:Re A1=0} which is holomorphic on the interior of C, .

2. Completely positive measures

Let ¢ be a Bernstein function. Then by Proposition 1.4, 1/¢ is completely
monotonlc therefore by Bernstein’s theorem, there exists a functlon aeBV (R,)
such that da=1 /p. On the other hand, by Theorem 1.6, ¢(4)= Adk(l), where

t
k(t)=ko+kot+[ ky(s)ds , >0 @.1)
0

1
is positive, nondecreasing and concave. Thus da (l)(fl? (/1)=Z, A >0, which implies

that the measure da is a solution to the Volterra integral equation
t
[ k(t—s)da(s)=t, >0. (2.2)
[t}

Conversely, if k: (0, 0)— R is positive, nondecreasing and concave, then k can
be written in the form (2.1). Indeed k, : =k (0*%) which exists and is nonnegative;
k,:=lim k(t) =inf —= k@)

t- o t>0 [
concave. Then k(t) — ko —k, tis the primitive of a nondecreasing function k, , which
can be choosen left-continuous, and is such that }im k,(t)=0. By Theorem 1.6, ¢ (1)

which exists and is nonnegative since k is positive and

defined by (1.8) is a Bernstein function. Therefore, the measure da with Laplace-
transform 4 (A)=1/p(A)is a solution to (2.2). Observe that da is the only measure
solution of (2.2). Indeed, integrating twice the equation,

_;k(r—s)db(s)=0 , >0, 2.3)
o

where be BV, (R ), and using Titchmarsh’s theorem [36], we see that the only
solution of (2.3) is db =0. We summarize this in the following theorem which is due
to Gripenberg [16].

Theorem 2.1. Let k : (0, o0}~ IR be a positive, nondecreasing concave function. Then
there exists a unique function a € BVmc (R ) satisfying (2.2). Moreover, the function a
is nondecreasing and satisfies da(l) <o for 1>0.
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Remarks 2.2. (i) In case ko> 0 or equivalently k(0*) > 0, (2.2) reduces to the simple
Volterra equation of second kind

koay +k,+k)xa =1, >0, 2.4)
t

which has a unique solutionin W};! (IR , ) and therefore a(¢) = | a, (s)dsis the unique

loc

0
solution of (2.2). The positivity of a; was observed first by Friedman [14]; see also
Levin [24]. Reuter [33] proved that a, is even completely monotonic if k; has this
property.

(ii) The case where k, =0 has been obtained in Gripenberg [16] where Fourier
transform arguments are used. When k, (0%) < oo, the measure da has a jump part
and when k,(0%)= 00, da has no jump part, but the singular part may still be
nontrivial as is shown in [16].

In case the solution of (2.2) is absolutely continuous, a, =4’ is called a
completely positive function in Clément and Nohel [9]. More generally we
introduce

Definition 2.3. Let ae BV,,.(R ). The measure da is called completely positive if
there is a function k: (0, c0)— R, positive, nondecreasing and concave such that
(2.2) is satified.

Observe that a completely positive measure is Laplace-transformable for A >0,
da (%) is positive and completely monotonic. In the sequel we shall need the functions
s(t, ), pe €, which are defined as the solutions in BV, (R .) of the equation

t
s@+p | s@t-1)da(t)y=1, >0, pu>0. (2.5)

0
The main result of this section is the following theorem which contains several

characterizations of completely positive measures.

Theorem 2.4. Suppose ae BV, (R . ) is Laplace transformable and such that c/ic\z(l) >0
Jor .>0. Then the following assertions are equivalent:

(i) da is completely positive; .

~ ~da' (A
(ii) @(A)=1/da(A)is a Bernstein function, i.e. 72 a /(1 is completely monotonic ;
a

(i) ¥, ()= e"""’“’ is completely monotonic for every 1>0;

( )
() @4 )—- Tt i

(v) the solution s(t w) of (2.5) is positive and nonincreasing for every u>0.

is completely monotonic for every u>0;

Remarks 2.5. (i) The equivalence between (ii), (iii), (iv) is well-known; see [13, 2].
A measure da satisfying (iii) is called a potential kernel in Berg and Forst [2], and if
it is absolutely continuous, it’s derivative a, =a’ is equivalent with a multiple of a
p-standard function (see Kingman [21]).

(ii) For the case of absolutely continuous a, the equivalence (i) and (v) was
observed in Clément and Nohel [9]; see Clément and Mitidieri [7].

(iii) Property (ii) is used in an essential way in Priiss [29-31] to establish various
properties of solutions of abstract Volterra equations in Banach spaces.
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Proof of Theorem 2.4. (i)<>(ii) has already been established.
(it)=>(iti) If ¢ is a Bernstein function, then by Proposition 1.4. e ¥4 4.
(iii)=>(iv) If e " e €.# for each t>0, then since ¢ is positive, we have

AN @©
da(2) _ j e"®Wertgr | 4>0
1+ uda(h) u+<p(l) 0

hence this function belongs to %.4 for each u>0.

(iv)=>(ii) Since ¢ € C* and is positive, it is sufficient to prove ¢’ € €.#. We have
2 .7

1 e .
e%.# for every u>0, hence ——— %A for every u>0 and by taking
rte (u+ o)
the limit as u— o0, we obtain ¢’ € €.#.

1
(i))=(v) For every u>0, ¢+“e%./l by Proposition 1.4. By Bernstein’s

theorem there exists r,e BV .(R,), nondecreasing such that 3?,,(1) ( D
1 u

— < Set s, ()=1~— Th
(p(0+)+ et 5,(ty=1~—pr,(¢). Then
clearly s, is nonnegative and nonincreasing. We clalm that s, (¢)=s(z, p). Indeed, by
1 | 1 1 .
using ¢ =1/da, §,(A) =7 —uh, W=7~ pdr, () = T Thus s, satisfies

. + uda()
(2.5) and by uniqueness 5,(¢)=s(t, ).
(v)=>(ii) Since s, is positive, nonincreasing, by Theorem 1.6, ¢, (1) = Aus, (1) is
a Bernstein function for every g >0. On the other hand,

Note that r,e BV(RR ) since r,(00)=

% _ ue(d) S o)

D= =
oud) {+uda(y #t+o@)

is a Bernstein function. [J

1
as p— co. Hence ‘p(l)=d/5().)
Corollary 2.6. Let da be completely positive and let s(t, y) denote the solution of (2.5),
w>0. Then s(-, u)e BV(IR ) and satisfies also the equation

us(t, wdt+(dk s ds(-, W)@W)=dk(t) , >0, u>0. (2.6)
The function ¢,(1)=A3(4, p) is a Bernstein function. Define r(t, ) by
r,w=p (-5t p), wu>0, 20. 2.7

Then r(-, ) BV(R ), is nondecreasing, r(0+, W) =0 and r(-, y) satisfies

pr(t, .u)+ (dk*r( sW)H=1, >0, u>0 (2.8)
and ~
da(A)
3\/1, el A u>0 . 2.9
r(4, 1) A u> 2.9

The measures dr(-, p) are completely positive.
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Remarks 2.7. (i) Observe that if da is completely positive and a, > 0 then a, 8y +da is
also completely positive, where §, denotes the Dirac measure at 0. This isimmediate
from Theorem 2.4 (v); see also Berg and Forst [2].

(ii) If ais positive, increasing and concave, then it follows from Remark 2.2 (i)
that s(¢, ) =0 for every u,¢>0. Replace £ by a and a, by s in (2.4) to see this.

(iii) Concerning the decreasingness of s, when a(¢) is absolutely continuous
(da=a, dt), it follows from a result of Friedman [14], see also Miller [27], thatif ¢, is
positive and log a, is convex, then s(-, u) is decreasing for every u > 0. Therefore the
class of positive, decreasing and log-convex locally integrable kernels is contained
in the class of completely positive kernels. It was proven by Hirsch [19] that this
class is contained in the class of potential kernels which are by Theorem 2.5 also
completely positive. Note that completely monotonic kernels are positive, decreas-
ing, and log convex, hence completely positive whenever they are locally integrable.
This is also a consequence of Reuter’s theorem [33].

(iv) In contrast to the class of positive, decreasing log-convex functions, the
class of completely positive measures is not closed under addition.

We conclude this section with a corollary which reformulates Proposition 1.4 in
terms of completely positive measures.

Corollary 2.8. Suppose da is a completely positive measure and be BV, (R ) is
Laplace transformable and nondecreasing. Then there is aunique nonnegative Laplace
transformable measure dc such that

ZWy=dbA/day) , A>0 . (2.10)
If moreover db is completely positive, then dc is completely positive as well.
Remark 2.9. Corollary 2.8 is called subordination principle in Feller [13}, and Berg
and Forst [2] and chain rule in Priiss [31], where this principle is used to derive

existence and regularity for resolvents of Volterra equations in Banach spaces from
semigroups or cosine families.

3. Translation invariant Feller semigroups

Let da be a completely positive measure. By Corollary 2.8, there exist functions
w(-,7)e BV(R ), nondecreasing and less than one, for 120, such that

(L, T)=e"T@D 250 120 . (3.1)

From the relation

o1 +eala g = vl o~ vafida

it follows that dw satisfies the semigroup property

t
fwt=st)dw(s, 1) =wt,1+1), 20, 1,7,20 3.2)
0

and

w(t,0)=1, >0, 3.3)
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These measures {dw(-, 1)}, give rise to a semigroup of operators {T,(t)},,, On
C, (R) defined by

(%(t)f)(t)=af f@—s)dw(s,v), teR, =20, 3.4
o

where feC,(R).

It is well-known (see Hille-Phillips [18]), that the semigroup {Z(1)},5¢ is
strongly continuous for 20 on C,(IR) equipped with the sup-norm and enjoys the
following properties:

(F1) Ty(z) are contractions for all 7=0.

(F2) T,(z) are positive for all =0 with respect to the standard cone Cq (R)
in Cy(R).

(F3) 7,(x) commutes with the group of translations on IR.

Such semigroups are called translation invariant Feller semigroups in Berg and
Forst [2]. Since the support of the measures dw(-, t)iscontained in R , , we have the
additional property

(F4) (To(r)f)()=0 for all t=0 and <0 whenever f(¢)=0 for all r£0.

It is also known that the converse is true, namely that every translation invariant
Feller semigroup on C,(IR) satisfying (F4) is of the form (3.4) where the measures
dw(-, ) satisfy (3.1) for some Bernstein function ¢ =1 /cﬁ, i.e. for some completely
positive measure da, thanks to Theorem 2.4 (see Berg and Forst [2]).

Next we consider themapw: R, =BV (IR, )defined by w(r)=w(-,1),71=0. The
space BV (IR ) becomes a commutative Banach algebra with unit e, where the
multiplication * is defined by

t
(@® b)(t)=f a@@—s)db(s) , =0 3.9
0
and the norm is given by
la||=Vvar [a; R, ] (3.6)

see Gel’fand et al. [15].

The identities (3.2) and (3.3) show that w forms a semigroup in BV (IR, ), and
[w@] =1, for every 120. We denote by BV * (IR .) the closed convex cone of
nondecreasing functions in BV(R.); then w(r)e BV*(R,), for every 120.
Consider BV(R.) as a closed subspace of BV(IR):={v: R—-Rjv of bounded
variation, left-continuous, v(—w)=tlim v(t)=0}, equipped with the variation

norm, by extendingwe BV(IR ,) by 0to R _. Then BV (R , }is a subspace of the dual
C,(R)* and therefore inherits the weak *-topology of C,(IR)*. Then the semigroup
w is weak*-continuous on R . On the other hand, we also have the identity

d p

— (éae"/@)+e‘/a’“\=0 , 1>0,

ot
from which by (3.1) and dividing by 4, we obtain

%(22~»0(r))+»9(c)=0, >0, A>0
WO)=1/4, 4>0.

3.7
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Defining e,(t) :=e™#, 1>0, t20, and assuming first ae BV(IR ), identity (3.7)
becomes after an integration

{a*® w(r),el>+§ {w(g),e,>do={a,e;>, 120 and A>0 3.8)
0

where (-, - ) denotes the pairing between BV (IR) and C,(IR). As we will show below,
this implies that a * w is weakly*-continuously differentiable and

weak™* ;c— (a*wy(@)+w(®)=0, =20
w(0)=e .

3.9)

In case ae BV (R,) only, one can also define the multiplication (3.5) for
a,be BV, (R,), and (3.9) still makes sense in the topology generated by the
continuous functions with compact support C.(R). It turns out that the existence of
a solution in BV*(R.) of (3.9) such that |w(7)|<1, t=0, gives another
characterization of completely positive measures. This is the content of the next
theorem. In order to state it we need the following definition.

Let ae BV, (R .), and consider (3.9).

Definition 3.1. A function w: R* - BV(R™) is called a solution of (3.9) if for each
peC.(R), the function ¢(1t)={w(z), p) is continuous, Y(r)=<{a* w(z),p) is
continuously differentiable and

& @t W@, P+, PO, €20
w(0)=e .

(3.10)
We have

Theorem 3.2. Let ae BV, (R ,) be Laplace transformable. Then da is completely
positive if and only if (3.9) posesses a solution we BV * (R*) satisfying |w(t)| 1,
Jor ali t=20. If this is the case, the solution is unique.

Proof. Necessity : We only have to prove that w(z) satisfies (3.10). For this purpose
we rewrite (3.8) as

(ea® w(D), py+] <ew(0),pddo=Ce,a,py , >0,  (.11)
[+]

where p=e, for every A>0, and £>0 is fixed. Here we used the notation

t
(e.a)(t) :=[ e, (s)da(s) , 120 .
0
Since the exponential polynomials are dense in C,(IR), we have (3.11) with
peC.(R), hence also (3.10).

Sufficiency : Let w be a solution of (3.9) and let ae BV, be Laplace transformable.
We can rewrite (3.10) as (3.11) with p e C.(R), for every £ > 0. Since C,(R) is dense in
Co(R), (3.11) also holds for p=e,, 2 >0, hence (3.8) holds for every 1> 0. From the
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convolution theorem for the Laplace transform we obtain
da- (o) +[ dw(o)do=da
0

for every 4>0. Set a=é¢;(/1) and (p(r)=3v\v(r). Then we have ap’(7)+ ¢ (1) =0,
©(0)=1, and therefore, 240 by continuity of ¢ and ¢(r)=e~ 7%, 120. Assuming
"w(fg" <1, for all 1=0, we obtain a>0. Assuming aiso we BV * (R ), we have
e~ e 4 for all 1>0, by Bernstein’s theorem, hence by Theorem 2.4 da is
completely positive. Since da(4) >0, w is only solution. [1

We explicit some properties of the solution w in the next corollary.

Corollary 3.3. Let da be completely positive, and let w denote the solution of (3.9).
Then

@) w(t,7):=w(z)(t) is Borel measurable on R, xR ..

(i) w(t,7) is nondecreasing in t and

lim w(t, 1) =e 7= | lif)n+ w(t,1)=e" "0 | 150
| fd

t—+o
(iil) w(z, ) is nonincreasing and right-continuous in t and

lim w(t,7)=0 , lin(}w(t, =1, >0.
(iv) If s(t, u) denotes the solution of (2.5), then
st W=~ e dwit,), 1,p>0, (3.12)
0

in particular s(t; p) is completely monotonic w.r. to u>90.

Proof. (i) follows from the Post-Widder inversion formula for the Laplace
transform by virtue of
1
w(t, D) =limw(t —h, 1) =lim lim — (—d/dA)dw (—"— r) ,
h-0 h=0 n-oo 1! t—h

which holds for every ¢, 7 >0; cf. Widder [35].

(ii) follows from Bernstein’s theorem.

(iit) The semigroup property (3.2} implies

t t
w(t, 1, +1)=[ wlt—s,1)aw(s, ) S dwis, o) =w(t, 1) , (3.13)
o 0
for all ¢, 7,,1, 20, since w(-,1) is nonnegative, nondecreasing and less than one.
Therefore w(t, ) is nonincreasing for ¢ = 0. On the other hand, since dw (-, k) (+)
as h—0 and w(-, 1) is left-continuous, we obtain

w(t,t+h) =j w(t—s, 1)dw(s,h)—w(t, 1)
0

as #—0, hence w(t, +) is also right-continuous. w(z, ©)—0 for 7— oo follows from
w4, t)=e“@“’/ia0 for 7— 0.
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@iv) To prove (3.12) observe that

o e o]
—[edw(t,)=—e"w,)E—pu [ e w(t, t)dt
0 0

=1-pu | e ™w(t,v)dr ,
0

hence
a0 - 1 o
(—j' e“"d,w(t,-r)) WN==—up | | e ™e  w(t, t)dudt
0 Ao
1 <.
=-—p [ e™h(A,1)dr
AT
L v v
=27 (j;e e dr
1 p 1 1 X
=-— = =5, 1) ;
Ao p41/dagl)y A 1+ pdal)

from this identity (3.12) follows by uniqueness of the Laplace transform. O

4. Generators of Feller semigroups in L?

Let da be a completely positive measure and let w denote the solution of (3.9). We
already noted in Sect. 3 that w induces a Feller semigroup on C,(IR) given by

(%(t)f)(t)=}o ft—s)dw(s,7), teR, 120. @.1)
0

Since the positive Borel measures d,w(-, 1) are bounded by one, this semigroup
extends to each homogeneous Banach space Y < L} (IR) (see e.g. Katznelson [20]
for the definition of homogeneous spaces), in particular in LP(R), 1<p <o and
BUC(R) as well as AP(IR), etc. In each of these spaces the semigroup is strongly
continuous, contractive, positive and translation invariant, and the analogue of
(F4) in Sect. 3 holds for each of these spaces. The operators T'(t) are also well-
defined in L* (IR) as well as in BC(R), all the above properties remain true except
for the strong continuity, In L®(R), weak*-continuity holds and in BC(IR) even
continuity with respect to the compact open topology. Let pe[1, c0). We shall
denote by {7,(1)},», the semigroup by (4.1) in LF(IR) and by 4, their negative
infinitesimal generators. In the next theorem we give a characterization of 4, in
terms of the function & which appears in the definition of a completely positive
measure. For this purpose, we recall the decomposition (1.14) ~ (1.16) ; with this we
can rewrite (2.8) as

O+ DO+ O=1 , >0 “2)

t
where r(f)=r(t;1), L(t)=ko+[k,(t)dr and L(¢)=k,+k;(t). Note that
0

dl, xre W= (R,). We can now state
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Theorem 4.1. Let da be a completely positive measure, 1 £p < 00 and {T,(1)}, ¢ be the
semigroup as defined above. Then for its neqative generator A,, we have the following
representation.

D(A4,)={f e LF(R)lko f +ky» fe WP (R)} 43)

4,7 =3 Gof thys S 4y e 1 @
with k(t) from (2.1), (2.2) and k,, k4 defined by (1.15), (1.16); here

o2 NO= § ale=3)f G)ds= ] f =5V 0)ds
and
ey NO=] F=s(®) | teR .

Proof. Fix pe[l,0) and let r(t)=r(t,1), t20, with r(¢t,p) as defined in
Corollary 2.6. Since Var[r; IR ]<1, the operator (Rf)(t)= | f(t—o)dr(c) is

0
well-defined for every fe L#(IR), and Ris a contractionin L?(IR). We first show that
R=(I+A4,)"". Let f € C,(0, ). Then we can use the Laplace transform and obtain

I
1+da (k)
by Corollary 2.6. On the other hand, since (I+4,) ™' f = [ e™*T,(1) fdt, we obtain
0

S, -~
RfN=dr() f ()=

((1+A,,)-1fr(2)=§’ e (T,(0) £ (A)do

= T oo -a/ﬁu)d> )= d/‘;(l)
(ge ¢ o )f® 1+da(d)

Hence Rf=(I+A4,)"*f for every feC,(0, ). Since both R and (I+4,)7!
are translation invariant, we have Rf=(I+ AI,)“l f for every feC,(R).
Since both R and (I+4,)~" are bounded and C (R) is dense in LP(IR), we have
R=(I+4,)"". Next define A by D(4)={f e L’ (R)|kyf +k,* fe W"P(R)} and
Af=(kof +ky* fY +k f +dky* f. We want to show that R=(I+4)77,
from which A=A, follows. We first claim R(I/+A4)=Ipy,. Let feD(4),
then d/, + f € W'?(RR), hence

dra(dlysf) =(drxdlsf) =d(dr+dl))f=(de—dr—dl,+dr)+f

by using (4.2) and noting thatdr xdl; e BV (R ,.). Here e(t)=1for¢t>0andOor t <0
as before. This implies the claim. Next we prove (/+A)R=1. Let ge LP(R) and
let f=dr+g. Then f e L?(R) as well as dl; = f. Moreover, convolving (4.2) with g
we obtain

Ty .

ddl xdryxg=g—f—dl* [,

which implies dl, » f € W'P(R) and (I+ A)Rg =g. This completes the proof of the
theorem. [}
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Remarks 4.2. (i) The characterization of D(4,) given in Hille-Phillips [18] is in terms

of Fourier transforms, i.e. feD(4,) if and only if ‘1\1_
a(ip
transform of a L? function. Note that our characterization is in terms of the
function itself instead of its transform.
(i) The m-accretiveness of the operator 4, has been observed already in
Clément [5] in the case k,e L1(R,) and k; posmve decreasing, and log convex
whenever k,=0.

) - f(g) is the Fourier

Next we consider the adjoint of the semigroups {T, (1)},20 ; for this purpose we
make the usual identification (LP(R))* =L4(IR) where +‘ =1 with the pairing
{f.9>=1{ f(Ng®dt for fe LP(R) and ge L*(R). We shall make use of the

R
reflection operator P defined by

PHO=f(-0, teR, feL!(R). 4.5
Let le BV (R), pe(l, o) and L,€ B(L?(R)) be defined by
LNHO=[ ft—0o)di(c) , teR, feL’(R). 4.6)
R

Then one verifies that L}, the adjoint of L, in LY(R), is given by L} =PL_P.
Therefore we have:

Proposition 4.3. Let da be completely positive and let {T, (1)}, 20 denote the semigroup
in LP(R) given by (4.1), 1 <p < 0. Then
() Ty ()=PT(x)P, 120,
(ii) (;,L+A )~ 1 P(u+A )P, u>0
(i) A} = PA P.

Remark 4.4. Assertion (i) obviously holds also for p=1, with ¢=00. Let use define
A, by (4.4) where p= co. Then one verifies that assertions (ii} and (iii) also hold for
p=1,¢= 0. This implies that 4 _ is m-accretive, however D(4 ) is in general not
dense in L= (R).

We consider next the question of continuous dependence of the semigroups
{7, ;1:)}, >00n L, (R), associated with a completely positive measure da, with respect
to da.

Theorem 4.5. Let pe (1, ), let {da,}new and da be completely positive and let
©n=1/d3,, p=1/4d denote their Bernstein functions, {B..(D}zor {T, (D}ezo the
associated semigroups and A, ,, A, their negative generators Suppose moreover that

lim a,(co)=a(o0) 4.7

pn?

where a,(c0) and a(o0) may be infinite. Then the following assertions are equivalent :
@) 1im a,()=a(?), for every t>0 such that a(s) is continuous at s =t.

(i) hm j p(t)da,(t)= j p(t)da(t), for every pe C.(R).
(iii) llm ¢p,,(A) ¢ (1), for every 4> 0.
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(v) lim (u+4,,) " f=(u+A4,)""f, for every fe L*(R), u>0
) lim T, ,(0)f=T,(0)f, for every f € LP(R), uniformly on bounded t-intervals.

Proof. The equivalence (i)<>(ii)<>(iii) is well-known, see ¢.g. Feller [13].

The equivalence (iv)<>(v) is called Trotter-Kato theorem in semigroup theory
(see Yosida [36]).

(ii)=(iv) follows from the density of C,(IR) in LP(IR), and from (ii)<>(iii) for
r ('? M)

(iv)=>(iii). Set f(f)=e™", 120, and f(t)=0,1<0, and let g,=(1+4,,)""f as
well as g=(1+4,)"'f. Then g,—g in L?(R) 1mphes G, =g ), for all A>0.
Finally observe that g,(A)=(1+1)" 140 LA/ +da (A)) and similarly for §. 0

Remarks 4.6. (i) In assertions (iv) and (v), LP(IR) can be replaced by C,(IR) or
BUC(R).

(ii) If (iv) or (v) holds for L'(R) or BUC(IR) then (4.7) holds.

In Sect. 3 we observed that translation invariant Feller semigroups satisfying
(F4) in C,(R) are characterized by a completely positive measure. In the next
proposition, we show that this is also true for L*(R), 1 Sp < 0.

Proposition 4.7. Let pe[1, o), and suppose {T(7)}.», is a translation invariant
Cy-semigroup of contractions in LP(IR) such that T(z) is positive for each 1> 0,
T(+)YF1and (F4) holds. Then there is a completely positive measure da such that T(7)
is represented by (4.1).

Proof. Let T(z) be a translation invariant Cy-semigroup of positive contractions in
L?(IR) such that (F4) holds. Then by Theorem 3.6.1 in Larsen [23], there exists a
family of nonnegative finite measures g, such that

TOND= | fa-9dus) . [el®), 1R

(F4) implies supp u, =R ., therefore we may employ Laplace transforms. Let

h(A,7)= [ e”*dp(1); then the semigroup property of T(z) implies the relation
0

hA, 1 +1)=h(4, 1) (A1), 1,75,20, A>0
and
h(AL,0)=1, Ai>0.

Strong continuity of 7T'(r) implies continuity of 4(4,-) for each fixed A>0, and
therefore there is a function ¢(2) such that

w(d,t)=e" %P 120, 1>0.

From the proof of Theorem 3.6.1 in Larsen [23] it also follows that Var [u,; R] <2
for each 7> 0, hence 2(4, 7) £2 and this yields ¢ (1) 20 for all A > 0. Since the mea-
sures y, are also nonnegative, h(4, 1) =e~**¥ is completely monotonic for each 7> 0,

and so ¢(4) is a Bernstein function, by Theorem 2.4; note that ¢(4)£0since T(1) £1.
Thus by Theorem 2.4 again, ¢(4)=1 /da(/l) for some completely positive measure,

and by uniqueness of the Laplace transform, T'(t) is represented by (4.1). O
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We conclude this section with

Corollary 4.8. Let da be a completely positive measure and let A, be defined as in
Theorem 4.2; for some pe[1, ). Then the following assertions hold.
(i) N(4,)={0}.
(i) 4, has a bounded inverse iff ac BV(R ) and A, ' f=dax f,f e L*(R).
(iii) kg >0 iff ac WH2(R.), and then D(4,)=W" "(IR)
(iv) 4, is bounded iff ky=0 and k, (0" ) < co.

Proof. (i) Let 12p<2. If feN(A N0}, then g:=(1+4,)" ' f= f, taking the
Fourier transform and using the representation g(t)= j f (t—s)dr(s) teR, we

obtain dr(lg)f(g) f(g) a.e. on IR where f denotes the Fourier transform of f.
Since f +0, this implies P (ig) = 1 on a set of positive measure, hence dr(/l) 1for A

—(—)—<1 for A>0. For pe(1,2], this implies

+da (A)
R(A4,)=L*(R), hence N(4 ;,") {0}. From Proposition 4.3 we obtain N(4,)={0}

with %+%=1, i.e. N(4,)={0} for all pe[1, c0).

>0, contradicting dr (),) =

(ii) It follows from (i) that 4, exists. By using the Laplace transform, one
obtains 4,!f =dax f for every feC (R). If daeBV(lR+) then clearly; 47 is
bounded conversely, if 4, is bounded, by Theorem 3.6.1 in Larsen [23] A ti
represented as convolution with a bounded measure on R, hence Var {a; 1R+] <0
by uniqueness of the Fourier transform.

(iii) The equivalence can be seen from (2.2). If k, >0, the solution of kyr +k, + r
-k2 belongs to L' (]R) by the Paley-Wlener lemma (see e.g. Gel'fand et al. {15]),
since k, e L'(RR ), is positive, nonincreasing. It follows that D(4,)= WtP(R).

(iv) If k,=0 and k,(0%) < o0, then clearly 4, is bounded. Conversely, if4,is
bounded then by interpolation and by Proposition 4.3, A, has to be bounded and

therefore /\1 is uniformly bounded for Re 2>0. On the other hand

da(2)

1
da(h)
2 ko +k, (/DA =", A>0.
This implies k=0 and k£, (0*)<o0. O

= Ak +k, + ik, (,1)>/1k0+j de™ Mk, (r)dt

5. ““Tensor product™ extension and imaginary powers

As is well-known, every positive linear bounded operator L:LP(Q)—L?(Q),
pe(l, w0), where 2 denotes a o-finite measure space, possesses a unique “tensor
product extension” & : LP(Q; X)- LP(Q; X), where X is a general Banach space.
More precisely, we have

Lemma 5.1. Let (@, A, i) be a o-finite measure space, let X be a Banach space with
norm |- |, pe [1, 00), and let L : L?(Q)— L*(R) be a bounded linear operator which is
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positive with the respect to the standard cone L% (). Then there exists a unique
bounded linear operator & : LP(Q; X)—LP(Q; X) satisfying

ZL(f-xy=(Lf)x forall feL®*(Q) andall xcX . 5.1

Moreover we have
1], =Ll . (5.2)

and £ is leaving invariant the closed convex cone LP(Q; K) induced by any given
closed, convex cone K in X.

For the proof see (¢.g.) Clément and Egberts [6]. We can apply this lemma to the
semigroup {7,(7)}. »o defined in Sect. 4. However, representation (4.1) gives a direct
way to “extend” this semigroup to L#(Q2; X), by using the Bochner integral instead
of the Stieltjes integral. We have

Proposition 5.2. Let da be a completely positive measure, pe[1, o) and let dw(-, 1)
and dr(-, t) denote the measures defined in Theorem 3.2 and Corollary 2.6. Then
{7 (D} 20 in LF(R; X) defined by

(.”/',('c)f)(t)=? f—s)d w7y, teR, 120 (5.3)

Jorms a strongly continuous translation invariant semigroup of contractions in
L?(R; X). If &, denotes the negative generator of {7 ,(1)}.», then we have

((u+x,,>-1f)(z>=§ F—s)d,r(s, ) . (5.4)

Moreover,

D(t)=(f e L(R; X)kof +k + f e WP (R; X)} (5.5)

S =2 Gaf +hys S koS +dlys f

for feD(o,), where ko, ky, k,, ks, k., are as in Theorem 4.1.

Proof. Since Var [w(-,1); R ] £1, 7 (1) are contractions. The semigroup property
follows from (3.2) and (3.3). Since the set

é";:{f; firxl fie LP(R), x,€ X, z’=1,..,,n} 5.6)

isdensein LP(R ; X) and {7 (1)}, is strongly continuous on &, it follows from the
Banach-Steinhaus theorem that {F,(1)}, », is strongly continuous. Define s/, by
(5.5). As in the proof of Theorem 4.1, it follows that =, is the negative generator of
{7, (Dhae- O

Remark 5.3. (i) It is clear from (5.4) that {7, p(r)}, 20 is analytic on some sector if
{T,(x)}.0 is analytic there.

(i) It also follows that if K is a closed convex subset of X, then L?(RR, X) is
invariant under {7 (1)}, if a(20) = 0, and in case a(0) < oo, if one assumes also
JekK.



Completely positive measures and and Feller semigroups 93

(iii) Since |T, ()], =[7,(1)], for all 1> 0, the type wy(/,) of <, satisfies

1
a(oo)

() =wo(A4,)= — —Ky
This follows from Var[w(:,7); R*]<e” 7 and s(4,)=2——
denotes the spectral bound of 4,.

—1

()’ where s(4,)

As an application of the subordination principle, Corollary 2.8, we consider the

fractlonal powers of &1 Let da be completely positive and a€ (0, 1). Since we have

£ 1

day=—o(1 d —

(da)* = ( /da) an = (F(oz)

tonic, locally integrable, hence completely positive function, by Corollary 2.8, there
are completely positive measures da, such that

da (y=@ady , 1>0 .

Note that a,e BV(RR.) iff k>0 iff a(c0)<oco. These completely positive
measures define the fractional powers «/; which in general are unbounded,
and which are negative generators of analytic semigroups. As a special case, if

13 d 2

a(t)=1, then sfp= — , ie ko=1, ky=k,=0, hence da,(H=A"" and

a—l "

()= jF(oc) e Y

The study of purely imaginary powers is more difficult since the representing
kernels are no longer completely positive. However, since the operators ./, are
negative generators of positive contraction semigroups on LP(IR ; X), one can prove
the boundedness of &%, yeR, and obtain explicit bounds in terms of

0= sup larg o(A)| . (5.7)

) (4) is the transform of a completely mono-

We show that 0, <n/2.

Proposition 5.4. Let da be a completely positive measure. Then Re da(2) >0 for all
Re 1> 0.

Proof. We show that Re 1/da(4) > 0. By (2.2), we have
Re1/da(A)=Re (ko +k, + A, (1)) =ko Re A +k +Re (1, (4)) .
If k,(0") < o, then k, e B¥(R,) and

Re [AEI(1)]=Redkl(/1)=kl(o+)+Re°j° e‘*‘d’kl(t)gkl(0+)+aj‘o dk, (£)=0 .

Ifk,(0%)= 0, then we approxnmate ky by ky (£) =k, (t+¢), £>0, and obtain again
Re [AE )]=0. ThlS shows that Re da(/l)>0 for Re 1> 0, however we cannot have
Re da()o) 0, since this function is harmonic. This completes the proof. [1

One method to obtain boundedness of /"7 is to use multiplier theory.
We begin with the scalar valued case, X=R. For p=2, this is an easy
consequence of Plancherel’s theorem, indeed the multiplier associated with A5 is
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given by ¢(4)"?, ye R and Re 12 0. Hence

4, s sup o) =etozelrz (.8)

which is best possible. The same holds true when X is a Hilbert space.
Next we consider the case pe(1, 00), p#+2 and X'=R. The Mikhlin multiplier
theorem (see e.g. Bergh and Lofstrom [3]) yields the estimate:

iz, =M, sup (0@I+A@@ND -

. i @ (D) oo
Since (p(A)") =i AP, this gives
(9(D7) 7(,,(,1)"’() gi
|49, <M, A+, yeR .9
provided that
= @' (1)
G=3 o | (5.10)

In the Banach valued case, when the space X is {-convex (or equivalently UMD),
then by McConnell’s multiplier theorem ([26]), we obtain the following estimate

|47 =35 sup (@@"1+2(e(D7YI+1Z (@D -

This yields
|4z <My - A+hP)e , yeR 5.11)
provided (5.10) holds and also
4 l)
= pZ& : 5.12
C= M ey |<® (5.12)

Unfortunately, Condition (5.10) is not satisfied for all completely positive
measures, as the Bernstein function ¢(4) =1 —e~* shows. However for completely
positive measures of the form

da(t)=aydy+a,(Hdt , (5.13)
where a, 20, and a, e 4.4, it can be shown that conditions (5.10) and (5.12) hold.

Proposition 5.5. Let da be of the form (5.13) with ay =0 and a, e €4 L' (0, 1).
Then we have

| dam™ ()| <nlda(d)| , for Rei>0, neN . (5.14)

Proof. Since ay = 0 and a, € ¥.#, thanks to Bernstein theorem thereis be BV (R ,.)
© 1

nondecreasing such that da(1)= | Py db(s). Differentiating this relation we

obtain oSt

n

(=2 @a™ () =n! }o db(s) , for AeC\R_ .
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Since —%‘gl for ReA>0 and 5s=0, we obtain with A=c+ig
5

© 2
M"@‘"’(A)Pén!Z(j Vo te db(s))z

o (5+oy+¢d

©  gb(s) ©  g2yg?

a2

o (s+0)+¢? ‘ o 5+aP+g®

(2 a+s 2 2 db(s) :
(] g 20) +({ ciorve))

<n?((Reda(A)) +(Imda()P)=nPda(DPF . O

db(s)

Note that Inequality (5.14) is sharp, as the example c@(i)zl/l, ie q()=1,
a, =0, shows. Estimate (5.14) implies (5.10) and (5.12), since

(p/ C/i?ll (prr ‘/15/1 6/1(\11 2
—_—= and —= e~ 2 . .
? da 4 da da

We consider now another method, the transference method, which leads to the
desired result in the general case of a completely positive measure. This method is
based on the following result.

Theorem 5.6. Let X be a Banach space, 1 <p < 0, {S(1)},», be a strongly continuous
semigroup of positive contractions on LP(Q), where (Q, #, y) is a o-finite measure
space. Let {#(1)},50 be its “tensor product” extension defined in Lemma 5.1 to
LP(Q; X), and let o denote its negative generator. Let be L' (R . ) and denote by %
the convolution operator on LP(R;X) defined by #Bf=>bx f. Then the operator
defined by

5(m’)f=°f b)F (M) fdr , fel*(Q;X) (5.15)

is bounded in LP(Q;X) and the following estimate holds.
l6¢)| o< |21, (5.16)
Here |||, denotes the norm of # in LF(R; X).

Remark 5.7. This theorem is an extension of a beautiful result of Coifman and Weiss
[11] for the case X=IR. The extension is made possible by Lemma 5.1 where the
positivity of the semigroups (S()), »¢ is used. For the sake of completeness, we give
a proof in Appendix A.

If the space X is {-convex, then we can combine Theorem 5.6 with McConnell’s
multiplier theorem to obtain the following result.

Theorem 5.8. Let X be a {-convex Banach space, 1 <p < o and {£(t)},»0, and o beas

in Theorem 5.6. Assume also that N(# )= {0} (hence also R() =LP(82; X), since X
is reflexive ). Then the imaginary powers " are bounded in L*(Q; X) for ye R, and
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we have the estimate:
l«?|,sM, A +y)e"z , yeR .17
where M, depends only on p and X.

Remark 5.9. (i) Comparing Estimate (5.17) with (5.11) and (5.8) we see that for
specific semigroups, (5.17) is not sharp, and so (5.8) and (5.11) are still useful.

(ii) If Xisa Hilbert space, (5.8) and (5.17) can be used to obtain better estimates
in L? via interpolation. In particular, n/2 can be replaced by n/2 —¢ when 6, < =/2.
This is important for applications, see Sect. 6, and Priiss and Sohr [32].

Proof of Theorem 5.8. It is known that a closed linear densely defined operator Bina
Banach space Y satisfying for some constant M =1

(—0,00cg(B), N(B)=0, R(B)=Y,

5.18
l(e+B)Y|<Mjp forall u>0, G18)

admits fractional powers B* of any order ze €, not necessarily bounded. For
[Rez| <1, z+0, xe D(B)nR(B), B*x is given by

sinnz
Bix=

{z“x—(1+z)_13_1x
1 [« o

+[ @+ B) B xdt + | t"‘(t+B)“‘Bxdt} ; (5.19)
0 1

cf. Komatsu [22]. Note that the integrals in (5.19) are absolutely convergent by
estimate (5.18). Recall also that if the operator B additionally is the negative
generator of a Cy-semigroup {T(7)},,, of negative type then
0 Tz—l
B *x=

g r
see Komatsu [22]. Observe that for 42> 0, the operators u+ & satisfy (5.18) and for
u>0, they generate a semigroup of negative type {e”**#(1)},50 in Y=L?(2; X).
Let ye R\{0} be fixed, and define

T(t)xdt, xeY, O<Rez<l (5.20)

bm=e ™ 150, >0 (5.21)
g I(iy+p) ° ’

To prove the boundedness of «/*? we use the approximations (u+ /) "#, u>0.
Thanks to (5.20) with B=pu+& and z= —iy+pu, we have (u+ )" *=5 W (H);
note that b,e L'(R ). From Theorem 5.6 together with McConnell’s multlpher
theorem, we obtain the following uniform bound on &, (al ):

84155 M, sup (6, DI+I,(W]+ 26,

SM,-c-(1+p)eT (5.22)

where ¢ is independent of y and u.
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Next we prove the convergence of b,(#)f to «7f as u—0+ for
feD(AL)NR(L), a dense subset in LP(Q; X). From Banach-Steinhaus’ theorem
the result then follows. For this purpose, we rewrite (5.19) as

sin
Bix= nnz {z7lx—(1+2)7'B! x

1 o
+§72(1+tB) ' Bxdt+ { t7*"2(1+¢B) !B~ 'xdt} . (5.23)
V] 1

Replace B by u+4/ and z by iy—u, in (5.23), and observe that, by (5.18),
(u+A) 1 f>of "1 f as p—>0+, since feR(). We also have (1+1u+1)~?
~(1+1s7)* for each t>0 and therefore by Lebesgue’s dominated convergence
theorem, we obtain

M"’f=1‘j}g(#+ﬂ)""“f »  JeD(H)nR(A) .

This completes the proof of the theorem. [

6. Applications to heat flow with memory

In this section we shall discuss an application of the results presented above to the
problem of heat flow in materials with memory.

We consider a model introduced by Nunziato [28], see also Clément and Nohel
[9]and Lunardi [25]. Let 2 < IR" be a bounded domain with smooth boundary and
consider the equation

t

bou,(t, X)-I—% [ byt —9)uls, x)ds

- ]
H

=cmAu(t,x)+§; | e (t—s)duls, x)ds+ f(t,x) ,

teR, xeQ. 6.1)
u(t,x)=0, teR, xedf,
where u(t, x) is the temperature of the point x e Q at time r € IR, and f (¢, x) is the heat

supply. If b, =¢, =0 and b,, ¢, are positive, (6.1) reduces to the ordinary heat
equation. Our basic assumptions on by, b,, ¢, ¢, are

a0
b, is positive, of positive type and integrable, 5,20 , bo+§ b,(t)dx>0 ;
0

(6.2)
and
¢, >0, ¢, is positive and of positive type . (6.3)

Here we are interested in solutions in LP(IR ; L#(€2)), with 1 <p, ¢ < o0, having the
maximal regularity property, i.e. if feLP(IR;L%(f)), then ueLP(R; W*9(Q)



98 Ph, Clément and J. Priiss

AW, 9(£2)). For this purpose we rewrite (6.1) as an equation of the form
But+CAu=f (6.4)

in the Banach space E=LP(R;L%(Q)), where the operators are defined as
follows.  We introduce an operator 4 by means of

D(A)=WUQDAWLIUQ), Av=—Av for veD(A) . (6.5)

Let of denote its pointwise extensionto E, where D(of )= L?(IR ; D(4)),and D(A4)is
equipped with the graph norm. Note that & is closed, — &/ generates an analytic
semigroup of negative type and the imaginary powers &/, y € R. are bounded and

satisfy the estimate
|| sCel,  yeR,

for every £>0. Let £ be defined by

D(B)={ueEbyu+b, xue WH-*(R; LY(Q))} ,
d (.6.6)
éﬂuzz (bou+by*u), forueP(H) .

Then £ is a closed densely defined operator in E.

For simplicity we also assume ¢, € L' (IR); like in Theorem 4.1 this assumption
can easily be omitted, but we shall not do this here.

Define € by means of

D(®)={ue Elcpue W-?(R; LY(Q)}
d 6.7)
(€u=cwu+z (c;*w) , forueD(¥) .

Then € is a closed, linear densely defined operator in E. Assume like in Clément
and Nohel [9], Lunardi [25], that 4, and ¢, are nonincreasing. It follows that the
functions defined by

t
ky()=by+[ b, (s)ds
o >0
k(t)=cot+[ c (s)ds
0

are positive, nondecreasing and concave, and therefore give rise to completely
positive measures da, and da,, by Theorem 2.1. Using Theorem 4.1 and Proposi-
tion 5.2, the operators # and € generate contraction semigroups in E which are
positive with respect to the usual cone E* of positive functions. Corollary 4.8
implies N(#)=N(€)=0 and R(%), R(%) dense in E; since c,, >0, € even has a
bounded inverse, cf. Remark 5.3 (iii).
Applying Theorem 5.8, with X =L4(Q) which is {-convex (see Priiss and Sohr
{32]), we have
[B7| SM{A+y)e"2 | yeR (6.8)

and the same holds for €.Since the operator ¢ ! is bounded, the operator 2 defined
by 9 =¥ .o is closed. 2 has also bounded imaginary powers by Corollary 3 of Priiss
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and Sohr [32], and Estimate (6.8) holds for & with =/2 replaced by n/2+¢. Since
(6.4) is of the form
Bu+Pu=f 6.9)

and the resolvents of # and 2 commute, we can apply Theorem 4 of Priiss and Sohr
[32], provided that we can show that 04+ 8, < n, where 04 is the type of the group
{#"}, R, similarly for 6,. We only know 04+ 6, < n+ ¢, however, if € is bounded,
i.e.¢;(0%) < 0o, we have O, < /2, since € — ¢, I is m-accretive, by using the Dunford
integral representation for the imaginary powers. Hence 8, < n/2 as well, since ¢ can
be choosen arbitrary small. When % is unbounded, and if ¢, (1) satisfies (5.10) and
(5.12) and as well as

sup larg (¢, +Aé () <x/2 , Rel>0 (6.10)

or by =0, b; (J) satisfies (5.10) and (5.12), and
Sup_larg A6, ()| <=f2 6.11)

holds, then from (5.11) and (5.7) we have

T . n n
0g<51.e. 0@<§ ,  resp. 69<5 .

Summarizing we obtain
Theorem 6.1. Let by =0, ¢, >0and b, c; e L'(R,) be nonnegative and nonincreas-
ing, and let by+ | by (t)dt>0. Assume in addition c, (0*)< o0 or (6.10) or (6.11).

o]
Then for every feLP(R; L4(RQ)), (6.1) possesses one and only one solution u satis-
fying ue L*(R; W*9(Q)nWL4(Q)), byu+b, xu, ¢, * Aue WHP(R; L%(Q)), and
there is a constant M >0 such that

<M|f

s

d
417+ 177+ ot 00

d
+"6—1; (C‘l * Au]

for feLP(R; LYRQ), where ||| denotes the norm in LP(R; L()).
Since the operator € has a bounded inverse, (6.4) is equivalent to
€ But+Au=6""f. (6.12)

In general € ~1 4 is not closed but it is closable and its closure is #¢ ~* (note that
# and %! commute). Hence a solution ue 9(«) such that € "'ue 2(&#) of

BE u+Au=6""1f (6.13)

can be considered as a mild solution of (6.1). Note that if ¢ is bounded, then € "' %
is closed and the two notions of solutions coincide.
The operator #% ~! has the function

Aot 5,@)

B B L PN 6.14
ot 261 (A) (6.14)

(D)
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as its symbol; we observe that Re ¢(1)>0 for Re A>0 holds. Indeed a simple
computation shows that

Re o(ig) = (o) - (o> Re &, (ig) (by + Re b, (i0)) +(—o Im b, (i)) (¢, — 0 Im &, (i0)))

where a(g) =|c,, +¢, (ip)] 2. Since b, and ¢, are of positive type we have, Re b, (ip),
Reé (ig)20, geR, and since both functions are also nonincreasing we also
have —gImb,(ig), —oImé, (ig)20, geR. This shows Re ¢(ig)=0, therefore
Re ¢(4) >0, for Re A>0 by the maximum principle. Summarizing, we obtain:

Theorem 6.2. Let 5,20, ¢ >0, and let by,c,e L'"(R,) be nonnegative, non-
increasing, of positive type, and such that by+ [ by(1)dt>0. Then for

(V]
feL*(R; L2(R)), there is a unigue mild solution u of (6.1), such that ue 2(') and
€ 'uc(B), ie ucl*(R;W>2(Q)nW}*(Q), v=da,+uecl*(R;L*Q2)),
bov+b, xve W'2(R; L2(Q)), where da, denotes the completely positive measure
defined by ¢, and c,. Moreover, there exists a constant M >0, such that

—;;(bov+b,*v) sM|r| ., forall fel*(R;L*(Q)) .

nu||+uwn+uv2uu+|

If in addition, 51 and ¢, satisfy (5.10) and (5.12) then the theorem is true in
LP(R; L1(2)), for all 1 <p, g < 0.

Proof. We only need to consider the case p, g+ 2. Since the operator #% ~* has ¢ as
its symbol we can apply McConnell’s theorem which shows that #% ~* has bounded
imaginary powers and estimate (6.8) holds for #¢ . From Theorem 4 in Priiss and
Sohr [32] the result follows.

Remarks6.3. (i) First recall that 4, and £, satisfy (5.10) and (5.12) when b, and c, are
completely monotonic, see Proposition 5.5.

(ii) Since c, is nonincreasing, we always have Re (¢, +A¢; (1)) = ¢, >0, thus the
second condition (6.10) is equivalent to

lim |arg (¢, +igé; (i) <m/2 .
e
In case ¢, (0,) = oo, this condition holds if ¢, (£) ~ ¢, t*!/I () for some ae (0, 1);
in fact then ¢, (ig) ~ ¢, (ig) %, hence
lim Jarg (c,, +ioé, (i) = Tim Jarg (i)' ~*=(1 —a) §<-2’5 :
g ®© @+

(iii) Observe that Theorem 6.1 gives much more time-regularity than
Theorem 6.2; in particular, if b,>0 we obtain ue W'P(R; L%(f2)) rather then
v=da,+ue W"?(R; L%(Q)). For the case ¢, (0+) < oo, Theorem 6.1 even includes
Theorem 6.2.

(iv) When ¢ defined in (6.14) is a Bernstein function, then the operator £¢ ' is
the negative generator of a positive contraction semigroup on LP(R; L%(£2)).
Therefore Theorem 6.2 holds also in case 6, , ¢, do not satisfy (5.10) and (5.12) since
in the proof McConnell’s theorem can be replaced by Theorem 5.8. On the other
hand, since ¢ "' is a positive operator, when ¢ is a Bernstein function, the mild
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solution u is positive whenever f has this property. This was observed by Lunardi
[25], where sufficient conditions on the kernels are given for ¢ to be a Bernstein
function; see also Cléement and Nokhel [9].

(v) For the sake of simplicity we considered 4 = — 4 with Dirichlet boundary
conditions only. Other boundary conditions can be treated similarly. For example,

u d ou

o “51;+dtcl*6n_00nag
or equivalently e 0 since the operator € is invertible, then the operator A defined

by

if the non flux condition is imposed at the boundary, i.e. ¢

D(A)={uec W*4(Q) %=0 on 6Q)

Au= — Au, is still m-accretive, but has a nontrivial kernel. Then one can solve (6.1)
by projecting to the range of A, since L(2)=N(A) @ R(4) holds.

(vi) In a forthcoming paper, we shall use the results of this section to study a
semilinear version of (6.1) with critical growth.

7. Appendix A

Proof of Theorem 5.6. As in Coifman and Weiss [11], we will deduce Theorem 5.6
from its discrete counterpart. Let X be a Banach space. Given a sequence {;}xezin
1*(Z) we denote by # the convolution operator in I?(Z; X), 1 <p < oo, defined by

(Bu), =D *u),= ’Zz b,y , (1.1)

where ue/?(Z; X) and by ||#||, its norm in (?(Z; X).

Lemma A.1. Let (2, #, 1) be a a-finite measure space, 1 <p < o, X be a Banach
space and ¥ : LP(Q; X)— L?(Q; X) be a bounded linear bijective operator satisfying :

c=sup ||%*|,< o0 . (7.2)
keZ

Let bel'(Z). Then we have the estimate:

S batf|| <2||@|,|f], forall feLP(@;X) . (1.3)
kel P

Proof. It is sufficient to prove (A.3) for b € ¢y, the space of finite sequences. Let N be
such that b, =0 for |k| > N. Let >0 and f e L?(R2; X) be given. Choose M so large

2 2
%él +¢. Since for all ge LP(Q2; X) and leZ,

that
lgl,sc|@'q|, , we obtain

N
Z bk%l—kf

=-N

M

N . r c? Z
b~ <
k;—” k f P—2M+1 1=-M

4
P
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Let y(n)=1if [n| S M+ N, 0 otherwise; then

M

X

1=-M

M

= 2 Y by-kuf
P keZ

N P
> buTr

k=—N I=—-M

4

=Y I bkl(l—k)(%l—kf)(w)rd#(w)
QlkeZ

kzz byx(U—ky@'™*f )(w)’pdu(w)
<|22 !) kZz AN ] ) (@) P dp(@)

M+N
“lalz Y Jatrlzseasoeu o)zl

letting ¢—0+, the result follows. [0
Next we consider the analogue of Theorem 4.16 in Coifman and Weiss [11].

Theorem A.2. Let (Q, #, 1) be a o-finite measure space, 1 <p <, X be a Banach
space and T:LP(Q)—LP(Q) be a positive, linear contraction. Let T : LF(Q;X)
—~LP(Q; X) be its extension as defined in Lemma 5.1, and let be ' (Z), such that
b,=0, for k<0. Then we have the estimate :

|5 a7es] slalin, a4

for all feL?(Q2;X).

Proof. It follows from the dilation theorem of Akcoglu and Sucheston [1], that there
exist a measure space X, a positive invertible isometry U: LP(Z)— L?(Z), a positive
isometric imbedding D ; L?(Q)— LP(X), a projection P: L?(X)—LP(X) with norm
1, such that

DT"=PU"D , nelN, . (7.5)

By Lemma 5.1, we extend all these operators to the X-valued case, thanks to
positivity! From Lemma A.1, we obtain

=l2 ¥ b7

r k=0 4

Y b I
k=0

b, 27| =Y b2uraf
=0

p

I
™Me

k

=
It
o

P

8

| I aaf| s|@ll27],=1211/1, - O

k

i

We can now deduce Theorem 5.6 from Theorem A.2, as in [11]. Observe that we
may restrict our attention to the case where b has compact support. We shall
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construct sequences {by(7)} such that

lim ¥ b,()T AN =] 6T @) fdr 0.6
for every fe L?(Q; X), and
|#xl,<|%,, forall Nz0, (7.7)

where 4y denotes the convolution operators in /P(Z;X) associated with the
sequences {by(j)} and & the convolution operator with kernel 4 in LP(IR ; X).
Then (7.6) and (7.7) imply

|6(s#)| < lim

Now

Z by(N T/

j=

< lim | #y], 17 1= 121,170,

The sequences {by (j)} are defined as in [11] by means of

NS )
b= § b(L+s)a-Nisha
(1= b(§+s)a-mipas
-] ib(”’_s)arsdt (7.8)
oo N N ‘ )

In order to prove (7.6), observe that if ge C(R , ; LP(£2; X)) is piecewise linear with
nodes at {j/N}%.,, then

{ o=, byG)aGIN)

Thus, if gy denotes the continuous piecewise linear function with nodes at
{//N}7-, such that gy(j/N)=7 (1/N)’f, then

[ 60T @ fdi= T bu(Dan(iN)
0 ji= p

Ed

4

i.e. (7.6) holds.
To prove (7.7) we introduce linear operators %y :!/*(Z;X)—L"(R; X) and
Qy:LP(R; X)—>!P(Z; X) by means of

(Pvg)(1)=N''? 2 xin.g+ym@®9@) . teR
jeZ

and
(j+1)N

@uG)=N" | f(dt, jeZ .

JIN
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It is then easy to show that |#,| =1 and |@ | <1 for all N. For the convolution
operators %, we now have the representation

gNg=bN*g=&N(b* QNQ)ZCQN.@.@NQ N

this identity obviously implies (7.7). O
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