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0 Introduction

In conformal field theory for free fermions, the Fock space plays a central role and
provides a link among several branches of mathematics such as representation
theory of the Virasoro algebra, theory of KP equation, moduli of algebraic curves
and formal groups [BeSc, KNTY]. On the other hand, string theory drew much
attention to the theory of elliptic genera, cf. [La].

Our original motivation having been to give a systematic account of elliptic
genera in the context of (arithmetico-geometric) conformal field theory [KSU1, 2],
we are led to a basic understanding of the connection between the complex
cobordism ring MU* and the boson Fock space #7. . As an application, we give a
new interpretation of genmera (multiplicative sequences) in terms of the KP
hierarchy.

To formulate the main results, let us introduce some notation. The boson Fock
space #7. o is a polynomial ring over Q in indeterminates ¢, ¢,, ..., cf. (2.2). We use
the notation t=(t,, t,, ...) for short and also kt=(kt,,kt,,...) for ke Z. There is a
natural pairing of #7, o with itself (3.1), which plays an important role in the theory
of the KP hierarchy.

The Chern classes followed by the augmentation define the linear functionals
¢}'c%... on MU*, which are linearly independent. In other words, we have the
pairing “Chern number” between MU* and the polynomial ring Ch* over Q in the
indeterminates “universal Chern classes” ¢y, ¢c5, ....

Then the main results are the following:

Theorem 0.1 (=(3.3)). The ring homomorphisms
MU*®,Q-% #7 o=Qlt1, 15, ... 1: P"—p((n+ 1))
Ch*=Qlcy ¢, ... ] 5L H# o= Qlts, 1o, T i (= 1P — 1)
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are bijective and transforms the pairing “Chern number” between MU*® , Q and
Ch* into the natural one of #7r o with itself. Here pt) denotes the i-th Schur
polynomial cf. (2.2).

There is a formula of elementary nature calculating arbitrary genus, as an
application of this theorem, cf. (3.13).
Under these identifications, we regard an (arbitrary) multiplicative sequence

T(c)= jo T(cy,...c,)

as a formal power series in the variables t,’s: 14(t) : = K'(T(c)), where, ’% abuse of
notation, K' denotes the natural extension of K' to the completions Ch*—#y. .
This function will be named as the t-function associated to T. It has the followmg
remarkable property.

Theorem 0.2 (=(3.9), 1)).
1{t)=exp (i; (=1t lbit,.) .

Here b, is the coefficient of c; in Tic,, ...,c;).

We also have an expression of T(c) as a determinant of a matrix of infinite size
(3.9), 2). This result, together with Theorem (0.2), implies the following:

Theorem 0.3 (=(5.3)). 1) The power series t1(t) can be identified with a - function in
the theory of KP hierarchy.

2) The Lax operator associated with the - function in 1) is 0,.

3) There is a one-to-one correspondence between the set of multiplicative
sequences over Q and the subset 1+09;'Q[0; '] of all the wave operators.

For the precise formulation and the statement of the above theorem, see

Theorem 5.3.
We have the following observation which connects the above identification K
with the one by Morava [La2, Appendix] and Bukhshtaber-Shokurov [BuSh}:

Theorem 0.4 (=(4.4)). The ring homomorphism
@ Hr, 0 Hr, 0t pl—1)
sits in the commutative diagram:

MU*®Q L #; ,
N e,
K ;o

where B is given by the coefficients of the Chern-Dold character.

As a corollary of this Theorem, we can determine the image K(M U*)in #7 o, cf-
Theorem (4.7).

The connection of cobordism ring with conformal field theory was alsc
discussed in [Mo, MoSh]. Generalizations of elliptic genera were also discussed by
[Hir2, Kr, T].

The contents of this paper are as follows. First we recall basic terminologies: the
multiplicative sequences, complex cobordism ring, etc. in Sect. 1 and the boson
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Fock space in Sect.2. The connection between the boson Fock space and the
complex cobordism ring is established in Sect. 3. The comparison with the result of
Morava and Bukhshtaber-Shokurov is in Sect.4. In Sect.5 is the second main
result, namely, the interpretation of multiplicative sequences in terms of
7-functions in soliton theory.

1 Preliminaries from topology:
multiplicative sequences, complex cobordism rings, etc.

1.1. Let A be a commutative ring with a unit 1.
A multiplicative sequence is a formal power series in z

T(c,2)=T ( ;0 c,,z") =1+ ; T{c)z € Alcy, ¢5, ... 1[2]

(¢/'s are indeterminates for i=1 and c¢,=1), which satisfy the multiplicativity
condition:

If (2 c,.zi) ( ¥ c}z"> = kgo cyz¥,

iz0 jzo0
then T(c,z)T(c,z)=T(",z).

Therefore T{c) is a homogeneous polynomial of degree j with respect to degc; =1,
cf. [Hir1].

The group A(B)=1 + zB[z] with multiplication of power series defines a group
scheme B+— A(B). (B is a commutative ring with 1.) Then a multiplicative sequence
is nothing but an endomorphism of 4-group scheme A(for B; A-algebras)

&p: Y ¢z T, z).
iZ0

The A-group scheme A is affine and representable by the ring
Ch:=Alcy,¢5,...],

where ¢;’s are indeterminates as above. Thus to a multiplicative sequence T
corresponds a ring homomorphism

% Chi—>ChY; ¢;— T(c).
In Sect. 3 we will use the abbreviation Ch* = Chg.

1.2. The complex cobordism ring MU* is equal to the value MU*(pt) at the one
point space of a complex-oriented cohomology functor with the same
notation MU*.

The Euler class e, of complex vector bundles over a manifold X defines the
cobordism Chern class ¢;e MU*(X) and the total Chern polynomial
¢.€ MU*(X)[t,,t,,...] in the same way as for any complex-oriented cohomology
theory.

(MU#*, e,,y) is universal in the sense that for any complex-oriented cohomology
theory (h*, ¢,), there is a natural transformation y: MU*—h* such that e, =7y - ey,

The total Landweber-Novikov operation

s,: MU*>MU*[t,t5,...]
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can be given by the formula
S{x):= fcAN) e MUXX)[1y, 15, ... ],

where x is an element represented by amap f:Z—X and N;= f*TX —TZ is the
virtual normal bundle of f To each multi-index a=(ay,a,,...) corresponds a
cohomology operation s, of MU* as a coefficient of t*=t7't%... ins,.

The totality of s,’s is known to form a subalgebra S of the algebra of all stable
cohomology operations, by Landweber and Novikov. S acts on MU* = MU*(pr)
by definition.

1.3. Next we recall the relation of multiplicative sequences and genera in algebraic
topology.

A genus with values in a commutative ring A is, by definition, a ring
homomorphism

@:MU*->A4.
When 4 is a Q-algebra, this notion is equivalent to a ring homomorphism
¢ MUE:=MU*®,Q-A,
or to the following formal power series (“logarithm” of ¢)
P 1)
n

£f2)= Y "e A[z],

21

for MUY is a polynomial ring on the generators P" [ =the cobordism class of
P*(C)], with the convention P®=1 (Milnor). The logarithm #(z) is related to the
characteristic power series Q(z) associated to a multiplicative sequence T(c, z) by
the formula:

Q)= FZ’(T) =T +2).

Examples. 1) (Todd genus)

Z
1—e™*’
2) (elliptic genus) Consider the equation (Jacobi quartic):

y2=R(x)=1—26x>+ex*.

A genus is called elliptic (after Ochanine) if its logarithm is given by the elliptic
integral:

{(z)=—log(1—-2), Q@)=

@(P")=1 (Yn).

z
Then we have

¥4

)’ @(P)=P,5/)/e"?, @@ 1)=0,

Q@)=

where sn(z) is Jacobi’s sine function and P,(2) is the n-th Legendre polynomial:

Pi)= 5 (;;5) {2 -1y},
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2 Preliminaries from CFT: boson Fock space

We briefly recall some notions from [KNTY, KSU1].

2.1. Conformalfield theory (CFT)is a kind of 2-dimensional quantum field theory
(QFT) with conformal symmetry. It is initiated by Belavin, Polyakov, and
Zamolodchikov and a model of CFT involves representations of the Virasoro Lie

algebra %. It is a Lic algebra over Q,Q[z,z“‘]de—EBQ-c with the following
bracket:

d d / ! d 1 "
[fd7’ gﬂ]y =(fg'—f'g) e + [P Res,_o(f"gdz)c

cethe center of .

The elements ¢ and L,= —z"*+! i (ne Z) form a basis of &, familiar in the liter-
ature. dz

We also use the completed version

2:=Q(2) ;—Z ®Q-c, Q(2)=0QLl-11[z""].

Fock representations are defined by a free fermion field [U(1)-current], namely
by an extended Heisenberg algebra, and become #-modules through the so-called
Sugawara construction. We need only their bosonized version, L,’s being
expressed in terms of differential operators. We refer the reader to [DJIKM], [TK,
Appendix] for details of the boson-fermion correspondence and to [KSU1] for its
arithmetic version.

2.2. The boson Fock space of central charge 1 is defined to be:
Hr=Q[t,ts...] [w,u™*] (t1,¢, ... are indeterminates)
Hy p=Q[ty,1,,...Ju’ =charge p sector of #7 (peZ).

Note that, in [KNTY, KSU1,2], the completions %T, JfT o with respect to
degt,=i,degu=0are cons1dered and the completed version % is called the boson

Fock space.
The action of & on 3 is defined by

@ 0 1721 ¢ @ d 0
=§ o +§m§1aﬁtn_m+5t~u

n+m n

wm )

n—1

w 1 0
L_,= m§1 (m4+mMtyom o + 3 mzl m(n—mt,t,, -+ nt,u ™
0 1 0 \?
Lo— Z mt,"at +§(u—a;)
c=1.

We are mainly interested in the charge O sector #; ,. It has an obvious
Z-structure

JfT‘O(Z)=Z[t1’ t2’ ] .
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But, for arithmetical purpose (cf. [KSU1]), more natural one is given by

%O(Z) = Z[p l(t): p2(t)’ . ] s
where the elementary Schur polynomials pjt) (j=1) are defined by the formula:

I, pi0=exp (% 1.7

Here t abbreviates (¢,,¢,,...) and py(f)=1.
We note that a natural Z-basis of #4(Z) is given by the Schur polynomials y,(t),
A being a partition A=(4,...,4,), 4, =4,2...21,>0, L,eZ:

xxt)=det(ps, ;- D)1 <i, jse-

Considering p,’s as variables, we also denote it by 4,(p). The polynomial p;(t)
corresponds to A=(j) and g{f):=(—1Yp,(—1) to (1,...,1) (j times).

2.3. We briefly review the appearance of the boson Fock space in a geometric
setting of abelian CFT. We consider the setting over C.

Let .4, , denote the fine moduli space of projective smooth algebraic curves of
genus g with level £ structure, £ being divisible by 4, as in [KSUT1, Sect. 4]. Then the
universal family of curves n: € > .#, ,= .# and a theta characteristic Q'/2,i.c. a line
bundle on € with Q'/2®2~ Qg . are at our disposal, and we have the determinant
line bundle

L=detRr(Q'/?)

on .4,

We have the dressed moduli space .#(), introduced by Beilinson and
Kontsevich, cf. [BeSc, KNTY]. A point of M) corresponds to a triple
Z=(C,Q,1), where Ce M, QeC and tis a ch01cc of a formal local parameter

b, o=Cl[z]].
‘An important property of 4 is that the completed Virasoro algebra .2 acts
infinitesimally on #{*’ with central charge0:

Ty M= C((2)) / H(%,0.+ Q).
The natural projection .#,>’ % #, factorizes into .4\’ % €% #,. The morph-

ism n': M) is easily seen to be a principal homogeneous space under the
affine group scheme
D@ =Aut(C[[z]]).

We have #*L on .4, which is the determinant line bundle for the family
E X M)~ M. Then it turns out that the infinitesimal action of .# on .\
lifts to the one on #*L with central charge 1, by the following diagram (cf. [KNTY

KSU1)):
FN{0} = o\ {0}

i) il
M=) Ko, Grass(C((2) 2o P(Fy) 2> P o)

Kr is the morphism given by Krichever’s construction and PI denotes the Pliicker
embedding, } is the completed fermion Fock space (of charge0), and B is the
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bosonization isomorphism. £*L is the line bundle associated with the pull-back of
the C*-bundle ,\{0} =P(Z,).

Let us recall the structure of the group D@, cf. [KNTY, Sect.2]. The
presentation

DOC)={z—uz+1,2> +1,2°+...}
shows that D‘® has the coordinates u, t; (i=1). Therefore we have
F(D(O)7 (OD(O)) = C[tl’ tZ’ . '] [ua u- 1] 9

which is nothing but #;®C.
A final remark about this setting of abelian CFT is that everything goes well
over the ring Z (or at least over Z[1]), cf. [KSU1].

3 Identification of the complex cobordism ring
with the boson Fock space
In the rest of this paper, Ch* denotes the ring Ch§, cf. (1.1).

3.1. Let us recall the natural pairing (,) on #;, [SN, KNTY]: for P(t),
Q(t)e #7r, o, put

(P(5), Q1)) := P(OYQD) =0 -

d 190 14
H == e oy e )
ere § (atl’zatz’ ‘not, )

The basis {y,} consisting of the Schur polynomials is orthonormal with respect
to this pairing: (3, 2,)=9, ,.

L 0 0
Because of this pairing we put #7 ,=Q [5, e ] (the dual of #7 ;). The
1 2
. . . T 10
pairing gives rise to the identification #y o= A7 ; t,,l—»;;ét—.

3.2. Next we recall the natural pairing (“Chern number”) between Ch* and MU§:
for P(c)=P(c,,c,,...)€ Ch* and a manifold M,

(P(c),[M]):= P(c}[M]
=degree dim M part of P(c,(M), c,(M),...).

As a basic example, we recall that the calculation of Chern numbers of P".
Working in the Chow ring CH*(P") of P" or in MU*(P"), the total Chern class is
AP =(1+¢z)"*?, where E=¢, is the class of hyperplane in P". Hence

c{P")= ("“) g (0sisn)

i

and TR
e P)= 11 ( , )

j=1 l_}

k
for ¥ a;i;=n, especially c,(P")=n+1.
i=1

We are ready to state the first main result.
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Theorem 3.3. The ring homomorphisms
K:MU§—#5 o P"—pl(n+1))
K':Ch*— 7 o ci=(—1)p(—t)=q;(0)

are isomorphisms which preserve the pairings in (3.1). Here p, is the n-th elementary
Schur polynomial (2.2) and kt=(kt, kt,,...) for k=n+1or —1.

Remark 3.4. 1) The correspondence K' can be written as

K' (1 + ¥ cizi> =exp (@Zl (—1)i+‘tizi).

iz1

2) The above ring isomorphisms can be naturally extended to the completions
with respect to degc; =i, degt,=i, degP"=n. They will be denoted by the same
symbols.

3) M. Furuta also gave a proof of Theorem (3.3).

3.5 Proof of Theorem (3.3). The bijectivity of K and K' are clear.
We compare the values of the pairing at the basis elements. Put u,=nt, for
convenience. Let us calculate

(KN M(u;,...u;), Prx . xP%)
and
(uj,...u;,, K(P" x ... x P¥))
With Z ik= z j{=n.
k=1 =1
For simplicity, we omit (K')~' during the calculation of
(K"~ Muy,...u;), PPrx .. x P¥).

It is the degree n part of [] ujl(P“x ... xP¥) [in CH*(P" x...xP*)y or in
£=1

MU*(P x ... x P¥),].
By the example in (3.2) and Remark (3.4), 1), we have

Y (—1)t+? Ei{—lg”—) Z=log(1+¢&,2)" t=(n+1) .gl (—1)+! % PA

izt

Hence we get u{P")=(n+1)&. In a similar manner, from
c,(Pix...xP= T] c,(P%,
k=1

we obtain s
uPirx.. . xP#)= 3 (G+1)&,.
k=1

Consequently we conclude

P xP9= T ¥ (i + 1)
£=1 k=1

~
=

We look for its degree n part. Since & =0 for / >n and Y.i, =} j,, only the term
&ir...&k does not vanish in the expansion of the above product. Such a term exists
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only when (jy, ..., j,) refines (i, ..., i), i.e. there exists a partition {1,...,r}= [] I,
st.ip= Y, jfor anyk. k=1

jely . .
In s1;ch a case, the coefficient of £!...¢p is
) H G+ 1), 1
{Ii} k=1

where the summation ranges over all the possible partitions as above. This is just
the value of (K"~ '(u;,...u; ) Pirx ... x P'S).

Next we calculate (u u;, K(P'1 . x P')), namely

r 0 s
I g L PGt D9lmo. @)

. 0 . s .
[Notice that u; corresponds to . under the identification #7; (= #} , in (3.1).]

Since p;(t) is a homogeneous polyﬂomial of degree j, putting t =0 means taking the
constant term.

Note that P
E pn(t) =pn—m(t) ’

which easily follows from the definition

Y Pat)z"=exp ( Tt Z”),
n=0 nz1
with p,=0 for n<0.

A variant: % p.at)=ap, _ (at).
By this fact combined with Yi,=Y j,, the term

s 6 s .

kH1 {( I1 at> Palli+ 1)t)} = kH1 {G+ 1) po(8)}
= jelx =

for each refinement (jy, ...,j,) of (i, ...,i;) contributes to the constant term in the
expression (2) (without |,.,). Therefore, the value of (2) is just equal to the
number (1).

3.6. Let us consider the integral structures on #7 ,, MU$ and Ch* and their
interrelation through K, K*.  #; o has two different Z-structures #4(Z), #r o(Z)
cf.(2.2). MU} has a usual Z-structure MU* and another one:

MU*(Z)={ze MU};(y,x)e Z for VyeCh}},

meanwhile Ch¥ is a natural Z-structure in Ch*=Ch§, cf. (1.1).
Then we have the following:

Proposition 3.7. 1) K'(Ch%)=#,(Z).
2) K(MUX(Z))=#4(Z).

Proof. 1) follows easily from the fact that
Z[q,(), 45(t), .- 1=Z[p4(®), p5(0), ...].

For 2), recall that the Z-dual of 5#,(Z) with respect to the pairing on S ¢ is H#(Z)
itself. Then use 1) and Theorem (3.3).
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3.8. We now state the second result. Let T(c, z) be a multiplicative sequence with
coefficients in Q (1.1), and put

T(c):= T(c,2)|,, € Ch*.

Here, like 9/?;0, Ch¥ denotes the completion of Ch¥® with respect to degc;=i. Then
we define
tr{t):= KN(T() e Fro
and call it the tau function associated to T.
Then we have the following result.

Theorem 3.9. 1) We have the following relation:
Ty{t)=exp (;1 (— 1)i+1biti>5

where b, is the coefficient of c; in the polynomial T{c,,...,c;).
Moreover, there is a one-to-one correspondence between the set of multiplicative
sequences T(c,z) and the set of sequences (b,,b,, ...) through the above relation.
2) tAt) or T(c) has an expansion of the following form:

T(c)=1+ ;1 ; A @4, (c).

Here ) runs through all the partitions of n, A,(c) is the Schur polynomial (2.2), and a;’s
are the coefficients of the formal power series Z (—1)a,z =1/Q(2), where Q(z) is
the characteristic power series associated to T(l 3)

Remark 3.10. Hirzebruch knew the formula (3.9), 2) long ago, which he mentioned
in a letter to Todd in the case of Todd genus. It is this letter which motivated
Theorem (3.9) and the interpretation as t-function in Sect. 5. The rest of this section
is devoted to the proof of this Theorem.

3.11 Proof of Theorem (3.9),1). Note first that K:Ch*=#7 , induces an
isomorphism of group scheme over Q by taking their Spec:

K*:GP—A4.

Since a multiplicative sequence T corresponds to an endomorphism @ of the
group scheme 4, we denote by &, the induced endomorphlsm of GZ.

Consider (Pz GX(Q)—Gr(Q). Since GX(Q)=Q™ is a Q-vector space, the
add1t1v1ty of &, implies its Q-linearity. Thus &, should be of the form

i z a,t; (Vi), o€ Q.

On the other hand, K* and @ are degree-preserving with respect to the degrees
on Ch* and #7 , (degt;=degc;=i). Therefore &, is also degree-preserving. Finally
these two facts imply that ‘%T is of the form ¢;— b,;t(Vi) for some b;e Q.

It remains to prove that these b;’s are (up to sign) the coefficients of Tcys - Ci
From the commutative diagram

G2(Q > AQ)
o o

G2(Q) 5 4(Q)

2
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we obtain the relation:

exp <§1 (- 1)i+1bitizi> =1+Tz+T,z2%+....

Differentiate both sides with respect to t, and set (¢, t,,...)=(0,0, ...). Then we
get
0
(=1)"*1b,= ot T, li=0-
Since T, is homogeneous of degree n and c,=(—1)p(—1)=(—1)"*"¢,
(modt,, ..., t,_ ), the right hand-side is equal to (— 1)"* ! times the coefficient of ¢,
in T,. This proves the assertion.

3.12 Proof of Theorem (3.9),2). We have to relate the multiplicative sequence
T(c) with the Schur functions. For this purpose, we use the theory of Schur
functions as developed in [Li, Chap. VI].

Introduce the virtual Chern roots y,,7,,... by

N

N
1+ Y ¢z'= [] U +y;:2)
i=1 i=1

N
for arbitrary N. Since the series T(c) is obtained in the limit N—co from [] Q(3y),
i=1

we want an expansion formula for it into Schur functions. But it is nothin'g_but the
formula [Li, p. 103,(V)]:

11 Q=1+ T 44@4,0)

where / runs through all the partitions with ;<N for all i. (Note that F(x,), {1},
{x; A} in [Li] correspond to Q(y,), 4,(a)={&; 4}, 4;(c)={y; A} respectively, 1 being
the conjugate of 1.)

3.13 An application to the calculation of genera. We have the following remark
about the calculation of values of a multiplicative sequence. Let T be a
multiplicative sequence and M a compact complex manifold. Then we have

b2 i+1 bi
T(c)[M]=pM(bl,_?...,(_w 7)

Here K*(T(c))=rT(t)=exp(.;1 (— 1)‘bit,~) and K([M])=p,,(t). By Theorem (3.3),
we get )

T =ep (I -1 % L) pud o,

which is equal to the right hand-side of the above formula.

4 Comparison with homotopy-theoretic results

In this section, we show a connection of Theorem (3.3) with the result of Morava
[La2, Appendix] and Bukhshtaber and Shokurov [BuSh], and give, as an
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application, a description of Z-structure of 57 , corresponding to M U* under the
identification K.

4.1. First we review some fundamental facts on complex cobordism, cf.(1.2)
and [A].

The complex cobordism ring MU* is equipped with the one-dimensional
formal group law Fyy:

Fyylemu(Ly), en(La))=epup(L; ® L),

where e, is the Euler class for MU*, (1.2).
Then it is known that MU* with F,,; is isomorphic to Lazard’s ring with the
universal one-dimensional formal group law.
We are going to define a genus with values in 5. ((Z) (1.1). Consider the formal
power series
0@)= L t.2"*!  (te=1)
nz0

and put
07 z)= ¥ a,)z""!.
nz20

Then the polynomial g,(t) is homogeneous of total degree n with respect to degt; =i
and is given by the formula [A,I1.7.5]:

(*) (n+1)a,(t)=degree npart of b™""1  (n21)
b:= Z ti'
iZ0

We define the genus f:MU*—> 7y o(Z) to be associated with the one-

dimensional formal group law:
F(z1,2,)=0(0"(z,) +0" (z2))

by the universality of (MU*, F,,). Thus 6~ !(z) is the logarithm of F.

Note that f can be identified with the Hirewicz homomorphism n,(MU)
- H (MU) for the ring spectrum MU as is shown in [A, II].

Next we recall the relation of #7 o(Z) with the Landweber-Novikov algebra §
(1.2). S has a (graded) Hopf algebra structure with the coproduct:

ds,= Y 5,,®5,,.
w1 twrI=w

Then its dual Hopf algebra S, can be identified with 57 o(Z), the dual basis of {s0}
being the monomials {¢t*}. For the coproduct of S,, cf.[A,1.6.5].

Finally we recall the formula [A, 1.8.1] showing how the operation s, acts on the
cobordism class [P™]:

(#) s[PD)=(s, 67" H[P"" =], (n20).

where we put b= Y ¢, |af|= ¥ ix; for a=(a;,a,,...) and (,) is the evaluation
n21 iz1

pairing S x S, —Z.

4.2. The work of Morava [La2, Appendix] and Bukhshtaber and Shokurov
[BuSh] gives an interpretation of the Landweber-Novikov algebra S and the
cobordism ring MU* by the automorphism group of the formal line and its
coordinate ring. We recall it briefly in the following.
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First introduce the group subscheme D) of D@ (2.3). For a commutative ring
R, its R-valued points are

DDR)={z+> pfz)=z+1t,2> +1,2° +...} CD(R)= Autr(R[[z]]).
Then the coordinate ring of D*) is just equal to the boson Fock space:
F(D(l)a GD“))=‘#T,O(Z)'
Therefore 7 o(Z) has a structure of Hopf algebra.
Consider the following operation D, on #; o(Z) for a= (2, %,,...), %;€Z,,
o= 3 a;<oo:
= Puxv)= Y, (D,P)up® for P()e #; oZ),

when we put

Durol2) = PulDof(2)) -

D, can be easily expressed as a linear differential operator; e.g. for
e,=(0,...,0,1,0,...),
0

® 0
D, = . + k=z+1 (k+1—n)t,_, &

The totality of linear combinations of D,’s is closed under the composition and
is a subalgebra & of End,(#7 o(Z)).

In order to relate S and &, let us define a map

Bss: MU* S, =7 o(Z)
by the formula: (8,5(m), s) = u(s(m)) for me MU*, s€ S, where uis the augmentation
u:MU*-Z. By is a ring homomorphism and extends to an isomorphism
Bps: MU*(Z)>S,, .

See (3.6) for MU*(Z).

Let us observe the coincidence of fzg and f in (4.1), since the authors could not
find a suitable reference.

Lemma. fy=p8.
Proof. Let us check S55(P") for n=1. By [A, 11.9.1] and (*) in (4.1),
B(P")=(n+ 1)a,(t)=degree n part of b™""1,
On the other hand, we have by (3) in (4.1)
Bus®)= T s (BY= % (5b7 e

flelf=n

=degree n part of b™""!.
We are already to state the main result of [BuSh, La2, Appendix].

Theorem. 1) The map S— :a,— D, is an isomorphism of Hopf algebras.

2) Bpgs is equivariant with respect to the isomorphism of 1).

3) Bed(MU*)={P € #; o(Z); £¥(P)€ #ry,o(Z)}. Here £* is the automorphism of
#7,0 induced by the element ¢(z)=1—e~*e D(Q).

The above characterization of the image Bgs(M U*) relies on a theorem of Stong
and Hattori, and is found only in [BuSh].
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Finally we recall the relation of & with the Virasoro algebra Z.

The Lie algebra of the group D) as a C-group scheme is equal to the Lie
subalgebra Z(1) of £ spanned by L,(n = 1). In terms of S, the operations s, satisfy
the same commutation relation (up to sign) as L,’s:

[Sem, Se,.] = (n - m)se,.. int

4.3. Now we define an endomorphism of #; ,, which connects K (3.3) and f
above.
Consider the following ring homomorphism:

@ Hr, 0> H1,0:ti— PA—1).
It is immediate that ¢ is an automorphism. Then we have

Theorem 4.4. The following diagram is commutative:
MU*®,Q 5 #;.0
N e
K 57 ,.

Proof. We compare the values K(P") and ¢(S(P"). First we remark that K(P")
=p(n+ 1)) is given by
exp ( Y (n+ 1)t,~z")
d

iz1
Z.

pn((n+1)t)= %& Zn+l

Similarly for f(P"):
1
p)= (et a =" 400 .

z
To calculate the effect of ¢ on B(P"), consider the following:
w=@(0(z))= '>Zo P~z =zexp (— ‘;1 tizi> .
Then we have B -

dw= (1—- Y it,-zi) exp (—— @21 t,-zi) dz

iz1
Since w=(f(z)) is the inverse power series to (0~ !(z)), we get

d
B = "1 5 07200 50

w

= n+.1 § (1~— i; itiz"> exp ( Y (n+1)tz> zdz

i iz

Now observe the relation:

L e = g @1 (n+1); z)
d
=i log (j; Pj((n+1)t)zf>
B ;_j:_l— :‘: jps((n+ 1)z’ exp (“ ig_',l (n+1)tiz‘).
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Hence we have

m_ M+ L d
@(AP7)= "= § exp (3, ) pad

1 . dz
—_— iD. T S
it ,-; ipi(n+ )02~
=(n+Dp(n+1)e)—np,(n+ 1)) =p,(n+1)t).
This completes the proof.

Remark 4.5. Unlike the map B, the map ¢ is not equivariant with respect to the
action of . More precisely, the action of Virasoro generators L,(n=1) on # o is
given by

1 i)
L=} <1—§(n+1)> pj-ngp—j

jzn

using p{(t)’s as variables. Meanwhile, the action of L, on #7, ¢ as-the coordinate
ring of DV is given by D, (4.2).

4.6. We determine the image of MU* by the map K (3.3) using the above
Theorem (4.4), 3), cf. (3.7).
Let us calculate the effect of £* on the generators ¢;’s. By definition of /*, we have

5 /*(t,-)z”l:{’(i;) t,.zf+1)=1—exp (— 5 t,.z"“).

iZ0 i>0
Therefore we get
4= —pia(—1 —ty,. =1 (i21).
Then the image K(MU*) is described in the following

Theorem 4.7.
K(MU*=Z[r,(t),r5(t), ... ]nHAZL).

Here #,(Z) denotes Zp,(t), p,(¢), ...] (2.2) and r(t) is the following polynomial:
r0i= | T g pe =D,
Proof. By Theorem (4.4),3), we have
K(MU*)=p(B(MU*)),
while we know, by Bukhshtaber-Shokurov’s Theorem, 3) in (4.2), that
BMU*)=5#7 o Z)NE*) ™ (Hr,o(Z)).
Thus we get
K(MU*) = g(#7, o Z)O@(E*) ™ (Hr, ol Z)).-

But we know that the polynomials (— 1)'p;(—1)=q,(¢) for all i generate the ring
#,(Z). Hence we have @(Hr, o(Z) = Ho(Z).
So it remains to calculate ¢ - (%)~ '(t;) (i=1). Look at the maps:

%T,O 4'l"t}fr,o & XT.O
ext) « 4 > ot)=p(—1)



566 T. Katsura et al.

To avoid confusion in the calculation below, we rename the generators in the left
Hr o 88 S,

In order to calculate ¢ - (£*) !, we set the generating series for £* and ¢ equal:

Z (¥(s)z'= Z o(t)z.

iz0

But the left hand side is
- Z Piri(—1, =55, =)= =271 ¥ piy (=1, =54, —s)2 !
i20 iZ0

=—z! (exp (— ,-;o siz"“) —1),
while the right hand side is )

,-50 pi(—t)z'=exp (—i; t,-zi).

Let us solve the equality in s;’s. Then it will give the expression of ¢ - (¢*) " 1(t,) in
t;’s.

Y szitl=—log (1——zexp (— ¥ t,.z‘»

i20 iz1
=7 2 —n Y 7
—@1 n p( nig1 iZ)
z"
=; ; g pm("'nt)zm
- ¥ L (=G 2
izo ]+1 -

This gives nothing but the definition of r,(¢) in-the statement of the Theorem.

It might be interesting to find the generators of the subring K(MU*) of 57 o,
since it is isomorphic to Lazard’s ring which is a polynomial ring.

5 Genera and z-functions

In this section, we explain how the formal power series t4{t) can be interpreted as a
t-function in the theory of the KP hierarchy.

5.1. Here we point out that the expansion of 71{(t) of T(c) (3.9), 2) can be interpreted
as the following determinant:

0
1
I
) a 1
¢, ¢ ¢
1 2 3 a, a 1
det 1 ¢ ¢ c¢3
0 .. 43 a; 4
1 ¢ ¢y €3
as, 4
1 ¢ ¢ ¢
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det is a product of a Z ., x Z-matrix and a Z x Z _ ,-matrix, cf. [SN]. Then the
above determinant is the limit m,n— oo of its truncated version:

det(Dy, (€)' Dy, n(a)) -

Here D, ,(c) denotes the following m x (m+ n)-matrix:

m 1 ¢ ¢ c;
1 e ¢, ¢4
1 ¢y ¢; ¢4
m n

Now apply the following formula: for a p x g-matrix A and a ¢ X p-matrix

B(p=q),
det(4B)= Y A4,B,,
I

where A; (resp. B;) denotes the p-minor of A4 (resp. B) consisting of the columns
(resp. rows) corresponding to IC{1,...,q} with #1=p.
In our case, the m-minors appearing in the above expansion is of the form

o Ckl e Ckm-l
det : :
Cro—m+1 oo Chpy—m+1

for 0=<ky<k,<...<kn,_,<m+n. But this is equal to 4,(c) for A=Ay, ..., An)s
A=k, _;—(m—i)and A runs through all the partitions of depth <m. Similarly for
A(a).

Therefore the expansion in question is equal to

; 43(@)4,(c),
where A runs through all the partitions of depth <m and of width <n. Taking the
limit m, n— oo, we find the expression of (3.9),2).

5.2. Let us briefly recall t-functions in the theory of the K P hierarchy. The proofs
of the facts recalled below can be found in [S, SM, SN, Sh].

A series of non-linear equations such as the Kadomtsev-Petviashvili equation
(—4u,+u,,. +12uu, = 0) form the so-called KP-hierarchy, which has the following
form (“Sato equation”):

8 W=B,W-Wd& (n=1,23,..)
B,=(Waw ™),
Wel+&c(—1)®CLLty, by, .11

Here &.(— 1) denotes the totality of microdifferential operators of one variable x of
order < —1, and (), means the differential operator part (ie. the part not

involving negative powers of d,). ) )
These are equations for the coefficients of W. We can consider a solution of the

form w= io“ wi(x, )05 7 (wy=1), called the wave operator (for L). Note that
i=0

L=Wa,W~'ed, +&(—N®CLt; L, ...]]
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satisfies the equation of Lax type:
atnL=[BmL]a Bn=(E)+ (n=152’3’--')'

Note also that L is determined by W up to multiplication by an element of
1+0; 'Cllo; 11

We know by [DIKM] that for a solution W, there is an element () e J?T o(C)
=C[[t,t5,...]], called the r-function associated to L, satisfying:

1 1
W=r(x-}-t)_11(x+t1 oYt — 26;%...,%—;6;",...)

_ 2 p—dnx+1)
B n=0 ‘C(X+t) ¥

P8

’

1 1
o= (6,1, 3 Bip - os - a,n,...), x+t=(x+1ty,ts...).

The condition for t(t) e ,}/f? o(C) to be a t-function for some Lis equivalent to the
so-called Hirota’s bilinear equations, or the Pliicker relations for the coefficients

{&,} of the expansion of ()= ;é AXa(0)-

The totality of z-functions has a structure of C*-bundle over the Grassmannian
Grass(C((2))) (of charge 0), [S, DJKM]. A t-function can be represented by a frame
¢ (a Z x Z . ,-matrix) for the corresponding subspace of C((z)), [KNTY, Sects. 1,4].
It is given as the determinant ©(&, t)=det(’Z, - £(t)) in the sense explained in (5.1),
where & is the reference frame (6,4 1, )icz, jez ., 20d cf(t)=exp( ;1 t, Aﬂ) - & is the

time-evolution of &, A=(J;+, ;) jez-
Thus the correspondence &+— (¢, t) 1nduces

{frames ¢}/SL, _ (C)>{t-functions of the form (¢, 1)},

which is the C*-bundle over Grass(C((2))).
Now we are ready to state our theorem.

Theorem 5.3. 1) If we substitute t=(t,,1,,...) with t;=(—1)*1; into t,(¢), then
2(t) = 1,(t) is the 1-function corresponding to the frame £ ="'D(a) where a is given in
Theorem3.9,2 ).

2) The Lax operator associated with 1(t)=1(t) is 0,.

3) There is a one-to-one correspondence between the set of multiplicative
sequences over Q (resp.C) and the subset 1+0;'Q[[07'1] (resp.
1407 'C[[0; '11) of all the wave operators.

Remark 5.4. The above theorem says that the time-evolution of W corresponding
to the frame *D(a) does not move the Lax operator L. Let us consider a mapping

W»—>L=W6,‘W_1

from the set of wave operators to the set of Lax operators. Then the fiber over 9, of
this mapping is 1+, *C[[d; '1].
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5.5 Proof of Theorem (5.3). First we remark the following identity:

Goow (L ) =% 3 p0d"

P1 P2 P3
=0 1 py p2 P3 .| =:D(p).
1 pi P2 P
1 p1 b2 D3

Therefore we have (¢, tf)=det(D(p)-{). Remember that we have K'(c,)
=(—1)"p,(—1), (3.3). If we replace t =(..., ¢,,...) by t=(..., (—1)"*'¢,, ...), we have

Crep (I (1) o exp (8 (—t)(— )

21 nx1

~'& 3 pi(— DAY

=% X (=1)p(=0)(4)

n=0
= ¥ Ki(c)A"=K'(D(0).
n=0

The result in (5.1) says that t,(t)=det(D(c)-‘D(a)). Therefore, by the above
calculation, we have

Tr(t) =det(,'D(a) (7).

Hence

to{(f)=det(&,'D(a) (¢)).

This proves the first assertion.
Let us calculate the wave operator for 1{(t). By (3.9),1),

W =exp (‘ Zz (_1)i+1bi(_1)i+1ti> exp(—b;x)
x exp(b, x) exp <Z,1 (=1 b~y (ti‘“ % ax_i>>

b, ._, © b, b\ ._,
- — 27 = | =by— =5 — =) 05
exXp (igl i ax ) 1+i§1 pL( bl’ 2’ ’ l) x

,— 172_2’ - E‘) means the value of p; at t= <—b1, - bz—z, ) This
i

W is clearly of constant coefficients. Thus we get
L=Wo,W™1=0,.

Here p; (——b1

This proves the second assertion. o ‘ '
For the third assertion, recall that a multiplicative sequence is determined by
the corresponding sequence (b,, b,, ...) in (3.9), 1). It means that t-functions of the

form
exp (i; (—1)i+1biti>

bijectively correspond to multiplicative sequences.
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Thus it remains to show that t-functions of the above form up to scalar multiple
are in one-to-one correspondence with wave operators with constant coefficients.
By 2), it suffices to prove that

W=1+ ) d,07" (d,eQ)
nz1

comes from a t-function of the above form.
Let us solve the following equation for 1 =1(¢):

Wi+ 3 d,0;"= ¥ P—"(;g)’

nz1 nzo0

o

Hence, we have
p(—0=d,t (n=1).
Note that
P —0)=— %6,"+(terms iné,,..a,_ ).

In particular, we have p,(— )= —4,,. Then, by induction on n, we conclude that
() has the form

‘C(t)=exp (igo (_1)i+1biti> ) f(tn+la tn+2: )

for some b;e Q. This proves the third assertion and completes the proof of
Theorem (5.3).

Acknowledgements. We are grateful to Prof. F. Hirzebruch, who kindly showed us his old letter to
Prof. Todd. It was one of the impetus to this work. We appreciate the hospitality of Max-Planck-
Institut, where we began to obtain results in this paper through their participation to the
workshop “Geometry of Loop Spaces”. Thanks are also due to Profs. J. Morava and M. Furuta
for useful conversation and to Prof. A. Tsuchiya for bringing the paper [BuSh] to our attention.

References

[A] Adams, J.F.,: Stable homotopy and generalized homology. Chicago Lectures in Math.
Chicago: Univ. Chicago Press 1974

[BeSc] Beilinson, A.A., Schechtman, V.A.: Determinant bundles and Virasoro algebras.
Commun. Math. Phys. 118, 651-701 (1988)

[BuSh] Bukshtaber, V.M., Shokurov, A.V.: The Landweber-Novikov algebra and formal
vector fields on the line. Funct. Anal. Appl. 12, 159-168 (1978)

[DJKM] Date, E., Jimbo, M., Kashiwara, M., Miwa, T.: Transformation groups for soliton
equations. In: Jimbo, M., Miwa, T., (eds.) Proceedings of RIMS Symposium Noun-
linear integrable systems — classical theory and quantum theory. Kyoto, pp. 39-119
Singapore: World Scientific 1983

[Haz]  Hazewinkel, M.: Formal groups and applications. Boston Orlando: Academic Press
1978

[Hirl]  Hirzebruch, F.: Topological methods in algebraic geometry, 3rd edn. Berlin Heidelberg
New York: Springer 1966

[Hir2] Hirzebruch, F.: Elliptic genera of level N for complex manifolds. Preprint MPI/88-24



Conformal field theory over Z hya|

[KSU1]
[KSU2]

[KNTY]

[Kr]
{La]
[La2]
[Li]
[MiSt]
[Mo]

[MoSh]
(8]

[SM]
[SN]

[Sh]

[T]
[TK]

Katsura, T., Shimizu, Y., Ueno, K.: New bosonization and conformal field theory over
Z. Commun. Math. Phys. 121, 603-622 (1988)

Katsura, T., Shimizu, Y., Ueno, K.: Formal groups and conformal field theory over Z.
Adpv. Stud. Pure Math. 19, 347-366 (1989)

Kawamoto, N., Namikawa, Y., Tsuchiya, A., Yamada, Y.: Geometric realization of
conformal field theory on Riemann surfaces. Commun. Math. Phys. 116, 247-308
(1988)

Krichever, . M.: Generalized elliptic genera and Baker-Akhiezer functions. Preprint
1989

Landweber, P, (ed.): Elliptic curves and modular forms in algebraic topology (Lecture
Notes in Math., Vol. 1326). Berlin Heidelberg New York: Springer 1988
Landweber, P.S.: Associated prime ideals and Hopf algebras. J. Pure Appl. Algebra 3,
43-58 (1973)

Littlewood, D.E.: The theory of group characters and matrix representations of groups.
Oxford: Oxford University Press 1950

Milnor, J.W., Stasheff, ].D.: Characteristic classes. Ann. Math. Stud.76 (1974)
Morava, J.: On the complex cobordism ring as a Fock representation. In: Mimura, M.
(ed.) Homotopy theory and related topics. Proceedings, Kinosaki 1988 (Lecture Notes
Math. Vol. 1418, pp. 184-204) Berlin Heidelberg New York: Springer 1988

Morava, J., Shimizu, Y.: A topological generalization of the elliptic genus. Preprint
1990

Sato, M.: Soliton equations as dynamical systems on an infinite dimensional
Grassmann manifold. Siiriken-Kokyiiroku 439, 30-46 (1981)

Sato, M.: Lectures on KP equations (in Japanese). Notes by Mulase, M.

Sato, M., Noumi, M.: Soliton equations and universal Grassmann manifold. Sophia
Univ. Kokyiiroku in Math. 18 (1984)

Shiota, T.: Characterization of Jacobian varieties in terms of soliton equations. Invent.
Math. 83, 333-382 (1986)

Tamanoi, H.: Hyperelliptic genera. Thesis, The Johns Hopkins Univ. 1987
Tsuchiya, A, Kanie, Y.: Fock space representation of the Virasoro algebra —
Intertwining operators. Publ. RIMS Kyoto Univ. 22, 259-327 (1986)



