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1 Introduction

Suppose M™ is a complete, noncompact, Riemannian manifold. The Laplacian A on
M™ is given in local coordinates by

B 1 0 e i O )
4 \/det(g;;) Oz; < det(g:3) g oz; )
Here g;; are the components of the metric tensor on M™. A is essentially self-adjoint
on C$°(M™). In general, the unbounded operator A on L>(M™) may have both point
and continuous spectrum. The purpose of this paper is to establish conditions, on the
manifold M™, which ensure that the spectrum is purely continuous.

In a seminal paper, Rellich [R] proved the absence of positive eigenvalues for the
Laplace operator, in unbounded domains in .#£™. His approach relies on an integral
identity which plays an important role in many different contexts. We state a general
version of Rellich’s indentity in Lemma 2.1. As a consequence of it, we obtain for
u € LAH(M™), with Au = — Ay, the following general formula (see Theorem 2.6
below)

/(Xi,j + X ) uu; = /(|Vu|2 —Md)divX (1.
Mn M7

Here X is a C' vector field, on M™, with bounded covariant derivatives X; ;. In
Corollary 2.8, we apply (1.1) to give criteria for the absence of L? eigenfunctions with
positive eigenvalues. Assume that X; ;+ X ; 2 0. Then —A has no L? eigenfunction,
with positive eigenvalue, if one of the following holds:
(i) There exists p € M™ such that X; j + X;; > O atpand divX =non M™;
(i1) For some b > 0 there exists € = e(M™,b) > 0 sufficiently small such that
Xij+Xii 22(b—¢)gij and |divX —n| <eon M";
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(i) X;; + X;; 2 (divX —n)gj, 0 £ divX — n and either inequality holds
strictly at least at one point p € M™.

Section 2 concludes with some extensions to exterior domains and eigenfunctions of
Laplacians of conformally related metrics.

Sections 3 and 4 are concerned with some specific applications of Corollary 2.8.
Here we take X to be the gradient of f, where f is a convex function. For rotationally
symmetric metrics we construct convex functions f of constant Laplacian. We show
that such f exists if and only if: (i) The mean curvature of 3B(r) with respect to an
vol 8B(r)
vol B(r)
for r > 0. In particular, see Theorem 3.9, if K(r) is the radial sectional curvature
of M™, and either (i) K(r) 2 0, or (ii) K(r) £ 0 and K'(r) 2 0, then —A has no
L? eigenfunction with positive eigenvalue. We note that part (i) of Theorem 3.9 was
proved earlier, by different methods, in Escobar’s thesis [E].

In Sect. 4 we study perturbations of rotationally symmetric metrics. For manifolds
with a pole, curvature conditions are formulated which guarantee the existence of
convex functions with Laplacian close to a constant. In particular, for perturbations
of R™, see Proposition 4.15, we have the following: Suppose that the radial sectional

curvature satisfies 3
“ ()

uniformly in v, € TS™"!, where (r,w) denote geodesic polar coordinates. If § > 0
is sufficiently small, then —A has no L? eigenfunction with positive eigenvalue.
We prove an analogous result for perturbations of generalized paraboloids and the
hyperbolic space H".

Section 5 has been inspired by a paper of Tayoshi [T]. This author used Rellich type
identities to establish absence of L? eigenfunctions for surfaces of revolution in R>.
In general, let X be a conformal vector field on a manifold M™, and {X| £ C(1+7).
Then, for a solution u € L2(M™) to Au = — Au, we prove (Proposition 5.1), for a
suitable exhaustion Dy of M,

outward pointing normal is 2 0 for v > 0; (i) The ratio is decreasing

SL r20
_(1+T)27 = )

Jim {(n—Z)/IVuIZdivX—n)\/uzdivX} =0. (1.2)
Dy Dy

When n = 2 we give some applications of (1.2) which, for rotationally symmetric
manifolds, recover Tayoshi’s resuit. Moreover, our results apply to metrics in the
same conformal class of a given rotationally symmetric metric.

In addition to the papers of Rellich, Tayoshi, and Escobar, there are some other
works on absence of positive eigenvalues of the Laplacian on a manifold. Karp [K]
studied complete surfaces with nonpositive curvature K(r,w) with K and K, suitably
decaying to zero at infinity. One of us investigated manifolds whose curvature decays
to a nonpositive constant [D1,D2]. Xavier [X] considered the more general problem of
proving that the spectrum of A is purely absolutely continuous. His criterion requires
the existence of convex functions f with |Vf| < C and A%f < 0. We have heard
that Escobar and Freire have obtained results related to ours.

Finally, the methods in this paper generalize to Schrédinger operators H = — A+
V, where the potential V' is allowed to be singular. We plan to study these operators
in a future publication. In a different direction, the current results can be extended
from A acting on functions to A acting on differential forms.
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2 Rellich identities and eigenvalues

Let M™ be a complete noncompact Riemannian manifold and let A be the Laplacian
on M™. When M"™ = R", then it is well known that A has no point spectrum. For
general M™, A might admit square integrable eigenfunctions [D1]. The purpose of this
section is to prove that under suitable conditions there exist no positive eigenvalues
of —A. Since —A is positive semi-definite, there are never any negative eigenvalues.
Moreover, the eigenvalue zero occurs only for constant eigenfunctions on manifolds
of finite volume [K].

The following important identity, originally due to Rellich for the case M™ = R",
is well known:

Lemma 2.1. Let D C M™ be a bounded, C! domain and let X be a C" vector field
on M™. For any u € CH(D) N CY(D) we have

/(X i+ Xjuiu, — /diVX|Vu|2 +2/XuAu

D
:2/Xu /qu|2X n.

In Lemma 2.1, X; ; denote the components of the covariant derivatives of X,
whereas 7 denotes the outward pointing unit normal to dD.

Proof. The next identity follows by a direct computation
2X; juguy = divReXuVu — [Vul?X) - 2Xudu + div X |[Vul?.
Integrating the above over D finishes the proof of Lemma 2.1. O

We now assume that « is a solution to the equation Au = — Au. Then one has

Z/XuAu:/\/divXuz—/\/uz(X-n).
D D aD

Substitution in Lemma 2.1 gives

/(Xi,j + Xj ) uguy + /(Au2 — |Vu)divX
D D

= 2/)@%3 + /(,\u2 —|VuP)X 7. (2.2)
oD K aD

Let now p € M™ be a fixed basepoint and denote by r(x) the geodesic distance of
z from p. In general, r(z) is only a Lipschitz function of z. On any complete manifold,
there exists a C'*° regularization p of » [GW1), satisfying for every z € M™\{p}:

IVo@)| £C  ox)—r(@)| £C. (2.3)

For t € R we let D; = {x € M™|p(z) < t}. By Sard’s theorem, for a.e. t € R,
the set D; is a C"™ domain in M™. We plan to choose a sequence t; T oo of regular
values of g such that Dy = Dy, exhausts M™. We will apply (2.2) to the sequence
Dy and let k — oo.
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To control this limiting process we impose further restrictions on v and on the
vector field X. We assume that u € L2(M™). Then Aux = — du € L2(M™), and
therefore |Vu| € L2(M™) [K]. Concerning X we assume the norm of VX is bounded
by a constant, i.e., |[VX| £ C. Consequently, one has

Lemma 2.4. (a) |divX|SC; (b) | X| S Cir+C;.

Proof. (a) Since div X = trace VX, Schwarz’s inequality implies (a). (b) Let z €
M™\{p}. Since M™ is geodesically complete there exists a geodesic y(s), where s
is arc-length, joining p to  and with length r(x). We have along v

9 v
E|X|

=2|X- (V§X)| < 21X VX £ ClX].

If X never vanishes along ~, let sg = 0, otherwise let
s0 = sup{s € [0, 7(x)]| X (¥(s)) = 0}.
On (sp,r(z)) the function s — |X(v(s))| is differentiable and —é% (X)) £ C. This
gives (b). O
Since u, |Vu| € L>(M™), from (2.3) and the co-area formula [C] we have

o0

/(’u2 + |Vu|?)|Vo| = /dt /(u2 + |Vau)?) < oco.
Mﬂ

0 8D
This implies there exists a sequence t; T 0o of regular values of g such that
Jim 2 / (W + |Vul>) =0 (2.5)
Dy,

Applying (2.2) to D = Dy, and using Lemma 2.4, we conclude

I/(X” + X ) uiuj — /(IVU'2 )\uz)dle‘ < Cty /(u +|Vul™.
oDy
Letting k — oo, from (2.5) we finally obtain
Theorem 2.6. Let u € L*(M™) be a solution to Au = — M. Suppose that X is a C!
vector field on M™ with |VX| £ C, then

/(Xi,j + Xjduiuy; = /(IVuI2 ~Md)div. .7
n Mn

Remark. More generally, if X is C! and we only assume |X| £ ¢;7 + ¢;, then for a
sequence of D) s as above we can still conclude

llm |:D/(X” + X duu; — /(qu|2 Au )dle} =0.

If X satisfies additional conditions, then Theorem 2.6 may be applied to deduce
nonexistence of L? eigenfunctions. In this regard we have the following:
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Corollary 2.8. Suppose that X is a C' vector field on M™ with |VX| £ C, and that
Xi;+ X 2 0. Assume that one of the following conditions is satisfied.:
(i) There exists p € M™ at which X; ; + X > O and divX =n on M";

(ii) For some b > 0, there exists ¢ = e(M™, b) sufficiently small such that X; ; +
X;i 2 2b—¢€)gi; and |divX —n| £ € on M™. Here g;; is the metric tensor on M™;

(i) Xs;+ Xji 2 (divX —n)g;;, 0 S divX — n on M™, and either inequality
holds strictly at least at one point.

Then — A has no L? eigenfunction with eigenvalue A > 0.

Proof. (i) By [K] we have for any L? eigenfunction

M/n|Vu|2: /u(—Au):A/uz.

Mn Mn
Since div X = n (2.7) yields

/(Xi,j + Xj,i)uiuj =0.
Mn

On the other hand (X;; + X, )u;u; = 0. Since, by assumption, there exists a
point at which X ; + X;; > 0, we infer that must |Vu| = 0 in a neighborhood of
that point. By unique continuation [A] we conclude that » is constant on M™. This
contradicts A > 0.

(ii)) By (2.7) and the assumption we have

2(b—¢) / [Vu? £ /(Xi,j + X Dugu; = /(divX —n)({Vul]? - 2?)
Mﬂ. M’n Mn

<e /(|Vu|2 + M?) =2¢ / |Vul.
Mn

M”

b
If € < - the above contradicts A > 0.
(iii) Invoking (2.7) and the hypothesis we have

/(X,,j + X ) wu; = /(|Vu|2 —A2)(divX — n)
M Mn
< / IVul2(div X —n).
Mn

Using the assumption on strict inequality at one point, and arguing as above, we
again reach a contradiction. 0O

An important special case of Corollary 2.8 is that in which X = Vf. The hy-
pothesis then requires that f should be convex with Hessf bounded. In Sects. 3 and 4
we will construct convex functions which also satisfy the additional requirements in
parts (i)—(iii) of Corollary 2.8.

We now proceed to give two extensions of Theorem 2.6. First of all, we consider
exterior domains in a Riemannian manifold M™. Let 2 C M™ be a bounded C'!
domain. Given a vector field X on M"™ we say that {2 is X-starshaped if X -1 2 0
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. 0
on OS2, where n denotes the exterior unit normal to 942. ff M™ = R™ and X = e

then X-starshaped coincides with the standard notion of starshaped with respect to
the origin. In what follows we assume that {2 is X -starshaped for a suitable choice
of the vector field X. Moreover, suppose that the eigenfunction u € LX(M™\(2) and
satisfies the Dirichlet boundary condition u|g; = 0. If Dy is the exhaustion of M™
previously introduced, we apply formula (2.2) to D = D\ {? obtaining

/ (Xi,5 + X5 ) uguy + / Ow? — |Vu)divX
Dp\n2 D\

__Z/Xu—————Z/Xu———{— /()\u —|VulH X - n+/qu]X 7.

8Dy, dDy,

. d ou\’
Using the condition u|sp = 0 we have Xu = 5&4 X -nand |Vuf’ = (—éﬂ) on
012. Therefore, the above identity becomes n N

/ (Xi; + Xj0)uan; + / Ol ~ |Vu|*)div X
Di\12 D \f2

—2/X 59—“-+/(A2—|v )X - —/(a—“)zx-
= u@n {7 U n Bn n
an

aDy 8Dy

Since {2 is X -starshaped by assumption, we obtain

/ (Xij + Xj0)wiu; + / O? — |Vu)P) divX
Di\$2 Dp\2

<2 / Xu /(/\u - |Vu)X 7.

oDy, 4Dy,
Letting £ — oo in the above inequality, we deduce the following.

Proposition 2.9. Let X be a C' vector field on M™ with |VX| £ C. Suppose that
2 C M™ is X-starshaped and u € L*(M™\12) satisfies Au = — \u, u|ap, = 0. Then

/ (Xij + X ) uiu; S / (|Vul? - M) divX.
MM 2 M™M\Q

Starting from Proposition 2.9, and arguing as before, we can obtain a nonexistence
result similar to Corollary 2.8.

Now we turn to some special results involving conformal structures. Let M? be
a complete, two-dimensional Riemannian manifold with metric g;;. Suppose that
9i; = $gij, where ¢ is a C* function on M? satisfying 0 < ¢; £ ¢ < ¢, fur suitable
constants ¢y, ¢;. Therefore, u € L>(M?, §) if and only if u € L3(M?, g). Since M? is
two-dimensional, Ay = ¢~' A, hence if u € LA(M?, §) is a solution of Ayu = — Au,
then Au = — A¢u. In addition to the above assumptions on ¢, we also suppose that
for a suitably chosen C' vector field X on M?, we have X ¢ = 0.
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For any C' bounded domain D C M?, one has

2/XuAu:A/¢u2divX+)\/u2X¢—)\/¢u2X-n,
D D D oD

where u is a solution to Aju = — Au in M?2. Substitution in Lemma 2.1, with
D = Dy, gives

/(Xi,j + X)) uu; + /diV X(Apu? — |Vul*) + A/u2X¢

Dy, Dy, Dy
8
:2/Xu8—u+ /()\¢u2—|Vu|2)X-n.

For X¢ 2 0 and X > O, this yields

/(Xi,j + Xj,i)uiuj + /le X()\(JS’U,Z — |Vu|2)

< Ou 2 2
<2 Xu8_n+ (Apu” — |Vul|H) X - 7.
8Dy 8D

Letting k£ — oo, we obtain as before

Proposition 2.10. Let X be a C" vector field on M?* with |VX| £ C. Suppose that
two conformally metrics on M?* are given satisfying G;; = ¢gi;, 0 < c1 < ¢ £ ca.
Moreover, assume that X¢ 2 0. Let w € L*(M?,§) be a solution to Agu = — A,
A > 0. Then

/(Xi,j + X uug + / div X(|Vul|? = Apu?),
M?2 M2

where X, ; denote covariant derivatives of X with respect to g;;, divX = g7 X
and the above integrals are taken with respect to the measure induced by g, ;.

1,77

Under additional hypotheses, similar to those of Corollary 2.8, Proposition 2.10
forces the vanishing of square integrable eigenfunctions of Ay. In dimension n 2 3,

one employs the conformal Laplacian to establish results analogous to Proposition
2.10.

3 Rotationally symmetric metrics

Suppose M™ is a complete Riemannian manifold, with a basepoint p. We assume that
the exponential map exp : T,M — M is a global diffeomorphism. Moreover, let the
metric be given in geodesic spherical coordinates by ds? = dr? + v*(r)dw?, with the
associated volume element d vol = §drd vol(w) = 7™ ! drd vol(w).

In this section we plan to construct convex functions f whose gradients X = V f
satisfy the assumptions in Corollary 2.8(i). This requires certain constraints on the
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rotationally symmetric metric. For f = f(r) the equation Af = div.X = n leads to

d d
the ordinary differential equation ! g (8 d—i) = n. Integration yields the solution

T i

f(r) =n/0—’(t)/9(s)dsdt, r>0. 3.1
0

0

Since 6(r) ~ r™! as r — 0 [BGM], the function f(r) is bounded in U\{p},
where U is a neighborhood of the basepoint p. Since f satisfies Af = n in U\{p}
the removable singularities theorem implies f regular in U.

We now compute the Hessian of the function f in (3.1). Since f is radial, we have
[GW2]

Hess f(r) = Vdf(r) = V(f'(r)dr) = f'(r)dr ® dr + f'(r)Vdr

Y ()

= f"(r)dr ® dr + f'(r)
~(r)

lg —dr®dr]. (3.2)

Consequently, (3.1) gives

Hess f(r) =n {1 — 9 07(r) / 6(s) ds} dr®dr
0

+ ?{% 0 (r)072(r) / 8(s)dslg — dr ® dr] . 3.3)
0

Proposition 3.4. Let f be as in (3.1). Then f has bounded nonnegative Hessian if and
only if

0 <0 / 0(s)ds < 1
0

forallr > 0.
Proof. Obvious consequence of (3.3). O

Proposition 3.4 has an interesting geometric interpretation. Let B(r) denote the
geodesic ball with radius r centered at the basepoint p.

Proposition 3.5. The function f in (3.1) has bounded nonnegative Hessian if and only

if: (i) The mean curvature of 8B(r) with respect to an outward pointing normal is 2 0

vol 8B(r) . .
Vol B(r) is decreasing for r > 0.

Proof. Let X and Y be tangent vectors to the sphere 0B(r). If B(:, -) denotes the sec-
ond fundamental form of §B(r) we have: B(X,Y) = <VX —g;, Y> ={Vxdr,Y)=

Hess(X,Y). Letting f(r) = r in (3.2) we have that B(-,-) is positive semidefi-
nite if and only if ¢ 2 0. Since M™ is rotationally symmetric B(-,-) 2 0 if and

for v > 0; (ii) The ratio
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only if the mean curvature is 2 0. This proves (i). For (ii) we first observe that
voldB(r)  8(r)

. An elementary calculation gives

vol B(r) ff 6(s) ds
0 T
/ _ 02
4 om 0 (r){G(s)ds (r)
—’l" T - r 2 ?
{0(s)ds (fg(s)ds>
0

from which (ii) obviously follows. [

The characterization given in Proposition 3.4 is sometimes difficult to verify. The
next proposition constitutes a useful sufficient criterion.
9/
Proposition 3.6. Let #'(r) 2 0 and e(r)
with bounded Hessian. ()

decreasing for r > 0. Then f in 3.1 is convex

¢'(r)
a(r)

Proof. We use Proposition 3.5. Recall that 6'(r) 2 0 is equivalent to (i). Since
is decreasing, an easy real variable lemma [CGT) shows that

{9 (s)ds __bBr) ol 0B(r)

" vol B(r)

er(s)ds fG(s)ds
0 0

is decreasing. O
To illustrate the utility of Proposition 3.6 we check two significant examples.

1. M™ =" In this case 8(r) = ™! and f(r) = % One obviously has ¢'(r) = 0,
() n-—1

o(r)
2. M™ = H", the simply-connected complete space of constant curvature —Ky. Now

. n—1i
br) = (i‘%%) o that

. Proposition 3.6 implies that f is convex, and, in fact, Hess f =

&) cosh \/_ r
o - T VR G R

d 9’ (n - 1)Ko
r=-————z>,
dr (s1nh Kor)
which according to Proposition 3.6 implies that f given by (3.1) has bounded non-
negative Hessian.
In addition to the above specific examples, the conditions in Proposition 3.6 also

hold for two more general classes of rotationally symmetric manifolds. First of all,
one has

Then,

Corollary 3.7. Suppose that the radial sectional curvatures of M™ are 2 0. Then, f
in (3.1) has bounded non-negative Hessian.
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Proof. Consider a radial geodesic starting at p. Along it the Jacobi equation reduces
to v + K(r)y = 0, due to rotational symmetry. This gives () = — Ky £ 0. If
v'(rg) < 0 for some 7o, then ¥'(r) £ +'(rg) for all r > 7y, and thus v(r;) = 0 for
some r; > 7g. This contradicts completeness. So #'(r) 2 0 for all r. To establish the
second hypothesis of Proposition 3.6, we compute

/ ’ Moo i dN2 AN
! N (XY= g (XY <o, O
n—ldr 9 dr \ v ~¥2 ¥

Secondly, we have

Corollary 3.8. Assume that the radial sectional curvatures of M™ are £ 0 and in-
creasing. Then, f in (3.1) has bounded non-negative Hessian.

!

6 —1
Proof. Since K(r) < 0, the Rauch’s comparison theorem [C] gives 7 2 r

r
More work is required to check the second condition in Proposition 3.6. Consider a
fixed value 7o of r. Let M{* be the model space of constant curvature Ky = K(rp). By

0/
Rauch’s comparison theorem, and the fact that K (r) is increasing, we have _9((7”L°)) 2
0
05(ro) (smh VK r) . 0 . .
, where 8y(r) = . Since — is decreasing (see example 2
Bo(ro) o(r) VK o & P

9 (ro) _ Bu(s0)
6(ro) ~ Bo(so)’

above), there exists so < rg, with By Heintze-Karcher’s comparison

theorem [HK], we have for ¢t > 0
&' (ro + t) < 0 (so + 1) < 05(s0) _ & (ro)
O(ro+1t) =~ Bo(so +1t) = bo(so)  8(ro) ’
where in the first inequality we have used the fact that K(r) is increasing, whereas

in the second that @_ is decreasing. By Proposition 3.6 the conclusion follows. O
0

Using the previous results and Corollary 2.8 we now establish a nonexistence
theorem for L? eigenfunctions of the Laplacian.

Theorem 3.9. Let M™ be a complete, rotationally symmetric manifold. Assume that
the radial sectional curvatures satisfy either (i) K(r) 2 0, or (ii) K(r) £ 0 and K(r)
increasing. Then, —A has no L? eigenfunction with eigenvalue X > 0.

Proof. In the present situation we apply Corollary 2.8, part (i), with X = V f and
f given by (3.1). By Corollaries 3.7, 3.8, we have |VX| < C, X;; + X;; 2 0,
and div X = Af = n, by construction. We only need to check Hess f > 0 at some
point. In fact, we will prove that Hess f(p) = g, where g is the metric tensor. Given
v € T,M", |v] = 1, consider a geodesic y(r) with v(0) = p and ~'(0) = v. Then,
(3.3) gives

Hess f(v,v) = llmHessf((;’9 c’?r) = lirr(l)n( Z;((T)) /0( )ds )

It suffices to show that
0'(r) / n—1
—_— . 3.10
0 (3.10)

0
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In order to accomplish this we argue as follows. Near r = 0, |K| £ ¢. Then, by
Rauch’s comparison theorem [C] we have

cos PRAGD cosh v/cr
(n = Dye siny/er = 0(r) S (- Dve g sinh y/er’

n—1 n—1
sin+/cr < sinh /cr
( 7 ) S6(r) S (—“\/(—: .

This implies the asymptotic relations as 7 — 0
g@r) n-—1
o)

From the latter, (3.10) easily follows. O

(14 o(1)),8(r) = r"~1(1 + o(1)).

Theorem 3.9, part (i), gives a new proof of earlier results by Escobar [E]. Concern-
ing part (ii), examples constructed in [D1] show that the condition that K increases
is required.

4 Perturbations of rotationally symmetric metrics

In this section we extend the class of manifolds for which the results of Sect.?2 are
applicable. A manifold with a rotationally symmetric metric, satisfying the assumption
in Proposition 3.4, supports convex functions f of constant Laplacian. In certain cases
one may perturb the metric so that f remains convex and its Laplacian is close to a
constant. For instance, this is always possible when M™ = R™ with the flat metric.
However, we intend to measure the perturbation in terms of curvature, rather than in
C? norm. For this purpose we make use of the comparison theory of [HK].

We start with a rotationally symmetric metric g = dr? + v%(r)dw?, and we define

h = dr’ + §(r)du?,
with

r
B(r) = y(r)exp ( / ¢(8)d5>, 4.1)
0
where @ will be specified below. We plan to choose @ so that the difference of the
radial curvature functions K (r) — Ky(r) has constant sign. We have the following

Lemma 4.2.
!
Kp-K,=-210¢-¢ — ¢
v

! "
Proof. By the Jacobi’s equation K} = — ﬂ—, Ky =— AN computation using (4.1)
yields the conclusion. O B v

Moreover, with f as in (3.1), with 8(r) = 4™~ !(r), we recall that in Sect.3 con-
ditions were given under which A, f = n and Hess, f 2 0. Now we investigate the
analogous entities with respect to the metric k.

Lemma 4.3. (i) Hessy f = f”dr®dr+f’[ +¢} [h — dr & dr],
(ii) Apf =n+@n - 1)Of. v
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Proof. Easily follows from differentiating (4.1) and substituting in (3.2), where v has
to be replaced by .

The metric g on M™ is said to represent a strong model if there exist constants
0 < a; <ay <1, such that for r > 0

a L6072 / 8(s)ds < ay . 4.4)
0

In this case formula (3.3) implies that Hess f 2 asg, for all r = 0, and some
a3z > 0. Our goal is to apply Corollary 2.8, part (ii) to perturbations of certain strong
models. We begin by giving some specific examples.

1. M™ = R". This is the simplest example of a strong model. Now 8(r) = ™!, so
that

,
-1
' (r6(r) / 0(s)ds = "T .5)
0
2, M™ = generalized paraboloid. We assume Ky(r)20 for all »20. On 4
we assume that @) ~7*™~D as r - 00, with O<a <1, and also §(r)~
a(n — 1)r*n~D-l a5 r — 0o, We notice that the above assumption on @ yields
r a(n—1)+1
Ofﬂ(s) ds ~ a—(rn_——ﬁ-l——l as r — oo. We then have
. 2 _am-1)
TILrEOO (r)é (r)/@(s)ds = ————————a(n D1 (4.6)
0
On the other hand formula (3.10) reads
. 5 [ n—1
lim 8'(ry8~(r) | 0(s)ds = ——. 4.7
r—0 7
0

In order to achieve (4.4) it suffices to show: §'(r) > 0, §'(r)87%(r) [ O(s)ds < 1.

0

In the proof of Corollary 3.7 we showed that +' is decreasing and v’ 2 0. If there

exists 7o > 0 such that '(rg) = 0, then +/(rg) = 0, and therefore Y = 0 on 7 = 7.
/

This implies ) = 0, for r 2 7y, and this violates the asymptotic assumptions on

4 A

e We are left with proving 6'(r)8=2(r) f 8(s)ds < 1. The following lemma is an
0

adaptation of an argument in [CGT].

Lemma 4.8. Let ¢, ¢ be positive functions for r > 0, continuous for r 2 0. Suppose
d

T T
that b & g is strictly decreasing. Then ™ ( Jo/ [ d)) < 0 for every r > 0.
0 0
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Proof. One computes
.—d_ T T _ ¢(T) -M r ~ T
dr(/¢//¢)_<r )2 W)/w /‘ﬁ]

0 0 fv) * 0 0
0
_ ¥

PN
({*)
0
&' |

We now apply Lemma 4.8 with ¢ =6, ¢ =0, and h = — = 1 ? Then,
n—

/ W(x)[h(r) — h(z)] dm] <0
-0

by the assumption on h.
0

" r\ 2 N 2
(n—l)h’zl—(l) :—Kg—(l) <0,
8 Y Y

since, as we showed, v > 0. This gives

9’072 [0(s)ds — 1

d 0 o 0
STAT s
OfG(s)ds (fﬁ(s)d.s)
0

i
This shows 6/0~2 [ 6(s)ds < 1, hence the proof of (4.4) is complete. O
0

We now establish nonexistence of L? eigenfunctions for perturbations of the gen-
eralized paraboloid in example 2. We accomplish this in two steps. First we control
the change in the Hessian of f(r) by a curvature decay condition, then we apply
Corollary 2.8. In the sequel, M™ denotes a manifold with a pole whose metric tensor
is denoted by §;;. Let (r,w) denote geodesic polar coordinates with respect to §;;.

Suppose — is the radial unit vector, and v,, is a tangent unit vector to a level sphere
T
of r, both based at (r,w). One has

Lemma 4.9. Let g = dr? + v*(r)dw? be the metric of the generalized paraboloid of
example 2, with a 2 % Suppose that Ky(r) is a smooth function on M™ satisfying,
forr20,n>0:

S1+7m)*3 a>
S+ a=

and Ky(r) 2 Ky(r)y 2 0. Consider a perturbation 3i; of g whose radial sectional
curvatures satisfy

|Kp(r) — Kg(r)| £ { (4.10)

M= N —

7
Kg(r) g Kﬁ (57 Vw

uniformly in v,, and w. Then, given € > 0 we can choose § = b(¢) > 0 in (4.10) above
such that

) gKh(T)v T207 (411)

Hessg f 2 (a3 —€)§i; and |Agf —n| S e, 4.12)
where a3 > 0 is the number for which Hess, f 2 asg.
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Proof. We solve Jacobi’s equation 3"(r) + Kx(r)8(r) = 0, r 2 0, with initial condi-
tions B(0) = 0, 4'(0) = 1. By the Sturm’s comparison theorem [H], since K, 2 Kp,
and ~(r) > O for r > 0, we infer 8(r) > 0 for r > 0. Therefore, h = dr? + B3 (r) dw?

is a complete metric with curvature Kp(r). As in (4.1) let & = — — 7— We claim

&(0) = 0. This can be shown as follows. 87(0) = — K;(0)3(0) = 0. Smce Bis a
smooth function, we have 8(r) = r(l +0(r?)) as r — 0. Also, §'(r) = 1+ 0(r?)

as r — 0. Therefore, g(()) (1 + 0(r?)) as r — 0. The same applies to -,
hence the claim follows. By Lemma 4.2, we have ¢ = K, — K; — dw, where
2 / ! !
w= i + @ = X + —. By integration, we obtain
Y vy B

T T

D(r) = exp (—/w) /(Kg—Kh)(s)exp (/w)ds, 4.13)
]

1 0
since ®0) = 0 By Rauch’s comparison theorem [C] and K, 2 K}, 2 0, we conclude

/
7 <'B <— and thus
v r’

2

==
A
g
IIA

2=
_+_

‘!vl —_
=
\Y
o

This estimate and (4.13) yield
[2(r)| < 0’7_2(7‘)/ |Kr(s) — Kq(s)|sy(s)ds .

Using (4.10), we conclude for o > 1,

B¢ S C'8+r)t, r20.

Recalling (3.1), we have f'(r) = nf~'(r) [ (s)ds, with 6(r) ~ r™D* as r — oo.
0

Then, |f'(r)] £ C(1 + r), for r 2 0. This and the above estimate finally imply
If'(r)®@r)| < C"6 for r > 0. Comblmng the latter with Lemma 4.3 and the fact that
gisa strong model we see that (4.12) holds for the metric h. (4.11) and the Hessian
comparison theorem [GW2] allow us to complete the proof. O

Remark. If the strong model satisfies v/(r) ~ a(a—1)7*"2 as r — oo, then Ky(r) ~
1 -
E(T?Q as r — 00. Since 0 < «a < 1, there exist curvature functions K}, satisfying
the hypotheses of Lemma 4.9.
Combining Lemma 4.9 with Corollary 2.8, part (ii), we arrive at

Proposition 4.14. Suppose that §;; satisfies the assumptions in Lemma 4.9. Then, there
exists no L? eigenfunction of — Ay with positive eigenvalue.

A more explicit approach is available to study perturbations of the strong model
R™. In this case we have
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Proposition 4.15. Let M™ be a complete manifold with a pole with metric tensor §;;.
Suppose that the radial sectional curvature function satisfies

0 6
= < X >
Kg(@r’ vw) S aT r 20, 4.16)

uniformly in v, and w. Then, given £ > 0 we can choose 6§ = 6{c) > 0 in (4.16) such
that

Hess; f 2 (1 —€)§;; and |Asf —n|<e. 4.17)
Moreover, there exist no L? eigenfunctions of — Ay with positive eigenvalue.

Proof. For the standard metric on R™, one has g = dr? +~%(r)dw? with v(r) = r. We
now let (r) = — cr(1 + 1)1, where ¢ F 0 will be suitably chosen. Using (4.1), we
define a function 3(r), and we let h = dr? + §%(r)dw?, r > 0. An easy calculation
shows that h extends from R™\{0} to a smooth metric on R™. The point is that

ir)

T
to verify the smoothness of h when n = 2. In this case £ = rcosw, y = rsinw. A
2 2

2
computation gives: h(dz,dz) =1+ ( r 1) %, h(dz, dy) = % (1 r )

= (1 4+ 7%)~¢/? is a smooth function of r2. By rotational symmetry it suffices

Br) ()
Moreover, gg—) = 1+ O@?). At this point, we use Lemma 4.2 to compute the
curvature. We have
2 9
K, = —@(—+—+¢)
r @

s 1—72 cr?
1+72 1472 1472
. 3+ -0
L a+r2

This shows that, for ¢ sufficiently small, the sign of K} is the same as the sign
of c. We now consider two rotationally symmetric models, one with ¢ > 0, the other

with ¢ < 0. Since (3.1) gives f(r) = % on R™, we have |®f'| < |c|. By Lemma 4.3,
(4.17) holds for both models. By the Hessian comparison theorem [GW2] and (4.16),
we conclude that (4.17) holds for §;;.

Finally, Corollary 2.8, part (i), implies that —A; has no L? eigenfunction with
positive eigenvalue. []

A rotationally symmetric metric is said to be a weak model if

0< 0 (r)072(r) / f(s)ds <1, 120,
0

but (4.4) fails to hold. Here are two specific examples.

1. M™ = capped cylinder. We assume K, 2 @ for all » 2 0. Furthermore, we
want §(r) ~ 1 as 7 — oo, §'(r) = 0 for r 2 7o, for some o > 0. (3.2) gives
Hess f(r) = f"(r)dr ® dr for r 2 ro. Thus, Hess f(r) has (n — 1) zero eigenvalues
for r 2 7. This means that Corollary 2.8 is not applicable to perturbations of the
capped cylinder.
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2. M™ = H". Now (r) = sinhr, §(r) = (sinh7)*"!, so that formula (3.1) gives

f'(r) = n(sinhr)! ™ / (sinh $)* ' ds.
0
Also,
f'try=mn [1 — (n — )coshr(sinhr)™" / (sinh )"~ ! ds} )
0

Since lim f"(r) = 0, from (3.2) we conclude that H" is a weak model. Next, we show

that Hess f('r) has no zero eigenvalue, for any r 2 0. To begin with, we remark that
f"(r) 2 ce™® for r 2 r¢ and all n. When n = 2 this may be improved to f"(r) >

-7

ce™", r 2 1, and 31mllar1y f'(r)y 2 cre”?, for r 2 75, when n = 3. Moreover
Tlirgo ' :y;((:)) = nﬁ T By (3.2), Hess f(r) has no zero eigenvalue for r 2 rp. On
the other hand, Hess f = g;; at the pole » = 0. Since % (%) = — Gnlh__rﬁ > 0,
then % is strictly decreasing. By Lemma 4.8, d (0(7')/ f 9(5)ds> < 0, which
implies, as in the discussion of the generalized parabolmd that f"(r) > 0 for r 2 0.
Also, ¥'(r) = coshr > 0, implies f’ Y

()
never has a zero eigenvalue.
We now study perturbations of H™. Because of the rapid decay of the smallest
eigenvalue of Hess f, the allowable perturbations are very restricted. We have

Proposition 4.18. Let M™ be a complete manifold with a pole and metric tensor §;;.
Suppose that the radial curvature function satisfied

~8(cosh(2 + )~ < K (aa’ w) +1<0, r=20. (4.19)

Then, given 1 > 0 one can choose 6 = 6(n) > 0 in (4.19) such that
2Hessg f 2 (Agf —n)gs; and Azf —n20. (4.20)
Furthermore, there exists no L* eigenfunction of —Ag with positive eigenvalue.

Proof. We let Kp(r) = —1 — §(cosh(2 + m)r)~! and notice that this is a smooth
function on M™. We suitably modify the proof of Lemma 4.9. The first step is to solve
Jacobi’s equation 8(r) 4+ Ky (r) 8(r) = 0, with initial conditions 3(0) = 0, 3'(0) = 1.
By Rauch’s comparison theorem [C], B(r) 2 r and therefore h = dr? + §%(r)dw? is

i/ !
a complete metric with curvature K(r). Let y(r) = sinhr, and ¢ = % — 1 We
/
recall $(0) = 0. By Lemma 4.2, we have ¢' = — | — K, — dw, with w = — + %
Y
so that (4.13) holds with K, = — 1. By Rauch’s comparison theorem, we infer for
r20
5 coshr _ < coshr N 5 cosh (V1 + ér)

- Sw(r) € — +O0—
sinhr = = sinhr sinh(v/1 + é7)
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This estimate and (4.13) yield
|&(r)| < C(sinhr)~2 / |K#(s) + 1| sinh s sinh (v + 8s) ds.
0

Using (4.19) we conclude for 0 < § < (1 +n)* — 1, |®(r)| < Cée~" for r 2 0.
r

Since f(r) = n(sinhr)!"" [(sinhs)" !ds, we deduce that |f'(r)®(r)] < C'6e "
0

for r 2 0. Using Lemma 4.3 and the discussion in example 2 above we have, for

6 > 0 sufficiently small, 2Hessy, f 2 (Anf — n)h. Moreover, K;, < —1 and the
Laplacian comparison theorem [GW2] give Ay, f 2 n. This establishes (4.20) for the
metric h. By (4.19), and the Hessian comparison theorem, (4.20) holds for the metric
§ij- Finally, applying Corollary 2.8, part (iii), we conclude the nonexistence of L2

eigenfunctions for —A;. O
Remark. When n = 2, we can improve the decay condition in (4.19) to: —&(cosh({1 +
0
mr)' < K, (6_’ vw) + 1 £ 0. This follows from the better decay condition on
= - =

the smallest eigenvalue of Hessy f, f"(r) 2 Ce™", from example 2.

5 Conformal vector fields, surfaces, and eigenvalues

Conformal vector fields play an important role in differential geometry, especially
for two-dimensional manifolds. We recall that a C' vector field X on a Riemannian
manifold M™ is said to be conformal if
2 .
X,;,j + Xj,i = E div Xgij s (51)
where g;; is the metric tensor of M™. In this section we develop some consequences

of Theorem 2.6 when X is a conformal vector field. Qur first result is

Proposition 5.1. Let X be conformal and suppose |X| < cir + ¢. Let u € L*(M™)

be a solution to Au = — Au. Then, there exists a sequence Dy T M™ for which
Jim [(n - 2)/ |Vul?div X — nA / u? div XJ =0. (5.2)
fande o}
Dy Dg

Proof. Follows immediately from (5.1) and the remark after Theorem 2.6. [J

In the case in which n = 2, Proposition 5.1 has some particularly interesting
consequences. We immediately note that (5.2) reduces to

lim [ w?divX =0 (5.3)
k00
Dy,

for A > 0. This leads to the following.

Corollary 5.4. Let X be a conformal vector field on a complete surface M? satisfving
I X S er + . IfdivX 2 0and div X > O at some point p € M, then —A has no
L? eigenfunctions with positive eigenvalues.
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Proof. Follows from (5.3) and the unique continuation theorem [A]. [

Suppose that M™ is a rotationally symmetric manifold with metric tensor ds?> =
dr? 4+ vX(r)dw?. We will construct a radial conformal vector field.

Proposition 5.5 Let X = i Then, div X = nvy' and X is conformal.
or i

Proof. Let f(r) = frfy(s)ds, so that X = V. Since f'(r) = v(r), f'(r) = ~'(v),

0
from (3.2) we obtain Hess f = 7/ dr ® dr + v'[g — dr ® dr] = +'g. This yields
Xij+X;i=27g; anddivX =ny. O

Corollary 5.6. Let M? be a complete, rotationally symmetric manifold with metric
tensor ds* = dr? + y2(r)dw?. Assume that y(r) < ¢\ + ¢, and that v'(r) 2 0 for all
r > 0. Then — A has no L? eigenfunctions with positive eigenvalues.

Proaf. By Proposition 5.5 the vector field X =« gr- is conformal and div X =2+ 2

0, by the assumption on ~y. Moreover, at the basepoint p € M 2 we have ~'(0) = 1.
The conclusion then follows from Corollary 5.4. [

Tayoshi [T] proved Corollary 5.6 for surfaces of revolution in R> satisfying v/(r) 2
0. In that case, one automatically bas y(r) £ r.

Let M? be a differentiable surface endowed with two conformally related complete
metrics §;; = ¢g;;. A given vector field X on M 2 is conformal with respect to g;; if
and only if it is so for §;;. We have the following

Proposition 5.7. Suppose that the conformal vector field X satisfies | X|g < c1m +c3,
r 2 0, with respect to the metric g;;. Moreover, assume that there exist constants a,
az > 0 such that a1 £ ¢ < ay. If —¢7' X ¢ < divy X, with strict inequality at some
point p € M?, then —A; has no L?* eigenfunctions with positive eigenvalues.

Proof. Since the two metrics are quasi-isometric, we have | X | P < c3f+ey, for suitable
c3, ¢4 > 0. Moreover, divy X =divy X + o' Xop 2 0, with strict inequality at some
point p € M. Invoking Corollary 5.4, we reach the conclusion. [

Combining Proposition 5.7 with Proposition 5.5, we deduce

Corollary 5.8. Let g = dr? + +*(r)dw? be a complete, rotationally symmetric metric
tensor on M?, with y(r) satisfying the assumption ¥(r) < e17 + ¢, 7 2 0. Suppose
0¢ v

— <2y =, with
ar =7 &y
strict inequality at some point p € M?, then there exist no L? eigenfunctions of — A,
with positive eigenvalues.

that §ij = ¢gi;, with ay < ¢ < ay, for some a1, az > 0. If —¢~!

g
Proof. Let X = v e From Proposition 5.5 we know that X is conformal and
r

divg X = 2+'. Thus one has —¢~' X ¢ < divy X, with strict inequality at some point
p € M?. The conclusion follows from Proposition 5.7. O

We conclude this section with an example of how Corollary 5.8 can be applied.

Let g be the standard metric on R?, g = dr? + r2dw?®. Suppose §;; = ¢gi; with

0 . . . .
0<a S¢S alf —5% £2 é, then — Ay has no L? eigenfunctions with positive
T
Oh 2
eigenvalue. In terms of h = log ¢, the above conditions read: b; £ h < by, o > - e
= - =
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