
Concerning Triple Systems. 
By 

E. ~STL~GS ~/[OOR~ of Chicago. 

The theory of triple systems of n elements [which we denote by 
the symbol A~] and of the allied substitution- groups of n letters has 
been studied by Mr. N e t t o  in his Substitutionentheorie, p. 220--235,  
1882, (Cole's English translation, pp. 229--239,  1892), and more 
recently in his paper, Zur Theorie der TripeZsysteme, Mathematische 
Annalen, v. 42, pp. 143--152, 1893. 

Two triple systems of the same number of elements are said to 
be equivalent if a 1 . I correspondence between the elements of the 
two systems can be established in such a way that to the elements 
of a triple in one system correspond the elements of a triple in the 
other system. All triple systems equivalent to a particular triple 
system belong to and constitute a class of triple systems. 

Mr. l~e t to  finds that ~ must be of the form 6 m +  1 or 6 m + 3 ,  
say of the form t. He raises two questions: 

(a) Do triple systems A~ exist for every l~ositive integer n of the 
form t? 

(b) ~'or the same t do all the tr~le systems A~ belong to one class, 
or are there different eD~sses? 

Towards an answer of the question (a) Mr. N e t t o  in the paper 
last cited gives four constructions, two conditional (an) (aft) and two 
absolute (ay) (a6): v~z., the construction 

(an) from a given A~ of a A~cl;  

(at]) from given At,, A,~ of a A~,~; 
(a~,) of a Ap where p is a prime of the form 6m + 1; 

(a6) of a ASq where ~/ is a prime of the form 6m + 5. 

These constructions, with the initial A s immediately given, enable 
him to construct a At for every t < 100~ with the exception of 
t ~ 25, t ~ 86. In fact, as he might have stated more generally, 
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these constructions ~ogether with a further construction*) (ae) of a 
At where t is the product of two (different or equal) primes of the 
form 6m-{-5  would suffice for the construction of a At for every t 
without exception. 

As to the question (b) Mr. N e t t o  states that for each of the 
cases t -~-3 ,  7, 9 and apparently 13 there exists but one class**) of 
triple systems At. 

In this paper by means of a conditional construction (A) of 
considerable generality (a threefold generalization of (an)) and using 
the As, A~, A~.~ as given, I show how to construct at least two 
distinct sorts of classes of  triple systems of t elements for every t of  the 
for, m 6 m  -~- 1 or 6 m  -~- 3 greater than t ~-- 13. The word sort is used 
as a generic designation; two distinct classes belong to different sorts; 
a sort may contain many classes. 

The two questions (a) (b) may now be formulated: 

(c) t]'or a given t what is the number xt o f  classes of triple 
systems At? 

We know now 

%----1, x~---l~ % ~ 1 ~  x l a ~ l  probably***), 

u t > 2  for ~ >  13. 

In a later paper I shall consider certain triple systems whose 
groups are interesting. The groups are of course at most doubly 
transitive. 57et to ' s  A~ and Asq have transitive groups which contain 
cyclic substitutions of all the elements. The Als has a simply transitive 
composite group (Annalen, pp. 148--151). And if there is in fact 
but one class of Ajs , then we do not for every t have triple systems 
At with doubby transitive groups. Mr. Negro  studied the A ~  derived 

from the initial A 3 by the (aft) process (Substitutionentheorie~ 
pp. 224--234);  the groups are doubly transitive and composite. Per- 
haps the most interesting are the A~_I derived from the initial A s 

by the (an)process;  the groups are simple, doubly transitive, with 
cyclic substitutions of all the (2 ~ -- 1) elements. [The case x-~-2  
is an exception; the A s has the symmetric group of degree 3 which 
is doubly transitive but composite.] 

*) If such could be given. 
**) The A,9 constructed directly by (ay) and the Z~ constructed from a A~ 

by (an) are not equivalent. 
***) Negro, Annalen, vol. 42, p. 152. 
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w  

Definitions, notations and introductory theorems. 

i triple system of t elements is an arrangement of the t elements 
into triples*) of elements in such a way that any pair*) of elements 
enters into one and only one ~iple of the system. There are in all 

$(t--1)  h~ples, t must have the form 6 m - ~ - 1  or 6 m  ~ - 3 .  We 
6 

denote hereafter by t a number of the form 6 m -~ 1 or 6m ~- 3~ and 
by /xt a triple system of t elements, and agree for convenience ~o 
admit also t ~ 1, denoting by A t a single element. I f  certain of the 
triples of a At determine a triple system of t I elements At, the At is 
said to contain the At,; unless t ~--- ti ,  t > 2 t  1 -~- 1. Every &~ con- 

rains t ~ t  and $ (~ -- 1) As . 6 
I t  is desirable to introduce two new concepts. [First.] A trip/e 

system, repetitions allowed, of s elements, symbolized A,, is an 
arrangement of the s elements into triples of elements in such a way 
that every pair of elements enters into one and only one t~iple, 
repetitions of elements being allowed in the pairs and triples, s may 
be any positive integer (see w 2). i At becomes a At by adding to 
the triples of the At the t triples obtained by taking each element 
three times. [Second.] A sub-triple system**) of t sets of s elements 
each, symbolized tVs, is in the first place an arrangement of the t 
sets into a triple system At, and then an arrangement of the elements 
into triples in such a way that any pair of elements not  belonging ~o 
the same set belong to one and only one triple, the third element of 
which belongs to the third set of the triple of sets determined in the 
At by the two sets to which the first two elements belong. A ,V, 

contains - - -g - - -a - - , -  I f  the s elements of each of the t sets of the 

tV, form a &, or a &,, then this tV. is contained in a At, or a &t,, 
respectively. 

*) Repetitions not allowed. 
**) For the purposes of this paper it is not necessary to study the ~ r ~  

general ,,sub-triple system" of si sets of s~ elements each, in which any two 
elements of different sets belong to one and only one triple of which She third 
element belongs to still a different set (but in which the set of t:he third element 
is not necessarily determined merely by the sets of the first two elements). It 
is evident (1) that any ~riple system A t of t elements decomposes with respect 

to one of its elements into the --t-~x triples containing that element and a general 

sub-triple system in the ~ pairs of elements associated with it by those 
triples, and (2) that, conversely, a triple-system of 2s~t-1 elements can be 
made from a general sub-triple system of s pairs of elements. 

[If s I ~- 3, this is really identical with the sub-h-iple sys~m sV, of the text.] 
M~thomatisehe Am~le~u. XLIII, 18 
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w  

Construction of a triple-system, repetitions allowed, in s elements ~ .  

This construction may in general be made in many ways. A At 
is immediately derived from every A~. I give here a table of all 
possible constructions for s ~--- 1, 2, 3, 4, and then give a particular 
construction applicable for every 

A~=I. (1) aaa. 

&~=2. (1) aaa ,  
A~=s. (1) aaa,  

(2) aab,  

A,=4. (1) aaa ,  

value of s. 

abb. 

abe,  bbb, ccc. 

acc, bbc. 

abb, ac% add~ bed. 
(2) aaa,  abb, acd, bcc, bdd. 

The case s ~ 3 illustrates the fact that in a As the number of 
triples depends not only on s but also on the internal structure of 
the A,. 

A,. A particular*) construction applicable for every value of s. 
Arrange the s elements cyclically thus, x o x l x ~ . . ,  x~_l, 
and te~ x 0 x~, xk be a triple whenever i-q--j~-k~O (rood.s). 
Thus x~, x~ (where i and 3" are either equal or unequal) 
belong to one and only one triple. 

w 

Construction of a sub.triple system sV,. 

Take three sets (x ) (y) (z )  of s elements each and establish 
arbitrarily among the elements of the different sets a 1 . 1  corre- 
spondence by the use of the subscript-notation, 

x~c,,~yic,,gzi ( i ~ 0 ,  1, 2, . .  s - -  ]). 

Construct in any way (w 2) in the s elements (x) a A,; let xixsx~ 
be a triple. Then the system of triples x~y~ zk will be a 3V~. 

w  

Construction of a sub-triple system s~7~,~ which shall contain sl ~ 3V~. 

Take three sets of sis 2 elements each. Separate the elements of 
each set into s I sub-sets of s 2 elements each. Form (in any way i w 3) 

~) This r~ons~raction gives for 
s = 3  ~',=3 0), (a,b,c) -~(Xo, Zl, x~), 

aud for s---~4 &s=~ (2), (a, b, c, d)= (xo, xa, xt,xs). 
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of the three sets of sj sub-sets a sV,~; this contains sj 2 triples of 
sub-sets. Every such triple of sub-sets may be looked at as three 
sets of s 2 elements each and so we form (in any way; w 3) to a sV~.. 
We have then in fact constructed a a~7~,~ which contains sl ~ aV~. 

w  

Construction from a given tril~lo system A, of a sub-triple system tV~. 

Take t sets of s elements each. Form a At in the t sets analogous 
to the given A,. Construct for each triple of sets of s elements (in 
any way; w 3) a aV~. We have then formed a sub-triple system ~ .  

If  we use the particular method of w167 3, 2 in the construction 
of the aV, from a triple of sets in the A o we may distribute the s 
subscripts 0, 1 ,  2 . . . s - -  1 over the s elements of a set arbitrarily 
for each triple in which the set enters, or we may allow one arbitrary 
distribution for the elements of each set to suffice. The latter gives 
the following 

_Particular construction. 

Let the given At be given in the t elements u / " ( f ~  1, 2, . . .  t); 
let u,  u? u r be any triple. 

As elements for our ,V, take 

x/g ~ 0 , 1 ,  2 s - - 1  ' 

and at once construct the triples x~ix~sxr~ where i+ j+k~__O (meal.s). 
(a, fl, 7 are different; i ,  j ,  k are not necessarily different). Clearly 
this t~7~ contains a A~ in the t elements 

X]o ( f - ~  1, 2 . . .  t). 
I f  s -~- sis~, we may, using w 4 for the various s~7,, construct 

the tWs,~ so as to contain t ( t - - l )  6 .82  aV~. 

w  

Construction of a triple system A,,~ from given triple systems At,, A~. 

Take t 1 sets of t~ elements each. Construct in each set of t 2 
elements (in each set in any way; one such way is possible by copying 
the given A~) a A~ r Construct in the t I sets of t 2 elements (in any 
way; w 5) a ,,V~,. Then we have in fact made a At,~. The At, t~ 
contains t t &~- 

2Ve t t o's particular construction. 

In each set of t~ elements construct a copy of the given A~, and 
in this way set the elements of the t t different sets in 1.1 correspondence. 

18" 
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Containing each such At, make a A~ (w 1). Make use of these corre- 
spondences and of these At, in the construction of the t~V~ (88 5, 3). 
This is the equivalent of N e t t o ' s  cons~uction (a~) of a &t,t~ from 
given At,, &t~ (Substitutionentheorie, w 193; Annalen 42, p. 144). This 
At, t, contains t t At~ and t~ At,. 

87 .  
Construction (A) of a triple system At, where t - ~  t3 + t,(t~ - -  t~), 
and t, ~ 3, t ~ 2 t ~ +  1, t z ~ l ,  from given triple-systems At,, Ate, At, 

of which the a~ contains the A~. 

Take t elements and separate them into t~ elements (a) and t t 
sets of t 2 ~ t S elements each (fl~) (i ~ 1, 2 . . .  tl). Construct in the 
(a) elements a At, (a) and in the (a) (~) elements a A~ (a) (~,) which 
contains this &~ (a), (i ~ 1, 2 . . .  tl). (These constructions are 
possible, in accordance with the types of triple systems furnished by 
the hypothesis.) Construct (in any way, w 5; or, to fix the ideas, 
by the particular*) method, 8 5) in the t t sets of t 2 ~ t  a elements (~) 
a sub-triple system t~XT~_~ (~). We have then in fact constructed 
the At required. The pairs of elements determine uniquely a third 
element, as follows: 

�9 r  

8,r 

a"" in the At, (a), 

~;' in the A~ (~) (~,), 
a or /~[v in the A~ (a) (fl,), 
~, in the ,,V~_,, (fl). 

[If t~---~ 0, the preceding construction is exactly that of 8 6 for 
At,~ from given At,, A~.] The explicit hypothesis, that we are given 
a A~ which contains a At,, is not needed in the cases t~-~-1, t 3 ~---3. 
The A~ above constructed contains (at least) one A~ and t I Ate, while 
the particular At contains also one Ai1. 

For the case It 3 ~--- 1, t~ ~--- 3, t ~  1 + 2tj] this "particular" 
construction (that is, the construction using the "particular" method 
of w 5) is N e t t o ' s  construction (an) of a &t~l+pt, from a given 
At, (Annalen 42, p. 143). 

*) For illustration of this particular construction (A) and the general con- 
StTUCti0n (A) see w167 10, 11, 12 and 13 below. 
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w 

Concerning ~U~ and ~ .  

There is bug a single*) class of sV~ of three pairs of elements 

~,' ~' ~ ' }  . . . . . . . . . . . . . .  
~v~ ( iV,  ~:" ~a" . ; ~ ~: ~ '  t~ t~ &, ~ th &,  ~," ~" &'. 

This is also the only r sub-~riple sys~,,m (see foot-note, w 1) 
of three pairs of elements. The four triples are conjugate G, gleich- 
berech~igt "). 

There is but a single class of A~, (7 ~- I + 3 . 2 )  

{ a } afl/,/ ' ,a,~',~',~fl~'fl3". ~7 ~'  t~' ~ '  ; . . . . . . . . . . . . .  
~2" 

~" ~" ~ ~ ~ ,  ~/~'%',  ~, ~ &, ~ ~ &. 

The seven elements of the A 7 are conjugate, the seven triples likewise. 

w  

Concerning the sV~ contained in a ~V~ constructed by the particular 
method of w167 3, 2. 

Let (x/) (yg) (~) be the three sets of s elements each. 
(Ag,  h = o , l , 2 . . . s - - 1 ) ,  

and suppose we have in the sV~ a 

We have then (w167 3, 2, 8) 

h + g~ + h~ ~ O, 
+ g ~ +  h~=~o, 

/, + g~ + ~ = - o ,  

t~ + g.~ + h~ - -  o, 
f2 + g~ q- h~ =-]=- O, 

*) The following four 8V2 are identical, 

(rood. s)  , 

there are likewise four identical with 

8~2 

These two sV~ in three pairs of elements ~" ~l", ~z' ~ ' ,  ~s" ~s", are the only ones 
possible, and they are equivalenG an interchange of the upper strokes ('~ ") 
changing one aV2 into the other. 



278 E. HAs~Gs MooaE. 

and at once deduce from the first four congruences 

(/2 + g~ + h~) ~ o (rood. s). 

These congruences are incompatible, if s is odd; whence 
A ~A~--2r with s odd, constructed by the particular method of 

w167 3, 2, contains no aV2. 
But if  s is even~ s ~ 2s', we have at once 

f2 "~- g2 -~- h~ ~-  s" (rood. 2s'), 
whence easily 

f~ ~ f~ + s', g2 - -  gl + s', h~ _~ h~ + s" (rood. 2s'). 

In  a 3V,=~,', with s even, constructed 5y the particular method of 
w 1 6 7  any triple x],yg, za, belongs to one aV2, of which the other 
elements are x/,+,.~ Ya,+~ and z~,+,,. There are in all s "2 such aV2. 
There are no other a~7 2. 

It  is to be observed that the elements oI each se~ are paired 
[(xA, x/~+r (yg,, yg,+,,) and (zk,, zh,+~.)] independentJy of the elements 
of the other sets, and that the 3V2~, is in effect first a sVr on the 
three sets of s' pairs and then a (particular) aV2 on the elements of 
the triples of pairs. 

A tV, of t sets of s elements constructed by the particular method 
of w 5 may contain 3V~ of two kinds: first, a 3V 2 of three pairs oi 
elements, the two elements of each pair belonging to the same set 
of s elements, these three sets forming a triple in the At of t sets; 
second, a aV~ whose six elements belong to six different seta which 
form a aV2 of sets in the A t of t sets. The tV, can confain 3V2 of 
the first kind only when s is even s ~ 2s'~ and then the tV~e does 

contain in all t(t--1),  s,~ such a~72. 
6 

w 10. 

Sorting of the A 7 contained in a At constructed from specitied data by 
the particular method (A). 

We recall the four kinds of triples contained in the At, 

(~" ~" ~ . . . . . ,  ~ ~/~,,  ~,' ~," ~Iv, ~, ~ ~), 

and that a A 7 is determined uniquely by any two of" its triples which 
must have a common element. The A 7 contained in the At may be 
sorted*) as follows into six sorts; it is not to be understood that A 7 
of these sorts are always found in the At: 

*) This sorting of the A7 holds also for the A t constructed by the genered 
method (A) of w 7. 
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[1 ~ The A 7 is contained in the At, (a). 
[2 ~ The A T has three (a) elements forming a triple and four (fli) 

elements and is contained in the A~ (a)(#~). 
[30 ] The A 7 has one (a) element and six (fl~) elements and is 

contained in the A~ (a)(fli). 
[40 ] The A 7 has seven (fli) elements and is contained in the 

A,o (r 
[5 ~ The A T has one (a) element and three pairs of (fl) elements 

belonging to three 'associated sets (of a triple in the A~, of 
the t 1 sets (fli)) and consists of three triples containing the (a) 
element and the four triples of a a~72 of the t,V~-a (fl) con- 
rained in the A ,  This sV~ of the t,~Tt~-~ (~) is of the firs~ 
kind mentioned in w 9. (t 2 and t a are both odd, and hence 
te ~ t a is even.) 

[6 ~ The A 7 has seven (/~) elements belonging to seven different 
sets which form a A T of sets in the At, of the t t sets. This 
A T of seven (~) elements is contained in the ~,V,~_~ (/$). 

The particular construction (h) of w 7 for the A, from the specified 
data was determinate, except that in the particular construction of w 5 
for the t,V~-t, (fl) the s ~--- t~ ~ t a subscripts were distributed arbitrarily 
over the t 2 - - t  a elements of each (~)  set. I t  is clear that this arbi- 
trariness may affect the number of A~ of sort [5 ~ contained in the 
A~, but that it has nothing to do with the  numbers of the A T of the 
other sorts. 

w 11. 

Sorting of the At constructed from specified data by the particular 
method (A). 

We sort the At in question according to the number of A 7 con- 
tained in them, that is, (w 10), according to the number of AT of 
sort [5 el contained in them~ and denote this latter number by a. 
Two A, of the same sort a s ~ a S are not necessarily equivalent~ but 
two equivalent A t are of the same sort. 

In the At every A~ of sort [5 el contains one (~) element and one 
~V2 of the firs~ kind confained in the t,V~-~ (~),  while every such 3V2 

lies at most in one such A~. There are in all tt (t,6--t).-~-(~_~)~ such 

~V2" (w 9). This t~hen is the maximum value of a. 
Denote by (x) (y) (~) any three (fl~) sets which form a triple in 

the At, o f~  t (~6~) sets, andbyx f j yg ,  z~ (f~g, h~----0, 1~ 2 . . . t 2 - - t 3 - - 1 )  
the elements of those sets. Then one of ~ese  aV2 is the 
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x/ yg ~ ! 

T + g + o (rood. t2 

This ~V2 belongs to a A 7 of sort [5 ~ if and only if the three pairs 
of (fl) elements in the &~ (a) (x), Aa (u) (y) and A~ (a) (z) respectively 
belong to triples having a common third element, of necessity some 
(a) element a ~ 

In  the construction of a /x: from given /xt~, /x~ /x~ of which the 

the particular method (A) of w 7, by the proper determination of the 
t,Vt~-~ (fl), enables us to construct at least two distinct sorts of At which 
contain A7 of sort [5~ in all eases except the cases 

[t3= I, t =3, I +2t,], 
in which there is but one sor~ of ~ , .  This will be seen easily after 
we consider the following combinations of cases. 

Cases It 3 = 1, t 2 ~ 3, t----- 1 + 2t~]. There are but two elements 
in each (~i) set, which are for every i in a triple with the single (a) 
element a ~ Thus in these cases there is but one sort of A o for which 

~,Ct,-- I) (t2-- t s ~  t,(t,--1). But further has its maximumvalue~ 6-~- 6 "~ 2 / - - "  6 

it is at once clear that any two A,, t ~ I -}-2tl ,  derived from the 
same A~ by the particular method (A) of w 7 are equivalent At; in 
these cases there is but one class of At. 

For the general cases also the sort of At with maximum a exists, 
although it is not the only sort existing. To construct such a A: we 
must choose arbitrarily an (a) element ao~ pair the elements of every 
(fl~) set (x) by the triples containing a ~ and distribute the subscripts 
over ~ e  t ~ -  t a elements (x) arbitrarily only so as always to make 
the pairs x/xi+~=___~ coincide with the pairs determined by a ~ Every 

A, in question contains a A~,; the one just constructed contains a 
A~+~:, containing this At,. 

For the cases [t~-----1, t~ > 3~ t - ~ - l - ] - t ~ ( t ~ l ) ]  the sort of 
A, with minimum ~, ~ ~ 0, exists. There is but a single (a) element 
a~ it is possible to disfidbute ~ e  t 2 - -  ta ~ t e - -  1 ~> 2 subscripts over 
the elements of the several (fl~) sets (x) so that the pairs xfx+~__~ 

shall be entirely distinct from the pairs of elements (x) determined by 
the triples in the A~ (u)(~) containing the element a a. For  a A, so 
constructed, a ---~ O. 



Concerning triple systems. ~SZ 

For the cases It s:>t l > l ,  t - ~ t  s+t~(t~-t3)] the sor~ of A, 
with minimum a, a~--O, exists. There are here, since t sar1,  at 
least as many (a) elements as (fl~) sets. For each (~) ,set select a 
particular (a) element a ~, different elements corresponding to different 
sets. Distribu~ the subscripts over the t 2 ~ tz elements x of each 
(fl~) set so that the pairs xyx]+~:__.~ shall always coincide with the 

pairs determined by the triples in the/xa (a) (~i) containing the elemen~ 
a ~ corresponding to the (fl~) set. Then in this A~ no 3V2 of the ,,V~-~ 
can belong to a &7 of sor~ [50]; thus a ~---0. 

More generally, for the cases [ts ~ 3, ~ ~ t 3 + t t (t2~t3) ] sorts 
of At exist with a less than the maximum. For in the &t, of the t t 
(~i) sets select any triple of sets (x) (y) (z), and le~ them correspond 
with three (a) elements a ~ av a* (tz~3). Distribute the subscripts in 
the t I ~ 3 other (fl~) sets a~ random, but in the set (x) let the pairs 
xj ~+~_~_~ coincide with the p~rs determined in the A~ (a)(x) by the 

triples containig a ~, and likewise for the sets (y), (z). Then the 

( ~ - ~ ) ~  ~V~ of the ~,V,~-t, which lie in the ~V~-a of the three sets 

(x) (y) (~) do not lead to A~ of the /x~. Whence indeed for such &, 
has less than its maximum value. 

By a suitable combination of the devices now illustrated for the 
de~rmination of the ~Ve-a, one easily convinces himself of the truth 
of the italicized statement made above. 

w 12. 

Sorting of the &, ( t ~  1 + 2t~) constructed from a given &~ by the 
general method (A) (t2-~-3 , t 3 ~ l  ). 

It is convenient to give for ~is  case ( t ~ 3 ,  t 3 ~ l )  the general 
construction of w 7 in a new notatSon. 

Given a At, in the t t elements b~ ( i ~ 1 ,  2 . . .  tl). Take a single 
element a and, corresponding to the tj elements bi, tl pairs of elements 
~[ fl~". Form in the t I pairs (~i) a &,~ corresponding to the At, in the t t 
elements b~. In every triple of pairs, for instance, (~'x~), ( ~ ' ) ,  
(~,/~'~), construkt a 3V~ in e/ther of the two possible ways (see w 8, 
foot-note), 

The t,V 2 so constructed and the t 1 triples a ~ ' ~ [ '  ( i~1~  2 . . . t t )  con- 
stitute the /xt ( t ~ l + 2 t t )  required. 
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In this general construction the only arbitrariness lies in the 

choice, for every one of the t t ( t~ l )  triples of pairs~ of one of the 

two possible sV~- If we construct all these 2 �9 A o where v ~_tl(h--x) 
6 ' 

they are certainly not all essentially distinct; for, if in any A t we 
interchange the upper indices of all the fl symbols we get a At equi- 
valent to but not identical with the original At; that is to say, the 
2 ~At form 2 ~-1 pairs of equivalent At. [For t ~ 7 ,  t I ~ 3 ,  ~ l  
there is but a single A7]. We wish merely to show that 

In  the construction of a At from a given At, (t~--1 Jr-2t 1 ~ 15) the 
general method of w 7 enables us to construct at least two distinct sorts 
of At which contain A7 of sort [5~ 

We notice that any A~ contained in the At, (b) leads to a A~+~ 
contained in the A~§ however it be constructed; this A~+2~, con- 
tains the element a. Conversely~ if any particular A t contains a Z~u 
which contains the element a~ then the At, (b) contains a A _ I ,  and 

-T- 
every At contains a corresponding Au containing a. In particular, 

every A t contains t 1 A a and t,(tt--1) A7 which contain a. 6 
Indicate by A~* a Au contained in the At and not containing the 

element ~. A An* contains u elements (~)~ one of each of u pairs. 
The presence of a A~ r shows presence of a A~ in the A h (b), bat not 
conversely. We may then sort the At~ given us by the generaZ con- 
struction (A) of w 7, according to the number ot An* which they 
contain. Two equivalent At belong to the same sort. 

We study the sorting of the At with respect to the number B of 
Ate* contained. Such a A~* contains one element of each of the t l 
pairs fll fit'. 

Netto's A~+~ h contMns a At,*. It is constructed by the particular 

{ fl!,.. ,~,~ ~ } for every triple method (A), say by choosing the aV2 ~'." 

of pairs; then in the elements #~" (i ~ 1, 2 , . . .  tl) there is a At,*. Every 
~=~l+~t, containing one At* is equivalent to Netto's A~__a+~t,. Thus 
of our A~x+~t~ there is but a single sort with -~ ~ O, and this sort 
contains but a single class of triple systems, Netto's. [If the given 
At, (b)contains ~ At,_;, then our ~ ~ ~ "-~ 1]. 

2 

The sort wilh ~ ~ 0 also ex/st~. I prove this by constructing a 
triple system A~ of this sort. For the ~V: of this A,, I choose the 

aV~ (~6~ fl~' fl~ ] for every triple of pairs except one, say (1 2 3), 
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{/3, " &" 03"} 
for which I choose the other .~V~ t61, 0~' Os' " Then the triples 

of ~ t  differ from those of Netto's At only in the triples of elements 
with the subscripts 1, 2) 3. It  is convenient ~o replace 0i ( i ~ l ,  2, 3) 
by x~ and ~i (i---~ 4, 5 . . .  tl) by y~. The triples of A, are then of the 
forms x('x~"x3" , xi,"xi,'xi~" (il ,  i~, i 3 -~. 1, 2, 3 in any order) x[y;yk', 

e ~ :  ~t  t p  v t t  t �9 q I i p  s I  

xi yj y~ , x~ y~ y~ , Yi Yj Y~ ~ Yi Yi Y~ . 
This A--'~ contains no Ae~*; ~ ~ O. For if i?~ were to contain a 

Aq*) this At,* would contain one element of each of the t I pairs 
(x~) (yj) (i---  1, 2, 3; j ~-4,  5 . . .  tO, and by proper adjustment of the 
subscript notation such a At,* would have one or other of the forms, 

p t  s t  I t  I �9 r t r  t t  t f  

/~t,*(I) in the elementsx~ x~ x~ ; Y4Y~ . . . Y ~ ;  Ye+-~Yo-~"'Y,,; 
r t ! 1 �9 t t  t t  t r  

~t,*(II) in the elements x~ x~ x~'; y~ y~ ...Ye+a; Ye-~Y~-~'. .  Y~,i 

where in each case ~ is any integer from 1 to t~ - - 3 .  

At,*(I), 3(X~") ~- O(y~) 27 (1(y~") ~ t, elements~ O -}- 6 ~- t~ - -  3. 
x~" is connected with the ~)(y;) by 0 triples whose third 
elements must be O(yF)) and vice versa; thus 0 ~ - ~ ;  
y~" is connected with the other a - -  1 ~ 0 - -  1 (y]') and 
the 3 (x;') by 0 27 2 triples whose third element~ must be 

27 2 (yf); but there are only e(Yj) elements. Thus 

At eontai~s no At,* (I). 

At,*(II); 1 (x( ' )27 2 (x~', xs') 27 0 (Yj) 27 a (y~") ~--- t~ elements; 

x~" is connected with the ~ (y]) by ~) triples whose third 
elements must be ~)(y~"), and vice versa; thus 0 ~ ~; Yt," 
is connected with the ~)(y~) and the 2(x~', xa' ) by ~)-}-2 
triples whose third elements must be ~ 27 2 elementa 
with double accents (") ;  but there are only 0 such 
elements available, viz., the other 0 -  l(y~") and the 
1 (x~"). Thus ~ ,  contains ~o A,*  (II). 

w 13. 

Oonditional const~aotion B. 

I f  we are given a At, and a At, which contains a A~, 

(t~ ~ 3 ,  t s ~  1, t 2 ~ 2 t  a 27 1), 

we can construct at least two distinct sorts of A ,  ( t ~  t327 t 1 (t~--t~) > 13) 
which contain A~ of sor~ [50]. 

This we have seen for the cases [ t a ~ l ,  t~-~-3) t ~ 1 2 7 2 t  t ~> 13] 
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by use of the general const~ct~on (A) in w 12, and for all other 
cases by use of the particular construction (A) in w 11. 

Since we have A1, A3 directly given and A7 (w 8) and A 9 (w 6) 
known, and since every At ( t ~  3) contains At, A3, we have the 
following corollaries: 

If  we are given a Ae (t" ~ 6 ~ '  3r 1 or 6 m' 2 V 3), we can construct 
at ]east two distinct sor~s of A~ (t ~ 13) which contain A~ of sor~ 
[50], where 

Residues (rood. 72) 

(8,) t ~ l - J - t ' . 2  ~- 12m 7___~ 7, 19, 31, 43, 55, 67; 

{18m '-Jr I ~  1, 19, 37, 55; 
(B~) t ~ - - l + 3 ( t ' - - l ) ~  lSm'-J- 7 ~ -  7, 25, 43, 61; 

' -  3 ~_~ 15~ 33~ 51, 69; 
(B3) t = 3 -]- 3 ( t ' - -3 )  = 

18m'--~ 3 ~  3, 21, 39, 57; 

7___ 7, 3,, 55; 
(B,) t = 3 + t ' . 4  = [ 2 4 m  + 1 5 ~ _ 1 5 ,  59, 63; 

{36m '-[- 9_~ 9, 45; 
(B~) t = 3 - ~ - t ' . 6  = 3 6 m ' - ~ - 2 1 ~ 2 1 ,  57. 

If we are given a A,, (t' ~ 6m" + 1 or 6m" + 3) which contains 
a AT, we can construct at least two distinct sorts of Z~t which contain 
Zk 7 of sor~ [5~ where 

{18 m ' - - l l ~  7, 25, 43, 61; 
(B~) t = 7 + 3 ( t ' - - 7 ) =  

18ra' ~ 5 ~ 13, 31, 49, 67. 

These corollaries require the further hypotheses that 

and 

in (S,) (B2) (B4) (Bs) 

in (Ss) 

in (B6) t ' >  15, m ' >  ~. 

w 14. 

Absohte construction of triple systems. 

We admit the existence of and ~nake use of At ,  A3, AT, A9 and 
A13 , a~d can construct at least tJwo distinct sorts of t~le systen~s 
As ( t >  13) which co~tain AT, where t ~.  6m -]--1 or 6m ~- 3 and m 
has any positive integral value. 
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Als is constructed by l~etto's consh~ction (a~) (Annalen v. 42+ 
p. 145). 

The first five corollaries B 1 . . .  B 5 apply for t '  ~ 3 . . . .  13 to show 
that we can construct as desired, 

[B+] ZX15, Z~39 ; [Bs] ZX21, ZX~7 ; 

tha~ is,  we can construct as desired the /xt for t ~ 1 5 . . .  39. 

We may now apply aII six corollaries for t ' ~  3 . . .  39 (since 

the At (t > 13) were constructed so as to confain a AT) and thus 
construct as desired the At for t ~ 4 3 . . .  97. 

This process continued indefinitely reaches every number t. In 
fact the column headed r162 rood. 72"  to the right of the table 
of corollaries shows that ~he forms given eonfain all integers t of the 
form 6m-4- 1 or 6 m + 3 .  

C h i c a g o ,  29. April 1893. 


