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Abstract. The problem of contact between two elastic bodies is studied 
under the assumption of nonzero initial gap in the potential contact region. 
The related variational inequality is stated and existence, uniqueness, and 
local regularity results are proved for its solution. 

O. Introduction 

The problem of contact between two deformable bodies was first considered by 
Hertz in 1882 [11]. Consideration of a case with special geometry allowed him 
to decide the shape of the contact region and the stress distribution on it, in good 
agreement with experimental results (see [21], p. 193). Generalizations of this 
procedure have been followed by a number of authors who studied this sort of 
problem using the method of Muskhelishvili ([24] and [7], see also [9] for a 
recent review), based on singular integral equations. While they provide good 
estimates of the stress distribution, these techniques require knowing the contact 
region in advance. 

In 1959 Signorini [26] introduced the so called "ambiguous condition" to 
describe contact phenomena where the contact region is itself one of the 
unknowns. The application of variational methods to this formulation proved to 
be effective: existence and uniqueness results were obtained by Fichera (see [5] 
and [6]). Successive work has been done in the framework of the theory of 
variational inequalities introduced by Lions and Stampacchia [20]. In particular, 
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in [4] an extensive treatment of contact problems in elasticity is given, including 
mechanical formulation, mathematical tools, and basic results (see also [25]). 

Contact between two elastic bodies is studied in this paper, under reasonably 
general assumptions on the initial geometry. In particular, a nonzero initial gap 
between the two bodies is permitted. These new features distinguish this work 
from previous ones, where the zero initial gap assumption is made. We recall [2] 
(elastic body on elastic half plane) and [12]. References [14] and [10] study the 
problem with nonzero initial gap, mainly from the point of view of numerical 
approximation. 

The approach we use here follows that of  [15] and [16], where several 
properties for the problem of an elastic body supported by a rigid punch are 
obtained: in particular, regularity results and estimates on the contact region. 

In Section 1 we introduce the mechanical problem and present a description 
of the contact condition, using Kalker's approach [13]. Section 2 is devoted to 
a precise mathematical formulation of the problem in the form of a variational 
inequality; the related boundary-value problem is presented. The existence 
theorem is stated under the assumption that the external forces satisfy a compati- 
bility condition. This requirement is necessary since the variational inequality is 
not coercive. This also affects uniqueness, which is true up to a class of rigid-body 
motions. Such a class is completely characterized in the case of a fiat potential 
contact region. In Section 3 we prove the local H 2 regularity for the solution 
using the difference-quotients technique. Further regularity results, for example 
H61der continuity for the gradient of the solution in two space dimensions, are 
given in Section 4, based on penalization and hole-filling procedures. 

It is also possible to obtain these results via the application of Gehring's 
reverse H61der inequality, first applied in differential equations by Meyers and 
Elcrat [22] (cf. [17] and Giaquinta's book [8]), but we do not present this 
calculation here. 

1. The Mechanical Problem and Nonpenetration Condition 

We consider two elastic bodies in the space R". Their initial position is described 
by the reference coordinates x -  (x l , .  • . ,  x,)  -= (~, x,) .  We denote by 11 a and f~b 
the reference configuration of the two bodies. They are subjected to external 
forces, hence undergo a deformation, after which a particle x occupies the position 
y(x) and 

u(x)=-y(x)-x  (1.1) 

is its displacement. A portion F a c O~~ a may come into frictionless contact with 
points that in the reference configuration belong to F b c  Of~ b. F ~ and F b are 
referred to as "potential contact areas." 

Our first aim is to identify a suitable class of admissible displacements based 
on the notion, inspired by conservation of mass, that after a motion the two 
bodies should not intersect each other. Although expressing such a kinematic 
condition poses no difficulty, it must be suitably linearized in order that our 
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problem take on the features of a variational inequality. Different linearizations 
provide different solutions and it is difficult to decide which is the most appropri- 
ate. For instance, it is not clear that an arbitrary linearization leads to a well-posed 
problem. Here we choose one which gives each body equal status, regardless of 
their geometries. It has a natural mechanical interpretation in terms of the surface 
tractions. 

We assume treat there is an explicit representation 

i,a,b: Xn = a , b ( . ~ ) ,  X E E (1) (1.2) 

for an open ~-c R "-1, independent of f/a and l~ b and that q a (~)_  b (~ )_ >  0 for 
• E. Let us denote by x ''b, ya,b, and u a'b the initial position of a material point 

in 1-/a'b, its final position, and its displacement, namely, Ua'b(X~'b)= 
y~'b(X~'b) --X a'b. Let/z a = (v~a(~) ,  -1 )  and/z  b = (V~0b(~), 1) be the  normal direc- 
tions on F a and F b, respectively. 

Suppose that the final contact region may be represented implicitly as 

h(y) = 0  (1.3) 

with the nonpenetration condition taking the form 

{ h(ya)>-0 for y~=ya(x~),  x ~ • F  ~, 

h(yb)<<-O for yb=yb(xb),  x b • F  b. (1.4) 

Now, if we assume ah/Oyn > 0, then there exists a function ~,: R "-1 -~ R such that 
(1.3) holds if and only if 

y, = ~p03). (1.5) 

So, (1.4) becomes 

I x'~+u'~-q,(~°+a°)>_o, 
b + qj(~b + ab) > 0. (1.6) 

It is now convenient to restrict the general formula (1.6) to the case of displace- 
ments u ~'b which are small with respect to the linear dimensions of the bodies. 
Retaining only linear terms in the expansion of qJ, we have 

I x~ + u ~ -  ~ b ( ~ ) -  V~o(~") " a"->0'  (1.7) 
b b ( - x , - u , + ~ 0 ( ~ b ) + v ~ 0 ( ~  b) ab_>0. 

This is true for any particle x ~'b • ~ ,b .  If, in addition, x "b • F ~'b and ~ = ~b _= ~, 
then adding the two inequalities of (1.7) gives 

a ^ b A o <- ~ " ( ; )  - ,pb(;) + u.(x,  ~o~(;)) - u.(x,  ~ ( ; ) )  

- v q , ( ; )  • a°(; ,  ~ ° ( ~ ) ) + v q , ( ; )  • ab(;, ~ ( ; ) ) .  (1 .8 )  

(1) Here and in the following, the superscript "a, b" is used for properties that hold for both a 
and b. 
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Now,  recall ing (1.1), 

vv, f f )  • aa'b(~, ~'b(~)) 
= ~,~ ff)a~,b(~, ~o,~(~))(2) 

^ ^ a  b A a,b ,'~ Aa, b A a ,b  ^ ^ a , b  A ~, (x))u,, (x, ~°'~(~)) =V,,~(x)u; ( x , ~  (x))+V,~,,u~ (x, 
,'~ A a, b ^ a, b ,'~ -- ~bx(x)ux (x, ~o (x)) ,  (1.9) 

where h igher -order  te rms have been dropped .  
We shall now make  the assumpt ion  that  the change of  the normal  vectors 

/z ~'b is small ,  which is usual  within the f rame o f  the l inear  app rox ima t ion  (see 
[13]). This means  that  

V (p ~ (2~) ~- V ~ 0  3) --- V ~o b(2~). (1.10) 

Insert ing this and (1.9) into (1.8) we have that  

a ^ b ^ 
O ~  a ( ~ )  - -  b ( ~ )  ..~ U n ( X  ' a ( ~ ) )  - -  U n ( X  " b ( ~ ) )  

_vq,~(~). a~(~, ,pa(~))+v ~(~). ~b(~, ~,b(~)), 

o r  

[/z a- ua](~,  ~0a(~)) + [/Z b" Ub](~, ~0b(~)) --< ¢a(2~) -- ~0b(~). (1.11) 

Owing to (1.10), in (1.11) we could i d e n t i f y / l  a with - / z  b, obtaining a s impler  
version o f  the l inearized nonpene t ra t ion  condit ion.  However ,  in the next  section 
we will s tudy a b o u n d a r y  condi t ion o f  type (1.11), where /z  ~ and - / l  b are possibly  
different. 

The condi t ion (1.11) (gap condit ion)  defines the class of  admissible  displace- 
ments.  A m o n g  them, the actual  d i sp lacement  u a'b is the minimizer  of  the total  
energy 

I, ,  aijk,(X)Vi, j(X)Vkd(X)dx+½ f,b b b b E(va, vb)-- =1 a a a aOkt(X)V~j(X)Vk, t(X) dx 

- ( T  °, v a ) - ( T  b, vb), (1.12) 

a,b  where a Okt(X) is the elastic tensor  and  ( T  a'b, v a'b) denotes  the work  o f  the external  
forces. These  can be either vo lume forces or  surface stresses given on F~ 'b c 011 ~,b. 
A fur ther  restriction for  the admissible  d isp lacements  is that  they can be prescr ibed 
on a por t ion  F,I 'b c Oil ~,b. 

In the following sections, we will give a more  precise formula t ion  of  the 
mechanica l  p rob lem descr ibed so far. 

(2) Here and in the following these conventions are assumed: 
1. v,j(x) =-- (O/axj)v(x); 
2. Greek subscripts range from 1 to n-1 ;  Roman from 1 to n; 
3. Sum over repeated indices is understood. 
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2. Mathematical Formulation and Existence Theorem 

Let l-I ~'b c R" be a bounded domain with smooth boundary 

812.,b = ~,~,b u ~ ,b  co ~.,b, (2.1) 

where F~ 'b, F~ 'b, F ~b are mutually disjoint open smooth ( n -  1) manifolds, F~ b 
and F~ 'b possibly empty. F a'b is nonempty and admits an explicit representation 
as 

x, = ~o,b(~), (2.2) 

for ~ --, " ~ c R  "-~ independent of l'l ~ and II b, with ¢ ~ ( ~ ) -  q~b(:~) >0 ,  V ~•  "~ 
The outer normal vector to 0fl ~'b is denoted by /X~'b; set v '*'b =-- tZ"b/ l l~"b I. 

Let, for integer nonnegative m, [H"(II~'b)]" be the space of the vector 
functions belonging to [L2(fl°~b)]" along with all derivatives up to the order m. 
The space [H~(II~'b)]" is endowed with the norm 

I lvl l t~l~w-b,- . -II~l l~,-b)r+ E IIv, , j l l~,-~)r .  (2.3) 
i,j=l 

In fl  ~'b a tensor field .,b co -~,b aOkl(X) • C (~  ) is defined, satisfying 

a,b a,b a,b ~'~a,b = aOtk(X), V x  ajikt(X) • aOk,(X) = (2.4) 

and 

a,b ~3~'b>0 s.t. aok,(x)mom,,,>--o~'bllmll ~, (2.5) 
[ V x • f l  "b, V m e [ R " ]  2 with mo=mji,  

where Ilmll~=E" i,j=l l'~iJ" 
The linearized strain and stress tensors of v "b ~ [I-I~(f~'b)]" are given by 

a,b 1 a,b a,b ~e0(v )=~[v~s +vj,, ], 
(2.6) a,b a,b a b L~ro(v ) = ,~o~,(x)~,(v , ). 

Define the bilinear form aa 'S( ' ,  ") on [[Hl(f~ 'b)]"]  2 as 

a~'b(u a'b, v "b) = fno. ~ O'o(u~'b)eo(v a'b) dx. (2.7) 

Thanks to (2.4), we have 

aa, b(ua, b, ,l.)a,b) f a,b a~b a,b = aOkt(X)Ui, s (X)Vk,~ (X) dx. (2.8) 
Jn a,b 

Functions fa,  b e [L2(~'~a'b)] n and g,,,b ~ [H-~/2+~(F~,b)]., e > 0, are given (see [19] 
for the definition and properties of the latter space). We define 

( T '*'~, "0 a'b) ~ Ioa, b f~'b(x) va'b(x) dx + tn-,/2+,(r~b)l-(g~b , V~'b)tH*/~-~(ra.~)y 

(2.9) 
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A function v - (v a, v b) with v a'~ ~ [H~(~-~a'b)] n is said to be admissible if it satisfies 
v ~'b=0 on F] 'b and 

[pa .  oa](~, ~pa(~)) q_ [pb.  ~2t,](~, ~pb(~)) < ~0a(~) __ ~b(~). (2.10) 

The set of admissible functions is denoted by 

K - { v -  ( v a, v ~) s.t. Va'b ~ [HX( fla'b) ] ~, 

V a'b= 0 on F~ 'b and (2.10) is satisfied}: 

this is a closed convex nonempty subset of [H~(I-I~)] ~ x [H~(I~b)] ~. 
The problem we are 

inequality (VI): 

U=--(ua, u b ) ~ K  s.t. Vv--(Va,  Vb)~K,  

(2.11) 

interested in is to solve the following variational 

aa(u a, v a - - u a ) + a b ( u  b, Vb--'Ub)>--(T ~, V ~ - U ~ ) + ( T  b, Vb--Ub). (2.12) 

Remark 2.1. Referring to the previous section, we note that VI can be interpreted 
as the principle of least energy applied to the two bodies elastic frictionless 

a,b contact problem, when the elastic tensor also satisfies a~jkt(x) = a~'~(x). Say, (2.12) 
is equivalent to minimizing the energy (1.12), where the elastic energy is given 
by (2.8), the work of external forces by (2.9), and the nonpenetration condition 
by (2.10). For this reason, we will use the elasticity terminology to describe our 
problem. 

The mechanical interpretation of VI will be more transparent once shown 
the equivalence with a boundary value problem. 

Theorem 2.2. Let u solve VI. If ua'b~ [Hl+~(l~a'b)] ", then: 

(i) -tro, j(u ~'b) =f~b in L2(fla'b); 
(ii) ua 'b=0 in [H1/2(F,~'b)]"; 

(iii) , a b x  a b a b . . . .  1 / 2 + e / ~ a ,  b x  cru(u ' )~,j' =g~" m ri  t l s  ); 
(iv) crO(ua'b)~,~.'br~ b= 0 in H-1/E+~(Fa'b)for smooth r ~'b with r a'b. v a'b =0; 
(V) [U a" /~a](:~, ~¢a(.~))+[Ub " b ] ( ~ ,  ¢pb(~))< q~a(:~)__~Ob(~), a.e. on ~; 
(vi) Crij(ua'b)V~'bva'b <--O in H-1/2+~(Fa'V); 

(vii) i f  P is an open subset o f  7~ where (2.10) holds strictly, then 
o'ij(U~'b)v~'bV'/"v = 0 in H-1/2+'(pa'b), where pa.b = {(~, ~Oa, b(~)): ~ ~ p}; 

(viii) /f Q is an open subset of  ~- where ~ = ~ p b _ ~ o ,  then cro(ua)vjv~ = 
tri~(u b) vjvi in H-1/z+~(Q°), where QO= {(~, ~po(~)): ~ ¢ Q} and v-= v ~ = 
- - / /  . 

Proof. An integration by parts in VI gives 
a a b 

+ . - . , ~ . o ) ( % ( u  a) v~, v~ - u a ) . ' ~ . ° )  

>- ( T  ~, v a - u a ) + ( T  b, v b - Ub). (2.13) 
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We will often make the choice 

V=(Ua+71a, U b) or V=(Ua, Ub+*lb), (2.14) 

with appropriate restrictions on ~/a or 7/b. In particular, (i) is obtained with 
,/a,b • [Co(i~o,b)]. and then (iii) with 

rl~,b • [C~(12a, b)]., ,/~,b = 0 in a neighborhood of F ~'b w F~ 'b. 

Under our regularity assumptions, the duality 
t/2 b j z a, bx a,b a,b __ a b~ b H (o~ a, )~O'ij~U ) lJ j  , I), U i" )Hl/2(d~a, ) 

breaks into 

I~-,/2+,(r~.b)( • )n,/2-~(r~,b) + a-,/2+,(r~,b)( • )H'/2-~(r~.b) + H-,/2+~(r,~b)( • )n,/~-,(r~b) 

(note that the natural condition g • FI -W2 does not allow extending it to 0 outside 
F~'b). Thanks to (ii) (say the definition of K), the first term vanishes; because of 
(iii), the second cancels with the corresponding one in ( T  ~'b, va'b--U ~'b) (see 
(2.9)). Eventually, (2.13) reduces to 

H-1/2+,(F~)(Orij( u a ) I ) ; ,  1) a - -  Ua)H,/Z-~(F a) 

+ n-,/~+,(r~)((ri~(u b) ~ ,  v~ - u~)n,/~--(r~)-> 0. (2.15) 

Choose now r/~'b • [C°°(f~'b)]" with ~Ta'blr~b • [C~(Fa'b)]" in (2.14). Adopting the 
notation, for z • R", 

zO;b_~ z , v~,b, za, b=_ Z_Z~,bv~,b, (2.16) 

(2.15) becomes 

H_,/z+,(i.,~.b)( Orij( ua, b) p~,b, (r/a,b)i)H,/2_~(r,b) 

_F.H_l/:+,(F,b)(Orij(ua,  b )  p ; , b ,  (7"1 a,b . 1,ta, b)  t,a,b)HW2_,(rO.b) > O. (2.17) 

If . , b .  v.,b =0  and Vg, b is arbitrary, the second term in (2.17) vanishes; (2.17) 
becomes an equality and we get (iv). 

Going back to the general form of (2.17), we find that 

n-'/2+'(r~%((r,j (u "b) v~ 'b v~ 'b, (7/~,b. v~,b))n,/:_~(r,.~) > 0. (2.18) 

If we choose V "b with ~7 ~'b. v 'b<-0 (note that the corresponding v---(v ~, v b) 
belongs to K), we derive (vi). 

To prove (vii), it is enough to note that, for any smooth function ~7 ~'b such 
that 7/~'blro,~ has support included in pa, b, there exists a h~ "b • R + such that YA • R, 
i f  [A[ <~a'b then V=(ua+Arla ,  u b) a n d  v = ( u  ~, u b + h ~  b) belong to K. Hence, 
(2.18) becomes 

. -"~+°(p°.~)( '~, j(  U~ '~)~; '~va '~ ,  ,7 ~ . ~,°'~),~,,~-~(~,o.~) = o,  

and this implies (vii). To show (viii), it is enough to take v ~'~ = u "~ + ~7 ~'~ with 
~/~ • [C~(l)~,~)] ", Va'~lr..~ • [CT(Q°)] ", ~,~ n ,  [o °=0,  ~/~'blO°=~/v, ~ • C o ( Q  °) 
(remember that on Q°, v-= va=--V ~ and the notation (2.16)). The function 
v --- (v ~, v ~) obviously belongs to K and (2.15) gives 

H-l/2+~( Q°)(E orij ( U a )  - -  or/j(U b)]  1/jl,/i, q~)HI/2-'(Q 0) ~ 0. 

The sign of # is not fixed, hence this must be an equality: # being arbitrary, the 
assertion follows. [] 
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Remark  2.3. System (i) o f  Theorem (2.2) is elliptic: in fact,  due  to the symmet ry  
proper t ies  (2.4), the inequal i ty  (2.5) implies that  there exists an  a0 e R ÷ such that,  
for  any ~, r /~  R", 

a,b aijkl(X)~i~k~j'l'h ~ a0][ ~112117/II 2. (2.19) 

Our  ma in  tools in the p r o o f  of  the existence theorem for  V! are Korn ' s  
inequali ty and  the structure o f  the nul lspace of  a a ,b( . , .  ), the r ig id-body motions.  
As for the former ,  we recall that ,  for  some constant  C - 0 (see [4]) 

IDfl, b eiJ(t~a'b)eo(va'b) Ilva'bll~L~(,~)r--> dx + 

thanks to (2.4) and (2.5), this implies 

I~  a,b a,b a,b a,b 2 > a,b 2 
a,b aOkt(X)~)i'J (X)Vk, I (X) dx+  [Iv HtL2(f~a,b)] n.- CllV Iltn,(n~b)3,. (2.20) 

The set M o f  infinitesimal rigid motions is defined as M -= M ~ × M s, where 

M~,t, =-- {~a,t ,  E [I-Ia(~a'b)]n: aa'l'(~ a'b, ¢a,b) = 0}  

(~a,b : ~ia, b= ca, b+ a,b ca, b Da, b a,b a,b = D~j xj, ~ R", ~ [ R ' ]  2 with D~ = -Dj~ }. 
(2.21) 

A =- ( a  a, a b) ~ K satisfy (A a" txa)(:~, q a(:~)) + (A  b " ixb)(:~, ~ob(:~)) = Let 
~0a(~)--~0b(£) and  define the cone 

KA ------ {V -- A, when  v ~ K}. (2.22) 

Theorem 2.4. The variational inequality VI has a solution whenever 

( T  a, i f")+ ( T  b, ~'b) < 0 (2.23) 

for all ~ = (~a, ~b) ~ M' ,  where 

M ' - -  {~ e M n KA s.t. --~" ~ KA}. (2.24) 

The solution is unique up to an element o f  

M°--- {~" ~ M s.t. ( T  a, ~a)+(Tb, ~'b) = 0}. (2.25) 

Proof. Exis tence is a wel l -known result: see, for  instance,  [6] and [20] or [18]; 
see also [1]. Note  that,  in order  to get the existence theorem,  the hypothesis  
ga, b~ [H-~/2+,(F~,b)]n is a little s tronger than  necessary:  the natural  f r amework  
would require  the use of  the space [H-1/2(F~'b)]n; so, T a'b turns out to be 
cont inuous on  [Hl(~'~a'b) ] ". 

About  uniqueness ,  we observe that, if  u is a solution and  ~" ~ M °, then the 
funct ion w---u  + ~" is ano ther  solution, as soon as it be longs  to K. Indeed,  
aa'b(w a'b, va'b--wa'b)=aa'b(u a'b, va'b--u a'b) and ( T  a'b, wa'b)=(T  a'b, ua'b). Con-  

versely, if  u and  w are two solutions,  then it is e lementary  to see that  ~ --- w - u ~ M. 
Insert ing v - w (resp. u) in the VI solved by u (resp. w), we get that  ( T  a, ~.a)+ 
( T b, ~-b) = 0. [] 
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Remark  2.5. C o n d i t i o n  (2.23) is a " c o m p a t i b i l i t y  c o n d i t i o n "  on the da t a  in o rde r  
to have a so lu t ion  for VI. This is due to the  lack  o f  coerciveness  o f  a~'b( • , • ) in 
the  genera l  case. However ,  when F~ and  F b have posi t ive  measure ,  ~3) M '  turns 
out  to be empty ,  hence  no res t r ic t ion is i m p o s e d  on  T~'b; note  tha t  a r i g id -body  
mot ion  can vanish  on a set of  nonzero  n -  1 measure  i f  and  only  i f  it vanishes  
ident ical ly .  

Remark  2.6. The wide genera l i ty  o f  the geomet ry  o f  ~l "b does  not  a l low a more  
de ta i led  in te rp re ta t ion  o f  M '  and  M °. However ,  this  is poss ib le  in spec ia l  cases,  
as we shall  see in a moment .  

In  the remain ing  par t  of  this sect ion we will  invest igate  a pa r t i cu l a r  p rob lem.  
Precisely,  we will  make  the fol lowing:  

Assumption. F~ and Fbd are empty and a = ~ob ~ O. (2.26) 

In  this  case, F "b = = c {(~, x , )  with x,  = 0}, and  v a = - v  b = (0, 0 , . . . ,  0, - 1 ) .  

Since we can now choose  A - ~ 0 ,  K=-KA is a cone;  cond i t ion  (2.10) becomes  

a b >  0 v .  - v .  on _ .  

I t  is immed ia t e  that  M '  is given by  the inf ini tes imal  r i g id -body  mot ions  ff with 
a b ~ ' , - f f , >  0 on 

Iden t i fy ing  the r igid mot ions  that  affect un iqueness  requires  some remarks .  
First ,  we der ive some easy consequences  o f  the  compa t ib i l i t y  cond i t i on  (2.23), 
which  will be a s sumed  to ho ld  true hencefor th .  

L e m m a 2 . 7 .  For all ~ c K c~ M with - ~  6 K we have that 

(Ta, ~a)+(Tb,  ~b)=o. 

Proof It  fol lows f rom [16], using the compa t ib i l i t y  cond i t ion  and  the fact  that  
K is a cone. [ ]  

Let us in t roduce  the nota t ions :  

Fa'b=--(Ta'b, 1), i = l , . . . , n ,  

M~ 'b ~ ( T;  "b, x,) - ( T'/"b, xj), i , j  = 1 , . . . ,  n. 

(2.27) 

(2.28) 

Lemma 2.8. We have: 

(i) F~, 'b=0,  Z = l , . . , , n - 1 ;  
(ii) F~ = - F  b < 0; 

(iii) M ~ = 0 ,  A, /x = 1 , . . . ,  n - l ;  
(iv) M~n = - - M b , ,  A = 1 , . . . ,  n - 1 .  

~3~ In this case, the problem becomes coercive and the general theory of [20] can be applied: 
this gives existence and uniqueness for the solution, again without any compatibility condition on 
the external forces. 
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Proof. (i) For  fixed A < n, the funct ion r / =  (r/a, r/b) with ~ = 8~, i = 1 , . . . ,  n, 
r/b _ 0 belongs  to K along with its opposi te:  L e m m a  2.7 yields the result for F~. 
Analogous  p rocedure  works  for  F~ b. 

(iii) Similarly, we can prove  a b that  M ~  = 0, taking rl with r/~ 'b = x~Si~ -x~8~,  
r/b'~-= 0 and  apply ing  L e m m a  2.7. 

(ii) Let e, k be real numbers ,  with e > 0 :  the funct ion ~7 = (r/~, rl b) with 
ab  a r/~' = 0  for  /x 1 , . . , n - l ,  r l , = k ,  b = . 7/, = k -  e belongs to K, while - r l  ~ K. By 

the compat ib i l i ty  condi t ion we must  have 

0 >  ( r" ,  r/a)+(rb, r/b)= k(F~ + F ~ ) -  eFt.  

This cannot  be  true for  all e > 0 and for  all k, unless F~-> 0, in which case for 
e-~ 0 we get k(F~ + F~)<-O. Since no restriction of  sign is made  on  k, it must  be 
F ~ + F ~ = 0 .  

It remains  to show that  F~ > 0. Assume F~ = 0: plugging into the compat ibi l i ty  
a,b condi t ion the funct ion ~" with ~'~, = 0, Vtz < n, ~ '~=0, ~ = 1, we derive an 

immedia te  contradict ion,  so (ii) is proved.  
(iv) The p r o o f  is similar to that  o f  (ii), hence we omit  it. []  

A fur ther  p roper ty  which shows an intrinsic interest  is the following,  cf. [5]. 

Theorem 2.9. There exists a point Xo ~ (conv E)  ° such that for all ~ ~ M 

( T  a, ~ a ) q _ ( T b  ' ~b)  a a b b = F~n(Xo) + F~, (Xo) .  (2.29) 

Proof. Using the representa t ion  (2.21) for  ~ E M, L e m m a  2.8 gives the following, 
where  the superscr ipt  a, b has been  d r o p p e d  when  unnecessary:  

( Ta, b, ~o,b)  = c,F, + ½DoMj, = cnF, + l DxnM~x +½D~xMxn 

= c~Fn + Dn~M~. = F~'b~'b(Xg'b), 

ab  1 
M~,_I~,,  0). (2.30) where  Xo' ==-F~,b ( M ~ , . . . ,  o~b 

Fur thermore ,  (ii) and  (iv) of  L e m m a  2.8 imply  that  x~ = Xo b. Deno t ing  by Xo their  
c o m m o n  value,  we claim that  XoE (conv E)  °. For,  if  this were not t rue,  a funct ion 

"~° ~(Xo)  <- 0. For  this function,  ~ M would  exist such that  ~b _ 0, ~ > 0 on -- , 
(2.23) implies  that  

0 > ( T", ~a) + ( T b, ~b) = ( T", ~'~) = F'~'~(Xo), 

which contradicts  (ii) o f  L e m m a  2.8. [] 

As an obvious  consequence  o f  this theorem,  we have: 

Corol lary 2.10. I f~E  M °, then 

[ ~ -  ;~](Xo) = 0. (2.31) 
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Going back to the question of uniqueness, let u and w = u + ~ be two solutions 
of VI with g~,b~ [H1/2(F.,b)].: we already know that ~c M ° (see Theorem 2.4) 
and that (2.31) holds. Our aim is to show that the function 

X =- ~.~ - ~ (2.32) 

vanishes identically on ,~. The proof  of this assertion is based on the following: 

Lemma 2.11. L e t  u be  a solution of VI. Then 

and f tr..(u "b) ds=-F~ .  Ornn( ua'b) E Ll('.~) 
Jx 

Proof. The procedure of [15] works also in our case, as soon as we prove that 
u is locally H2: indeed, u turns out to be H 2 regular outside any neighorhood 
of 07~ w OF~ "h (see Theorem 3.3). [] 

Using Lemma 2.11 and, once more, the H 2 local regularity, it is easy to see 
that property (viii) of Theorem 2.2 is actually true, say: 

Lemma 2.12. tr . .(u ~) = tr . .(u b) a.e. on E. 

We are now able to prove our main theorem: 

Theorem 2.13. Under assumption (2.26), the function X defined in (2.32) is 
identically zero. Hence, the solution of VI is unique up to an element of 

M °°-= {~ ~ M°: ~ ~ K and - ~  ~ K}. (2.33) 

Proof. By contradiction, assume that X does not vanish identically. Anyhow, it 
does vanish at Xo (see Corollary 2.10) which belongs to (conv E) °. Then, the set 
{(~, 0): X(~, 0 )=  0} is a nontrivial hyperplane that splits E into two parts with 
nonempty interior. Denote with E+ (resp. ~ - )  the part where X > 0 (resp. <0). 
We have 

a b a a b b 

w . - w . - u . + ~ . - u . - ~ . > - x > O  on E +, (2.34) 
a b a a b b ~ -  u . - u . = w . - ~ . - w . + ~ . > - - x > O  o n =  . 

Theorem 2.2 and Lemma 2.11 imply that 

cr..(w a'b) = 0  a.e. on ~+, cr..(u "b) =0  a.e. on E- .  (2.35) 

Since o'..(wa'b)=cr..(u~'b+~'b)=o'..(u'b)+o'..(~ a'b) and cr..(~a'b)=0, we 
derive, for instance, that o'. .(w a'b) = 0 a.e. on E. But this is impossible, since 
Lemma 2.11 and Lemma 2.8(ii) require that ~x or-.(w~'b) ds > 0. This completes 
the proof. [] 

The result we have just obtained is physically meaningful: at the equilibrium, 
only rigid motions that do not separate the two bodies are allowed without 
increasing energy. 
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3. Local Regularity 

In this section we prove the local H 2 regularity of a solution u of  VI. Since this 
result is well known in the interior of fl  a'b and on F~'buF~ 'b, we need only 
consider the potential contact area. Let ~o ~ E and define 

K~ o ~ {v - (v a, v b) s.t. v ~'b e [HI(A °'b n fla'b)] ", V a'b = U a'b 

on 0A ~'b n f l  ~'b and (2.10) is satisfied for ~ c A}, (3.1) 

where A ~'b is a smooth neighborhood of (Xo, ~P ~'b (Xo)). Assume that the projections 
of A ~'b n F a'b on {xn = 0} coincide, and denote them by A. 

It is easy to see that the restriction to A~'b c~ 12 ~'b of u solves a variational 
inequality of the same type as VI, with convex set K~o, volume integrals restricted 
to A ~'b n fl  ~'b and no boundary terms in T a'b. Our first step is to symmetrize the 
geometry of the local problem, by means of the change of variables 

x.-->z with ~=~,  z.=x.-½[~o~(~)+~ob(~)].  (3.2) 

The local variational inequality becomes: 

to a find ( ~ ,  ~b)~ K~o such that for all ( ~ ,  ~b)~ ~,% 
(~ , ~a__I~a).~_~b(ab, ~b__fb)~(~a ' ~a__aa)..~_(~b, ~b__~ib), (3.3) 

where quantities with a tilde denote the transformed of  the corresponding ones 
through (3.2). In particular, 

f ~ ~,:,,b ~a,b ~a,b 5a, b(aa, b, ~ b )  =_ o, b fi~.b aOkl(Z)U~J (Z)Vk, t (Z) dz, (3.4) 

R~ ° = {~_~ (~., ~b) s.t. ~.,b E [HI(X.,b C~ l~'b)] ", ~.,b = 5.,b on OA ~'t' c~ fi.,b 

and [~". /2"](2,  ¢"(~)) + [~b./2b](~, q~b(e)) < ¢ . ( i )  _ Cb(~) 

for 2~A}. (3.5) 

Note that ~a;~, may not be the normal vector to ~a,b in general. For fixed A ~, a 
suitable choice of A b makes ~_~ and ~h symmetric with respect to {z, = 0}. A 
reflection of  ~b around the hyperplane {z, = 0} allows us to state the local 
variational inequality in ~_~c~ ~ .  Define the operator 

Rb: R"-->R", Rb:  (~., zn)--> (~., - z , , ) .  (3.6) 

Our local problem can be stated in A~ n 1~" by means of the functions ~a(z) and 
~b(Rbz) ,  where z e A~c~ l~ a. The convex (3.5) becomes 

K~o = {~--=- (~a, ~ )  s.t. ~ ,  ~ o R ~ ~ [W(X ~ n t i s ) ]  ", 

t~a=5 ~ and ~ o  R b = a b  o R b o n  OAa ( " ~  a 

and ([t~" • / ~ ]  + [(t~ b o Rb) .  (/2 b o Rb)])(~, ff~(~)) &2ff~(~) for ~eA}. 
(3.7) 

The unilateral boundary condition in (3.7) involves two vectors/2 a and 12 b o R b 
which are in general different from each other. It is convenient to introduce the 
orthogonal matrices E~'b(~) defined as follows: 

~,'~ = E~IVj,  ~,~ o R b = EbjNj ,  (3.8) 
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where N is the unit normal vector to ~.~.(4) According to this, the gap condition 
becomes 

{[agl~iEa+(a~oRb)l~boRblE~j]NA(~,~(z))<--2¢~(R) for 3¢A.  
(3.9) 

Hence, it is natural to express the variational inequality in terms of  the functions 

U~ "b==- [l~a'b o Ra'bl( ~l~'b o Ra'b)E~) b, (3.10) 

where R a denotes the identity, to shorten notations. This leads to the following 
form for the local variational inequality: 

to find ( U a, U b) ~ K~ o such that for all ( V ~, V b) c K~ o 

A a ( U  '~, V a - U ' ~ ) + A b ( U  b, V b -  U b) (3.11) 

>- f { F a ( z ) [ V  a - U a ] , ( z ) + F ~ ( z ) [ V  b -  Ub]i(z)  dz, 
J Tx at'~a" 

where (V a'b defined according to (3.10)) 

K ~ o = { V = - ( V  ~, Vb) s.t. V~'b c [H'(Aa n l~") ]  ", V a'b= U a'b on  o~xat"'l~ a 

and [( V~+ Vb)(~, f f ~ ( ~ ) ) - 2 ~ ( 2 ) N ( ~ ,  ¢a(~))] 

× N(~, ¢~(~))---0 for ~ A } ;  (3.12) 

f f~k Da'brta'bl]'a'bdZ aa 'b (U a'b, v~'b) =- a~'k]U~,~Vt~ d z+  °~fi° ,.'ijk ~ i  ,'j,k 

f ~  [-~a'bll'a'bw'a'b f ~  D~j 'bua 'bv?  b dz  "~- a c~a ~'J ijk t"J i, j Vk dz + °~h ° 

= ~a'b(t~'b, t3~'b); (3.13) 

Fa, b =__ 1 i~o,b o go,~ I (fZ,~ o Ro,~)E~, b. ( 3 . 1 4 )  

In (3.13) the coefficients 

1 
-a,b R )YjhYtmEriEtk, (3.15) a,b _ R,,,b I ( a~ht,, o a,b a a Aokt = Ii ~a#' o 

a,b C ~ ,  D~ "b, are smooth combinations of  "a b • a ~kl with coefficients depending on B ijk , 
/~,b, E~,b and on the diagonal matrix 

I 1, i = j < n ,  
y~ = -1 ,  i = j  = n, (3.16) 

O, i ~ j .  

(4) EO, b is a rotat ion w h i c h  transforms N into /~a and fib o R b respectively.  O f  course,  i f  F a and  
F b were symmetr ic  wi th  respect to {x ,  = 0}, then we  have E ~  = 80 and Ebj = Ykj (see (3.16)).  
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After a rigid-body motion, we can assume Zo=0 and N(zo)=  ( 0 , 0 , . . .  , 0 , - 1 ) .  
Note that this can affect the ellipticity condition in the form (2.5), but not in the 
form (2.19). For this reason, we will study the local problem under the property 
(2.19), assuming that (2.20) remains true in .~.an 1~ a. 

The next step is to straighten OA a c~ (/a. Define 

y(z)  = (z, z,, - ~a(~.)) (3.17) 

for ~ c A. Under this transformation, let 

Go=-{yeR":  [yl<p,y , ,>O} 

be the image of Aan l~  ~, for p small. In Q we define a system of smooth 
orthonormal vectors "I(Y), • • •, ",(Y) such that ~', (33, 0) is tangent to 0~k a ~ ~ a  and 

• ,(33, o) = - N ( ~ ,  ¢°(~)) ,  ~ e A. (3.18) 

Any funct ion  W e [ L 2 ( A ~ n ~ ) ] "  admits a representation on the system 
• a(Y) , . . . ,  r , (y )  as follows: 

W(z)  = ~'I(Y)'I(Y), (3.19) 

where ~ ( y )  are suitable real numbers. 
The unilateral condition in (3.12) reads 

V, + 2~ , ] (y ,  0) -> 0, (3.20) 

where ~), is implicitly defined by (o~(~)N(z, ff~(~))= -(I)t(33)rt(33). For, 

W ( z ) .  N ( z ) = - W ( z ) .  z , ( y ) = - ~ ( y ) , t ( y ) .  , , ( y )  = -  17¢" (y), (3.21) 

where z = (8, ffa(~)), y =03, 0) and (3.18) and (3.19) have been used. So, the 
convex K~o becomes 

K = { ( V ,  ~" ~rb)(5) ~ [ l_ I I (Oo) ] .  x [ i_ la( ( }o) ] .  : ~-,,,b = O,,,b 

on aOp n {y, > 0} and (3.20) is satisfied}. (3.22) 

We have 

A,,,b( ua.b va, b) : l~a,b( ~fa, b, ~ra.b) 

f ",,,bgr,,,b + "a,b {[Aokl i,j Aikt l~Ja'b](]/'a'b)k,t 
Go 

+ [ ~  e~o,~_,_ ~a,~ ,-'~1 - ~ , k  /)~,'b](l)'b),} dy (3.23) 

(5) ~,a,b denotes the vector of components 17"~ 'b. 



Existence, Uniqueness, and Regularity Results for the Two-Body Contact Problem 265 

"a,b "a,b ~a,b ~ for suitable smooth coefficients A#kt, Aikt, Bikt, A'~ b. The variational inequality 
(3.11) becomes: 

to find ( Oa, /)b) ~ I( such that for all ( Va, 17 "b) c K, 

~ a (  ~_fa,[, ~i/a__ ~ja)..l_ ~b( ~fb ' ~rb_ Cfb) (3.24) 

ay. 

We now use the difference quotient technique to prove the local H a regularity 
for/~a,b. Let 77 ~ C°~(G-~p) be such that 0-< ~7 --- 1, rl = 1 in Gp/4, ~7 = 0 outside Gp/a. 
Let ~ t  be a smooth extension to Gp of ~)t- We plug into (3.24) the test function 

f,a,b(y) = ~a,b(y) + a(y)[ /~a,b(y + h) - t)~'b(y) + f f (y  + h) - i f ( y ) ] ,  

where h e R  is small and y + h  is shorthand for ( y l , . . . , y ~ + h , . . . , y n ) ,  with 
1 -</z _< n - 1. It is easy to check that ( 17 "~, 17 "b) ~ ~[. 

With the notation AW(y)=-- W(y+ h ) - W ( y ) ,  the principal terms in (3.24) 
(see (3.23)) are 

I6~ ~ (y ) / )~ , )b (y ){  n2(y)[ A [ffa,b(y) + AX~(y)]}k,t dy. (3.25) 

Writing (3.24) in the variable (y + h), then choosing 

Qa, b ( y +  h )  = ~ a , b ( y  + h) - rl2(y+ h)[ Af)a'b(y)+ A~(y)],  

the principal terms are 

f ~a,b " a,b Auk,(y+h)U,, j (y+h){-rl2(y+h)[AUa'b(y)+Aff(y)]}k, ,dy.  (3.26) 
Gp 

Adding together (3.25) and (3.26), we have 

I [aOo, b ( y ) + -  2"~,b'~,b -- A ~ ( y  ) ]k A[ rl,lAijk, U ,,~ ](y) dy. (3.27) 
Go 

Consider the first integral in (3.27). Adding and subtracting the quantity 
2 "a,b " a,b rl (y)Auk~(y) U~,j (y + h), a suitable grouping yields 

f " a,b " a,b 2 "a,b - A U , j  ( y ) A  Uk,~ (y) ~7 (y)Aok,(y) dy 
Go 

- I %  (j~)b(y + h)A (J~b(y)A[ Tq 2(y ),~i~'k~(y) ] dy 

f " a b " 2 "a,b - AU,,5 (y)AxI'k,t(y)n (y)A~jk,(y) dy 
Go 

I ~ a,b - U~,j (y + h)Aq~(y)A[rl2(y)fi ,  N(y)]  dy 
G o 
ab ab ab = -[I1" + 12" + I3" + l~,'b]. (3.28) 
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Inequality (2.20) implies (see the Appendix) 

~ I I , ? A - . , b  = 11,TaU IItL2(~.)l o, 

hence, as shown in [15], 

IIt.,~o,)jo--- 11 +LOT,  (3.29) 

where LOT denotes in general a sum of "lower order terms." These are integrals 
containing the solution only in the forms: 

a,b (i) AUi, j ( y ) / ~ b ( y ) ;  

(ii) ~ a,b " a,b AU,.j ( y )Uk  (y); 
(iii) " ,,b (3.30) AU,,j (y); 

L~a b/  x (iv) AU~'°(y) ,,~tY), 

and so on. Note that the terms in (3.23), (3.27), and (3.28) not taken into account 
so far are LOT. 

We are now able to prove that 

a ~  ~ A 0 b  2 

7/--~--- [H~(G.)] + ~7"-'~-- [n~(G~)]" 
" a  2 ~ b  2 " 4  2 -< C{ll u IIt-'(~,)r + II II t- ' (~)r  + + IlPbll~(~,)r}. (3.31) 

This is done by inserting (3.28) in (3.29), then using (3.24). About LOT we act 
as follows. Terms containing (3.30(i)) are treated as I~'b: 

II~'bl Csup/ [ I  r/2(Y)l ,,~kY)l ]} ,,= < 

i,j,l~l I Gp -I L ,; Gp 

where e > 0 is arbitrary (Young inequality). An analogous procedure works for 
(3.30(ii)); an easier one for the remaining LOT. Letting h ~ 0  in (3.31) and 

a,b 2 recalling that 7-=1 in Gp/4, we have U~,,k~L (Gp/4), Vi, k = l , . . . , n ,  V/z= 
1 , . . . , n - 1 .  

~ a , b  2 As shown in [15], an estimate for ~,,, L (~/4), i = 1 , . . . ,  n, can be obtained 
in terms of the remaining second derivatives by means of (i) of Theorem 2.2. 
Eventually we can go back to u a'b by means of  smooth linear combinations (see 
(3.19)), using also the regular operators R a'b and E a'b. So, we have proved the 
following: 

Theorem 3.1. Let f a'b E [L2(~-~a'b)] n, g a, b C [ HU2(Fa'b) ] n. Any solution of  VI belongs 
to [H2(f/~)]" x [H2(f~b)] ", for any 6 > 0, where 

~ , b  = {X~,b E ~a,b: dist(x~,b, oF~,b W OF~ "b w OF~ "b) > 8}. (3.32) 

Thanks to the Sobolev embedding theorem, Theorem 3.1 immediately yields the 
following continuity result. 
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Corol lary 3.2. Under the same assumptions as in Theorem 3.1, any solution of  
VI belongs to: 

1. [C° '" ( f l~)]  2 × [C° '" ( f lb) ]  2 for  all a c [0, 1[, if  n = 2; 
2. [C°a /2 ( f~) ]  3 x [C°'a/2(flb)] 3, if  n = 3. 

I f  n = 2, a s t ronger  regulari ty result will be  p roved  in Section 4, name ly  local 
H61der cont inui ty for  the gradient  o f  u a'b. The same method  will also provide  
local H f l d e r  continuity for  the solution when  n = 4. 

Remark  3.3. I f  in a ne ighborhood  of  ; o ~  "~ it is q~a(;) = b ( ~ ) ,  then the H 2 
regulari ty near  Xo can be obta ined s imply by  a straightening of  the c o m m o n  
bounda ry  (see (3.17)), then manipula t ing  the variat ional  inequali ty (3.24). 

4. Further Regularity of the Solution 

4.1. The Main Result 

To illustrate how addi t ional  regulari ty of  the solut ion is achieved,  we shall employ  
the me thod  of  [17] based  on penal izat ion and Widman ' s  hole-filling device [27], 
but  l imited to the case where  the two bodies  1) a and  1~ b are initially in contact  
on an open  submani fo ld  of  the xn = 0 hyperplane .  Indeed,  since our  considerat ions  
are local, we set 

G a = { x c R " : x , , > O , [ x I < I } ,  G b = { x ~ R " : x n < O ,  lx]<l},  

ra=rb=_r=_{xeR.:x =o, lxl<a}, r3"b=OOa'b\~, 

and consider  the convex 

K ~ - - - { v ~  (v a, vb): v ' b  e [Hl (Ga 'b ) ]  ", v"-vb>-O on F, v "b = 0 "b on F]'b}, 

where  0 a'b is a given funct ion in [ H I ( G " b ) ]  ". Suppose  that  the force distr ibution 
is given by 

(T,~.)~ fG f a . ~ a d X + I G b f b . ~ b d x ,  ~=(~.a ,~b) ,  

where fa.b are suitably smooth,  for  instance,  fa.b e [L~(Ga'b)] ". 
Finally,  let u = (u a, u b) ~ K~ be the solut ion of  

aa(ua, va--ua)+ab(ub,  vb--Ub)>--(T,v--u), v e K  G. (4.1) 

Thus p rob l em (4.1) cor responds  to the var ia t ional  inequali ty VI of  the preceding  
sections suitably localized, and somewha t  simplified for  purposes  o f  exposi t ion.  
Our  object  is to prove  an integral est imate (see Theo rem 4.1 below) which  implies 
H61der cont inui ty for  the solut ion when  n = 4 and for  its derivatives when  n = 2, 
in, say, a ne ighborhood  of  x = 0. This ought  to provide  some confidence in the 
variat ional  approach ,  not  to ment ion  the smoothness  assumpt ions  used to derive 
the constraints  appear ing  in KG. 

To shorten notat ions,  let us s e t  Iv2~[ 2 : ~i,j,k (~i. jk) 2 for  ~ = ( ~ 1 , . . . ,  ~,)- 
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T h e o r e m  4 .1 .  

(depending on f f  "b, 0 °'b, a a'b) such that for  r<- 1 and [Xol-<½ 

and 
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Let u be the solution o f  (4.1). Then there exist M > 0  a n d / 3 > 0  

Xo c G ", (4.2a) f Iv2u~[ = dx <- M r  2~, 
Br(XO)C~G a 

I IV2ubl2 dx <- M r  2t3, Xo e a b. (4.2b) 
Br(Xo)C~G b 

Before proving the theorem, let us state its consequences. 

Corollary 4.2. Let /3  > 0 be the number found  in Theorem 4.1. 

(i) I f  n = 4, then u ~'b e [C °'x (G a'b ~ B1/4(0))] 4, f o r  all h </3; 
(ii) I f  n =2,  then u ~'b ~ [ca't3(oa'b ~ B1/4(0))] 2. 

a,b Proof  o f  the Corollary. (i) From (4.2a, b) it follows that Ui,~k belongs to the 
Morrey space L2'2¢(G'b). Since u ~'b c [H2(G~'b)] 4, we get the H/51der continuity 
with exponent h, for all h </3 (see [3]). 

(ii) This is a consequence of (4.2a, b), by application of Morrey's lemma 
[23]. [] 

So, we just need to prove Theorem 4.1. 
A statement of the complementarity conditions will help to clarify our point 

of view. With the same method as in Section 2 we can derive from (4.1) the 
following: 

__qV, j(ua,b)=f~,b in G a'b 

,~ b ~ o  } U n - - U  n 

,rnn (ua )  = ~ .n(Ub)  ------ ,rnn --< 0 
on F, 

- u . ) o - ~ .  -= 0 
(u~ b 

,r~,, ( u a'b ) = 0  

U a'b = "0 a'b on r,] 'b. 

(4.3) 

Set I11~111 ~ ~a ( ; ,  0 ) -  ~b( ; ,  0). D u e  to Theorem 3.1, in (4.3) the equa l i ty  [llu.lll~= = 0 
is intended a.e. on F8 =- F n {(~, 0): [~[ < 1 - 8}, for all 6 ~ ]0, 1[. Since Illu, lll actually 
belongs to H3/2(F~), we get that 

I l lunll lJn.  = 0 a.e. on F~, B ~ ]0, 1[, /z = 1 , . . . ,  n -  1. (4.4) 

To obtain (4.2a, b) we shall exploit (4.4) in conjunction with the inequalities, 
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valid for  sufficiently small r and constants c , ~ , . . . ,  Cn(n-1) 

f~?  IV2u~] 2 dx + fa~ ] V 2 u b [  2 dx 

- 7  <Mo {f . :  (ua't~-eau~)2 dx+ f H~ (u~'~" b 2 } -c,,.) dx 

aH~ 
and 

<Mo 

where Mo is a suitable positive constant,  

H~,b _ ~a,b\ r-:.~,b 
- -  ~ ' J 2 r  \ * J r  

O<-F(r)<-- Cr 2~ for  a C > 0 ,  and for  all 

(4.5) 

(4.6) 

and a summat ion  on/~  = 1 , . . . ,  n - 1 is in tended in (4.5). The p roo f  of  (4.5) and 
(4.6) is delayed to Section 4.2. 

To unders tand how (4.2a, b) follow from (4.5) and (4.6) we recall two familiar 
Poincar6 inequalities. For  this, let 

T~ ={(~,  0): r ~ - I~l-~ 2r}. 

Lemma 4.3. Suppose that ~ '~HI(H~)  satisfies 
meas._l{~ r = 0, x ~ 7",} -> ½ meas._l  Tr. 

Then 

f H~ ~2 dx <-- Cr2 ;H 'V ~'2 dx, 

where C is independent of r. 

Lemma 4.4. Suppose that ~ c H I ( H r  ~) and that E c Tr satisfies 

m e a s , _ l E  >½ meas ,_ l  Tr. 

Then 

Itf~'2dx<C{r2Ilq ]V~'2dx+r2-~[fE 'd:x]2), 

where C is independent of r. 
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Analogous results hold for H~. Obviously, Lemma 4.3 follows from Lemma 
4.4. We regard the proof  of Lemma 4.4 to be routine and omit it. 

Proof of  Theorem 4.1. According to the complementarity condition (4.4), either 

meas,_l{o',, = O, x ~ Tr} >- ½ meas._l Tr (4.7) 
o r  

meas, l{][[u,[l{,, =0 ,  x c  Tr}>_½meas,_,Tr, /z = 1 , . . . ,  n - 1 .  (4.8) 

If (4.7) holds, we employ (4.6) and Lemma 4.3. After simplifying in (4.6) we find 
that 

fG ]V2uaI2 dx+ fG~ IV2ub[ 2dX 

However, if (4.8) holds, there are sets E .  c Tr such that 

a = b E~.,  meas,_lE,>--½meas,_lTr, = 1 , . . . , n - 1 .  u.,~ u . , .  on 

Choosing now, in (4.5), 

i f  u~,,,, cl~ 
c,~, measn_lE~, E~ 

we obtain 

1 IE b d:~, 
meas~_lE, u., .  

fH ,b dx<-- Cr2 fa r ,b Vu"b 2 ax<-- cr2 IV2ua'bl2 ax 

by Lemma 4.4. As will be seen, it is necessary to choose the numbers c,~, 
independently of a, b to derive (4.5). In this way we again arrive at (4.9). 

Writing 

to(r)= fG [V2ual2 dx+ fGb lV2ubl2 dx 

we have from (4.9), 

~o(r) - Ml[to (2r) - to(r)] + F(r) 
o r  

1 
to(r)<-hto(2r)+ F(r),  

1 +M1 

A -  M1 - - < 1 ,  IF(r ) l<- f r  ~ for v c ] 0 , 1 [ .  
I + M 1  

By a well known lemma (see [18]), there exist M > 0 and/3 ~ ]0, 1[ such that 

to (r) <- Mr 2t3, r small. 

This proves Theorem 4.1 in the case x0=0.  When xo~F, Ixol-< , and r-<¼ the 
procedure is analogous. The remaining cases may be treated in the same manner 
as [15]. [-1 
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Up to verification of  (4.5) and (4.6), the p r o o f  of  Theorem 4.1 is complete .  
Far  f rom OF, when n = 2 H r l d e r  continuity for  the derivatives of  u a'b on the 
remaining par t  of  G a'b can be obta ined  again in the same way as in [15]. Thus 
we have the following: 

T h e o r e m  4.5. Let f ~'b ~ [L°~(Ga'b)] ". There exists fl ~ ]0, 1[ such that the solution 
o f  (4.1) belongs to 

(i) [C°'t3(G~)]4 x [C°'t3(Gb)] 4, if  n = 4; 

(ii) [Ca't3(G~)] 2 x [C~'t3(Gb)] 2, if  n = 2; 

for any 6 ~ ]0, 1[, where 

G~ "b ~ {x a'b c G a'b : dist(x ab, OF) > t~}. 

4.2. Proof o f  the Estimates (4.5) and (4.6) 

In Section 3 we employed  a finite difference technique to establish our  est imates,  
so here, to illustrate a different idea, we use penal izat ion.  Condi t ions  (4.3) suggest 
cons idera t ion  of  

_O.ij, j(ua, b) =fa, b in G a'b, 

- ~ " "  + ~ ( l l l u " l l l )  = ° "[ o n r ,  (4.10) 
(r.,,(u°'b) = 0 J 

u a'b = O a'b on r,] ,b, 

where/3~(t )  ~ C~(R), /3~( t )  = 0 for t -~ 0,/3~(t) < 0 for  t < 0 and l im~o/3~( t )  = -oo  
for  t < 0. Writ ten in weak  form, (4.10) becomes :  

ua'b E[Hl(Ga'b)] n, ua'b=l~ a'b onF3  'b a n d f o r  

~a'bG[Hl(Ga'b)]n  ' ~ ' b  = 0 o n  r,~,b, 

aa(u a, ~a) + ab(u b, ~b) + fr ~(lllu.Ill)lllc.lll = (T, ~). (4.11) 

The solut ion u~ 'b of  (4.11) is smooth  in G~ 'b. This m a y  be shown by  apply ing  
difference quotients  repeatedly.  Express ion  (4.11) is a result o f  mult iplying the 
equat ion  by  ~,b and integrat ing by  parts ,  using, o f  course,  (4.10). It  is easy to 
check that  UT"b~ U "b in [Hl( Ga'b)] n and weakly  in [H2( G~'b)] n. 

N o w  we are able to prove  (4.5) and  (4.6), beginning with the former.  For  
e > 0, consider  the penal ized p rob lem (4.11); in the interest  o f  brevity,  d rop  the 
subscript  e in u~ a n d / 3 ~  We set ~ = (if", ~b) with 

• = - [ r l  (u , ,~ ,  - c,~, ) ] ,~ , ,  ( 4 . 1 2 )  

. b and ~? ~ C o ( G a  u Gb u F) is a cutoff where c7~ b are constants  subject  to c.~, = c.~, 
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funct ion with 

,7--1 ,  Ixl-~,, 

n ; 0 ,  rxl --- 2,, (4.13) 

With this ~ in (4.11), we consider  the bounda ry  term first: 

fr  fr  a b b  ~(lllu.lll)lll¢.lll d ~ = -  ~(lllu.lll)(n2Eu.-.,~- c.~-(Un,~- cn~)] } ,~ d.~ 

-= -I~ ~ (lllu"lll){~=lllu"lll'A"~ d~ 

= Ir n=~'(lllu"lll)lllu°lll'~'~ d~_> 0 

a _ b and/3'-->0. Thus since c,~ - c,~, 

aa(u a, ~,,)+ ab(u b, ~b)<_ (T, ~). (4.14) 

Consider  now the term aa(tt a, ~a): 

aa(ua,~a)= I o.ij(ua)~ajdx= I a 2 a a O ' / j . / a . ( U  ) [ ' / 7  ( u i . , - - ¢ i l . ~ ) ] . j d x  

G a G a 

I f o o  = o'o.,.(u )uu , .n  ,Ix+ o.,j.,.(u )(u,. , . ,c '; ,A(.o2).jax 
G a G a 

= , ro (u , . ) uu .  n dx+ ~-~(Vu )uu,~ n dx 
G a a 

+ f  a a a 2 ,r,j,,,(u ) (u i , , , -c , , , ) (n  )jclx, 
J G a 

where we have written 
a - -  a a a a 

o'u,~(u )-or / j (u ,~,)+r / j (Vua) ,  ~'/~(Vu )=aiikt,.Uk, t. 

Analogous  result holds for  ab(u b, ~b). After addit ion,  using also (4.14) we obtain 
that 

rl o'o(u ~,)ui,2 ~, dr+ r I trij(u,~,)ui, j ,  dx 
G a b 

9b 
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We now apply the technical observation, Lemma 3.2 of  [17], to estimate the L 2 

norm of the second derivatives of u a'b in terms of the left-hand side of  (4.15). 
Thus, we obtain that 

I n2lV2u"12dx+I n2lv%bl2dx<-J°+Jb+[r'h's'°f(4"lS)]' (4.16) 
G a G b 

where 

f a,b [ a,b a,b'~ a,b ja,  b = 2 aOkt~B,j~Ui,~ -- c i .  ~Uk~l. d x  (~a,b 

I ab z a,b abxe ab a,b 
+ aUkl~, l~, j ( t l i , /x--¢i~ )(Uk~lx--Ck/z) d x  (~a,b 

IG 2zua'b f a'b a'b 2 d x  + o.~n ~ ,,,.-c7;?) 2dx+ ~o.[n.Au,.,.-c,,~)] 

f a,b z a,b a, bx + ~,jl'li.j.~Ui, l,x --ci,~ ) dx. Ga, b 

Owing to the weak convergence of u7 'b to u a'b in [H2(G~'b)] ~, using also the weak 
1.s.c. of the norm, we may pass to the limit when e--) 0, obtaining (4.16) for the 
limit function ua'b. (6) 

In the right-hand side of  (4.16) we apply Young's  inequality to the various 
terms, including those in (T, ~'), and obtain expressions of  the following types: 

(i) r [ n=lv=u°,~l= dx', 
J Ga, b 

(ii) 1 [ r/2lVu~'bl 2 dx;  
"y JG., b 

(iii) G~ ~ u i , ~ - c i ~  dx;  
d 

H'~ 'b ui . ,  -- ¢i~ dx;  

(v) j c : .  b I f l  2 dx, 

where y is a small parameter. Let us examine the various cases: 

(i) This term is moved to the left-hand side. 
(ii) Since any derivative of u "b belongs to H~(G~'b) ,  from Sobolev embed- 

dings we get that it also belongs to Lq(G'~'b), where q = 2 n / ( n - 2 )  if 
n > 2 and q is arbitrary if n = 2. Then, 

I [ I  J ,7 lVuO, 12 dx  <_ Ivuo, bl{  ' / q [meas (  G~'h)] 2"In <-- Cr  a" 
G~,b 

for all uc]O, 1[ (actually, uc]O, 1], if n > 2 ) .  

(6) Remember that in (4.16) u a'b stands for u~ "b. 
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(iii) Apply ing  Poincar6 inequali ty ( L e m m a  4.4) and taking as c7;~ b the average 
o f u  a'b i,~ on G7 'b, we are able to est imate this term by means  of  the quanti ty 
Cr 2 I~o,~ ]Vmua'bl2 dx. 

o,b a,b HT, b (iv) For  i = )t < n, let c , ,  = average of  u , , ,  on and apply  Poincar6 
inequali ty ( L e m m a  4.4). Thus 

- c ~  d x < C  dx, A = l , . . . , n - 1 .  
Har, b a,b 

a,b Since Ua'b,,n, may  be expressed in terms of  ui, h,, ,~ < n, the corresponding te rm may  
be added  to the left by  increasing the constants  on the right (cf. Section 3). 
Defining F(r)  as the sum of  the terms of  type (ii), (iii) and (v), we get (4.5). 
Note  that  it was necessary to choose c~, = c ~  to obtain cancel lat ion in the 
bounda ry  terms. 

Proof of  4.6. Again, let e > 0 and u = u~,/3 =/3~. Set, for  f ixed/x  = 1 , . . . ,  n - 1, 
= (F ,  ~ ) ,  

~,b = 2 ~,b (4.17) --~7 U i , ~  

and let c~ "b be two matr ices  of  constants  with c'~;, b= O. We place ~ in (4.11) and 
consider,  again,  the bounda ry  term first: 

I /3(III olHIco,I a; =- Ir/3(lllu°lll)'2mu° d~ 

- -  +  l" om d~ 

>- f,~ /3(lllu°lll)( n=),.lllu~lll,. d~ 

f F  O. u a b  2 = . . (  ' ) ( n  ),Allu~lll,. d ;  

f rom (4.10). As e-~ 0, according to the b o u n d a r y  condi t ion (4.4) and the weak 
convergence  of  u~ 'b to u ~'b in [H2(G~'b)] ", 

lim f / 3  (]]]u.]]])]]]~'.]]] d~>-O. 
~--)0 dr 

Turning now to the vo lume  integrals, since c~ b=  O, 

aa(ua,'a)= L o-o(uaKT, jdx= f [cro(u~)-c~]~,,"jdx, 
a O a 

SO 

f a a 2 | a a a 2 
f 

a a ( u a , ~ a )  = O'U,~(U )Ui, j t ~  dx+ [o'~(u )-ci j]ui ,  jt~( ~ ),~dx. 
G a J G  ~ 
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Rearranging  this in a m a n n e r  similar to the preceding  derivat ion,  apply ing  the 
technical  L e m m a  3.2 o f  [17], letting e ~ 0, and  using Young ' s  inequality,  we find 
that  the limit funct ion u ~'b satisfies 

I~ rl21V2ua]2 dxd" f~  rl2lV2ublE dx 

<_ I~o(ua)-c~12dx+ I,ro(ub)-c~l=dx ÷ L a d - L  b. 
.y¢.2 ~ a 1-I~ 

(4.18) 

In L a'b there are terms o f  the same kind as (i), (ii), (iii), and  (v) o f  the first par t  
o f  this section. The first t e rm of  the r ight-hand side of  (4.18) shows three types 
of  summands .  

For  i < n and  j < n, choose  c~ "b = average o f  )D'ij(U a'b) o n  H a'b and app ly  the 
Poincar6 lemma.  For  i = / z  < n and j = n, we have  tr,~,(u ~'b) = 0 on F (see (4.3)), 
and L e m m a  4.3 may  be used. Finally, tT,,(u ~'b) appea r s  in the final form o f  (4.6). 

Again,  u ~'b may  be found  by the equat ion.  This permits  absorp t ion  of  the 
second derivat ives integral over  G ~'b, and  the p r o o f  of  (4.6) is complete .  []  
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Appendix 

In  order  to get (3,29) a coerciveness- type inequal i ty  has been  used: it is not  trivial 
to see how it can be der ived f rom (2.20). Let us prove  the following: 

Lemma A.1, Assume (2.20) holds. Then there exists a constant C > 0 such that 
for all ~=_(~a. ,pb)~ [H~(Q)]. X[H,(G,)]. ' with ~/a'b=o on OGpn{y,>O}, 

~ a ' b l [ 2  2 > l~ra'bll2 , (A.1) .~,~b(f.~,b, lT.~,b)+[[, , t L ( ~ ) r _ _ ~ l l  " " t " (~ ) l " "  

Proof F r o m  (2.20) it follows immedia te ly  that  

fA  ab ab ab (A.2) I,) [HI (A a, c~l'~ a, )]"~ 

for  all v a'b c [HI (A  a'b n ~a,b)]n with v a'b = 0 on aA a'b c~ 1~ a'b, where  C is the same 
as in (2.20). After  the change  of  variables (3.2), it is easy to see that  there exists 
C1 > 0 such that  

~a,b(~a,b, ~a,b)_]_ "a,b 2 II v 11 tL=(Z~o.~o.~)l° >-- C, II ~a,~ IIt.'(Xo.~o,~)r" (m.3) 

for  all ~a,b ~ [Hl (~ , ,b  C~ l~ ' b ) ] "  with ~,b  = 0 on 0A a'b n ~ , b .  
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After the change of variables (3.6), using the definitions (3.10) and (3.13), 
we have that there exists C2 > 0 such that 

A a ,  b (  v a ,  b, v a ,  b )  q_ a,b 2 > a,b 2 liE IItL2(Xo~.o)1--C211V [Itnl(xa~°)l°, (A.4) 

for all V °'b ¢ [H~(A" n ~ a ) ] ,  with V "b = 0 on 0A a n ~a. Let us detail this step. 
From (3.13) we have 

A,~,b( va, b, Va, b) = 5,,b( Sa, b, 5a, b). (A.5) 

Furthermore, 

Ixo~no vT"bvT"b dz= fz,°~n° {['l~a'b ° Ra'bl(~)~'b ° Ra'b)E~b] 

X [I/~'b o Ra'bl(~'bo Ra'b)E~ 'b] dz} 

= [ I~o,~1=~,~ ,~ dz, 
dx a, bc.~a,b 

which is equivalent to II "°'~ = v IItL:(XCb~h~'~)l ". As for the derivatives, we have 

va,.b va. ,b 
- - I , j  --I ,J 

Xo~f i  o 

Eventually, recalling (A.3) and (A.5), 

A'~'b( Va'b, Va'b) + II v °'~ II t~=(x°~o)r = a ° ' ~ ( ~ ,  ~°'~) + II ~°'~ II ~=(x°,~°.~)] ° 
~a,b 2 t ~ b - b -->C 1 I) [H(A ~" c~fl °' )]~ 

a,b 2 -> c~ll v IIt.,(xo~o) r ,  

which is (A.4). In an analogous way we can derive (A.1) from (A.4). Note that 
the vanishing of Q~,b on aGpn{y,>O} entails an analogous behavior for 
the corresponding functions at each intermediate step. This is obvious for V a'b 
(see (3.19)), while for ~,b we can read (3.10) as a linear system with nonsingular 
matrix. [] 
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