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Abstract. This paper studies (global) exact controllability of abstract semi-
linear equations. Applications include boundary control problems for wave
and plate equations on the explicitly identified spaces of exact controllability of
the corresponding linear systems.
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1. Motivating Examples, Corresponding Results, Literature

1.1.  Motivating Examples and Corresponding Results

Throughout this paper we let Q be an open bounded domain of R” with sufficiently
smooth boundary I'. For the sake of simplicity of notation, boundary controls are
applied to the entire boundary TI'.
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Wave Equation with Dirichlet Controls. In Q we consider the following semilinear
problem for the wave equation in the solution w(t, x):

w, = Aw + f(w) in(0, T] x Q =0, (1.1a)
w(0, x) = wy(x), w/(0, x) = w,(x) in Q, (1.1b)
ws=u m@0,T]xI'=Z, (1.1¢)

with control function u based on X. The assumption on the nonlinearity f is as
follows:

i R— R is an absolutely continuous function with first derivative f a.e.
(almost everywhere) which is a.e. uniformly bounded on R;

| f'(r)] < const forae. refR. (1.2)

The linear problem (1.1) with f = 0 is exactly controllable over [0, T] on the space
L,(Q) x H™'(Q) within the class of controls u e L,(0, T; L,(T")), provided that
T > 0 is sufficiently large [LT4], [L5], [H2], [ T3], [BLR]; equivalently, on the
space Hy(Q) x L,(Q) within the class of controls u € H5(0, T'; L,(I')), see Theorem
3.1 below. In turn, equivalently, on the space H)(Q) x H'"}(Q),0 <y <1,y #3
(resp. Hy(Q) x [HYF(Q)T, if y = 4 within the class of controls u € H3(0, T; L,(I'))
(resp.ue Hg(0, T; L(T))if y = 1), see Corollary A.3 in Appendix A below. One of
the contributions of this paper is to extend the same exact controllability property
to the semilinear problem (1.1) subject to (1.2) over the same time interval.

Theorem 1.1. Let T > 0 be a time for which exact controllability of the linear
problem with f = 0 holds true in any one of the equivalent statements above. Let f
satisfy assumption (1.2). Then a similar exact controllability result holds true for the
original problem (1.1) for the same T > O: for any pair {w,, w,} € H}(Q) x H'™1(Q),
0<y<1,y#1%(resp. {wo,w,} € HYF(Q) x [HEZ(Q)] for y = }), there exists a
suitable control function ue H}(0, T; L,(I")) (resp. ue HYZ(0, T; L,(I)) for y =1
such that the corresponding solution of problem (1.2) satisfies w(T,-) = w(T, )= 0.

Theorem 1.1 is a specialization (see Section 4) of an abstract result (Theorem
2.1) given in Section 2.

Wave Equation with Neumann Control. In Q we consider the problem

w, = Aw in(0,T] xQ=0, (1.3:;1)
w(0, x) = wo(x), wi(0, x) = w (x) in Q, (1.3b)
6_»3 =g(w|p) +u inO0,T]xI'=%, (1.3¢)
ov |y

where v is a unit normal outward vector. Moreover, on the basis of the regularity
results as in [LT9], the scalar function g satisfies the following assumption
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when dim Q > 2:

g: continuous HA(Z) - L,(%), (1.4)
1 ¢ > 0 arbitrary, if Qis a general smooth domain,

B=11—¢ g > 0 arbitrary, if Qis a parallelepiped, (1.5)
i if Q is a sphere.

For dim Q =1, take f = 1.

Theorem 1.2. Let u be an L,(X)-control function that steers the origin {0, 0} to the
state {W(T, "), v{T, )} € H(Q) x Ly(Q) at time T along the solution of the linear
problem

b, = Av in©0,T] xQ =0, (1.6a)

(0, x) =v(0,x) =0 in Q, (1.6b)

d

a% — ne LX) in(,T] x T == (1.6¢)
z

Then the control function
u=p—gvl)e LX) (1.7)

used in (1.3c) of the nonlinear problem (1.3) with wy = w, = 0 produces the same
solution:

w(t)=o(t), w)=uv(), O0<t<T. (1.8)

In particular, {W(T,-), w(T, )} = {«(T, ), v(T, )}. Thus, problem (1.3) is exactly
controllable on HY(Q) x L,(Q) at time T, whenever problem (1.6) is. (Notice that
(1.4) is satisfied if, for instance,

n

—28

lg)l <a+blsls, k<
n
Hence, g can be superlinear.)

Theorem 1.2 is proved in Section 5. For exact controllability results for
problem (1.6) see the recent direct approaches in [L5], [L7], and [LTS5], which
followed the original results via uniform stabilization in [C] and [L1].

Remark 1.1. Theorem 1.2 with 8 = 1 — ¢ in a general smooth domain (see (1.5))
remains true if (—A) in (1.6a) is replaced by a general second-order uniformly
elliptic operator with smooth coefficients depending on the space variable (but not
on the time variable). This is so because the sharp trace regularity theory [LT9],
which provides the key estimates for the validity of the proof of Theorem 1.2,
remains true in this more general context.
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Remark. 1.2. By a similar argument, we may give the following result. Consider
the nonlinear problem

Yo =Dy + h(yls) +u in Q, (1.9a)
W0, x) =y,  ¥(0,x) =y, in Q, (1.9b)
| 0 inZ, (1.9¢)
oyl

where the scalar function h satisfies the following conditions when dim Q > 2:

h: continuous HX(Z) - L,(Q), (1.10)
3 if Q is a general smooth domain,

a=+2—¢ ifQisaparallelepiped, & > arbitrary, (L.1D)
2 if Q is a sphere.

Let p be an L,(Q)-control function that steers the origin {0, 0} to the state {#(T, -),
n(T, ")} e H{(Q) x L,(Q) at time T, along the solution of the linear problem

ne=2n+p in Q,

7(0,)=n(0,)=0 inQ, (1.12)
on .

—| =0 .

vl in

Then the control function

u=p—h(nlg) e L,(Q) (1.13)

used in (1.9a) of the nonlinear problem (1.9) with y, = y; = 0 produces the same
solution y(t) = n(t), y(t) = n(t), 0 <t < T. Thus, in particular, problem (1.9) is
exactly controllable on HY(Q) x L,(Q) at any time T, since problem (1.12) is also
[T1].

A remark, similar to Remark 1.1, that (—A) in (1.9a) may be replaced by a
general second-order uniformly elliptic operator with space-depending smooth
coefficient, also holds true for (1.9a). We note explicitly that in the dynamics (1.3)
and (1.9), the nonlinearity and the control appear as additive terms.

Euler-Bernoulli Equation with Controls on w|s and Awly. In Q we consider the
semilinear problem

W, + A?w = f(w) in0, T] xQ=0, (1.14a)
w(0, x) = w,, w,(0,x)=w, in Q, (1.14b)
Wy = uy in0, T]xI =%, (1.14¢)
Aw|g =u, in Z, (1.144d)

with nonlinearity f(¢): R > R satisfying the following assumptions: f” is absolute-
ly continuous and

[f'(H)] + 1 f"(r)] < const forae. te®R. (1.15)
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other point. We shall prove that in equilibrium, the relative amounts of time spent
in different states are independent of the topology.

At the ith step, call the current solution X;, call the control parameter (a nonnega-
tive number) ¢;, and write f; = f(x;). Start with an initial solution x;, possibly selected
randomly, and assume we are given values ¢, dc¢; and ¢ of the control parameter,
obtained as discussed later.

The algorithm repeats the following steps until ¢; < ¢/:

1. Generate a neighbour x, of the current solution x;. This is a potential candidate
for x;.,.

2. Set x,., to x, with probability min{l, exp{{f;—/,)/ &)}, and to x; with the
complementary probability.

3. Set ¢;4q to ¢;—dc; and replace i with i+1.

Note that we may set dc; =0; that is, we may hold the system at a fixed control
value for many iterations. Also, the above choice of acceptance probability is natural
but is not the only possibility, as we shall see later. The effect is that downbhill steps
are always accepted while uphill steps are more likely to be accepted if they are
small than if they are large.

As an illustration of this effect, Fig. 2.1 shows a series of steps taken for each of
two separate fixed values of ¢, in a two dimensional problem with two local minima.
(The space has been discretised in a simple way.) A deterministic descent method
will always go to the minimum in whose basin it finds itself, whereas the annealing
method can climb out of one basin into the next. In the long run, the annealing
method will spend a proportion of its time in each basin determined by the function
values there, together with the current value of the control parameter. As the control
parameter decreases, the proportion of time spent at the global optimum increases:
if we run for long enough at a small enough value of ¢, the global optimum will
consume almost all of the steps.

Because of its ability to make uphill steps, the annealing method avoids being
trapped in local optima. However, it is far from apparent at first that one could not
always do at least as well by running a deterministic algorithm many times, with
randomly chosen starting points. The following example shows that cases exist
where the annealing algorithm performs much better than such a method.

Let X © R? be the square centred at 0 and of side 2N (see Fig. 2.2a); discretise
X on a grid of mesh size §, centre 0. Let r=max{|x,|, |x,/} be the I, distance of
any point x € X from 0; and let f: X - R, a function of r only, be as shown in Fig.
2.2b. In fact, f(x)=r except when r = n+ 8 where n is any positive integer; in that
case, f = n— ¢ for some & « 8. The problem is to find the minimum of f on X, which
of course lies at 0.

We describe two search techniques to do the minimization. They are a version
of downhill search with random starting point, and the annealing method. To provide
a realistic comparison with combinatorial problems, we assume that the downhill
search takes steps of size 8 and does not have access to gradient information, so it
locates a local optimum in a time which is much the same as the annealing method
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The approach of using a fixed-point theorem is a well-established strategy that goes
back to a 1965 paper [H1] in the case of finite-dimensional systems, see the review
article [CQ]. In carrying out this strategy, [Z] relied on the so-called H.U.M.
method [L5]. The final result in [Z] is an exact controllability statement for the
wave problem (1.1) on the same state space H}(Q) x H?~}(Q), within the class of
H(0, T; L,(I'))-boundary controls, as in our Theorem 1.1 above, however, only in
the range 0 < y < 1. The limit cases y = 0, are explicitly exciuded from [Z], as the
requirement 0 <y < 1 is essential to its treatment; the case y =0 is excluded
because of lack of the compactness property which is instead required by Schauder
fixed-point theorem; the case y = 1 is likewise explicitly excluded in [Z], as the
requirement y < 1 is “essential” [Z, above (2.54)] in that treatment. On the other
hand, the limit cases y =0, 1 are the most interesting and natural cases in
applications. Thus, the present paper takes these two limit cases as a motivation to
restudy the problem over the entire range 0 <7y < L.

In order to overcome the difficulties in the limit cases y =0 and y =1
encountered by the approach in [Z] and thus solve the exact controllability for the
wave equation (1.1) for all 0 < y < 1, the issue of exact controllability of semilinear
waves and plates is taken up anew in this paper through a direct approach, which is
quite different from the one in [Z].

The main technical differences are:

(1) Instead of using H.U.M.,, this paper uses a direct approach based on the
explicit construction of the controllability map.

(ii) Instead of applying Schauder fixed point, we use a global inversion
theorem (implicit function theorem) which requires the uniform bound
(2.46) or (2.52) below and which dispenses with the need of compactness
present in the Schauder approach: this way the case y = 0 is also included,
where the compactness required by Schauder fixed point simply does not
hold true.

(iii) In establishing the required uniform bound (2.46) below, we use in a
crucial way that certain families of operators which enter into the
description of the problem are collectively compact, a concept already
used by the authors in the study of other boundary control problems for
second-order hyperbolic mixed problems [LT3, Lemma 3.12]. (If we use
Schauder fixed point instead of the global inversion theorem, as in the first
version of our paper, then the uniform estimate (2.46) is still the main
technical difficuity, which esablishes that the fixed-point map takes the
whole space where a fixed point is sought into a ball of finite radius; this
way we get the desired controllability result for 0 < y < 1, but not for
y = 0 because of the compactness required by Schauder.) Our aim is to
single out the general and essential features of the problem, which are
common to various waves and plates equations. This leads to the abstract
Theorem 2.1. Specialization of Theorem 2.1 to the wave problem (1.1)
produces the new Theorem 1.1 for y = 0 and y = 1, but also recovers the
exact controllability result in [Z] for 0 < y < 1. However, in Section 3, we
explicitly treat only the most demanding cases y = 1 and y = 0. Applica-
tion of the present abstract Theorem 2.1 to waves and plates problems
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relies, as usual, on a uniqueness property of the corresponding linearized
homogeneous problem, which is presently known only under certain
assumptions of the “potential” function [H4], [H5], [1], [KRS], [PS],
[R]. We have several other examples of plates problems where all abstract
assumptions of our Theorem 2.1 are already verified save for the unique-
ness assumption (C.2), see Remark 4.1. Progress in this uniqueness
question [L8] will enlarge the range of applicability of the abstract
Theorem 2.1.

2. Abstract Formulation. Statement of Main Result. Proof

In this section we study the question of exact controllability of an abstract
semilinear operator equation, subject to certain assumptions. In later sections we
verify that these assumptions are natural for, and in fact automatically satisfied by,
the dynamics of our interest: wave equations and plate equations.

2.1.  Abstract Formulation. Exact Controllability Problem

Well-posedness. Let Y and U be two Hilbert spaces. Qur basic operator model
is the equation

y=Ay+F()+Bu, y0)=y€X, @1

to be interpreted as specified below. Standing assumptions on (2.1) are as follows:

A:Y o 9(A) - Y is the infinitesimal generator of a strongly continuous semi-
group on Y, denoted by e?, t > 0;

B:Be L(U;[2(A%)), so that' A"'Be L(U,Y), where A* is the adjoint

of Ain Y, [2(A*)] is the dual space of 2(A4*) with respect to the Y-topology;

F:Y — Y is a nonlinear operator, continuous on Y, with Frechet derivative
F'[y] e L(Y) at the point y € Y, satisfying

I F'[y]llLy) < const, uniformlyin yeY. 2.2)

Instead of the differential version (2.1) on, say, [Z(A*)], we consider its variation
of parameter version

y(t) = e*'yy + (Lu)t) + (RF y)1), (2.3
WT) =eTyo + Lru+ R Fy, (24)
(FyNv) = F(y(t)); (2:5)

to be interpreted under some minimal requirement of well-posedness as follows.
There exist two Hilbert spaces:

a Hilbert space %, based on [0, T] x U, dense in, say L,(0, T; U), (2.6)
and

aHilbertspaceH ¢ Y (H will be the space of exact controllability att = T),
2.7

! Without loss of generality for the problem here considered, we may take that A~ ! is well defined
as a bounded operator on all of Y.
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such that
t
(Lu)t) = j e~ 9Bu(t) dt: continuous % — C([0, T]; V), (2.9
0
T o~
Lou= f eAT=YBu(t) dt: continuous %, — H. (2.9)
0

Moreover, in (2.3) and (2.4) we have set

(Zg)Xt) = f e~ 9g(1) dr: continuous L,(0, T; Y) —» C([0, T]; Y), (2.10)

0
T
Rrg = j e T=9g(¢) dt: continuous L,(0, T; Y) —» Y. (2.11)
0

By (2.2)-(2.11), a fixed-point solution y € C([0, T]; Y) of (2.3), i.e., of (2.1), exists
for u e Uy. The space % ; is invoked only for the well-posedness of (2.1) and is
not needed in subsequent sections.

Exact Controllability Problem on the Space H, at Time T, Within the Class of
U r-Controls. We now let % be another Hilbert space %, c % (the space %
is not used anymore in this paper). Given y,e H (resp. yr € H), we seek, if
possible, u € %, such that the corresponding solution of (2.3), (2.4) (resp. with
initial condition y, =0) satisfies WT)=0 (resp. y(T)=yr). The two
formulations are equivalent in the cases of our interest, which involve time
reversible dynamics, see Sections 3 and 4. We consider the following linearized
version of (2.1):

Z= Az + F'[n]z + Bu + F(0), z(0) =z, € Y, (2.12)

for a fixed arbitrary element n € Y. The corresponding variation of parameter
version of (2.12) is

{ 2(t) = e*'zo + (Lu)t) + (A [n]2)(t) + (RFO))1), (2.13)
AT) = e*Tzy + Lru + A 1[n]z + A,F(0), (2.14)
where we have set, recalling (2.10), (2.11),
Hn]l=2RF[n], (Anlg)®) = f e TOF [n]g(z) dx, (2.15)
0
T
Hrnl=RcF[n],  Ailnlg = J e T7OF [n]g(t) dt. (2.16)
0

For each u e %, (2.13), (2.14) define a corresponding solution z € C([0, T]; Y).

2.2.  Assumptions and Statement of Main Result

We make two sets of assumptions throughout: structural assumptions (A.1)-(A.5)
on the operators describing model (2.1); and controllability assumptions (C.1) and
(C.2) on the linear and linearized versions of problem (2.1).
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Structural Assumptions (A.1)—(A.5)

(A.1) Assumption on the operator & defined by (2.8). There exists a Hilbert space
&7 > C([0, T]; Y) such that?

LY — & is continuous. (2.17)
Moreover, either
LUy > Ey is compact (2.18a)
or else
R ) Flnlg-H is compact, for each g € & fixed. (2.18b)
neér

(A.2) Assumptions on the family ¥ [n] = RF'[n] defined by (2.15).

(a) The following family of operators is collectively compact in the parameter
neéyq:

A n] = RF'[n]: - 6. (2.19)
This means, explicitly, that the following two properties hold true:

1. For each mixed n € &, the operator #'[#]: £ — &+ is compact.
(2.20a)

2. The set union |} #'[#] (unit ball of &) is a precompact set in &'r,
neér (2.20b)

where the union of the image under #"[#] of the unit ball in & is taken
over all # running in & .
(b) For any sequence n,€ &7, n = 1,2,..., we can extract a subsequence #,,,,
k=1,2,...,such that

ANy = RF'[n, ] > H° = RF, strongly in &y (2.21)

for a suitable operator F, € L(Y), which depends on the subsequence. As a
consequence of (2.21) and (2.20), we obtain that #°° is compact [Al, p. 5]
and that

| 1]l eqy < const uniformly in y € &y. (2.22)

(A.3) Assumption on the family A r[n] = A+F'[n] defined by (2.16). The family of
operators
Hrlnl = RrF'[n}: £ > H (2.23)

has the property that, for any sequence n,€ &, n=1,2,..., we can extract a
subsequence 77,,, k = 1, 2, ..., such that

AN = RrF'[n, ] — some X} = AF, weakly in H from &§,, (2.24)

2 In applications there is much flexibility in the choice of &7.
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ie, (Hrln,lg, Wy— (X9, by, Vgeé&y, YheH, for a suitable operator
F, e L(Y), which depends on the subsequence. As a consequence of (2.24) we
obtain

| A ] ey, my < consty uniformly in # € é&y. (2.25)

The above assumption is used in the first alternative of (A.1), ie., when % is
compact as in (2.18a). On the other hand, in the second alternative of (A.1), ie,
when Z; is compact as in (2.18b), then the convergence in (2.24) is strongly in H in
view of (2.2): for each g € & r and any sequence {#,} € &1 we can, by (2.2), extract a
subsequence {7, } such that F'[#,, ]g is weakly convergent in &' and so, by (2.18b),
we then have that #,F'[n, 1g is strongly convergent in H.

(A4) Assumption on the trajectory (ZF(0))(¢),0 <t < T. We have

trajectory {(ZF(0))(t),0 <t < T} < compact set of . (2.26)

(A.5) Assumption on the point #F(0). We have

R:F(0) e H. (2.27)

Before formulating our controllability assumptions, we need the following
considerations. As a consequence of our assumption (2.20a), it follows that, for any
n € ("’DTa

(I =AD" e L(&p). (2.28)

Indeed, by the compactness property in (2.20a), it suffices (and is equivalent) to
show the following injectivity statement:

(I = A[nDf =0,say f € Ly(0, T; Y), implies f = 0. (%)

By (2.15), we have that identity ( x ) implies f=Af + F[51f, f(0) =0 and so
f =exp{(4 + F'[n))}f(0) = 0, and (2.28) is proved.

Linearized Problem. Returning to (2.13) and using (2.28), we have, by (2.17) and
(2.26) with z, € Y,

zt) = — H[n]) fe*zg + Lu+ RF0)] €&, (2.29)
which used in (2.14) yields, for ue %,

AT) = e'Tzg + { Ly + AU — A [n]) ' Lhu+ (2.30)
where { is a fixed vector of H (see (2.23), (2.28), (2.26), and (2.27)) and

{=Ar[n]d — H'[n]) " ‘[e* zo + RF(0)] + #,F(0)e H. (2.31)
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Equations (2.29)-(2.31) give explicitly the map u — z of the linearized problem
(2.13), (2.14). Note that { =0, if z; = 0 and F(0) = 0. Moreover, if z, = 0, then
z(T) € H, by (2.17), (2.23), (2.28), (2.9), and (2.31).

Controllability Assumptions (C.1) and (C.2)

(C.1) (Exact controllability from the origin on the space H, at time T, of the linear
problem (2.1) with y, = 0, F = 0, within the class of % y-controls.)

FrWUr—>H is surjective (onto). (2.32)

(C.2) (Approximate controllability from the origin of the linearized problem
(2.13), (2.14), and its limit version in the sense of (2.21), (2.24), with z, =0,
F(0) = 0.) With reference to (2.30) with z, = 0, F(0) = 0, hence { = 0, we assume
that:

(a) For each fixed 5 € &, the map
Myln):u—2(T) = Mlnlu
={Lr+ Al = A" LwUr~H  (233)
has range dense in H (in the topology of H).
(b) Also, let #°° and % be any of the limit operators obtained in (2.21) and

(2.24). We likewise assume that the operator (which is well defined, see
Lemma 2.2 below)

My=Fr+ AW - ALY~ H (2.34)

has range dense in H (in the topology of H). An equivalent formulation of

(2.33), (2.34) is that the Hilbert adjoint map/operator #%: H — % in the

sense

(‘%Tu, y)H = (u’ ‘%;“y)”ll-pa

want .# ; either .# ;[y] or .#9, has trivial null space 4" in H; i.e., for each

neéy,

N{ME ]} = AL+ LA — A*) ' A F]} = {0} inH,
(2.35)

equivalent to (2.33), and likewise

NUMP*y = V(L3 + LA~ (O] AD* = {0} inH, (236)

equivalent to (2.34).

Our main exact controllability result (from the origin) for problem (2.1) is as
follows.

Theorem 2.1. Assume (A.1)-(A.5), (C.1), and (C.2). Then, for any yr € H, there
exists u € YU ¢, such that the corresponding solution y of (2.1) (or (2.3), (2.4)) with

Yo = 0 satisfies y(T) = yr.
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2.3.  Proof of Theorem 2.1
The proof employs a global inversion theorem.

Step 1. Let yre H be assigned. By (C.1) = (2.32), there exists v$ € #, (con-
structed below) such that

2=y, and,infact, 9= LLy;e[N (L] < Uy, (2.37)
where £ is the pseudoinverse of #: % — H. This means that if
Uy = N (L) + [N (L] (2.38)

denotes the orthogonal decomposition of the Hilbert space % 1, in terms of the null
space of ¥, and its orthogonal complement, then

LT = (Lrlweo) ' H-> [/ (L], (2.39)
where

Lrlveny = L restricted over [A (¥ )], (2.40)

F & ¥ = identity on H, (2.41)

P¥ ¥, =T, = orthogonal projection H onto [A4(Z )], (2.42a)

Zi ¥ = identity over [N (L )] . (2.42b)

Accordingly, we henceforth restrict our search to control functions u e [A (L))"
such that, replacing u in (2.4) with such p, the solution map p - y(T) of problem
(2.4) with y, = 0 satisfies y(T) = y;. Once such a y is found, any other u € %, with
projection IT;u = u will also yield W(T) = yr.

Applying £# to (2.4) with u there replaced by p now and with y, = 0 and
using (2.37) and (2.42) yields

V) =p+ LERFOW) = p + AL € [N (L] < U, (2.43a)
where the operator A is defined by

Alp] = LT RLF(y(w). (2.43b)
Step 2. Our final objective is to show that the C'-map

glul = p+ Alp): [A(L1)]" - itself (244)

is, in fact, surjective (onto), hence a homeomorphism of [A°(#;)]* onto itself. To
this end, we invoke a global inversion theorem: the map g in (2.44) is a
homeomorphism of [ (£ 1)]* onto itself, provided that its Frechet derivative

gl =1+ Ayl (2.45)

is a boundedly invertible operator on all of [A4(#)]* at each p, with inverse
uniformly bounded in g, i.e., provided that

1@~ = I + ATuD) ™'l < const < oo,  uniformly in 4, (2.46)

where the norm in (2.46) is the (uniform) norm of L([A (£ )]*), see, e.g., [S1,
Theorem 1.22, p. 16], [B], and [D, Section 15.2, p. 152].
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Step 3. Claim. Recalling (2.8), (2.9) (2.15), and (2.16) we have
N[l = L1 A 0d — A 0D 2, (2.47)
where the inverse in (2.47) is well defined by (2.28).

Proof of Claim. By (2.43b) we obtain via (2.16), for each g,
: , dy dy
ATl = L7 RF (W) P L7 AN i (2.48)

On the other hand, from (2.3) with (y, = 0 and) u replaced by u we obtain via (2.15)

dy ’ d dy
L@+ RO = L+ A
du du du
or
dy 1
—=U—-AnD)"Z, (2.49)
du
where the inverse is well defined by (2.28). Inserting (2.49) into (2.48) yields the
desired conclusion (2.47). O

In view of (2.46), (2.47), we redefine, for each n € &4, the operator A'[u] by
calling it C[#] (since it will be related to the approximate controllability property
(C.2)), ie., we set

N[l = Crln] = L7 A 1A — A ]~ L2 [V (L1)]* — itself. (2.50)
In addition, if o, and "% is any of the strong, respectively weak, limits in (2.21),
(2.24) we define, likewise,

Co=LiAN — AN L [NL ] — itself. (2.51)

Step 4. Thus by (2.46), (2.50), our final goal will be to show that the operator
glu] =1+ AN[n] =1+ C.[n] has an inverse in L[4 (¥ ;)]* which is uniformly
bounded here in u:

I+ ATeD ™ =11 + CrlnD) ™
= {1 + L7A I — A [n])" " £} || < const < oo,
uniformly in g, (2.52)
where the norm in (2.52) is the (uniform) norm of [ (£ 1)]*. Two inversions are
involved in (2.52) and both inverses have to be shown uniformly bounded in u. The

first task is accomplished in Lemma 2.2, equation (2.53) below; the second and
conclusive task is accomplished in Lemma 2.5, equation (2.77) below.

Step 5. Lemma 2.2. Not only do we have (I — A’ [n]) "' € L(&y) for eachne &
as was shown in (2.28), but moreover:

(@) 1 =AD" " llyer < const, uniformly inn e &. (2.53)
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(a,) Let n,, be a subsequence of a given arbitrary sequence 1, € &1, such that
A [, ] — some #° = RF,,  stronglyin &, (2.54)

for some Fye L(Y), as guaranteed by assumption (A.2b) = (2.21); then,
as noted below (2.21), H#°° is compact in &,[Al,p.5]; and moreover
(I—-A""'eL(&y) and

I—AHn, D 1> —-H%"1! strongly in & 1. (2.55)

Proof of Lemma 2.2. Property (a,) implies property (a,). We show at once the
bound (2.53) with n = 5, uniformly in k, as well as the strong convergence in
(2.55). We have already noted that #° is compact on &, [Al, p. 5] because of
(A.2); thus the argument which showed (2.28) now applies to #° of the form
H'° = RF, by use of (2.15), yielding (I — #°°)~! € L(&). Then, assumption (A.2)
that #"[#,,] is collectively compact and strongly convergent implies, via Theorem
1.6, p. 8, of [A1], that (2.53) holds true for n = #,,, in which case (2.55) follows as
well. O

Lemma 2.3.

(a) The operators Cr[n] in (2.50) for each n € & ¢ and the operator C% in (2.51)
are all compact.

(b) By virtue of the approximate controllability assumptions (C.2), (i.e., (2.33)
and (2.34), or equivalently (2.35) and (2.36)), the operators

I+ Colml =1+ LA [nld — A [n]) ™' &

[AN(L )] > itself,  foreach neé&r, (2.56)
I+ Cl=1+ZEANN — HO) L [N (L))" itself (2.57)
are all boundedly invertible:
(I + CynD ™! e LLA (L)1), (2.58)
d+ )~ e LIN (LT (2.59)

Proof. (a) Compactness of C;[n], C% is a consequence of either compactness of &
in (2.18a), or else of compactness of # in (2.18b), in assumption (A.1).
(b) Thus to show, say, (2.58), it is equivalent to show that

I+ Cn])™ ' e LN (L], (2.60)

where the adjoint is taken in [ A (L))" = %, and, in fact, because of compact-
ness of C¥[#], it suffices (and is equivalent) to show that I + C¥[#] is injective on
[A(ZL7)]* But, by (2.56), (2.42b), and (2.41) on [N (F)]*:
I+ CHnl =1+ £*X1 — A *[n])" ' A UL
WL + L1 — )~ 5L 7)*
= (L3 + LX - ) AHHINEL D 261)
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where * denotes Hilbert space adjoints;
(L NED) ~H, Ay H-Ep,  L* 6>y,
AH* Er > Er, LE H->U;.

But #7 is surjective (by definition (2.39)) and so (£ 2)* is injective. Thus, (2.61)
says that I + C¥[#] is injective provided that the operator { } in (2.61) is injective
in [A4°(£1)]*; and this is the case by assumption (2.35). The proof is identical for
(2.59) using assumption (2.36). O

Step 6. To show (2.52) we need a specialization of the following lemma, which at
no extra effort we put in a general framework.

Lemma 24. Let Z; be two Banach spaces, i = 1,2, let Q be a compact operator
Z, —~Z,,and let W(p) be a family of bounded operators Z, — Z, depending on the
parameter p € P, such that W(p,) > W° weakly for any sequence p,, with W©:
Z, - Z, depending on the sequence. Assume further that the operators I + W(p)Q
and I + W°Q are all injective on Z, and hence boundedly invertible on Z,. Then

ILI + W(P)Q] !z, < const, uniformly in pe 2, (2.62)

and the weak convergence as in (2.74) below holds true.

First proof. We must show that there exists a constant C > 0 such that, for all
ze Z,, we have

lz+ W(@)Qz| = Cllz], uniformlyin pe 2, (2.63)

in the norms of Z,. Suppose not. Then there exist sequences {z,} in Z, and {p,} in
2 such that

Iz, =1 yet z,+ W(p)Qz,—»0  (strongly in Z,). (2.64)
Thus, we can extract a subsequence, still denoted by z,,, such that

Z, — Some z weakly in Z, (2.65)
and hence, by the assumed compactness of Q,

Qz,—Qz strongly in Z,. ) (2.66)

The strong convergence in (2.66) and the weak convergence W(p,) - W° easily
imply [K1, p 151]

W(p,)Qz, — W°Q:z weakly in Z,. (2.67)
By (2.64), (2.65), and (2.67) we have the weak limit equals the strong limit and
z+ W°Qz =0. (2.68)

But, by assumption, (2.68) implies z = 0. We now conclude the proof by establish-
ing a contradiction between the property that z = 0 just obtained and |z, = 1 as
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in (2.64) left. Indeed, since z = 0 we have Qz, — 0 strongly in Z, by (2.66), and since
| W(p,)| is uniformly bounded in n from the assumption, we have

IW(p,)Qz, | < const||Qz,| -0 or W(p,)Qz, -0  (stronglyin Z,).

(2.69)
Then (2.69) and (2.64) (right) imply that z, — 0 strongly in Z; and this contradicts
lz,l =1 O

Second proof. (It provides more information about the adjoint family.) By the
assumptions, Q* is compact and W*(p,) —» (W°)* weakly for any sequence {p,} in
2, and hence

Q*W*(p,) — Q*(WO)* strongly in Z,, (2.70)
Q*W*(p) is a collectively compact family in Z, in the parameter pe #. (2.71)

(Indeed, for any sequence {p,} and any {z,}, [ z,| < 1, we can extract a convergent
subsequence from {Q*W*(p,)z,} since | W*(p)| is uniformly bounded in p and Q*
is compact and p. 12 of [A1] applies.) By virtue of (2.70) and (2.71), as well as by
virtue that [I + Q*(W°*]~! is a bounded operator in all of Z,, from the
assumptions we can appeal again to Theorem 1.6, p. 8 of [A1] as was done in the
proof of Lemma 2.2. As a result we obtain, for any sequence {p,} € 2,

[+ Q*W*(p,)] "' = [ + Q*(WO)*] ! strongly in Z,,

ILI + Q*W*(p,)] | <const, uniformly in n, (2.72)

and hence
ILE+ W1l = LI + @Q*W*(p)]~' || <const,  uniformlyin peZ,
(2.73)

as desired, from which it follows via (2.72) that, for any {p,} € &, we have
I+ W(p)o] t-[I+ Ww°Q] ! weaklyin Z,. O (2.74)
The abstract Lemma 2.4 is specialized in the next result, part (ii) (at least in the

more demanding case where & is compact as in (2.18a), but % is not compact as
in (2.18b)).

v

Lemma 2.5,

(i) Let n,, be a subsequence of a given arbitrary sequence n, € &, such that
(2.54) holds true as well as

HArMy] > A3 = R F, weakly in H (2.75)
as guaranteed by (2.24) in assumption (A.3). Then, see (2.50),
Cr[n,] converges weaklyto C%=LEA91A — A 'L

in[A(L)] (2.76)
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while convergence in both (2.75) and (2.76) is “strong” if R is compact as in
(2.18b).

(ii) Not only do we have (I + C+[n]) " € L(LA(ZLp)]Y) for each ne &4 as in
(2.58), but in fact

I + CrnD ™ lpgrzmy < const, uniformly in neé;. 277

Proof. (i) Properties (2.55) and (2.75) imply that the operator family

Welnl = 22 4 [fd — A In]) " 2.78)
satisfies
Wr [n,,k] — Zﬁ f%([ — ,}ifo)‘ 1 weaklyin & - [‘/V(‘,SFT)]L (2.79)

from which it follows that (see (2.50) and (2.51)) Cr[#,]= Wrl#, 1L — C?
weakly as desired, and (2.76) is proved.

(ii) First assume the first alternative in (A.1) that % is compact as in (2.18a).
Then this part is merely a specialization of Lemma 2.4 with the spaces Z,, Z, there
given by the spaces %, &1 now, respectively; the operator Q there given by the
operator .# now, which is compact by assumption (2.18a); the parameter p € 7
there given by the parameter # € & now; the family W(p) there given by the family
W, [n] in (2.78) now, which is weakly convergent to W there given by #7 4%
(I — #°°) ! now via (2.79); the operators I + W(p)Q and I + W°Q there given by
the operators I + Cy[n] and I + C% now, which are injective with bounded
inverse by (2.58), (2.59). Thus, the uniform bound (2.62) there specializes to the
uniform bound (2.77) now, at least under the assumption (2.18a) that & be
compact.

Next, suppose that % is merely bounded as in (2.17) while now the second
alternative in (A.1) holds true that #; is compact as in (2.18b). This case is far
simpler: now the convergence in (2.75) and in (2.76) is strong (in view of (2.2),
(2.24), and (2.50) as noted below (2.25) in the first case); while Cr[n] is a
collectively compact family on [A(£;)]" in the parameter # € &5. Thus, since
(I + C%) is injective with bounded inverse by (2.59), we can invoke directly
Theorem 1.6, p. 8, of [Al] and conclude with the uniform bound (2.77). (That
C[n] is collectively compact follows from the fact that, for any sequence {n,} and
any bounded sequence {z,}, we can extract a convergence subsequence from
{Crn.)z,}, see p. 12 of [A1]). O

Thus, the uniform bound (2.52) is proved, and so is Theorem 2.1 O

Remark 2.1. We write explicitly the specialization of the additional information
obtained in the second proof of Lemma 2.4 in (2.70), (2.71), (2.72), (2.73), and (2.74)
respectively (even if we do not use it in the following), which applies to the first
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alternative when %5 is compact as in (2.18a), while £, is not compact as in
(2.18b):

Cin]1—-(Cp*  strongly in [4(Z1)]", (2.80)
C*[n] is a collectively compact family on [A4"(#;)]* in the parameter # € & 7.

(2.81)
I+ Cn, D' =T +(€CPH™"  strongly in [ (L)]*, (2.82)
(I+Crln, D > +CPH! weakly in [ (#;)]* (2.83)

for any sequence 7,, € & such that the strong limit (2.54) and the weak limit (2.75)
hold true.

3. Application: A Semilinear Wave Equation with Dirichlet Boundary
Control. Problem (1.1)

The goal of this section is to show that the semilinear wave problem (1.1) subject to
(1.2) fits automatically the abstract model of Section 2 on appropriate spaces. As a
consequence, Theorem 1.1 is nothing but a specialization of the abstract Theorem
2.1. As mentioned in Section 1, the procedure of this section is readily adapted to
obtain exact controllability results for the wave problem (1.1) on any state space
H = H}(Q) x H'~1(Q) using the control space ;= H}(0, T;L,(IN), 0<y <
1,y # %, as well as the special case y = . However, in this section we explicitly treat
only the most demanding and most desirable cases y = 1 (in Subsection 3.1) and
y = 0 (in Subsection 3.2), which are not covered by the methods in [Z].

3.1. The Casey = 1 in Theorem 1.1 for Problem (1.1)

With reference to the setting of Section 2, the following is the relevant specialization
for the wave problem (1.1) in the case y = 1 of Theorem 1.1:

Y=LyQ) x HYQ), H=HYQ) x LyQ), 3.1)
U=L,I), U= Hy0,T;LyT)), (32
&1 = L0, T; L,(Q) x H"1(Q)). (3.3)

3.1.1. Verification of Assumption (C.1): Exact Controllability of Linear Sys-

tem. We verify assumption (C.1) of exact controllability of the linear problem
(1.1) with f = 0.

Theorem 3.1. Let f = 0in (1.1) and let T > 0 be sufficiently large as in Appendix
A. Then, for any given pair {wy, w,} € HY(Q) x L,(Q), there exists a suitable control
function uwe H)(0, T; L,(T)) such that the corresponding solution of problem (1.1)
with f = 0 satisfies

w(L-)=w(T-)=0 and {w,w}eC(0, T]; H'*Q) x Ly(). (3.4)
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By time reversibility, the origin {0, 0} can be steered to all of HY(Q) x L,(Q) at time
t = T, by using Hy(0, T; L,(I))-control functions. Thus, for such T,

Pr. continuous operator HY(0, T; L,(T)) onto HY(Q) x Ly(Q). O (3.5

A sketch of the proof of this result is given in Appendix A, using a direct
approach in the style of [LT2], [LTS], and [T3]. A different approach is given in
[L5].

3.1.2.  Abstract Setting for Problem (1.1). We introduce the operators A, B, and
F in model (2.1) corresponding to problem (1.1). We follow the treatment
introduced in [LT1] and [T2]. Thus, details are omitted. See [DLT!] and
Appendix A of [FLT]. Let &/ L,(Q) > 2(/) — L,(Q) be the (positive self-adjoint)
operator defined by «/h = —Ah, 2(f) = HX(Q) n HY(Q). Then, — o/ generates a
strongly continuous (s.c.) cosine operator C(t) on L,(Q) with S(t) = [§ C(z) dr. The
operator A in model (2.1) is given by

0 I

o 2 =) DA, (3.6)

-

A1) = HQ), [§N«'*)] =H Q)
(set theoretically and topologically) 3.7

which generates the unitary s.c. group e given by

cwy St
A = ’ , I CO L0y T+ | L 128(t) Ly < const, (3.8)

—dS(t) C()

on either of the spaces
D(AV?) x Ly(Q) or L,(Q) x [@(HHT ’ (3.9)
topologically equivalent to, respectively
H = H{(Q) x L,(Q), Y =L,(Q) x H }(Q). (3.10)
Next, let D be the Dirichlet map (harmonic extension of boundary data) defined by

Ah=20 in Q,

3.11
h=yg inT, (1D

Dg=h < {

D: continuous L,(I') » HY*(Q) c H?7 Q) = D(/*7%), Ve>0. (3.12)
Then with U = L,(T") the operator B in model (2.1) is

—Du

0
Bu = “1Bu = -1 )
u ‘ Du ’ A" 'Bu ‘ R A 'Be L(U,Y), (3.13)
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where & in o/ Du is actually the isomorphic extension, say L,(Q) — [2(/)], of the
original operator «/ defined above (3.6). Finally, the operator F in model (2.1) is
given by

,  FO) = . (3.14)

. Flnly

F(y) = } 0 _ ‘ e ‘ 0
P roan SO o)
y=1[y1,y.1€ Y, n =[5y, #,] € ¥, so that assumption (1.2) on f’ becomes assump-
tion (2.2) on F'[#]. The operator .# in (2.8) is explicitly

(Lu)t) = ) e P Bu(r) dt (3.152)

JO

o Jt S(t — ©)Du(z) dzt
0

of Jr C(t — ©)Du(t) dt
(4]

Ly(0, T; Ly(IN) > C([0, TT; Ly() x H™1(Q))
(see [LT2] and [LLT]),

Hy(0, T; Ly(T)) - C([0, TT; H*(Q) x L,()
(see Appendix A),

: continuous (3.15b)

while the operator % in (2.9) is

T
PLru= J e T D Bu(r) dt

0

dfT S(T— t)Du(t) dt
— 0
MJ C(T— t)Du(t) dt
0

continuous J 220 Ti La(D) = ¥ = Ly(@) x H™(@),
: u
Hy(0, T; Ly(T')) > H = H3(Q) x Ly(Q))
(see Appendix A),
so that as the space % in (2.8), (2.9) we may take %, = %, = HL(0, T; L,(I)).
The operator 2 [] and # [n] in (2.15) and (2.16) are explicitly obtained via
(3.8), (3.14) as follows: let n = [n,, #,] € &4, see (3.3), then

(3.16)

(A [nlg)e) = (RF [n]gXt) = f e!OF [n]g(c) de
0

f St =0 f (- Ngu(z, -) de
= |9 (3.17)

L Ct = 1) "(n:(- Ngs(z, -) dr

: continuous L(0, T'; L,(Q)) —» C([0, T]; H),
H = 9(o4'7) x LyQ),
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T
Hylnlg = R, F[nlg = J AT OF [n]g(t) dt
0

T
f S(T = f'((-))ga(t, ) dt
— |Jo (3.18)

f CT — S ()98, ) dt
0

: continuous L,(0, T; L,(Q)) » H = H}(Q) x L,(Q).
3.1.3.  Verification of Assumptions (A.1)-(A.5)

Proposition 3.2 (Verification of (A.1), alternative (2.18a)). The operator £ in
(3.16) satisfies the property

LUy = HYO0, T; L) - &5 = L,y(0, T; Ly(Q) x H™ Y(Q)) is compact.
(3.19)

Proof. We use Aubin’s Compactness Lemma [A2]. In view of (3.15b), it suffices to
show

d¥
o continuous H(0, T; L,(I")) — L,(0, T; X), (3.20)

where X is an Hilbert space satisfying L,(Q) x H '(Q) = X. To show (3.20), we
first note that if u e H}(0, T'; L,(I')), then by problem (1.1) with = 0 we obtain

> Lu

— = APue L0, T; H 327 Q) x HX(Q)) (3.21)
dr?

upon applying p. 85 of [LM] to t:e regularity (3.15b). Thus, application of the
intermediate derivative theorem [LM, p. 15] between (3.15b) and (3.21) yields
(3.20) with X = H™Y2792(Q) x H™Y(Q), as desired. O

Proposition 3.3 (Verification of (A.2)). The family of operators A '[n] defined by
(3.17) satisfies both
(a) the assumption of collective compactness (2.19) on the space &=
L0, T; Ly(Q) x H™ (), and
(b) the assumption of strong convergence (2.21).

Proof. (a)From (3.17) and (1.2) we obtain by (3.7)

¢ (19 ”C([O,T];H(‘)(Q)XLZ(Q)) < constr| g1 Li0, 751200
uniformly in 5 € &r. (3.22)
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Moreover, from (3.17) and (3.7) we obtain, since H™}(Q) = [2(«"/*)], in (3.3)

(rmi), [} e~ aroeioe i
dt N

0

J' (- Nga, ) — o L St — 0f (- Ngs(x, -) de

L) D (3.232)

ec<[0, T 42

with norm uniform in ne

dx"[nlg
dt

C{0, T}; L) X H~ 1(Q))

< constr gy 11,0, 7: L)) uniformly in 7 € &. (3.23b)

Thus, application of Aubin’s Compactness Lemma [A2] to (3.22) and (3.23) yields
at once that 2 '[n] is compact on &, i.e., property (a,) = (2.20a); and, indeed,
because of the uniform bounds in (3.22) and (3.23b), then property (a,) = (2.20b)
on collective compactness attains.

(b) With , g € &7, ie, 1y, g1 € L,(0, T; L,(Q)), we consider from (3.17)

A0
(%

Next, by the uniform bound (22) we have #,— f'(y,): continuous
L,(0, T; L,(Q)) —» bounded sphere of L*(R). Thus, by Alaoglou’s theorem, there
exists a sequence 7, € L,(0, T; L,()) such that f’(y,,) converges to some
fo € L*(R) weak star. Define the operator F, e L(Y) by Foy = [0, fo(-)y:(+)] for
y = [y, y.] € Y. Then we have

f A28t — 1) f' (- )gq (3, -) dr
0 . (329

A L Ct = Df (- Nga(z, -) de

A [n]g>(t) =

1/2 0

0 112 RF,, weakly in &, (3.25)

40
0

K(n,] - ‘

ie, if g=1[91,9,1,h=1[hy,h,]e&r, and so gy, hy, o ~12hy € Ly(0, T; L,(Q)).
then we have by (3.24) that

40
(%

T pt
= J L (011 Ng1(z, -), A28t — Dhy(t))g dr dt
0

A '[n,19, h)

&

+ J J (f (13- N1z, ), C = 1) ™ 2hy(0))q dr dt (3.26)

0 Jo
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converges to
< 2 0

0 o2 RF,g, h>

&1

T t
- j f ol )25 )y 5728t — Dhy(D)e di de
0 (0]

T rt
+ J f (fo()g1(1, ), Ct — 1) ~12hy(t))q dr dt (3.27)
0 Jo

as it follows by the Lebesgue dominated convergence theorem, using (1.2), weak
star convergence and the uniform bound in (3.8). Moreover,

dA'[n,] dRF,
b d
dt dt

since, from (3.17),

dx
(Faa)o-

weakly in &4 (3.28)

J Ct = D f 11.(- Ng1(z, ) dr

0

t
S @1 Ngs(t, ) — 12 f A28t — O f (1 Nga(z, -) dr
° (3.29)
and essentially the same computations as in (3.25)-(3.27) apply now to show (3.28)

using (3.29). As a consequence of the weak convergence in (3.25) and (3.28) and of
compactness of & ~ 1% on #,(Q), we deduce that

A — RF, strongly on &7 (3.30)
as desired. Thus property (2.21) has been verified. ]

Proposition 3.4 (Verification of (A.3)). The family of operators A t[n] defined by
(3.18) satisfies (2.23) and the assumption of weak convergence (2.24).

Proof. Property (2.23) is already contained in (3.18). Property (2.24) follows
through an argument similar to the one of part (b) of Proposition 3.3. As in (3.25)
we obtain

270
0 2 Hrlna]
12 0 v O T 331
- 0 12 RrFy, weaklyin  L,(€) x [2( )] (3.31)
which is equivalent to A [,] = &, F, weakly in (/%) x L,(Q). O

Proposition 3.5 (Verification of (A.4) and (A.5)). We have

(i) trajectory {(RF(0))(t),0 <t < T} < compact set of &7 = L,(0, T; L,(Q)
x H™Y(Q)),
(i) #;F0)e H = 2(AV?) x Ly,(Q).
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Proof. (i)

rt

(RF0)(t) = | e 9F(0)dr

JO
j St — D{SO)() dr
= |0 € C([0, TT; 2(412) x Ly(©) (3.32)
J Ct —D{f(O)}(-) dr
0

and part (i) follows. Part (ii) is then contained in (3.32) witht = T. O

3.14. Verification of assumption (C.2). It remains to verify assumption (C.2) on
the approximate controllability (2.33) and its limit version (2.34) in the sense of
(2.21) and (2.24). These two approximate controllability properties amount to the
same “uniqueness property” (“observability” in the terminology of standard
control theory) as explained below. To verify (2.33), equivalently (2.35), we
consider the problem

lo= AL+ f/(m) n@0,T] x Q=20Q, (3.33a)
{li=o = 0, {li=o=0 in Q (3.33b)
{lg=1u m@O0T]xT =%, (3.33¢)

with #, a fixed element of L,(0, T; L,(Q)), which corresponds to the linearized
abstract version (2.12) with F(0) = 0 and with z(t) = [{(t), {{t)]. We seek the dual
A% [n] of the map #;[n] in (2.33) as applied to the present case:
Mr[n):u—zT) = (UT), {(T)): Ur = Hp(0, T; Lp(I))
— H = (Y2 x Ly(Q). (3.34)

Let ¢ be the solution of the corresponding homogeneous problem backward in
time:

e =420 + fi(n)e on Q, (3.35a)
Oli=1 = @0 = y1 € L(Q),
Ouli=r = Q1= —Ayo€ [@(dl/z)]/ = H_I(Q) in Q, (3.35b)
@l =0 on X. (3.35¢)
Then, for [yo,y]e H=2(A4Y?) x Ly(Q), ue Hy0, T; L(I), we have via
(3.35b)
y D) | | yo
Mr[n]u,|”° ) = < ,
(T" e e 91| )

Yo

o0¢
= —{tu—) ={u A*%[n]
ov /s Yi|/8k0,T:L2r0)

with L, inner products over  and X, where the identity in the middle of (3.36) can
be verified, as usual, by multiplying problem (3.33) by ¢ and problem (3.35) by ¢

(3.36)
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and integrating by parts (this is the counterpart of the operator version in (A.8) and
(A.9) in Appendix A when f' = 0). As in (A.9) we have in norm equivalence

T d
) = J <un — MT[n] ) dt
HYO,T;LaT) 40 dt LaD)

d? Yo
= —\u,— MH¥n] > 3.37)
< 27 1 Yi|/Lx®

after integration by parts in ¢t using u = 0 at t = 0 and ¢t = T. Comparing (3.37)
with (3.36) yields

2

Yo
Y1

Yo

<u, M 1] y
1

y
MEMI|7°
y

0
gt =2t 00 00)  Bo=Vi P1=—LY (3.38)
dt ov

1

To test the injectivity condition (2.35) on .#%[#] of assumption (C.2) we let

0= .43 i", [Vo, yi1€ H, neér, (3.39)
1

and we want to deduce that in fact [y,, y;] = 0. Now (3.40) implies by (3.38)
d> M%) | yo| _ d¢

e |y,| v

for the solution ¢ of (3.35). But the initial data {@q, ¢} € L,(Q) x H™}(Q) in

(3.35b) yield the a- priori regularity ¢ € L*(0, T; L,(Q)). To conclude that, in fact
[Vo> ¥1] = 0, we need the following uniqueness result.

[f=0 (3.40)

Theorem 3.6. Consider the problem

¢, = A + p(t, x)¢ in Q, (3.41a)
Pli=o = Po € Ly(Q), @/li=o =91 H Q) in Q. (3.41b)
)
=P =0 inX (3.41¢c)
. Ovs

with p € I°(Q). Let T > T(x°), defined in Appendix A, below (A.23c). Then, in fact,
0o=¢y=0.

Proof of T heorem 3.6. Step 1. Equation (3.41b) yields the a priori regularity
@ € L*(0, T; L,(Q)). Using this information, we now boost the regularity of the
solution to (3.41) in the sense that, for T > T(x°), we have

o0 > [l@ llzw(o,T;Lz(n)) > Cr(T — T(x°)| {00, ¢1} ||%1(‘,(9)x1,2(n)- (3.42)
Thus, with H}(Q) = 2(s71/?), we actually have that the solution to (3.41) satisfies
{00, 01} € HN(Q) x Ly(Q) and {o@, ¢} € L2, T;HHQ) x Ly(Q)). (343)

To prove (3.42), we use the multipliers h- Vo, ¢, and ¢,, with h the radial field
h(x) = x — x, which defines T(x°) in Appendix A. By applying the first two
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multipliers to (3.41a) and using (3.41c) we obtain (see, ¢.g., [T3], (2.20) combined
with (2.25) and (2.26) when p = 0) with n = dim Q

j ! E()dt =2 f poh-Vo dQ + (n — 1) j P92 dQ + 26(T) — 2b(0),  (3.44)
Q [4]

0
—1
b=~ "2 0 O+ 00 h-Vo)a (3452)

E(t) = f IVol* + @, dQ. (3.45b)
Q

Using Komornik’s estimate of (3.45a) (e.g., Section 5 of [L5] and [K2])
2|b(t)| < R(x°)E(t) so that 2(b(T) — b(0)) < R(x)[E(T) + E(0)], (3.46)

we obtain, from (3.44) for any ¢, > 0 since p € L*(Q),

T
a1- sl)J E(t) dt = (T @ |70, 7;1200) + ROE(T) + E(0)]. (347)
0

Next, the multiplier ¢, applied to (3.41a) yields

E(t) = E(0) + 2 J t f po@, dQ dt (3.48)
0JQ

from which since p € L*(Q)
C
E(t) < E0) + eT| @, ||i=0, ;120 + ?p T @0, 1;L200 (3.49)
Selecting ¢ = ¢,/T, ¢, > 0 preassigned, we obtain

(1 —¢,) sup E@) <E®O)+ Or(llo ||I%w(0,T;Lz(Q)))s (3.50)

0<i<T

where (7 means that the constant of the upper bound may depend on T, Inserting
(3.48) into the left-hand side of (3.47) and using (3.50) for the term E(T) on the
right-hand side of (3.47), we obtain

(1 — &,)TE(0) = R(x°)< + I)E(O)

1_‘82

+ O]l ||%w(0,T;Lz(Q))) —2(1 — )y, (3.51)

T rt
f J f poe, dQ dr dt
o JoJa

¢
2 2
< e T? @ iww, ;120 + _83 T2 @ |70, 7: Loy

lor| =

where we select ¢ = £5/T?2, &5 > 0 preassigned, so that by (3.50))

&
< 3

1= ¢ E©) + (OT(“‘P”iw(o,T;Lz(n))) (3.52)
2
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Using (3.52) into (3.51) yields

1
(I —&)T — I:R(xo)(tg_z' + 1> - T?;Z]E(O) =0.(lo “12)"(0,T;L2(n)))s
(3.53)

where we may take O = T*0, and (3.42) follows for T > T(x°) = 2R(x°), with
er =c/T

Step 2. We return to (3.41) with boosted regularity as described by (3.43).
We then invoke the uniqueness theorem [HS], [KRS], [R] and obtain ¢, =
¢, =0. O

In the case of assumption (2.35), we have p = f'(n,), #, € L,(0, T'; L,(2)) and,
in the case of (2.36), we have p = f,, with f any of the L*(Q) functions obtained as
a limit above (3.25). Assumption (C.2) is verified. ]

3.2. The Case y = 0 in Theorem 1.1 for Problem (1.1)

We give only a brief sketch of the case y = 0 in Theorem 1.1. With reference to the
setting of Section 2, the following is the relevant specialization for the wave
problem (1.1) in the case y =0 of Theorem 1.1:

Y=L,Q) x HY(Q), H=L,Q) x H Q) (3.54)
U=LyI), #r=LyO0,T;LyT)), (3.55)
&r = L0, T; L,(Q) x H™ (). (3.56)

Assumption (A.1) in the alternative (2.18b). First we note that the continuity
requirement (2.17) with % and & as in (3.55), (3.56) is a fortiori true [LT2], [L5],
[LLT]. Next, recalling (3.14), we have F'[n]y =1[0, f'(n:(-))y:(-)], where
1, € L,(0, T; L,(Q)) and y, € L,(Q). Thus, in view of its definition (2.11). assump-
tion (2.18b) on &y is a fortiori satisfied provided that the operator

T
— J eA(T—t)
0

is compact: g, € L,(0, T; L,(Q)) > H = L,(Q) x H™(Q), which is certainly true
since, in fact,

0

9>

f ' S(T — 1)ga(1) dt
=9 (3.57)

JT C(T — 1)g (1) dr

0

0

R
ng

g2(t)

Rr| e H(Q) x Ly(Q).

Assumption (A.2). This is the same as in the case y = 1 verified in Subsection
3.1.3, since this assumption does not depend on the space H, but on the space &
which is the same as before, see (3.3) and (3.56).
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Assumption (A.3). As noted just below (2.25), the convergence in (2.24) is
actually strong, if % satisfies assumption (2.18b) as verified above.

Assumption (A.4). Same asin the case y = 1 verified in Subsection 3.1.3, since this
assumption does not depend on the space H, but on the space &, which is the same
as before.

Assumption (A.5). A fortiori true from (3.32) with H as in (3.54).

Assumption (C.1). Exact controllability of the linear problem (1.1) with f =0
and % r and H as in (3.55), (3.54) holds true, as recalled just below (1.2).

Assumption (C.2). With H and % as in (3.54), (3.55), the procedure of Subsec-
tion 3.1.4 starts from

Mr(n]:u—>z(T): Uy = Ly(0, T; L(T)) > H = L(Q) x H1(Q) (3.58)
(counterpart of (3.34)) and now yields through the counterpart relations of (3.36)
do(t
1|70 | = (g( ), (3.59)
1 vy

where ¢ satisfies the same problem (3.35) as before, except that now
{00, 1} € HXQ) x L,(Q), smoother than in (3.35b). Thus, we are now at the level
of step 2, proof of Theorem 3.6, and, as in that step, the references mentioned there
imply the required uniqueness @, = @, = 0.

4. Application: A semilinear Euler-Bernoulli Equation with Boundary
Controls. Problem (1.14)

The goal of this section is to show that the semilinear Euler-Bernoulli’s problem
(1.14) subject to condition (1.15) fits automatically into the abstract model of
Section 2 on appropriate spaces. As a consequence, Theorem 1.3 is nothing but a
specialization of the abstract Theorem 2.1. With reference to the setting of Section
2, the following is the relevant specialization for problem (1.14). Throughout this
section we let &7: L,(Q) = 2() — L,(Q) be the (positive self-adjoint) operator
defined by

s/h = Ah, D(A) = {he HY(Q): hir = Ah|r = 0}. 4.1
Then we take

Y =L, Q) x [2«'?)], H=2(4"?) x L),

P(4'1%) = HH(Q) n Hy(Q),

U = H™I) x L,(I'), m > 0 fixed but arbitrary (for exact controllability purposes
we may take henceforth m as “large” as desired), and

Ur = HGE) x H'*O, T; L,(T),  &r=LOT;H'(Q) x H'(Q). (43)

(4.2)
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4.1. Verification of Assumption (C.1): Exact Controllability of the Linear
System

We verify assumption (C.1) of exact controllability of the linear problem (1.14) with
f=0,u;,=0,and u, € H'*(0, T; L,(I") [L2], or u, € L,(0, T; H/*()) [LT11].

Theorem 4.1. Let f =0 in (1.14) and let T > O be arbitrary. Then, for any given
pair  {wo, w,} € [HA(Q) N HY(Q)] x Ly(Q), there exists a suitable control
u, € HY*(0, T; Ly(T)), such that the solution of (1.14) corresponding to such u, and
u; = 0 satisfies wW(T,- ) = w(T,-) = 0.

4.2.  Abstract Setting for Problem (1.14)

We follow our previous operator treatement, e.g., [LT7] and [LT8]. With o/
defined in (4.1) above, let again C(¢) and S(¢) denote the corresponding cosine and
sine operators. Then the operator 4 which appears in the abstract model (2.1) is
given by the same expression as in (3.6) with corresponding s.c. group given by (3.8)
on the spaces of (3.9). In place of the Dirichlet map D in (3.11), we now define two
corresponding (Green) operators G, and G,:

G,g9, = h, G, : continuous HYT) » H** Y2(Q), [LM, pp. 188-189],

(4.4)

G,9, =Y, G,: continuous HY(T) - H**32(Q), 4.5
A’h=0 inQ A’y=0 inQ, (4.6a)
h=g, onT, y=0 onT, (4.6b)
Ah=0 onT, Ay=g, onTl (4.6¢)

(we note that G, = D, D being the operator in (3.12), see [LT8]). Thus, if
U = HI') x L,(T'), we have that the operator B which appears in the abstract
model (2.1) is given by

0
2 B A (Gruy + uy) ’

—Guy — Gyu,

B|" A”Bz‘ . , @.7)

and A" 'Be L(U, Y), Y as in (4.2). The definition of the nonlinear operator F is the
same as the one in (3.14). Now, the counterpart of (3.15) for u = [u, u,] is

t

(ZLu)t) = j eACTIB u(t) dt = (L1ug)(t) + (Laux)0), (4.8a)

0

o J S(t — 1)G;ut) dz

(L) = : .b)

o j Clt — DGu(x) de 4.80)
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where, for instance (see Appendix B, for sharper results),

%, continuous HZ(0, T; H'°3(T")) - C([0, T]; H3(Q) x H'(Q)), (4.92)
2, - continuous HZ(0, T; H'3(T')) —» (%) x D(A%), (4.9b)
LQ
continuous L,(Z) - C{ [0, TT; 7 ‘1(1 ) [LT7, Theorem 1.3],
H™YQ)
(4.10a)
. L H>*(Q)
&,:4 continuous Hg(0, T; L,(I)) - C{ [0, TT;| ., , (4.10b)
Hy(Q)
. Hl I/S(Q) A H11/8—e(Q)
continuous HY4(0, T; L,(I')) —» C<[O, TI; [@(&/1/2)], D
(4.10c)

for any ¢ > 0, see Appendix B. Note that (4.10c) follows by interpolation from
(4.11a) and (4.11b) [LM, Theorem 14.2, p. 95], see Appendix B.

4.3. Verification of Assumptions (A.1)—(A.5)

Proposition 4.2 (Verification of (A.1), alternative (2.18a)). The operator & in (4.8)
satisfies, for, say, m > 4,

& Uy = HY(Z) x H'4(0, T; L(T)) » € = Ly(0, T; H'(Q) x H™H(Q))
is compact. (4.11)

Proof. The regularity results (4.9a) and (4.10c) give compactness in the space
variable into - H(Q) x [2(«/1*)]. Next, we use Aubin’s Lemma as in Proposi-
tion 3.2 to obtain the full statement of compactness in time and space, as required
by (4.11). Details are omitted. O

Verification of Assumptions (A.2)-(A.5) proceeds as in Section 3, mutatis
mutandis. Details are omitted, but we point out, however, that from the present
version of (3.17) and (3.23a), we obtain the following bounds, uniformly in 7 € &:

12 [n1g lleqo, 71: 2carrry x Lacayy < €ONStr (g1 [0, 712000 (4.12a)
dA'Tnlg
d < consty | gy Ly, 75 L2 (4.12b)
t C(I0, T]; L2() x [2(4 /1))

conterparts of (3.22), (3.23b) in Proposition 3.3. These results are then used to
verify assumption (A.2).

4.4. Verification of Assumption (C.2)

It remains to verify assumption (C.2) on the approximate controllability (2.33) and
its limit version (2.34) in the sense of (2.21) and (2.24). These two approximate
controllability properties amount to the same “uniqueness property” as described
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below. To verify (2.33), equivalently (2.35), we consider the homogeneous problem

Lo + A0 = /()¢ in(0,T]xQ=0, (4.13a)
{i=o=0, {l=o=0 inQ (4.13b)
g =uy in(0,T]xT =%, (4.13¢)
Ally = u, in X, (4.13d)

with #, fixed element of L,(0, T; H*(Q)) (the first component of the space &
in (4.3), which corresponds to the abstract linearized version (2.13) with z(¢t) =
[£(), {(n)] and F(0)) = 0). With

R LY N | UD)
Mr[n]:u= u, «(T) = (T
:continuous H?(X) x HY*0, T; L,(I")) - H
= [H*(Q) n H{(Q)] x Ly(Q) = Z(#'?) x Ly(Q) (4.14)

we seek its dual .#%[n], defined for [ y,, y,] € D(£1/?) x L,(Q) by

u ¥y
(«/”T [m1] ', ¢ ) = {UT), yo)aarzy + CLT), ¥ Lo
Uz | | V1| /o x Lo
u ¥y
=( |, st ) .15)
u, Y1 |/ Hp@) < HY40, T; LATY)

To find #%[#n] explicitly, we let ¢ be the solution of the corresponding homo-
geneous problem backward in time:

?u+ Mo = f(n)e in(0, T] x Q =0, (4.162)
Oli=1 = Po, Oli=1 = @1 in Q, (4.16b)
ols = Aol =0 in(0, T} x I' = . (4.16¢)

Multiplying (4.13a) by ¢ and (4.16a) by { and integrating by parts, as usual, we
find, after using the boundary conditions (B.C.) (4.13c, d) and (4.16c),
oA o
LT, 9Ty — UT), Ty 0p = (ul, ——qj) + <uz, *) . (417)
WV e 0V /Ly

We next introduce three isomorphisms:

/12: isomorphism 2(=/1/?) onto L,(), self-adjoint on L,(€), so that

(0, Wgarizy = (U, W)L v, we D(A1?), (4.18)
J:isomorphism H™(Z) onto L,(X), self-adjoint on L,(X), so that
91, gz)Hm():) = (Jg,, ng)Lz(}:) =(91» ngZ)Lz(E)’ g: € H™(Z). 4.19)

%: isomorphism HY*(0, T; L,(T")) onto L,(0, T; L,(I") = L,(Z), self-adjoint
on L,(%) so that

(g, h)H1/4(o,T;L2(r)) = (9y, gh)L;(:)
=(9, 9 W,zp 9 he HI4O, T; L) (4.20)
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Then, if we set, for [y,, y1] € D(H?) x L,(Q),
po=o(T)=y,€Ly)(Q), ¢, =0¢(T)=—oAy,e[DA?)], (4.21)
we have by (4.15)

u
(f/ﬂr[’?] ! s Yo > = ({(T), J’o)@(d”z) + ({LT), YL@
Uy V1 |) o172y x La()
= —({(T), (pt(T))Lz(ﬂ) + (L(T), ¢(T))L2(n)
(by (4.18) and (4.21))
oA 0
- (ul, —"’) n (uz, i”) (by (4.17))
» e N JLom
= <u1, J_2 _6A,q0>
(3\1 H™(Z)
0
+ (uz, g2 _<p>
0V Ju1/30, T: Lary)

(by (4.19) and (4.20))
u

- ( oo |7 ) (422)
Uy V1 |/ HmE) x H1/4(0, T; La(T))

so that
J2 Ml
v
im0 =1 o] Denle @) x L@ (4.23)
1 —299
ov

Thus, to test the injectivity condition (2.35) on #¥[n] of assumption (C.2) we let

0= .#5[1] ﬁ . Do Vi1 € (A2 x Ly(Q), n e &, (4.24)
1

which by (4.23) implies

dAp| 0o

v |y ov

with ¢ solution of (4.16) with initial data as in (4.21). We then want to show that, in
fact, [y,, ¥11 = 0. This is a consequence of the following uniqueness result.

=0 (4.25)

z

Theorem 4.3. Consider, for any T > 0, the problem
@ + A9 = p(t, X)o, in (0, T] x Q= Q, (4.26a)
@lizo = 9o € Lo(Q), @/li=0 = @, € [2(H?)] inQ, (4.26b)

_a(p _ _ﬁAqo _ , _
(pIZ_EL_A('DIZ_W =0, in(0, T} xI'=%, (4.26¢)

z
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with p satisfying the following assumptions:
peL*(@),  [V.ple L0, T; Ly(Q) = Ly(Q). (4.27)
Then ¢y = ¢, =0and so ¢ =0in Q.

To complete verification that assumption (C.2) on approximate controllability
is satisfied we take p as follows. In the case of verifying (2.35), we take p = f'(n,)
with 5, € L,(0, T; HY(Q)) (the first component of the space &y in (4.3)); hence
V.p = f"(n)V.n,, so that the required assumptions (4.27) on p are guaranteed by
the assumption (1.15) on f. In the case of verifying (2.36), we take p = f(t, x) with
fo any of the limits obtained as follows. If {#,,,} is an arbitrary sequence in a ball of
L,(0, T; H* (Q)), then by assumption (1.15) on f we have that

() f'(,.(x, 1)) in a fixed ball of L*(Q) and
(11) fo/(nln(x’ t) = f//(r,ln(x5 t))Vxnln arc in a ﬁxed bau Of L2(09 T9 LZ(Q))a
uniformly in n.

Thus, there exists a subsequence #,, such that f’ (y,,(x, t)) > some f, both
in L*(Q) weak star and in L,(0, T; H'(Q)) weakly. Thus f, e L*(Q) and
IV.fol € L,(Q), as required by (4.27).

Proof of Theorem 4.3. To begin, we have from (4.26b) the a priori regularity that
@ € L*(0, T; L,(Q)) for problem (4.26). Using this information, we now boost the
regularity of ¢ in the following two-step procedure. (This is similar to the proof of
Theorem 3.6 for waves.)

Step 1. Lemma 4.4.

(a) For problem (4.26) with p € L*(Q) we have, for T sufficiently large > some
T, and for some constant Cy = C(T — Ty) > 0,

w > |l ||i°°(0,T;Lz(ﬂ)) > Crl {‘Po’ (Pt}”%(d”z)xLz(ﬂ), (4.28)
D A?) = {he H(Q): hly = 0}, 1Bl 5y = | 2R 12,0
= J (AR)? dQ. (4.29)
Q

(b) Thus, the initial data and the regularity of problem (4.26) are boosted to
{@0, 91} € D(A1?) x Ly(Q),

{0(t), o)} € L*(0, T; D(4Y?) x Ly(Q)). (4.30)

Proof of Lemma 4.4 (Sketch). We use the multipliers &- V¢, ¢, and ¢, as applied
to (4.26a), with h the radial field h(x) = x — x4, X, € R". By applying the first two
multipliers and using the B.C. (4.26¢), we obtain, with n = dim Q (see, e.g., [LT11]),

j E(H)dt= JQ poh-Vo dQ + <g - 1>L pp?dQ + Por, (4.31)

0
T

Bor = [(‘3 + 1)(‘/’:: ®)a + (¢, h‘Vfl’)n:l > (4.32)

0

E0)= J |Ap(D))* + |@0)]* dQ. (4.33)
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Next, because of the B.C. ¢|r = Ag|r = 0 in (4.26c) we have

J [Vo(0)1> dQ = || /o) (17,0 < Cll# 00 |20 = CJ |Ap(t)|? dQ,
Q Q
(4.34)

which also applies to ¢, € (o). With such ¢, we show (4.28) and then extend it
by continuity to all ¢, € 2(/1/?). Using (4.34) on (4.32) (along with the Poincaré
inequality) and on the first integral on the right of (4.31) we obtain, for any ¢, > 0
since p € L*(Q),

T
- EI)J Ey(t)dt = O(Ey(T) + E4(0) + |9 lI£,0)- (4.35)
]

Next, multiplying (4.26a) by ¢, yields

t

E(t) = E\(0) + 2[

0

J poo, dQ dt (4.36)
Q

from which, since p € L*(Q),

C
E((t) < E;(0)+ T o, ||1%w(0, T;L2@) T ?p Tle ||%w(0,T;Lz(Q))' (4.37)

Selecting ¢ = &,/T, &, > 0 preassigned, we obtain

(1 —¢) sup E (1) <E0)+ Or(li@ le,w(o,T;Lz(n))), (4.38)

0<t<T

where here and hereafter ¢ means that the constant of upper bound may depend
on T. Inserting (4.36) into the left-hand side of (4.35) and using the estimate (4.38)
for the term E,(T) on the right-hand side of (4.35), we obtain

(1 = e)TE(0) = O(E(0)) + Ol ¢ 120, 7:1200) — 21 — £1)0tr, (4.39)

T prt
f J J po@, dQ dt dt
o JolJa

C
2
<eT*lio, le,w(o,T;Lz(m) + ?p Tl ¢ ”I%“’(O,T;Lz(ﬂ))

lor| =

(where we select & = &,/T?2, g5 > 0 preassigned, so that by (4.38))

g
< 1= B0 + Orll @ oo, 1) (440)

2
Then (4.40) used in (4.39) yields (4.28) for T sufficiently large, as desired, by
(4.29). O

Step 2. Let now ¢ satisfy problem (4.26) for 0 < t < T, say T arbitrarily small
Define, for 0 <t < T, f=p and $=¢, and, for t > T, p=@=0. Then
§e L0, ) x Q) and ¢ satisfies the same initial condition as in (4.26b) and,
moreover, for almost all ¢ > 0, the equation @,, + A*¢ = p@ and all four boundary
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conditions as in (4.26c). Then @ e L*((0, «0) x Q) and Lemma 4.4 applies to &
yielding the corresponding inequality (4.28) over some [0, T} 1, T} sufficiently large,

where || (ﬁ ||Loo(0, T LaQ) = ” @ ||L°°(O, T; L2(Q)*
Step 3. Lemma 4.5.

(a) Consider problem (4.26) with p satisfying assumptions (4.27) for any T >0
and with a priori regularity for ¢ given by (4.30). Then, if n < 3 we have in
fact that, for any T > 0 and for some constant Cy > 0,

w > [|IVe| ||1%w(0,T;L2(Q)) + o, ”iw(O,T:Lz(Q)) + '|¢||12.w(Q)|||VxP|||1%2(Q) (4.41)
2 Crl{@o, @1} 154 x acays

DA = Hy(Q),  AL>*) = (he H¥Q): h|r = Ah|r = 0}
(with equivalent norms), 4.42)

1/2
I hllgeiey = | *h @  equivalent to H |Vh|2d9} , (4.432)
Q

1/2
hll oo, = | ¥R  equivalent to { J |V(AR)[? dQ} . (443b)
Q

(b) Thus, the initial data and the regularity of problem (4.26) are further boosted
to

{@0, @1} € D(A*) x D(A%),

(4.44)
{0(0), 9{8) € L0, T; 2(A>*) x D(A'1%)).
Proof of Lemma 4.5. We now apply the multipliers h-VAg, A, and Ag, to
(4.26a), with h(x) = x — x, again. Using the first two multipliers and invoking the
B.C. (4.26¢) we obtain (see [LT8], (2.29), (2.34), and (2.36) in the case p = 0)

T
J E,(t) dt = —J poh-V(Ap) dQ — nf peA@ dQ + byr, (4.45)
0 [4] 2 Q
T
bor = [(% h-V(A@))q — g J Vo Vo, dQ] , (4.46)
Q 0

Eyt) = J IV(Ap(t) > + Vo ()|* dQ
Q
equivalent to || o(1) “5252(&/3/4) + | ‘Pt(t)”é(ﬂ”‘y (4.47)

Using the estimate (2.41) in [LT8] for byr and the Poincare inequality on the
second integral on the right of (4.45) we obtain, for any &, > 0 since p e L*(Q),

T
a- GI)J E (1) dt < &,C, (Ex(T) + E»(0))
0

+0(]|| Vol ”i“’(O,T:Lz(Q)) + [l o, ”im(O,T;Lz(Q)) + e “%,Z(Q))'
(4.48)
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Next, multiplying (4.26a) by A, yields, e.g., [LT8]
t

Ey(t) = E(0) 2 f

j poAep, dQ d, (4.49)
oJo

where, by Green’s first theorem, using the B.C. (4.26¢),

J peA@, dQ = —f pVo, - Vo dQ — J oVp-Vo, dQ, (4.50)
Q Q Q

V being the gradient in the space variable x from which, using p € L*(Q),

prqu(p, dQ dr
0Ja

-

< 2eT [ IVQ o0, 72 120y T+ ; HV@ 7=, 7: Loy

+ @(Jl J |oVp|* dQ dr>. 4.51)
0JQ

Selecting 2¢ = &,/T, ¢, >0 preassigned, and using the Sobolev embedding
@ € L=(0, T; H*(Q)) (from (4.30)), ¢ € L®(Q) for n < 3, we obtain from (4.49) via
(4.51)

(1 — &) sup Ey(t) < Ey(0) + Or(IIVo| |0, 1: 22

O0<t<T
+ Ol @ |7l VP I40)- (4.52)

Inserting (4.49) into the left-hand side of (4.48) and using the estimate (4.52) for the
term E,(T) on the right-hand side of (4.48), we obtain

1
(1 —eTE,0) < 31Cn,h<1“—8 + 1>E2(0) + (| o, ||iw(0, T;Lz(Q)))
— &

+ 0111V 1m0, 7: L2y
+ 0l @l =l 1VPlF.0) + 2(1 — e)vrs (4.53)
where from (4.51) and proceeding as in (4.52)

T rt
J f f poAp, dQ dt dt
0 JolJo

<2eT?||Ve, “iw(o,T;Lz(Q))
2

C,T
+ pa 11Vl “fw(o,r;Lz(g)) + T | ¢ “%w(g) [Vpl ”iz(Q)) (4.54)

byrl =

(selecting now 2¢ = &,/T?, ¢35 > 0 preassigned, and recalling (4.52))

£
< 1 _38 E»(0) + O([[{Vo| ”iw(O,T;Lz(Q)) + |l (P||12,w(Q) I1Vpl HIZ.Z(Q))- (4.55)
2

Using (4.55) in (4.53) yields (4.41) for any T > 0, as desired, by virtue of (4.47).
O

Conclusion of proof of Theorem 4.3. Having boosted the a priori regularity of
problem (4.26) to {¢, ¢,} € L*(0, T; H*(Q) x H'(Q)) from (4.44), T > 0 arbitrary,
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we can now apply the uniqueness result as in [I] twice in succession (as [I]
deals with the Schrodinger equations) and conclude that, in fact, po = @; = 0, as
desired. 0

Remark 4.1. The general setup of this paper may apply to other semilinear plate-
like problems, in addition to the Euler-Bernoulli equation (1.14). For instance, we
may replace the B.C. (1.14d), with Aw + (1 — y)Bw = u, on X, B the boundary
operator arising in the two-dimensional model, for which the corresponding exact
controllability result has been recently established in [H3].
As another example, we may consider the Euler-Bernoulli equation (1.14a),
this time with boundary controls
ow
wlp = uy, o

ov
The exact controllability of the linear equation (f = 0) on the space

H = (") x [2(A41)] = H5(Q) x H1(Q),

=u2.
z

oh
Ah=ANh  D(A)= {h € HYQ): h|y = (%‘ = 0}
r

with controls u; = H}O, T; L,(T")) and u, = 0 is given in Theorem 1.2 of [LT6],
complemented by [LT12] for arbitrarily short T > 0. Here, we may take &1 =
L,0, T; [2(s/Y%)]) and u, e HYO, T; H }(I')) for the semilinear model. All
structural assumptions (A.1)-(A.5) as well as the exact controllability assumption
(C.1) can then be verified. The approximate controllability assumption (C.2) leads
to a uniqueness property which is apparently open at present.

Finally, it seems likely that the semilinear version of the Kirchhoff problem in
[LT11] can also be covered by the present setup.

5. Proof of Theorem 1.2 and of Remark 1.2

The crux of the proof of this theorem is on the trace regularity v|; of the solution v
of problem (1.6), due to the control action u € L,(X). According to recent results
[LT9, Main Theorem 1.3 and Remarks 1.2], we have that, in fact, v|y € H¥(Z), B as
specified in (1.5). By assumption (1.4) on g, it then follows that g(v|;) € L,(X). We
next define the function u by setting u = u — g(viz) € L,(Z) as in (1.7). Then (1.8)
holds as desired. Note that the general question of well-posedness of problem (1.3)
with a general u € L,(Z) is handled, e.g., by [L3].

The proof of the content of Remark 11.2 is similar, this time applying Main
Theorem 1.2 and Remark 1.1 of [LT9].
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Appendix A. Proof of Theorem 3.1

A.d.  Proof of Exact Controllability

We use a direct approach as in [LT5], [LT6], [LT8], and [T3].
Lemma A.1. The exact controllability on [0, T] of problem (1.1) with f = 0 on the
state space H{(Q) x L,(Q) and within the class of HY(0, T; L,(I'))-controls as

expressed in Theorem 3.1 is equivalent to the following property: there is a constant
Cr > 0 such that

o7 2
J (6\) + KOT) d= = Crll{@o, 01} |y x Lo (A1)
z

where @ solves the corresponding homogeneous problem backward in time

¢y =Ap in(0, T]xQ =0, (A.2a)
Pli=1 = ®0, @li=r=0; in, (A.2b)
plr=0 in(0, T]xI'=Z, (A.2c)

explicitly given by
o(t) = C(t — T)go + S(t — T)o,, (A.3)

—1
Kor = T D*M{[I - C(T)]ﬂ_l(l’l - S(T)(Po}' (A4)

Proof. The exact controllability sought (say from the origin) means that the
continuous input-solution operator .#; in (3.16) satisfies

L HYO, T; Ly(T) =225 HYQ) x LyQ) = A7) x L(Q), (A5)

equivalently, the Hilbert space adjoint £%: H3(Q) x L,(Q) — HY(0, T; L,(I")) has
a continuous inverse: there exists a constant C; > 0 such that

d
o *
dt aki

zo] |[?

> Cr {Zo, Z1} ”é(.ﬂ”z)xLz(Q) (A.6)
Z1 | | |L2(0, 751200

since, for any g € H3(0, T; L,(I')),

91530, 75 L2 equivalent to 79 (A7)

L2(0, T; L2(T))
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We compute the adjoint #% as usual: from (3.16) withu € H3(0, T; L,(I")), [z, z,] €
D(411%) x L,(Q) using that o, S(-) (odd), C(-) (even) are self-adjoint, then [LT5],

[T3]
)@(w"% x La(€2) - (

<$Tu,
+ <&¢jT C(T — t)Du(t) dt, zl)
0

Zo T
of f S(T — O)Du(t) dt, mo)

(¢}

z, L)

L)

T
= J (u@®), D*A[C(t — T)zy — St — T)A 2o,y AL
0

_ (u, x| ) (A8)
Z1|/Hko, T:LxT)
d
= (ut’ - y?‘ ZO >
dt 21|/ L20. T: LaTy
T
=J uy L x| ) dt
0 dt 21 |/ Ly
Tr 42 Zo
= — U, —5 L% dt (A9)
L < drr 7Tz, >L2(F)
since u(T) = u(0) = 0. By comparing (A.8) with (A.9) we may take
d2
2 <$# %o )(t) =D*oA[Ct — Tz, — St — T)Azy]. (A.10)
Z
Integrating (A.10) in ¢t and requiring that
23| 7°| € HYO, T; Ly(D)
Z;
vanishes at t = 0 and ¢t = T, yields
A%
( p b >(r) = —D*/[C(t — Tz + S(t — T)z,1 + Kor
1
g
=E(t; ©o = 20; ¢1 =21) + Kor (A.11)
since D*.of = —3/dv[LT2], where ¢ solves (A.2) with ¢, = zy, @, = z;, and K,y is
given by (A.4). Then (A.11) used in (A.6) yields (A.1), as desired. [

Lemma A.2. Inequality (A.1) (which is equivalent to exact controllability of the
linear problem (1.1) with f =0 on the space HYQ) x L,(Q) within the class of
HO, T; Ly(ID)-controls) is in turn equivalent to the inequality

o 2
j (5%) dZ > Crl{eo, @1} ||1?§13(9)xL2(n) (A.12)
b
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for some C > 0 (which is equivalent, e.g., [L5], [H2], [ T3], to exact controllability
of the linear problem (1.1) with f = 0 on the space L,(Q) x H~'(Q) within the class
of L,(0, T; L,y(I"))-controls).

Corollary A.3.

(i) The linear problem (1.1) with f =0 is exactly controllable in [0, T] on
HYQ) x L,(Q) with HY(0, T; Ly(T))-controls if and only if it is exactly
controllable in [0, T] on L,(Q) x H™Y(Q) with L,(0, T; L,(I'))-controls.

(ii) When part (i) holds, then problem (1.1) with f = 0 is exactly controllable in
[0, T on the space

DA x [P(A?)] = HY Q) x HQ), 0<0<1, 0+#%
or
H(Q) x [Hog (@Y if 0=3 (A.13)

with H(l, 80, T; Ly(T")-controls for 8 # 3, and HYF(0, T; Ly(T))-controls
for @ = L. This follows by interpolating between the statement that (£%)™ " is
continuous: H3(Q) x L,(Q) —» HO, T; Ly(T")) as in (A.6) (which is equiva-
lent to (A.5)) and the statement that (£%)~' is continuous: L,(Q) x
H ™ YQ) - L0, T; L(I")) (which is equivalent to ¥: L,(0, T; L,(T")) onto
L,(Q) x H™Y(Q)), see pp. 64-66 of [LM].

Proof of Lemma A.2. We adapt to present circumstances a compactness argu-
ment [L5], [L7], [LT5], [LT6], [LT8] by “absorbing” the “lower-order” term
K, given by (A.4). First, we assume (A.12) and show that (A.1) holds. By
contradiction, let there be a sequence {@,,, ®1,} € Hy(Q) X L,(Q) such that with
@) = C(t — T)@on + S(t — T)@1,, 1€,

/I = A¢n,
<p,.lt T = Pno> Pali=1 = Pn1, (A.14)
(pn |E - 0’

we have

0

’ 1 P = (A.15)
La(z)
0@, 2
+ Kor,n -0 as n- . (A.16)
ov La®)

But ¢,(¢) satisfies (A.12) and so there is a subsequence {@q,, ¢1,} — some {@q, @1}
in H{(Q) x L,(Q) weakly, and by compactness, for 6 > 0, § # 1,

{(POn’ (pln} g {@05 (ﬁl}
strongly in  H3 7 %Q) x H Q) = 2(L41 9% x [D(H??)], (A.17)
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equivalently
(SO0, 12, ) > (A2, )
strongly in  L,(Q) x L,(Q). (A.18)

By (A.18) with ¢ = 1 — §/2 recalling D*.o7/'/*~* € L(L,(Q), L,(I')) from (3.12), we
have from (A.4) that

—1 —& - £
Kor,n = TD*&{lm [l - (Tl et D1n
1
+ T D* 1A V2S(T) o V4 20y, (A.19a)
converges strongly in L,(T') to

Ror = 1 DAa/{1 — C(TY)/ ' — S(T)f). (A.19b)

Thus,
Kor.,— Kor  strongly in L,(0, T; Ly(I')). (A.20)
By (A.16) and (A.20)
o0,

i —Kyr  strongly in Ly(0, T; L(I')) (A21)
and by (A.15) we deduce
“KOTHLz(E) = 1. (A-22)
On the other hand, ¢(t) = C(t — T)$, + S(t — T)P, satisfies
Gy = Ad inQ, (@) = AG in Q, (A23a)
Pl =0 in Q, hence @ls =0 in Q, (A.23b)
0p 0@
@y Ror| =0 inZ, 0 ~0 s, (A.23¢)
ov - ov |y

by differentiating in z. The standard uniqueness property [H4] applies to problem
(A23) right, and yields @, = 0 in Q, hence @ = const in Q, finally 0¢/dv = 0in X. By
(A.23c), left problem, we get K,; = 0 and this contradicts (A.22). Thus (A.12)
implies (A.1). The proof that (A.1) implies (A.12) is identical. O

The proof of the exact controllability statement in Theorem 3.1 is now
complete since (A12) is known to hold true for sufficiently smooth Q and for
T > T(x°) = 2R(x°) = 2 max|x — x,|, for xeQ, by Komornik’s remark [LS,
Section 5]. The case where the control u in (1.1c) acts only on a prescribed portion
I'; of I can likewise be handled, see, e.g., [T3], where estimates of T are given.

A.2.  Proof of Regularity Statement (3.4) in Theorem 3.1.

It is essentially contained, say, in the proof of Theorem 3.4 of [LLT]. If
ue H30, T; L,(I')) in (1.1c) of problem (1.1) with wy = w, =0 and f =0, then
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integrating by parts (3.15) in ¢ yields, since u(0) = 0 (see also (3.23) in {LLT]) and
a € L2(2)9

w(t) = Du(t) — f C(t — 7)Di) dx, (A.24)
1]
w(t) = wf S(t — t)Di(z) dt € C([0, T]; L,(Q)), (A25)
1]
Du(t) e HY0, T; HV*(Q)) by (3.12), (A.26)

j t C(t — )Di(t) dr € C([0, T]; D(£V?) = HYQ))  from (3.24)in [LLT].
0
(A27)

Thus, using (A.26), (A.27) in (A.24) and noting (A.25) yields (3.4), as desired, and
Theorem 3.1 is fully proved. Moreover, for u(T) = 0, we get from (A.24), (A.27) that
w(T) € HY(Q), and (3.16) is also proved. a

Appendix B. Proof of (4.9) and of (4.10b)

Proof of (4.9). We actually show sharper results. Starting from (4.8) with i = 1,
rewritten now as

(Lyu)t) = |:L1u1(z)’ M]

dt

and integrating by parts in ¢ time (as in Section 3 of [LLT] and in [LT7] with u,(¢)
satisfying

u, € C([0, T], HY*(T)), 4, € C([0, T], HV*(T)), 1, € Lo(Z), (B.1a)
u;(0) = 4,(0) =0, (B.1b)
we obtain

(LyuyX(O) = Gyuy(2) — C(O)Fu5(0) — S()F 1, (0)
— Jt S(t — 1)Gii () dv e C([0, T]; H3(Q)), (B.2)
(4]

dL
(_dltw (t) = JZ{S(t)/unl(O) + Gldl(t) — C(t)ﬁ’lul(o)

- f t C(t — 1)G,iiy(7) dr e C([0, T]; H(Q)) (B.3)

[

by using (4.4) on G, and Theorem 1.3 of [LT7] on the integral terms. Moreover, if
in addition we have

uy (T) =u(T) =0, (B4)
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then ,
(Lyu, X(T) = —J S(T — )Gy (1) dt € D(A31%), (B.5)
()]
T
(di;ui (T) = —j C(T — G,ii(t) dte D(AM). (B.6)
0

The regularity properties required of u; in (B.1a) are satisfied if u; belongs to the
space

d’h
W, T)= {h € L,(0, T; H'°3(T)), 52 € L0, T; Lz(l“))} (B.7)
as it follows via Theorem 3.1, p. 19, of [LM], while properties (B.1a), (B.1b), and
(B.4) are a fortiori satisfied if u; € H3(0, T; H'%3(T)). 0

Proof of (4.10b) and (4.10c). As already observed, statement (4.10a) is proved in
Theorem 1.3 of [LT7]. Next, to prove statement (4.10b), let u, € HY(0, T; L,(I')) so
that i1, € L,(X). Integration by parts in ¢ on (4.8b) with i = 2 yields

Gux(t) — C(t)Fous(0) — J C(t — 1)G,iy(7) de
0

(Zauy)(t) = (B.8)

A u,(0) + o f t S(t — 1)G,ti,(7) de
(4]
Since, by (4.5) and, respectively, by (4.10a) with [2(/Y*)] = H™Y{(Q)[G], [LT7],
G,u,(t) € Hy(0, T; H*(Q)), Jt C(t — 1)G,iiy(1) dr € C([0, T]; 2(s2>%)),
0 (B.9)

we obtain via (B.8), (4.10a), and P(/¥%) = {he H¥(Q): h|- = Ah| = 0} [G],
[LT7] that

(ZHu)(t) € C([0, TT; H¥*(Q) x Hy(Q)) (B.10)
and (4.10b) is proved. Note, moreover, that since u,(T) = 0, (B.8)-(B.10) yield

—JT C(T — tiy(t) dt D(4%%)
0 € (B.11)

,(ZZTuZ = T .
o j S(T — G, dt | | D(41*) = HYQ)
0

To prove (4.10c) note also that [G], [LT7]
H(Q) <« H?~*(Q) = 9(A°87%) = (he H>?~*(Q): h|p = 0} (B.12)
and hence interpolating between (4.102) and (4.10b), with 6 = 3,
[H*(Q), H' ()34 = H''%(Q), (B.13)
[H52(Q), HY(D)/e © )
[D(t5°7%), DAV ]5p0 = D124, (B14)

DA = (he Q) by = 0} = HYVB~*(Q). [ (B.15)
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