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Abstract. We consider an infinite horizon discounted optimal control prob-
lem and its time discretized approximation, and study the rate of convergence
of the approximate solutions to the value function of the original problem. In
particular we prove the rate is of order 1 as the discretization step tends to
zero, provided a semiconcavity assumption is satisfied. We also characterize
the limit of the optimal controls for the approximate problems within the
framework of the theory of relaxed controls.

1. Introduction

The dynamic programming method shows that the value function of an optimal
control problem for ordinary differential equations satisfies, provided it is smooth,
a nonlinear first order partial differential equation of Hamilton-Jacobi type, the
Bellman equation (see, e.g., Fleming-Rishel [14]). And, on the other hand, the
existence of a smooth solution of the Bellman equation often enables us to find an
optimal feedback control (see [14] or Lee-Markus [18]).

However, this procedure can seldom be implemented in practice. Indeed,
simple problems are known whose value functions have discontinuities in their
partial derivatives, and examples show also that the Bellman equation may not
have a C?! solution, due to its fully nonlinear character. Moreover, the synthesis
procedure requires regularity of the feedback control, too.

This discussion reveals that, in order to make the dynamic programming
method rigorous, two main questions should be answered:

(i) In which weak sense does the value function of an optimal control
problem satisfy the corresponding Bellman equation?

(ii)) In what way can we construct an optimal control or a minimizing
sequence based upon the information of such a weak solution?

*This work was done while the authors were visiting members of The Department of Mathe-
matics of The University of Maryland at College Park.
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A major achievement concerning the first question is the observation, due to
P. L. Lions [19], that under quite general conditions the value function is
characterized as the (unique) viscosity solution of the associated Bellman equa-
tion. See Crandall-Lions [8], Crandall-Evans-Lions [7] for the definition of and
uniqueness results for viscosity solutions.

In a previous paper [2] one of the authors proposed an approximation
method of the viscosity solution of the Bellman equation associated with the
infinite horizon problem with discounting, The interpretation of the solutions of
the approximate problems as value functions of some discrete time control
problems allows us to construct a minimizing sequence of piecewise constant
controls for the original problem. See Hrustalev [16] for other results in this
direction, and see also Capuzzo Dolcetta-Matzeu [4, 5], Capuzzo Dolcetta-
Matzeu-Menaldi [6] for a similar approach to the stopping time and the switching
problems.

The purpose of this paper is to study the rate at which the approximate
solutions considered in [2] converge to the exact solution as the discretization step
h tends to zero and to characterize the limit of the optimal controls for the
approximate problems within the framework of the theory of relaxed control
problems (see Berkovitz [1], Warga [24], and [18]).

The next section contains the precise statement of the infinite horizon control
problem with discounting and its Bellman equation, with relevant matters from
[2, 7, 19] about viscosity solutions and their approximations. In Sect. 3 we show
that the rate of convergence of approximate solutions to the exact solution is of

order l, assuming the exact solution is Holder continuous with exponent

0 <y <1. The proof is a modification of the method introduced for difference
approximations of Hamilton-Jacobi equations by [9]. The result in the case y =1
is due to Souganidis [21], where general approximation theorems for Hamilton-
Jacobi equations are proved. In Sect. 4 the particular structure of the Bellman
equations is used to prove, using both PDE and control theory methods, that the
convergence rate is of order 1, provided a semiconcavity assumption is satisfied.
These results can be seen as a natural development of earlier work of Cullum [10,
11] and Malanowski [20], where similar approximations have been considered
under rather restrictive convexity assumptions. See [9, 19, 21, 22], for related
topics. Finally, in Sect. 5, we show that the optimal controls and the correspond-
ing states of the approximate problems converge, in a suitable sense, to an
optimal relaxed control and the corresponding relaxed response.

The authors wish to thank Professor L. C. Evans for his interest in this work.
They also wish to thank Professor F. Murat for useful discussions on the subject
of Sect. 5.

2. Optimal Control Problems

We will be concerned here with the infinite horizon discounted optimal control
problem (see [14]); this is the problem of finding

V(x) = igglfowf(y(x,s),a(s))e_“ds for x € R". (2.1)
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Here &7 denotes the set of all measurable functions of [0, + oof to a given compact
subset A of R™, f: R"X AR is a given function and A i5 a given positive
constant. The vector y(s) = y(x, s) and the control « in (2.1) are related by the
state equation

y(s)=g(y(s)’a(s)) S>O’} (2‘2)
¥(0)=x,

where g: R” X 4 - R" is continuous and satisfies
lg(x,a)—g(x",a)l < Lix —x'l, |g(x,a)l < M (2.3)

for all x,x’€R”,a€ A and for some constants L, M. The mapping y: R” X
[0, + oo = R™ is called the response or the state corresponding to . The constant
A represents the discount factor and the function f determines the running cost. We
assume f is continuous on R” X 4 and satisfies

If(x,a)~ f(x"a)l < M|x = x"),  |f(x,a)l = M
forallx, x’€R", a€ A. (24)

The function V: R" — R defined by (2.1) is called the value function of the control
problem. For x € R” and a € &, we set

J(x,a) = fowf(y(x, 5),a(s))e"?ds,

where y is the response to a.
It is known that under the assumptions made above, the value function ¥V
satisfies

J(OEE

[V(x)=V(x') < Clx - x'|" (2.5)
for all x, x’€R", where C is a constant dependingony andy=1ifA> L,y = %

if A < L and vy is an arbitrary number les\s than 1 if A = L. Moreover, u =V is the
unique bounded uniformly continuous viscosity solution of the Bellman equation

ma;g{?\u(x)—g(x,a)-Du(x)~f(x,a)} =0 forx € R™ (2.6)
ae
a a [T 344 : . .
Here D = T Fn and “-” denotes the inner product in R”. Uniqueness
1 n

is a consequence of Crandall-Lions [8, Thm. IL.2]. For a proof of these facts, see
[18].

For convenience, we recall here the definition of a viscosity solution of (2.6)
following [7] (see also [8]). A continuous function # on R" is called a viscosity
solution of (2.6) provided for every ¢ € C*(R") the following holds: if x, is a local
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maximum point of u — ¢,
max { Au(xq) ~ 8%, @) Do (%)~ £ (%0, @)} < 0,
and if x; is a local minimum point of u — ¢,
g%sa,): {Au(x;)~ g(x;,a)-Dop(x,)) = f(x;,a)} = 0.
Let & be a positive number, and consider this approximate problem of (2.6):

max (1 (x)= (1~ M), (x + hg(x, @)~ Bf (x, @)} = O 26),

for x €R”. Tt has been proved in [2] that if # <1/A then (2.6), has a unique
bounded continuous solution u, and that {u, } converges locally uniformly in R”
as £ — 0™ to the unique bounded uniformly continuous viscosity solution of (2.6).
The following representation formula has been also demonstrated in [2];

u,(x) = aiendfx/ J,(x,a) foreveryx € R". 2.7
h .

In this formula, &7, denotes the subset of &/ consisting of all controls which take
constant values on each interval [kh,(k + DA[, k=0,1,..., and

J(xia) = héof(yh(x,k),a(kh))(l->\h)",

where the sequence { y,(x, k)} is determined by the recursion

yh(x,O) =X, yh(x’k+l) = yh(x’k)+ hg(yh(x»k)’a(kh))’
k=0,1,... (2.8)

Moreover, the solution u, of (2.6), satisfies
M ’ "y
(O S50 Tu(x) = () < Clx = ] 29)

for all x,x’€R", h€10,1/A[, where C is a constant depending on vy, but not on
h,and y=1if A>L, y=A/Lif A <L and v is an arbitrary number in [0,1{ if
A = L. One can find also in [2] a proof of the estimates (2.9) except the Holder
estimate of u, in the case A < L: this is proved by using the formula (2.7) and
Lemma 4.1 below.

1t will be useful in what follows to consider the piecewise constant extension
Fu(x, ) to [0, + oo[ of the mapping: s — y,(x, s/h) defined on { kh|k =0,1,2,...}.
It is defined by

In(x,5) = yu(x,[s/h]),
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where [s/h] denotes the largest integer which is less than or equal to s/h. As a
simple consequence of the Gronwall inequality we have

ly(x,s) = 7u(x,5)| < Mhe™ (2.10)

for all s >0, x ER" and a € &,, where y and y, are the solutions of (2.2) and
(2.8), respectively.

3. Rate of Convergence (I)

The following theorem is proved by using a simple modification of the method in

9.

Theorem 3.1. Assume (2.3), (2.4), and let u,u, € BUC(R") be the viscosity
solution of (2.6) and the solution of (2.6),, respectively. Let y € 10,1] be a Holder
exponent of u. Then

suplu — u,| < Ch"/? (3.1)
Rn

for each h €10,1/A[, where C > 0 is a constant.
Recalling (2.5), we have immediately

Corollary 3.1.  Under the assumptions of Thm. 3.1, the following estimates hold for
some constants C > O (which may depend on vy in the case (3.3)).

suplu — u,| < CH?  if A > L; (3.2)
Rn
suplu — u,| < Ch"*  foramyy <1 ifA = L; (3.3)
Rn
suplu — u,} < CKM?L ifA < L. (3.4)
Rn

Remark 3.1. The above estimate (3.2) is due to Souganidis [21], where the same
estimate is obtained for more general Hamilton-Jacobi equations. Our contribu-
tion here is the estimates (3.3) and (3.4).

The basic idea of the proof of Thm. 3.1 is same as [21]; and so we only sketch
the argument here.

Outline of proof. For 0 <¢ <1, define function

B.(x) = -2 forxerr. (3:5)

If0<h<1/A, we set

o(x,y) = u,(x)—u(y)+ B(x—y) for(x,y) € R" XR".
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Since u and u,, are bounded on R”, for each § > 0 there exists a point (x;, y;)
in R2” such that

@(x;, »,) > supgp — 8.
IRZ"

Choose £ € C°(R?") so that
&(x,y) =1, 0<¢<1, |D§ <1,
and for 0 < 6 <1, set
Y(x,y) = o(x,y)+ 8(x, y) for(x,y) € R*"
Clearly, y takes its maximum at a point (x,, y,) in supp &. That is
V(xg, ¥0) = ¥(x,y) forall(x,y) € R?". (3.6)

Note that y = — y/(x,, y) attains its minimum at y,. Hence, by the definition of a
viscosity solution of (2.6),

Au(yy) + g(yo, a*) - (DB.(xq = y5) = 8D,(xq, 35)) — F( 39, a*) = 0 (3.7)

for some a* € A4.
By (2.6),,, we have

uy(xg) — (1= Ah)u, (xo + hg(x,, a*}) = hf(x,,a*) < 0.

Use the inequality (3.6), with x = x, + hg(x,, a*) and y = y,, to cancel the term
u,(xy + hg(xy, a*)) and obtain

A“;.(Xo)+(1—>\h)g(xo,a*)'DBE(XO“yo)—%Ig(xO,a*)IZ
— 81g(xq, a*)| — f(xo.a*) < 0. (3.8)

Subtracting (3.7) from (3.8) and taking (2.3), (2.4), and that DB(x)= — z—f
€

into account, we get

2
— h —_
1Xo 2)’o| n 1X0 ~ Yol +ﬂ +2EM.

&2 2

up(xo) — u(yy) < Cllxg— yol +
(3.9)

(C denotes various positive constants here and in the remaining part of the
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proof.) Now we observe that if we choose x = y = x,, in (3.6) we obtain
1 ) Y
§|XO—J’0| < Clxg = %l" + 8]xg — yol-

Since €, 6 <1, from this we have

2
[Xo — Y| < Ce2-7> (3.10)

where C is independent of ¢, §, 4. Thus, from (3.9) and (3.10)

2 2y 2y -2

u,(xo)—u(y,) < Clez-v+e2-v+he2—v +£2+6 )
€

Assuming # <1 and taking ¢ = A@~Y/4 in the above, we have

up(x0) — u(yy) < C(B2 +9). (3.11)

From (3.6) with y = x, we have

u(x) —u(x) < uy(x) —u(yp) + 89,
and so, from (3.11),

uy(x)—u(x) < C(h*+8) forallx € R".

Since 6 € ]0,1] is arbitrary, we thus have

uy(x)—u(x) < Ch/? forallx € R".

To prove the inequality u(x)— u,(x) < Ch"’?, i.e., to complete the proof, it is
enough to set @(x, y)=u(x)—u,(y)+ B.(x — y) and to proceed as above. O
4. Rate of Convergence (II)
Let us begin this section by showing that the interpretation of the viscosity
solution of (2.6) as the value function of (2.1) and the representation formula (2.7)
for u,, allow us to improve the estimate (3.1) from one side. We need the following
Lemma 4.1. Let ¢ be a measurable function on [0, + o[ such that

0 < o(¢) < min{A4e®,C}, =0 (4.1)

for some positive constants A< C and B. Let \ be a positive constant. Then

+
fo oo(p(t)e‘“alt < KA° (4.2)
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for some constant K depending on o, where

U=1 lfA>B,
o is an arbitrary number in |0,1[ ifA=B, (4.3)
6=A/B if\ <B.

Proof. From the assumption (4.1),

+ +
f OOqD(t)e‘“dt < AfTe(”"‘)’dt + Cf Fe My
0 0 T

holds for any 0 <T < +o0. A direct computation of the integrals on the right
hand side with the choices T=+00 if A>B, T=1/AlogC/4 if A=B, and
T=1/BlogC/A if A <B gives

A .
B ifA> B,

% —At c :
f o(t)e Mdr < A( log ) ifA=8B,

0 ATX
1

A/B| 1 1-A/B

A ( 3= ?\ X )C if A <B.
The assertion follows immediately from these inequalities. |

Theorem 4.1. Assume (2.3), (2.4), and let u,, u € BUC(R") be, respectively, the
solution of (2.6),, and the viscosity solution of (2.6). Then the following estimate holds
for some constant C > O depending on o:

sup (u—u,) < Ch°, (4.4)
Rn

where 6 =1 if A> L, o is an arbitrary number in 10,1 if A\=L, and o =A/L if
A<L.

Proof. Using the representations

uy(x) = alenﬁi J(x,a), u(x)= igfﬂ](x,a),
h o

we see that
- < inf J(x,a)— inf J, (x,
u(x) — uy(x) It (x,a) nf, B (x, @)

< sup |J(x,a) = J(x,a)|. (4.5)

a € ),
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We fix a € &, and compute that
[>¢]
(@)= Jy(x,a)) < [T (5(x,9),a(5)) = £ (543, 8), (s ™ ds
[Tz s)a(s))] Je — e/ ds - (4.6)
0
where 6 = 8(A, h) is given by
0 =— L log(1—Ah)
Ah ’
Then assumption (2.4) and (2.10) yield

[ (y(x,5),a(s)) = f(Fu(x,5), a(s))] < min{ M>he™*,2M },

and therefore, by Lemma 4.1,
o0
[ U0 5),a(s)) = 1050 (x,5), als))ie M ds < Ke (4.7)
for some K > 0. On the other hand, we have

[T Grs) () e — &=/ s
0

M/oolks — OA[s/h]h|max{e ™, e~} ds
0

A

A

MA(|1—0(+h)f0°°(s +1)max{ e, e "} ds. (4.8)

Combining (4.5), (4.6), (4.7), and (4.8), and using the fact that

we conclude (4.4). a
Our aim is now to obtain similar upper bounds for sup(u, — u). As we shall

R
see in Thm. 4.2 below, this is possible provided the approximate solutions u,
satisfy the following condition:

u(x+2)—2u,(x)+u,(x—z) < Clz|'*" (4.9)

for some 7 € 0,17 and all x, z € R", where C is a constant independent of 4. For
7=1 this amounts to the (uniform) semiconcavity of u,. Such a condition has
been widely used in the study of nonlinear first order partial differential equa-
tions (see [12, 16, 17, 19)).
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Theorem 4.2. Assume (2.3), 2.4), (4.9), and A> L. Then, for some positive
constant C, the following estimate holds:

sup(u, —u) < Ch" forallh 6]0,%[, (4.10)
Rn

where u,, u € BUC(R") are the solution of (2.6), and the viscosity solution of (2.6),

respectively.
The proof of the theorem requires a technical lemma which we state below.

Lemma 4.2, Let v: R" —» R satisfy
v(x+z)-2v(x)+v(x—2z) < Clz|** (4.11)

for all x, z €R" and some 7 €10,1), and

v(0) = 0, lims%py—l(;xll < 0. (4.12)
Then
c 1+ n
v(x) Smpq T forx € R". (4.13)

Proof. Llet x+# 0 be an arbitrary point in R” and & a nonnegative integer. Apply
(4.11) with x =x /2**1, z = — x /2¥*1 10 obtain that

£\, 1 (%) C
o\ ) 23% %)

We have used here that v(0) = 0. From this, by induction, one can see that for all
k=0,1,2,...,

X 1+~
2k+1

_)_C; >U(5C_)_£ zl+721’_2—1’(k—1)
\ox) = T2k 271
Hence,
3]
k
limsupv—(x—)zlimsup =
x—0 lx[ k— +o0 L&L
2k
. 2kfe(x) cCxprTT2r-2 kD
> lim —|——-=% —_—
k=0 [T | 26 2612 -1
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and therefore, taking (4.12) into account,

IXI1+7 27
21+'r 27 -1

1
0=>—|uvix)—-C
1)

This proves (4.13). O

Proof of Thm. 4.2. Let B, be the function defined by (3.6), and choose § €
C(R?™) as in the proof of Thm. 3.1 so that 0 < £ <1, |D¢| <1 and the function ¢
on R?" defined by

Y(x,y) = w(x) = u(y)+ B.(x—y)+ 8&(x, y)

attains its maximum at some point (x,, ¥,) € R?”", i.e.,

¥(x, %) 2 ¥(x,y) forall(x,y) € R*" (4.14)

Since y = — ¥/(x,, y) attains its minimum at y, and u is the viscosity solution of
(2.6), we have

)\u(yo) + g(yo, a*).(DBg(xO - yO)—SDyg(XO’ J’O)) - f(}’o, a*) >0
(4.15)

for some a* € A.
Now we consider the function

v(x) = uy(xo+x)— uy(x0) +(DB,(xg — ¥5) + 0D, &(xg, 7)) - x
on R". It is easy to see that

v(x+z)=2v(x)+v(x—2z) = u,(xg+x+2)—2u,(xy+x)

+u,(xg+x—2), v(0)=0.

It is easily checked also that

v(x) = ¥(xo+x, y9) = ¥(x0, %) + B.(x0 = o) — Bxo + x — 3,)

+DB,(x9 = ¥o) - x + 8(&(x0, yo) = &(xq + X, yo) + D&(x0, %) %),

and hence, by (4.14),

lim sup v(x) < 0.
x|—o0 1%l

By virtue of (4.9), we thus find that v satisfies the assumptions of Lemma 4.2 and
S0,

up(xo + x) = u,(x0) +(DB.(x0 = o) = 8D, &(x9, 3p)) - x < E(E-F__ﬁlxllﬁ
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for all x € R". Choose now x = hg(x,, a*) in the above to obtain

“h(xo + hg(xo, a*)) = “h(xo) - hg(xo, “*)'(D,Be(xo =)
+8D.£(x, 7)) + Clg(xq, a* ) TR

From this and the equation (2.6), with x = x, it follows that

uy(x9) —(1- }\h)[“h(xo)_ hg(an a*)'(DBE(xo = ¥)
+ Sng(xoa yO))+ Clg(x(), a*)|1+7h1+7] - hf(xo, a*) < 0.
(4.16)

This inequality combined with (4.15) yields

Aup(x0) = u(%)) < (8( 30, a*)~ g(xo,a*)) - DB.(x0 = )
+8(—Dx§(x0,y0)-g(x0,a*)
— D,&(x0, %) 8( 0, a*)) + f(x0, a*)
—f(yo,a*)+)\hg(x0,a*)
-(DB.(xq, yo)+ 8D.E(x0, 30)) + Clg(xo, a* )" 7"

Taking (2.3) and (2.4) into account, the above inequality gives
1
up(x) —u(yy) < 2 [|D:3e(xo = Yol (L|xg = yol + NhM )+ 8M(2+ Ah)

+ M|xy— yo| + CM**h7],

or, recalling that DB,(x) = — %ﬁ
€

b4

Ixg = yol* ., 1% = Wl .
uy(xy)—u(y) <C 0820 +h 0= xp = |+ AT+ (4.17)

€
As in the proof of Thm. 3.1 (especially, the proof of (3.11)), we have
X = Yol < Cé.

We have used here that u is Lipschitz continuous on R” under the assumption
A > L. Hence, from (4.17),

u,(xg)—u(yy) < C(2+h+h"+9).
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Choosing e = h'/2, we get

up(xy)—ulyy) < C(h"+9). _ (4.18)
As in the proof of Thm. 3.1 we have

u(x)—u(x) < uy(xg)—u(y,)+98 forallx € R™.

This combined with (4.18) proves the theorem since 6 is arbitrary. O
The next lemma provides a sufficient condition for (4.9) to be satisfied.

Lemma 4.3. Assume (2.3), (2.4), and
lg(x+z,a)—2g(x,a)+g(x—1z,a) < M|z|**" (4.19)
f(x+z,a)-2f(x,a)+ f(x—z,a) < M|z|**" (4.20)

for all x, z€R", a € A, and some T €10,1). Then, for some C > 0 independent of
he0,1/A[,

Clz|**" ifA>(1+7)L,
u,(x+2) = 2u,(x) +w(x=2) < {ClzM* fA<(+7)L,  (421)
Clz|"* D ifA=QQ+1)L,

for all x, z € R", where o is an arbitrary number in 10,1[.

Proof. From (2.7) it follows that

up(x+2)—2u,(x)+ u,(x—z)
< sup [J(x+z,a)-2J,(x, @)+ J,(x — z,a)]. (4.22)

a € s,
Fix a € o7,. We observe that
[vo]
J(x+z,0)=2J,(x,0)+ J(x—z,a) = h Y A, (1-Ah)", (4.23)
k=0
where, denoting a, = a(kh),
A = (k) + (i (x + 2, k) = y(x, k), a ) = 2f (0 (x, k), ay)

+f(yh(xak)_(})h(x+Z’k)_)7h(x’k))’ak)
+f(m(x =z, k), a,) = f(7 (%, k)= (a(x + 2, k) =y (x, k), ).

The assumptions (4.19) and (4.20) yield

A < My (x+z,k)— p(x, k)M
+ My (x+2z,k)=2y,(x,k)+ y,(x—2z,k)|. (4.24)
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Now it is easy to see that

by (x+ 2, k)= y,(x, k)| < 1+ Lh)"z| fork = 0,1,2,....

On the other hand we have

|yh(x +z,k) -th(x’ k)+ )’h(x -z, k)l
wo1(1+Lh)™ =1

< Mh(1+ Lh) T )1

Indeed, using (2.3), (4.19), and (4.25), we have
(x+z,k+1)=2y,(x, k+1)+ y,(x—z, k +1)|

< (A+ Lh)y(x+z2,k) = 2y,(x, k) + y,(x — z, k)|
+ Mh(1+ Lh) 7z fork = 0,1,2,....

By induction, it follows from these inequalities that (4.26) holds.

Let us define now a step function ¢: R — R by

p(r) = min{4M, M|z|1+’[(1+ L)+ UM M (14 L)

“ (14 Lh)""M 1
Q+1rn) -1 |}’

and constants § = 8(h),» =»(h) by
e ™ =1-Ah, e =1+ Lh.
Note that

g >1, O<prp<1, limé@= limv»-=1.
h—0* B 0"

From (4.23)-(4.26) it follows that

J(x+z,a)=2J,(x,a)— J(x—z,a)

o0
<hY o(kh)e ™ < e‘””fww(t)e”"dt.
k=0 0

A simple computation shows that

M
, 147 L+
(1) < mm{4M,M|z| (1+ TVL)e }

|z]tt" fork = 0,1,2,....

I. Capuzzo Dolcetta.and H. Ishii

(4.25)

(4.26)

(4.27)
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Therefore, applying Lemma 4.1 to the integral f @(t)e Mdt and recalling

(4.22), we obtain the estimate (4.21). O
Let us state a theorem which summarizes the principal results of this section.

Theorem 4.3. Assume (2.3), (2.4), (4.19), and (4.20). Let u,,u € BUCR") be
the solution of (2.6), and the viscosity solution of (2.6), respectively. Then the
following estimates hold for all h € 10,1/A[:

Ch” ifA>(1+7)L,
suplu —u,} < { CRMED fL<A<(1+71)L, (4.28)
R Ch° ifA=Q1+1)L,

where o is an arbitrary number in 10,1[ and the letter C denotes constants depending
on the choice of o.

Proof. The estimates (4.28) are straightforward consequences of Thm. 4.2,
Lemma 4.3, and Thm. 4.1. O

As a consequence of (4.28), the convergence of u, to u is of order 1 if g and f
satisfy (4.19), (4.20) with 7 =1, respectively, and A > 2 L. The next example shows
that this result is optimal.

Example 4.1. Let n=1 and A4 consist of a one point, i.e., 4= {a}. Let g(-,a)
and f(-,a) be C§° functions on R such that g(x,a)=~x and f(x, a)=x for
0 <x <1. It is clear that g and f satisfy (4.19) and (4.20), respectively. It is also
easy to check by the representations of solutions of (2.6), and (2.6) that their
solutions are given, respectively, by

x x
“(¥) = Traoag 4w = iy (o)
Therefore,
m Jup () — u(x)] - x 5> forx € [0,1].
h—o0t h (1+}\)

5. Convergence of Optimal Controls

We show first how the approximate equation (2.6), allows us to synthetize, by
standard dynamic programming, an optimal control af} € &, for the discrete time
control problem

inf J,(x,a). (5.1)

a€
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Let u, be the unique bounded continuous solution of (2.6),. There exists a
function a}: R" — A such that for all x €R",

uy(x) = (1= Ah)u, (x + hg(x, ap(x))) = hf (x, af(x)) = 0. (5.2)
Define then y*(x, k), k=0,1,2,..., by

yi#(x,0)=x,

5.3
yr(x, k+1) = y#(x, k) + hg(y3(x, k), ap(y¥(x, k))) fork=0, (:3)

and a}: [0, + oo = A4 by

ar(t) = ap(y(x,[t/h))) fort = 0. (5.4)

It is clear that af € &7, and by (5.2) that the identities
w,(x) = (L= M) u, (i (x, k)

T e ). ar (i D))= Any

j=

hold for k =1,2,.... Since u,, is bounded, this yields

u,(x) = Jy(x, af), (5.5)

and hence, by (2.7),

J(x,ak) = alenL Jy(x,a). (5.6)
h

As a consequence of the results in the previous section, we have

lim J,(x,a¥) = inf J(x,a). 5.7
i (x7) = a7 )

It can be proved also that {a}} forms a minimizing sequence for the problem
(2.1), that is,

lim J(x,a}) = inf J(x, 5.
o) = ol J0e) 9

(see [2] and also the estimate of (4.6) in the proof of Thm. 4.1).

We now turn our attention to the behavior of the controls af and the
corresponding responses as 2 — 0" It is well-known that a minimizing sequence
may have no limit in any classical sense due to a highly oscillatory behavior (see
{18, p. 265], for example).

It is therefore natural to set the problem in the general framework of relaxed
controls. We denote by .#(A) the space of Radon measures on A. Identifying
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M(A) and C(A)*, the dual space of the space C(A4) of all continuous functions
on A, we may endow .#( A) with the weak star topology of C(A)*.

Following Warga [24] (see also Lee-Markus [18]), we call a relaxed control for
the problem (2.1) any measurable mapping p: [0, + oo — #(A) such that u, the
value of p at s, is a probability measure for almost every s € [0, + co[. We denote
by &7 the class of all relaxed controls for the problem (2.1). Note that any
classical control a € & can be identified with the relaxed control p: s~ 8,
where §, denotes the Dirac measure concentrated at a. A mapping y: R" X
[0, + o[ = R" is a relaxed response to p € " if for all x €R" and ¢ > 0,

y(x,t) = x + [)’Lg(y(x,s),a)dus(a)ds (5.9)

Let us introduce now the relaxation of the problem (2.1), i.e., the problem of
finding

Vi(x) = ”iendgr'[(;wa(y(x,s),a)e'“dus(a)ds. (5.10)

We write

J(x,p) = /Ow/;f(y(x,s),a)e_“dys(a) ds forpy e o’

The main tool in what follows is the next lemma, where this observation is
crucial: L*(0, T; #(A)), with T > 0, is the dual space of L(0, T; C(A)), under
the duality

T

(o) = [

A quo(t,a)du,(a)dt

for ¢ € L0, T; C(A)), p € L*(0, T; #(A)). This is a special case of the general
theorem [13, Thm. 8.18.2].

Lemma 5.1. The convex set
At = {plo,rlpe L")

is sequentially compact in L*(0, T;, # ( A)) with the weak star topology.
A proof of this fact may be found in [24]. However, we give here a proof of
Lemma 5.1 for the reader’s convenience.

Proof. Let {p®}2_; be any sequence in 2/} Since

fdu(,k)(a) =1 forae.re[0,T] and k =1,2,...,
A
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{u®Y is bounded in L®(0,T; #(A)). The standard compactness theorem thus
asserts that there exist a subsequence of { ¥} (which we denote again by {u®®})
and p* € L*(0, T; A (A)) such that p® — u* weakly star as k — co0. In view of
the duality between L'(0, T; C(A)) and L*®(0, T; # ( A)), this amounts to

k-

lim j(;Twa(t,a)dp,(,k)(a)dt - fOTLq;(t,a)dy’,"(a)dt (5.11)

for all ¢ € L}0, T; C(A)).

To prove that p* is a probability measure on A for aa. t€[0,T], let
¢, € LY0,T) and ¢, C(A) satisfy ¢, >0 for i=1,2 and plug ¢(,a)=
¢,()@,(a) into (5.11). We then find

/ “o.(1) Jox(a) dui(a) s = 0,

which implies that p* > 0 a.e. Next take @(7, a) = ¢,(¢)-1, with any ¢, € L}(0, T)
in (5.11), to see that

T T
[oe) [ dut(a)d = [o,() d.
0 4 0
This shows that [, du*(a)=1 a.e. and thus completes the proof. a

Proposition 5.1. Assume (2.3) and (2.4). Then
V'(x) =V(x) forallx € R". (5.12)

Proof. We will show that V" satisfies the Bellman equation (2.6) in the viscosity
sense. To do so, we let

A = {p|pis a Radon probability measure on A }

and set

fen) = [f(x,a)du(a),  &(xn) = [ &(x.a) dp(a)
A A
for x €R”, p € A. Then the relaxed response y to u € " satisfies
y(x,1) = x+ f’g(y(x,s),ps)ds forx € R" and ¢ > 0,
0

and (5.10) can be written as

o0 4
r = inf —As .
V(x) ,Llen&wfo f(y(x,s),p,)e 5 ds
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Moreover, by (2.3) and (2.4), we have

18(x,w)~ &(xp) < Lix— x|, |&(x,p)l < M,

FOep) = flxp)l < Mix = X1, 1f(xp)l < M

for all x, x’€R”, u € A. Note here that, regarding A as a subset of C(A)*, 4 is
metrizable, convex, and compact with the weak star topology of C(A4)* (see [24,
Thm. IV.1.4]). Thus, by [19, Prop. 1.1 and Thm. 1.10], we find that V" is bounded,
Holder continuous on R” and u = V7 solves the Bellman equation

l{l}sa;;{M(x)~g‘(x,M)-Du(x)—f(x-u)} =0 inR" (5.13)

in the viscosity sense.
For x, p € R", we have

I\

max (- g0, p)-p = f(x,p)} = max{—g(x,8,)-p = f(x,8,))

max { ~g(x,a)p~ f(x, a)}.

On the other hand,

—glx,p) p— flx,p) = fA(— g(x,a)-p—f(x,a))dp(a)

IA

J max (= g(x,5)-p = 1(x,)} d(a)

max { —g(x,a)p~f(x,a)}

I

for x, p €R", p € A. Therefore, we have
max { - g(x,p)-p — f(x,n)} = max { - g(x,a)-p~ f(x,a)}
peAd a€ i

for all x, p €R" and so, (5.13) is identical to (2.6). The identity (5.12) is a direct

consequence of the uniqueness of the bounded, uniformly continuous viscosity

solution of (2.6) (see [8, Thm. I1.2]). O
We are in a position to state the main result of this section.

Theorem 5.1. Assume (2.3), (2.4), and let o} be the function defined by (5.4).

Then, for any x ER", there exist a sequence {h(p)}, 2 of positive numbers

converging to zero, p* € &', and y*: [0, + co[ = R” such that
poi P = p* in L°(0, T; A (A)) weakly star, i.e.,

j(;T<p(t,a,’:‘(P)(t))dt - f()Tj;<p(t,a)dp’,"(a)dt (5.14)
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for all p € LN0,T; C(A)) and T> 0,

Vi (x,1) = y*(1) uniformly on any compact (5.15)
subset of [0, + oo, and

J(x,af,,) = J(x,u*) (5.16)

as p — + oo. In addition,

y*(t) = x +f0tj;g(y*(s),a) dp*(a)ds fort > 0, (5.17)
J'(x, p*) = V'(x). (5.18)

Proof. In view of Lemma 5.1, we can select a sequence { h( p)}, 2] with 2(p)>0
so that h(p)—0 as p— +oo and (5.14) holds. Let y,: [0, + oo = R" be the
response to aj,, 1.e., the solution of (2.2) with a= aj,,. Since g is bounded,
{»,} 1s a uniformly bounded and equicontinuous family of functions on [0, T'] for
each T > 0. Therefore, choosing a subsequence if necessary, we may assume that
{,} converges to some continuous function y* un1formly on any compact subset
of T0, + oo[. By the weak star convergence of p**», we have

t t
[5(r*(5), iy () ds = [ 5(y#(s), @) dut(a) ds for 1 = 0.
Hence, using the first assumption of (2.3) we can send p — + o0 in
!
V(x,t) = x —I-fOLg(yp(x,s),a;’,‘(p)(s)) ds for»t >0,

to obtain (5.17), i.e.,
y*(t) = x + ftfg(y*(s),a) dp*(a)ds fortz > 0.
074

Similarly, we see that (5.16) holds. The identity (5.18) follows from (5.16), (5.8)
and (5.12). O

References

1. Berkovitz LD (1974) Optimal control theory. Springer-Verlag, New York

2. Capuzzo Dolcetta I (1983) On a discrete approximation of the Hamilton-Jacobi equation of
dynamic programming. Appl Math Optim 10:367-377

3. Capuzzo Dolcetta I, Evans LC (To appear) Optimal switching for ordinary differential equations.
SIAM J Control Optim



Approximate Solutions of the Bellman Equation 181

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.
22,
23.
24.

25.

Capuzzo Dolcetta I, Matzeu M (1981) On the dynamic programming inequalities associated with
the optimal stopping problem in discrete and continuous time. Numer Funct Anal Op 3:425-450
Capuzzo Dolcetta I, Matzeu M (To appear) A constructive approach to the deterministic
stopping time problem. Control and Cybernetics

Capuzzo Dolcetta I, Matzeu M, Menaldi JL (To appear) On a system of first order quasi-varia-
tional inequalities connected with the optimal switching problem. Systems and Control Letters
Crandall MG, Evans LC, Lions PL (To appear) Some properties of viscosity solutions of
Hamilton-Jacobi equations. Trans AMS

Crandall MG, Lions PL (1983) Viscosity solutions of Hamilton-Jacobi equations. Trans AMS
277:1-42

Crandall MG, Lions PL (To appear) Two approximations of solutions of Hamilton-Jacobi
equations.

Cullum J (1969) Discrete approximations to continuous optimal control problems. SIAM J
Control 7:32-49

Cullum J (1971) An explicit procedure for discretizing continuous optimal control problems. J
Op Theory Appl 8(1):15-34

Douglis A (1961) The continuous dependence of generalized solutions of nonlinear partial
differential equations upon initial data. Comm Pure Appl math 14:267-284

Edwards RE (1965) Functional analysis, theory and applications. Holt, Rinehart and Winston,
New York

Fleming WH, Rishel R (1975) Deterministic and stochastic optimal control. Springer-Verlag,
New York

Henrici P (1962) Discrete variable methods in ordinary differential equations. J. Wiley, New
York

Hrustalev MM (9173) Necessary and sufficient optimality conditions in the form of Bellman’s
equation. Soviet Math Dokl 19:1262-1266

Kruzkov SN (1975) Generalized solutions of Hamilton-Jacobi equations of eikonal type. Math
USSR Sbornik 27:406—446

Lee EB, Markus L (1967) Foundations of optimal control theory. J. Wiley, New York

Lions PL (1982) Generalized solutions of Hamilton-Jacobi equations. Pitman, London
Malanowski K (1979) On convergence of finite difference approximation to optimal control
problems for systems with control appearing linearly. Archiwum Automatyki i Telemachaniki
24(2):155-170

Souganidis PE (1983) PhD thesis. University of Wisconsin

Souganidis PE (To appear) Existence of viscosity solutions of Hamilton-Jacobi equations
Tartar L (1979) Compensated compactness and applications to partial differential equations. In:
Knops RJ (ed) Nonlinear analysis and mechanics. Heriot-Watt Symposium, vol. 4. Pitman,
London

Warga J (1972) Optimal control of differential and functional equations. Academic Press, New
York

Young LC (1969) Lectures on the calculus of variations and optimal control theory. W.B.
Saunders, Philadelphia

Accepted 12 October 1983



