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1. Imtroduction

This article extends the main result of Thistle and Wonham (1994a), which has potential
applications in supervisory control, in the synthesis of “reactive” systems, and in decision
procedures for propositional modal logics.

Some of the basic results of supervisory control theory! have recently been extended to the
setting of infinite-string formal languages (w-languages) and the associated finite automata
(w-automata).? Such extension not only admits natural modelling of nonterminating pro-
cesses (by allowing explicit representation of infinite event streams), but also increases the
scope of the theory and establishes connections between control synthesis for discrete event
systems and the verification and synthesis of computer systems. Indeed, w-languages and
w-automata are standard tools for the analysis and design of computer systems (Manna and
Pnueli 1992, Vardi 1991, Kurshan 1988, Thomas 1990) and have already found application
in control (Varaiya 1993).

Discrete event systems (DES) are modelled in supervisory control theory as controlled
generators of formal languages. Desired closed-loop behaviour is typically specified by
requiring the language generated’ under control to lie within some prespecified range, in
the sense of set inclusion. In other words, the language generated by the controlled DES
is required to be included in some “maximal legal language” and in turn to contain some
“minimal acceptable language” (Ramadge and Wonham 1987). In the original finite-string
case, such language inclusions allow the specification of so-called “safety” properties,
which, roughly speaking, assert that some given (undesirable) condition must never obtain
(Lamport 1977). On the other hand, “liveness” properties, which state roughly that some
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(desirable) condition must eventually obtain (Lamport 1977), cannot be expressed through
finite-string language inclusions. Indeed, safety properties have been formally defined
in Alpern and Schneider (1985) as representing restrictions on finite event streams, while
(pure) liveness properties have been defined as placing no conditions on finite event streams
but rather restricting the set of infinite event sequences. The infinite-string extension thus
allows the expression of certain properties of asymptotic behaviour that the finite-string
theory does not.

This increased expressiveness necessitates a strengthening of the controllability prop-
erty of the original theory (Ramadge and Wonham 1987). An appropriate property—ow-
controllability—is defined in Thistle and Wonham (1994b).* As in the finite-string case, a
key step in infinite-string supervisor synthesis is the computation of the supremal control-
lable sublanguage of the legal language. If the discrete event system (DES) to be controlled
and the maximal legal language are both represented by finite automata on infinite strings
(w-automata), then the supremal w-controllable sublanguage can be found by computing
the controllability subset of a controlled automaton.

The controllability subset can be defined as the set of states from which the w-automaton
can be controlled to generate only strings satisfying its acceptance condition. This accep-
tance condition is based on the set of states visited infinitely often in the course of the
generation of an infinite string.® It is possible to restrict attention without loss of generality
to a special form of acceptance condition: all formal languages accepted by w-automata—
the so-called w-regular languages—are accepted by finite, deterministic automata equipped
with Rabin acceptance conditions (see section 2 for a definition).

The computation of the controllability subset of a deterministic Rabin automaton is dis-
cussed in Thistle and Wonham (1994a). This problem is formally equivalent to the solution
of Church’s problem (Church 1963, Biichi and Landweber 1969), a well-known automa-
ton synthesis problem that has recently been proposed as a paradigm for the synthesis of
“reactive” systems (Pnueli and Rosner 1989a, Pnueli and Rosner 1989b). Another equiv-
alent problem is that of deciding the emptiness of the set of infinite trees accepted by a
Rabin tree automaton (Rabin 1972, Hossley and Rackoff 1972, Emerson and Jutla 1988).
This last problem is central to deciding satisfiability of propositional modal logics and
monadic second-order theories (Emerson 1990, Rabin 1969). Like those of Pnueli and
Rosner (1989a) and Emerson and Jutla (1988), the solution of Thistle and Wonham (1994a)
matches the best known upper bounds on computational complexity, and is in fact essentially
optimal in this respect.

As shown in Thistle and Wonham (1994b), the computation of controliability subsets
allows effective supervisor synthesis in the presence of liveness specifications. The present
article extends the result of Thistle and Wonham (1994a) to allow the use of liveness
properties not only in specification but also in modelling. Liveness properties—and in
particular so-called “fairness properties” (Francez 1986)—play an important role in the
modelling of concurrency. For example, in the absence of precise information on the
relative “speeds” of a collection of asynchronous subsystems, it is often desirable to assume
that events occur infinitely often in each subsystem; indeed, Ramadge (1989) introduced
deterministic Biichi automata to capture such a fairness condition in the supervisory control
of “product systems.”
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Systems modelled by deterministic Biichi automata have also been considered in Kumar
et al. (1992) and Young et al. (1992). Such automata recognize only a proper subset of the
w-regular languages, and do not allow the expression of certain useful fairness properties.®
The present article allows the use of the more powerful deterministic Rabin automata.

In particular, this article deals with the computation of the controllability subset of a
finite, deterministic automaton equipped with two Rabin conditions, one representing a
specification (as in Thistle and Wonham 1994a) and the other representing a modelling
assumption that might, for example, capture fairness properties. The controllability subset
is here defined as the set of all states from which the automaton can be controlied so
that any infinite event sequence that is consistent with the control action and satisfies the
modelling assumption also satisfies the specification. Torule out trivial solutions, we require
the “deadlock-freedom” condition that any finite event string generated by the controlled
system extend to an infinite string that is also generated by the controlled system. This
generalization of the problem of Thistle and Wonham (1994a) is similar to an extension of
Church’s problem that was proposed in Abadi et al. (1989) (for the synthesis of reactive
systems under fairness assumptions) but not solved by direct construction. Another similar
problem is considered in Wong-Toi and Dill (1991), but there the requirement of deadlock-
freedom is dropped, effectively reducing the problem to that of Church.

The solution presented here extends that of Thistle and Wonham (1994a);” it features a
fixpoint characterization of the controllability subset based on the fixpoint calculus approach
of Emerson and Jutla (1988}, and methods of induction on the structure of automata inspired
by those of Rabin (1972). The problem is formally defined in the following section. The
monotone operators employed in the fixpoint representation are introduced in section 3.
Structural operations on automata that facilitate the induction are defined in section 4. The
fixpoint representation of the controllability subset is established in section 5 and in section 6
the computational complexity of the method is analyzed. The definitions and results are
illustrated by a simple example in section 7. Related work is discussed in section 8. The
proof of the main result is provided in the appendix; proofs of intermediate results are
available in the addendum (Thistle 1994a).

A preliminary version of the main result was outlined in Thistle (1992).

2. Control of Automata

We first introduce some standard notation for formal languages. If ¥ is a finite alphabet
then Z* represents the set of finite strings over X, plus the empty string, denoted by 1;
¢ represents the set of (countably) infinite words over & and X denotes * U T, A
language is a subset of £ °°—in particular, an w-language is a subset of £*. A finite string
k € ¥* is a prefix of v € T if it is an initial substring of v; we write k < v,ork < vifk
is a proper initial substring. let pre(L) denote the set of all prefixes of strings belonging to
alanguage L © X*.
We consider automata of the form

A=(Z,X,8,x0,{(Rp, 1)) : pe P}, {(Ry, 1)) : q € 0}, C)
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where:

e X is a finite alphabet of event symbols;

o X is a finite state set,

e §&:X x X —> 2% is a transition function;
o xg € X is an initial state,

o [(Ry, 1) : pe PLIR, 1) - q € @} are families of pairs of subsets of X, each
family determining a Rabin recognition condition; and

e C C 2% is a family of control patterns.

A path on A of a string v € X is a total map 7 : pre({v}) —> X such that
w(l) =x9 & Vk € pre({v}), 0 € X : ko € pre({v}) = n(ko) € 8(o, m(k))

Thus a path associates a state trajectory with a string in a manner consistent with the
transition function.

Note that this state trajectory begins with the initial state; in order to discuss trajectories
beginning at another state x € X, let A, denote the automaton obtained by replacing the
initial state xp with x.

The recurrence set of apath w on astring s € Z?is Qp :={x € X : [n7'(x)| = o};
in other words, the recurrence set is the set of states that recur infinitely often along the
corresponding state trajectory.

For either family of state subset pairs {(R,, I,) : 7 € R}, we say thata path 7 is recognized
according to that family if there exists r € Rs.t. Q; N R, # P and Q, € I,. Thusa
path is recognized if for some € R, the subset R, is visited infinitely often along the
corresponding state trajectory, and the subset I, almost always. Restriction to this form of
recognition condition entails no loss of generality in the sense that all w-languages that can
be represented by finite automata (the so-called w-regular languages) can be represented by
deterministic, finite Rabin automata employing conditions of this form (Thomas 1990).

This report is concerned exclusively with deterministic automata (for which {8(o, x)] <
1,Vo € I, x € X); we shall therefore consider § as a partial function§ : £ x X — X,
writing 3(c, x)! to signify that the map & is defined for the pair (o, x).2 Furthermore, we
shall extend all such transition functions to partial functions § : £* x X — X in the usual
manner:

(1,x) > x

(ka, x) F—é) §(a,8(k,x)), forallk € T*, 0 € X s.t. §(k, x) and 8(o, §(k, x)) are defined.

Note that a string has at most one path on a deterministic automaton.

The condition corresponding to the first family of state subset pairs, {(R,, [,) : p € P},
will be viewed (as in Thistle and Wonham 1994a) as a specification; hence any string s € &%
having a path that is recognized according to this family will be said to be accepred by A.
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The second family of state subsets (which is absent from earlier studies) will be used to
represent modelling assumptions relating to the asymptotic behaviour of the uncontrolled
automaton: any string s € X having a path that is nof recognized according to this family
will be said to be generated by A.° Any finite string kK € T* that has a path on A is also
said 10 be generated by A.

The last component of the automaton represents a control mechanism. Feedback is
modelled by partial functions f : £* — C, interpreted as mapping the sequence of past
events to a corresponding control action. Formally, we say that astring v € £ is generated
by Aunder f : T* — Cifthereexistsapath 7 : pre({v}) — X such that for all prefixes
ko of v, 0 € f(k); if v € Z“ we also require that 7w not be recognized according to the
second family of state subsets. In order for this definition to make physical sense we shall
restrict attention to maps satisfying the following condition: f : * — C is said to be
complete if for every k € X* for which f (k) is defined, and every o € f(k), f (ko) is also
defined.

The main result of the article provides a fixpoint representation of the set of states from
which a deterministic automaton A can be controlled in deadlock-free fashion so that all
infinite strings generated by the controlled automaton are also accepted by the automaton:

Definition 2.1.  Let A = (%, X, 8, x0,{(Rp, Ip) : p € PL{(Ry, Ip) : q € Q},C). TIts
controllability subset FA C X is the set of all states x € X for which there exists a complete
map f : ¥* — Csuch that

i. every s € T generated by A, under f is accepted by A,; and

ii. forany k € ¥* generated by A, under f, there exists t € X such that k¢ is accepted
by A, under f.

3. The Inverse Dynamics and Reachability Operators
We shall characterize F* C X as a certain fixpoint of the following monotone operator:

Definition 3.1. Let A = (£, X,8,x0,{(Ry, 1) : p € PL{(Rg, 1) 1 g € 0}, C)bea
deterministic automaton. Its inverse dynamics operator is given by

gA . 2X 50X

X' {xeX: AreCl(Vo € Né(o,x) € X' & (Ao € MNd(o, x)!]}

For any X’ € X, 84(X’) is the set of all states in which the automaton can be controlled
so that its next state belongs to X'.
The subset F is indeed one of the fixpoints of -4

PROPOSITION 3.2 Let A be a deterministic automaton. Then
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We shall characterize F** uniquely with the aid of the fixpoint calculus employed in
Thistle and Wonham (1992, 1994a), whereby for any expression ¢(X;) containing the
variable X, uX ;. ¢(X ) (resp. vXi. ¢(X) denotes the least (resp. greatest) X; € X (in
the sense of set inclusion) such that X; = ¢(X;). The existence of such fixpoints will
follow from monotonicity properties of the expressions ¢ (-) that we shall employ. (See the
addendum (Thistle 1994a) for some preliminary results from fixpoint theory, and refer to
Thistle and Wonham (1994a) for control interpretations of some simple fixpoint calculus
formulas.)

For the time being we use the fixpoint notation to extend 8 to the following operator:

Definition 3.3.  Let A be a deterministic automaton. The reachability operator of A is
given by

pA i 2X 59X
X1 > X [X1 UBAX)]

Thus p* maps any subset X to its reachability subset—the set of all states from which
A can be controlled to reach X; € X in zero or more transitions.

4. Automaton Structure

To facilitate structural induction we bring in operations that potentially reduce either the
number of state subset pairs associated with an automaton or the number of “live” states as
defined by Rabin (1972).

Let A= (%, X,8,x0, {(Rp, 1) : p € PY,{(Ry, 1) : g € Q)). The set of live states of
A is given by

L(A) ={xe€X:(3o € X) 8, x) #x}

In other words, a state is live if other states can be reached from it. An approximate opposite
to liveness is “degeneracy.” A statc x € X is degenerate if there are transitions leaving x
but all of them simply lead back to x; more precisely, x € X is degenerate if

JoeX: 8(o, x)!&Vo € Z:8(0,x) =x

The set of degenerate states of A is denoted by D(A). The subsets L(A) and D(A) are of
course disjoint but L{A) U D(A) may be a proper subset of X; indeed, L(A) U D(A) =
{x € X : (3o € %)5(o, x)!}.

Forany x € X, X' € X and p € P, we generalize the operations employed in Thistle
and Wonham (1992, 1994a) to automata A = (X, X, 8, xo, {(Rp, I,) : p € P}, {(Ry, Ip) :
g € Q}, ©); the resulting operations potentially reduce the complexity of A as measured
by |L(A)| and |PUQ|:
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self-looping of a subset: A(— X") := (X, X, 8, xo, {(R’, II’,) cpePL{R, ) g€
g}, C), where

x ifx' e X/
8(o, x") otherwise
&R;,:R,,UX’&I;,::I,,UX’, Vpe P

8 (o, x") =

restriction to a subset: A{X' = (%, X, 5’,x0,{(R’,II’J) :p e PLIR, L) g €
0}, C), where

8o, x") if x' € X" U {xo}

x/

8o, x) = )
otherwise

&R;,:RpﬂX’&I[’)=IpﬂX’, VpeP

exclusion ofapair: Forr € PUQ, A|r is obtained by restricting .4 to the subset I, U D(.A)
and deleting the pair (R,, I,).

Self-looping of a subset X’ € X turns every x € X’ into a degenerate state and ensures
that the singleton {x} satisfies the acceptance criterion. On the other hand, restriction to a
subset X' C X turns all other states into degenerate states that do not satisfy the acceptance
condition. Finally, exclusion of a pair indexed by p € P restricts the automaton to the
subset I, U D(A) and, provided |P| > 1, eliminates the pair (Ry, 1p). All three of these
operations potentially reduce the number of live states while the third potentially reduces
the number of pairs in the acceptance condition.

Without loss of generality, we shall henceforth assume that for all 0 € &, x, x’ € X,
8(o, x)! & 8(o, x")! => x = x’. (That s, distinct transitions carry distinct event symbols.)
This allows us to bring in the operation (> X') for X’ € X, whereby the family C of
control patterns is replaced by

CLAGA X
={'CE:@AT €O\ (0 € Z:(@Fx € X)[§(0,x) € pPAX)} < [" CTJ}

In other words, A(# X'} is the automaton obtained from A by allowing the disablement
of events that take A into states belonging to X’ or from which 4 can be controlled to
reach X’.

We further assume that .4 has the special form

(Z,X,8, %0, {(Ry, 1) : p € {O)UP}, {(Ry, 1) : ¢ € {1}UQ}, C)
where 0, 1 € PUQ and where

RS DN &I 2 LA UR,
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We now define
A(+X') tobe the automaton obtained from .4 by replacing (Ry, I) with (R{UX’, [[UX").

Note that the special form of A is preserved by all of the above operations, with the exception
of the exclusion of either (Ry, Iy) or (Ry, I).

Some of the effects of these operations on the controllability subset F* are summarized
in the following result:

PROPOSITION 4.1 Let A = (2, X, 8, x0, {(Rp, I,) : p € P}, {(Ry, 1) : q € 0}, C) and
supposex € X, X' C X andr € PUQ. Then

(a) FANDA) = [U,ep(Ry N 1,) N D(ATU Ry

(b) FAUX C FA=X)
(©) FAX c FAN X
(d) FAI" € FAN (I, U D(A))

Proposition 4.1 is similar to proposition 4.1 of Thistle and Wonham (1994a). Part (a)
says that the degenerate states that belong to the controllability subset are exactly those that
belong to Ro or to R, N I, for some p € P. Part (b) states that self-looping of a state
subset enlarges the controllability subset (by turning the self-looped states into degenerate
states where the acceptance criterion is satisfied). Part (c) says that restriction to a state
subset shrinks the controllability subset (by creating degenerate states that fail to satisfy the
acceptance criterion). Finally, part (d) asserts that exclusion of a state-subset pair (R, 1)
from a Rabin recognition condition shrinks the controllability subset (by strengthening the
recognition condition and restricting the automaton to I, U D(A)).

5. Fixpoint Characterization of F*
We can now write down a fixpoint characterization of the controllability subset:

Definition 5.1. Let A = (%,X,8,x,{(R,, I,) : p € {OJUPL{(R,, 1) : q €
{1}JUQ}, C) be an automaton of the special form described above. Then

CA = vXo. 1 X). QA(f)XlU(XoﬁRI))(Xl URy) U U C;A(7‘>X1U(X0ﬂR1))(X1)
rePUQ

where, for any such automaton A and any p € P,q € Q and X, C X,

CA(Xy) 1= v Xy, [pA(CACTVENRDIPY N ] ]
& C;‘(Xl) s A XDERNI g

(The existence of this fixpoint follows by induction on |PUQ| from Proposition 5.2 (a)
& (c) below.)
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This representation of the controllability subset generalizes that of Thistle and Wonham
(1994a) by treating the liveness assumption represented by the second family {(R,, I,) :
q € {1}JUQ) of state subset pairs as, in effect, affording greater control over the automaton.
In particular, since A is assumed not to generate any strings that visit R, infinitely often,
we must have FA = vX,. FAPXNR)__that is, the controllability subset must be the
largest subset X from which the automaton can be controlled to the satisfaction of its
specification under the assumption that any transitions leading to p(Xo N R;) can be
disabled. Indeed, by forcing the automaton to visit Xy N Ry every time an undesired
transition to p**(Xo N R;) occurs, one can ensure that such undesired transitions will occur
only finitely often along any trajectory generated by the controlied automaton. Furthermore,
in computing FA#XOR) " one may neglect transitions that lead to states already known
to belong to FA—thus FA = pX,. FAPXNR) = yXo pX,. FA@XUEOR)  These
observations motivate the use of the operation (4 X; U (Xy N R;)) with X¢ quantified by
vand X, by u.

The rest of the expression for C# has an interpretation similar to that of the fixpoint
characterization of Thistle and Wonham (1994a). For A to be suitably controlled, it must
be forced eventually to reach Ry, or eventually to reach I, for some r € PUQ, and remain
within that subset, satisfying the acceptance condition. For any automaton A, the term
84(Xo U Ro) represents the set of states from which A can be controlled to reach X; U Ry in
a single transition; for r € PUQ, the term C,A(X 1) represents the set of states x € I, from
which 4 can be controlled to remain within 7, U D{4) and generate only strings accepted
by A,, or eventually to reach the subset X. It follows that the expression for C* indeed
denotes the controllability subset. (Note that C;* and C;* are defined in terms of subsets

C# only for automata A’ with fewer state subset pairs than A, so C* is well defined.)
Before proving formally that C* = F* (Theorem 5.3 below), we state some properties
of CA,

PROPOSITION 5.2 Let A be a deterministic automaton of the form assumed in section 4.
Suppose X' C X. Then

(a) If A’ is obtained from A by replacing C with C' 2 C, then C* 2 CA,

(b) CAN DA = [U,ep (R, N 1) N DIA]U Ry
(C) C.A(f—)X’) o) CA ux’

(d) CAZH) = A = X' ccA

©) cAX ccAnx’

() Yr e PUQ : CA" € CANII UD(A)]
(2) X' CCA = CAPX) = A

(h) CA = vXo. CAFXNR) vXo. uX1. C’A(f)XIU(XOmR[))
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() Vge Q : CAN[I,UDA) 2 CAFTRNIDIa
)] C* = 64(CH)
k) VpeP :

L(A) - Ip & X' ) CA(%X’OR,,F\I,,) n Rp N Ip
= CACXNRNIP — cASXNRNI)
I VpeP:
LA ST, = CA=vX, 0ACATNRNL))

Proof: See the addendum (Thistle 1994a). [ |

Proposition 5.2 generalizes proposition 6.2 of Thistle and Wonham (1994a), and shows
that the fixpoint C* has many properties that one would expect of the controllability subset
FA, including those of proposition 4.1. Part (a) says that strengthening the controllability
mechanism enlarges C*. Part (b) states that a degenerate state belongs to C if and only
if looping infinitely through that state alone satisfies the acceptance condition of .A—this
is the counterpart of proposition 4.1 (a).

Part (c) is the counterpart of proposition 4.1 (b); it says that self-looping enlarges C-A.
On the other hand, part (d) says that the self-looping of states already belonging to C* does
not enlarge the fixpoint CA.

Part (¢) asserts that restriction shrinks C4, just as it does F* (cf. proposition 4.1 (c)), while
Part (f) says that exclusion of a state subset pair has a similar effect (see proposition 4.1 (d)).

Part (g) says that if execution of a transition would allow the system to be controlled
into the fixpoint C*, then allowing the disablement of that transition does not enlarge the
fixpoint. Part (h) captures the following property of the controllability subset: if from
any element of a given state subset Xy, one can control the automaton either to satisfy its
acceptance condition or to enter Xo N R;, then (by repeating this process as necessary) one
can control the automaton from any initial state in Xy to the satisfaction of its acceptance
condition.

Part (i) reflects the evident fact that if—under the additional liveness assumption that A
not visit R, N1, infinitely often—one can control the automaton to remain within I, U D(A)
and satisfy its acceptance condition, then one can suitably control the automaton under the
unaltered liveness assumption.

Part (j) simply asserts that the fixpoint €4, like the controllability subset, is a fixpoint of
64,

Part (k) captures the fact that if all live states belong to some I, and if from all states
of some subset X, one can control the automaton either to satisfy its acceptance condition
or eventually to enter X, N K, N I, then (by repeating as necessary) one can control the
automaton from any initial state in X, to the satisfaction of its acceptance condition.

Given these properties of the fixpoint C* we are now ready to prove that it equals the
controllability subset F4:
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THEOREM 5.3 Let A be an automaton of the special form assumed in section 4. Then

F.A=C.A

Proof: See the appendix. [ |

The proof generalizes that of proposition 6.1 of Thistle and Wonham (1994a). The
inclusion (2) is the more straightforward: on the basis of the definition of the fixpoint
we construct a suitable feedback map. Here we exploit the fact that greatest fixpoints
correspond roughly to control-invariant subsets and least fixpoints to “control-reachability”
subsets, from which the automaton can be controlled eventually to enter some given state
subset.

In contrast to that of Thistle and Wonham (1994a), this feedback map cannot be repre-
sented as a state feedback control for the automaton A: an extra bit of information must
first be added to the automaton state. Indeed the controller consists of two state feedback
controls for .A. One of these is based on the assumption represented by the operation
(# X7 U (Xo N Ry)) that transitions leading to p(X U (Xo N R})) can be disabled. This
controller forces satisfaction of the acceptance condition as long as the assumption is vio-
lated only finitely often. Whenever this assumption is violated, the second state feedback
map 1s applied, and forces the automaton into the subset X; U (Xo N R;). In this way, the
assumption can only be violated finitely often without violating the liveness assumption
represented by the second Rabin condition. An extra bit of memory must be added to the
state of the automaton to indicate which feedback map should apply at any given point in
the system’s evolution.

The inclusion (<) is proved by structural induction—in particular, by induction on the
number of live states. The general form of the argument is based on that of Rabin (1972).

6. Complexity Analysis

The fixpoint characterization allows straightforward computation of the controllability sub-
set (and of a suitable controller, if C is nonempty) by iteration of the appropriate monotone
operators (see Thistle and Wonham 1994a, Thistle 1994a). In this section, we show that this
algorithm is essentially optimal in computational complexity: namely, though the problem
of deciding membership in the controllability subset is NP-complete, our methed of com-
putation is polynomial in the number of states of the automaton, and exponential only in
the total number of state subset pairs. The proofs are similar to those of the corresponding
results of Thistle and Wonham (1994a), and are omitted.

THEOREM 6.1 The problem of deciding membership in the controllability subset F* of a
deterministic automaton A is NP-complete.

THEOREM 6.2 The controllability subset of an automaton of the special form assumed above
can be computed in time Q(kl(mn) ™), where k is the size of the alphabet, [ is the number
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of control patterns, m is the total number of state subset pairs used to define the acceptance
conditions and n is the number of states.

7. Example

Consider a version of the example of Thistle and Wonham (1994a) that includes a second
Rabin recognition condition representing a liveness assumption.

The automaton A = (X%, X, 68, {(Ry, ) : p € {ojuPry, {(Ry, 1) 1 q € {1}UQ},C) is
pictured in figure 1. The index set P is {«, 8}, and Q is {¥}. The subset pairs (Ry, I,) =
({4}, {1, 2,3,4}) and (Rg, Ig) = ({—4}, {—1, =2, -3, —4}) are represented by the pairs
of dotted and dashed boxes; the pair (R,, 1) = ({-1,0,1}, {—1,0, 1}) is represented
by the solid box. The pairs (Ry, Io) and (R, I;) both equal (@, X). We have omitted
event symbols from the diagram for clarity—according to our assumptions, each transition
carries a distinct event symbol. The family of control patterns is the collection of all subsets
that contain all event symbols corresponding to arcs without slashes across them. Arcs
with slashes thus represent “controllable” events; those without represent “uncontrollable
events.”

The controllability subset is computed by nested iteration according to the fixpoint char-
acterization. We begin by setting Xo = X and X; = @ and computing

6A*D@URYU | ) cAPP (@)
rePUQ

= U VX5, [0A(CANRIPY I,JuU CAGR,NL)]y
peP

The automaton A(<—> R, )]« is pictured in figure 2. By Proposition 5.2 (b), the state —1
does not belong to the controllability subset, and therefore, by Proposition 5.2 (j), neither
does state 1; hence the controllability subset of A(<—> R,)]o is {2, 3, 4}. Since this subset
contains Rg, it is in fact the greatest fixpoint v X,. [4(CAXaNR)leyn [ 1. The automaton
A(+R, N I,)|y has the empty set as its first family of accepting pairs. It is easy to see that
its controllability subset is therefore empty.

Iterating on X, we next compute

ABX) (K1) U U,ep vXa. [0AP KN TUENRIIPY 1y [ ] U CAG X XGR L)Ly

with X = {—4, -3, -2, 2, 3, 4} (by symmetry).

The automaton A(#4 X1)(— X;UR,)|« is shown in figure 3. Again, by Proposition 5.2
(b) & (j), states —1 and 1 do not belong to the controllability subset. Thus the controllability
subset is X itself, by Proposition 5.2 (b). As this subset contains R,, X is the largest
fixpoint vX>. [0A(7‘>X1)(C.A(%)Xl)(“’XxU(inRa))Ja) N1l

The automaton A(A X)(— X)(+R, N 1,)]y is shown in figure 4. In this case the
states —1, 0, 1 are added to the controllability subset, owing to the first term in the fixpoint
characterization (since R; = {—1, 0, 1} for this automaton).

In the next step of the iteration on X, X| is set equal to {—4, —3, -2, —1,0, 1, 2, 3, 4},
yielding the fixpoint X \ {—6,6}. Since R; = @, setting Xq to X \ {—6, 6} does not
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Figure 1. Automaton A.

affect the result, so X \ {—6, 6} in fact represents the controllability subset. As expected,
this controllability subset differs from that of the example of Thistle and Wonham (1994a),
owing to the liveness assumption represented by (R,,, I,), without which the states —1, 0, 1
do not belong to CA.

8. Conclusion

We have extended the methods of Thistle and Wonham (1992, 1994a) and Thistle (1991), to
provide a fixpoint characterization of the controliability subset of an automaton whose spec-
ifications and liveness assumptions are both represented by Rabin recognition conditions. '
This result allows for straightforward computation of the controllability subset and for the
effective synthesis of suitable supervisors.

The approach of Thistle and Wonham (1992, 1994a) draws heavily on earlier solutions to
Church’s automaton synthesis problem and the emptiness problem for automata on infinite
trees.!! In particular, it synthesizes some of the methods of Rabin (1972) and Emerson and
Jutla (1988). The problem solved in the present report represents an extended version of
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Figure 2. Simplified antomaton A(— Ry)la

Church’s problem that allows for liveness assumptions concerning the “exosystem” with
which the system under synthesis is to interact, Such an extension was proposed but not
constructively solved in Abadi et al. (1989). The recent solutions to Church’s problem
given in Emerson and Jutla (1988) and Pnueli and Rosner (1989a) do not appear readily
to admit such an extension. A synthesis problem for concurrent systems under w-regular
specifications and modelling assumptions was presented in Wong-Toi and Dill (1991) but
this formulation lacks the notion of deadlock freedom implicit in our definition of the
controllability subset, and as a consequence reduces to Church’s problem. A version of
the tree automaton emptiness problem that incorporates fairness assumptions was solved in
Courcoubetis et al. (1986) and applied to the satisfiability of branching-time temporal logic
formulas in transition structures equipped with Rabin fairness conditions. The application
of this emptiness problem to contro! synthesis is a topic for research.

A central result connected with Church’s problem and the emptiness problem is a so-
called “small model theorem” (Emerson 1985) that states that if solutions exist then there
exists a solution represented by a finite graph embedded in the transition structure of the
given automaton. Under the control formulation, this result means that from any state
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Figure 3. Simplified automaton A(# X1)(— X1 U Ry)|e, for X1 = {—4, -3, 2,2, 3, 4}. (The two pairs of
dotted and dashed boxes represent a single state subset pair.)

in the controllability subset, the automaton can be controlled to the satisfaction of its
acceptance condition by state feedback alone. The theorem is proved by direct construction
in Thistle and Wonham (1994a). In the extended problem formulated in the present report,
this particular small model theorem fails; however, the proof of Theorem 5.3 shows that,
beyond the information contained in the state of the automaton, only one additional bit of
information is needed for control (specifically, to establish priorities between the two Rabin
conditions).

Other synthesis methods proposed in the control literature allow for less general classes
of models and specifications. Ramadge and Golaszewski (Ramadge 1989, Golaszewski
and Ramadge 1988) consider only safety specifications. The work of Kumar et al. (1992) is
similar in this respect. Young, Spanjol and Garg consider systems modelled by deterministic
Biichi automata and subject to the language property of finite stabilizability (Young et al.
1992).

The study of different classes of models and specifications of infinite behaviour, with
regard to the tradeoff between generality and computational complexity, is a current topic
of research. Indeed, in Thistle and Malhamé (1994), automata are equipped with liveness
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Figure 4. Simplified automaton A(# X} (— X)(+R, N L)y, for X| = {-4,-3,-2,2,3,4} (R
{=L0,1}.

assumptions in the form of state fairness conditions (Courcoubetis et al. 1986), which
state that any state transition that is infinitely often enabled (not only according to the
automaton’s transition structure, but also according to the action of the controller) must
eventually occur. This decouples the control problem, allowing each disjunct in the Rabin
acceptance condition to be considered separately; as a consequence, the controllability
subset becomes polynomial-time computable. Yet this form of liveness assumption seems
a natural one, especially as it is contingent on the action of the controller.

Appendix
Al. Proof of Theorem 5.3
We first establish F* C C+, proceeding by induction on the number of live states of

A=(Z,X,8,x0,{(Ry, 1) : p e {0OJUP}, {(Ry, 1) :q € {1}UQ}, C) (Rabin 1972, This-
tle and Wonham 1994a), and on the size of the index set Q.
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Note that
FAN D(A)
= [U,pep(R, N I) N D(A)U Ry (Prop. 4.1 (a))
= CAN DA (Prop. 5.2 (b))

It thus suffices to show that FA N L(A) € CA.

If A contains no live states then the result holds vacuously. For the induction step, suppose
x € FANL(A) and assume that the result holds for all automata with fewer live states than
A or with a smaller index set Q. We shall prove that x € C-A. By assumption, there exists
some map f : £* — C satisfying both clauses of definition 2.1. Consider the following
comprehensively exhaustive set of cases:

(a) there exists a live state x’ € X such that, for all ¥’ € T* generated by A, under f,
8(k', x) # x5

(b) for some pair of live states x’, x” € X, there exists k' € T* generated by A, under f
such that §(k’, x) = x’ and for all k” € T* generated by A, under f such that k' < k",
8(k", x) #x";

(c) for all pairs of live states x’, x” € X, and every k' € ¥* generated by A, under f such
that (k’, x) = x', there exists k” € T* generated by A, under f such thatk’ < k” and
Sk", x) = x".

In case (a) we have

x e FAI\XD
C CAIX\XD (ind. hyp.)
c CcA (Prop. 5.2 (e))

Similarly, for case (b) we have

x e CA
Thus,
x € FA
S FACY (Prop. 4.1 (b))
c A=) (ind. hyp.)

= CA (Prop. 5.2 (d))

In case (c), there exists a string s € T having a path m on A, under f such that
Qr = L(A). It follows that one of the following three cases holds:

i. forsome p e P, L(A) C I, &L(A)NR, # ¥;
ii. forsomeqg e Q,L(A) S I; &L(A)NR, #3;
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iii. LA NR, #9.
For case i, we have for any x” € L(A),
x” e FA
= gA(FA) (Prop. 3.3.2)
C GA(FALANRDY (Prop. 4.1 (b))
c oAHCALANRYy  (ind. hyp.)

Thus
L(A) € vX,. 0ACAXNRND)y
= ¢ (Prop. 5.2 (1))
For case il we have
X FAGR NI g
CAGRNI g (ind. hyp.)
cA (Prop. 5.2 (i))

In N m

Finally, consider case iii. By definition of F* there exists a string s’ € ¢ and a path 7’
of 5" on A, under f such that Q' N R, # @ and Q' C I, for some p € P. It follows
that there exists a feedback map f’ for A(+A L(A) N Ry), satisfying both clauses of the
definition of FA@LANRD gych that no finite strings generated by A(# L(A)NR;), under
/' but not belonging to pre(s’) visit states that belong to L(A) N R;. If we assume without
loss of generality that case (i) does not hold then we also have either 2, N L(A) = @ or
Q CL(A). It follows that case (a) or case (b) must hold for the feedback map f’ and the
automaton A(#4 L(A) N Ry),. Thus x € CAPLIANRY - Gince this argument holds for
arbitrary x € L(A) C F A we have

L(A) € vXp. CAPXNRY
= CA (Prop. 5.2 (h))

This completes the induction, and establishes the containment FA € CA.
For the reverse inclusion, let

A= (2, X,8, x0.{(Rp, I,) : p € {O}UP}, {(Ry, I) : q € {1}UQ},C)

be an automaton of the special form assumed above. For any x € C* we shall construct,
by induction on | PUQ|, a feedback map f satisfying definition 2.1. We first define some
state feedback maps on C*.
By definition, we have
CA = uX,. [BAFKVCH R (X, U Ry)
UUjpeplvXa. [AGH XIUCANRD) (CAG KIUCANRNS XU PY 1y L1

A
UU g CAT KIVCANRN(S XD RN lg
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This fixpoint is the least upper bound of the nondecreasing sequence C64 ccC lA - C{‘ -
- defined by

Ct =0
CA, = gAPGUCHNRY (CA Y Ry)
U UpeP[VXZ- [QA(#C,.AU(CAHRI))(CA(7L>CI.AU(CAORX))(QC,AU(Xgan))JP) N Ip]]
UU,eo CAG CAUCANRI(SCAY RN g
= ChoYUper €1, YUoeo Clirg
where,

A A
C1+1 o 1= GAPCAUCARN (CA Y Ry

and forany p € P,

A A A A A
C,“ii , = vX,. [QA(7L>C. u(c an))(CA(»C. U(CANR )= C; U(XzﬂRp))JP) ﬂlp]

_ 6A<7L>CAU(cAmR1))(CA(ﬁCAU(CAﬂRz)X%CAU( o anp))Jp) ni
= p

and for any g € Q,

A — (A CAVCANR)NCY (+ RN,
Ct+1q =C > ! oVl

For the sake of brevity we shall let A[i, p] stand for A(A C# U (CANR))(—> CAU
(CAAy, N R p and Ali, q] for A(> CAU(CAN R (> CHR, N Iplg.

It is convenient similarly to represent pA((CIA U (CA N Ry)) as the least upper bound of
a nondecreasing sequence:

pMCAU(CANRY))
= pXo. [CAU(CAN Ry UOAXY)]
= U;io Pfq.j
where

piie = CAUCANRY
P = CHUCANR) UG (o7, )

For any automaton A= (X, X, 8, xo, {(R,, [,) : p€{0 JUP}, {((Rg. Iy):q€ {1}3UQ}, ©),
we define a state feedback map '/’iﬁ‘—l.o : CfH o — CLA(A CA U (CA N Ry))], so that for
any x € C7}, o, there exists o € Y7}, ,(x) such that 6(0 x) is defined, and for all such o,
d(o,x) € CAURO Similarly, define a map le bt 1+1 » ClLA(A CAU(CAORI))]
so that for any x € C, 1 there exists o € 1/1, ey p(x) such that § (o, x) is defined, and for
all such o, 8(c, x) € CAUP], Finally, define a map Xfil.,j+1 : pit1,j+1 —> C such that for
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any x € p;j41_ j41, there exists ¢ € x;il. i+ (x) such that 8 (o, x) is defined, and for all such
0,38(0,x) € pit1j.

We now use these state feedback maps to construct the feedback map f, which will be
represented in terms of a transition structure

(2, C4 % {0, 1), £, (x0, 0))
and an accompanying state feedback map
A:¢4%x1{0,1} —C

(Roughly, ¢ applies the maps 1//, +1.» to ensure acceptance under the assumption that
undesired transitions of 4 leading from states x € Cy}, to pA(C;* U (C4 N Ry)) can be
prevented. Occurrences of such undesired transitions are recorded by switching the second
component of the state from 0 to 1; this causes the state feedback map to apply instead the
maps x;il_ fey driving A toward C,-A U (C# N R)); once this subset (or Ry) is reached,
the second state component is switched back to 0. The end result is that along a given
trajectory that satisfies the liveness assumption, undesired transitions occur only finitely
often, so acceptance is ensured.) We leave it to the reader to verify that there does not in
general exist a static controller (i.e. one that employs only feedback of the state of A itself)
that applies suitable control.

We define the state feedback map ¢ and the transition function & : o x(C*x{0, 1}) —>
C* x {0, 1} by induction on |[PUQ|. Choose an arbitrary total ordering of {0}JUPUQ.
Recalling the first of our state feedback maps, define the v -rank of any state x € C to be
the least pair (i, r) in the lexicographic ordering of N x {0}UPUQ such that x € Cl Y
define the x-rank of any x € C* to be the least pair (i, j) in the lexicographic ordering of
N x Nsuch thatx € p;il.jH.

We first define <pA and another map,

G CAL X (0, 1) — CLAGS CAUCANRY)]

by simultaneous mductlon Letx € CA 71 and n € {0, 1}; let r be the least element of
{0JUPUQ such that x € C7}, ,. Then

My n) ifreP&x R orifre Q;
(x,n) =

1//, t1.-(x)  otherwise;

Now define ¢4 : C4 x {0, 1} —> C so that if the y-rank of x € C4 is (i, r) and its
x-rank is (z', 7'), then

o whenevern =1&: <i, o (x,n) = Xﬁl./—u(x’”);

e and otherwise, p4(x, n) 2 ¢7*(x, n) and for all o € A(x, n) \ ¢*(x, n), 8(o, x) €
pA(CAU(CANRY)).
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Following the definition of ¢, let the p-rank of any state (x, n) € C4 x {0, 1} be the
leasti € Ns.t.x € C},,ifn =0,and theleasti € Ns.t.x € C/; UpA(CAU(CANRY))
ifn=1.

Next define the transition function

E: T x(CAx{0,1}) — CAx{0,1} (pfn)
(0, (x,n)) = (8(0, x), (0, (x,n))) (Yo € T,x € CA ne{0,1}
s.t.8(0, x) € CA)
where the map n** : T x (C# x {0, 1}) — {0, 1} is defined inductively as follows: let i
be the ¢-rank of (x, n); then
0 if§(o, x) € CAU(CANR;) UR,,
1 if8(o,x) € CAU(CANR)URy,
(o, (x,n) = and either o ¢ $7(x, n)
or both
n=1&xe pA(CI.A U(CANRY);

If neither of the above conditions holds, the y-rank of x is (i, r), for some r € {0}JUPUQ;
then

Ao, (x,n)) ifr e PUQ;

A .
7 (U’(x’"))_{o ifr=0.

We must show that for any x € X the map
f:r—C
s > gA(EG, (x, 0))

satisfies the requirements of definition 2.1. Note that by proposition 5.2 (j) we have, for
any p € P,

(CAEPI\(CAU(Cy, NR N, S CA

i+1.p

= AN, cctucy,,
It follows by induction on | PUQ] that for all (x, n) € CA x {0, 1}, if ¢ € pA(x, n) then
8(o, x) € CA—thus f iscomplete. We also have thatifo € ¢ (x, n) and §(0, x) &€ RoUR,
then the p-rank of £ (o, (x, n)) is no greater than that of (x, n) itself. Furthermore, if x € C4
has ¥-rank (i, r)and o € (ﬁiA(x, n) then the y-rank of § (o, x) is no greater than (i, r); and
if in addition r = 0 and 8(o, x) & Ry then the y-rank of §(o, x) is strictly less than (i, r).
For x-rank we have the following: if the x-rank of x is (i, j) and o € Xﬁl_jﬂ(x), then
8(o, x) is of strictly lower x-rank than x.

Let s € X* be any string generated by A, under the feedback map f. We must show
that s is accepted by A,. It follows from the above observation on ¢-rank that for all



378 J. G. THISTLE

sufficiently long prefixes k of s, the states & (k, (x, 0)) all have the same g-rank, say i. By
the observation on x-rank, we therefore have that for every sufficiently long prefix & of
5, either the first component of &(k(x, 0)) is not in pA(CA U (C4 N Ry)), or the second
component of £(k(x,0)) is 0. It follows that o € @A(é {(k, (x, 0)) for all sufficiently long
prefixes ko of s (where o € ). But the result on y-rank then implies that for all sufficiently
long prefixes k of s the states §(k, x) all have the same v -rank, say (i, r). Suppose that
r = 0: then the observation on yr-rank shows that §(k, x) € Ry for sufficiently long k, so
the result holds. If instead we have r € Q then the result holds by inductive assumption
(by the definitions of ¢ and n-*). Finally, if » € P, then (k, x) € I, for sufficiently long
k and either §(k, x) € R, for infinitely many £ or, for all sufficiently long prefixes ko of 5,
o € gk, (x,0))). The result follows by inductive assumption.

This proves that the map f satisfies clause i of definition 2.1. For clause ii we first
show that for any (x,n) € C x {0, 1} and any ¢ € X such that ¢ has a path on A,, if
o € ok, (x, n))) for all prefixes ko of ¢, then there exist infinitely many prefixes k of
t such that the second component of £(k, (x, n)) is 0. (In other words, we show that along
any path through the state set C** x {0, 1} that is consistent with the feedback map ¢ and
the transition function &, the second component of the state is infinitely often 0.)

The proof is similar to that used to establish clause i. Suppose that the result fails for
some t € X%, Then for all sufficiently long prefixes k, the states £(k, (x, n)) all have the
same g-rank, say i (by the above observation on g-rank). Furthermore, there must exist
only finitely many prefixes & of ¢ such that §(k, x) € pA(C!-A U (CAN Ry)) (this by the
observation on x-rank and the definitions of Xfil. j41 and n). We therefore have that

for all sufficiently long prefixes ko, o € ¢A(£(k, (x,n))). It follows by the observation
on y-rank that for all sufficiently long prefixes k, the respective states 8(k, x) have the
same -rank, say (i, r). If r = 0 then by the definition of (ﬁ;“ the second component of
&(k, (x,n)) is O for all sufficiently large k, a contradiction. If # € Q then the result holds
by inductive assumption. Finally if » € P then by the definition of 7* we must have
3k, x) € (C;j‘rl N R,) U Ry for only finitely many prefixes k; the result thus follows by
inductive assumption.

It now suffices to show that for any x” € C* there exists a string t € X¢ such that ¢ is
accepted by A, and for every prefix ko of t, 0 € §0A(§ (k, (x',0))). Strengthening the
control action of ¢/, define

74 A — 2%
{EA[M‘] ifre P&x ¢ R orifr € Q;

Y7, (x) otherwise

where (i, r) is the y-rank of x. By induction on |PUQ|, we have for all x € C* and
o € g (x) that p4(o, (x, 0)) = 0; and furthermore, @ £ g‘o‘A(x) - g?)iA(x), where i is the
least natural number such that x € C ;il. The result follows by the definition of ¢ and by
an induction similar to those performed above.
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Notes

1. See Ramadge and Wonham (1989) and Thistle (1994b) for surveys of this language-based theory of the control
of discrete event systems.

2. See for example Ramadge (1989), Kumar et al. (1992), Young et al. (1992), Thistle and Wonham (1994b).
3. Or alternatively, the language marked.

4. This controllability property is not to be confused with that of Ramadge (1989), which Kumar et al. (1992)
also call w-controllability. The latter property characterizes achievable closed-loop behaviour, much as in the
finite-string theory, but is not in general preserved under arbitrary unions, so that a language need not contain a
supremal “w-controllable” sublanguage; the former is a weaker property thatis preserved under arbitrary unions
and yet, when conjoined with a suitable closure property, still serves to characterize achievable closed-loop
languages.

5. See Thomas (1990) for a survey of the theory of automata on infinite objects, which has recently experienced
a resurgence of research interest owing to its application to concurrent and reactive systems.

6. See for example Courcoubetis et al. (1986). Any w-regular language is accepted by some nondeterministic
Biichi automaton; known algorithms for the “determinization” of such an automaton yield deterministic Rabin
automata (McNaughton 1966, Safra 1988).

7. ltis worth noting that the approaches of Emerson and Jutla (1988), Pnueli and Rosner (1989a), and Hossley
and Rackoff (1972) do not appear readily to admit extension to the present problem.

8. Asananonymous reviewer has pointed out, the use of partial transition functions is technically unnecessary, but
itis retained here for physical verisimilitude: intuitively, if § (o, x) is undefined, then the event o is “physically
impossible” in state x.

9. The reader may wish to think of this second family as defining a Streesr recognition condition, obtained by
negating the Rabin condition. The author is grateful to an anonymous reviewer for suggesting this remark.

10. The special case where the liveness assumptions are represented by a Biichi recognition condition was con-
sidered in Thistle and Wonham (1992) and Thistle (1991), where the fixpoint characterization of Thistle and
Wonham (1994a) was extended through a generalization of the inverse dynamics operator.

11. See Church {1963), Rabin (1972), Emerson and Jutla (1988), Pnueli and Rosner (1989a), Pnueli and Rosner
(1989b).
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