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Abstract. We have observed "dark resonances" in the A-type 
level structure, :formed by the 4S1/2 ground state, the 4P1/2 
excited state and the low lying metastable 3D3/2 state in the 
Calcium ion, confined in a Paul radio-frequency trap. These 
Doppler-free and potentially very narrow resonances were 
used to determine the magnetic dipole hyperfine interaction 
constant A for the 4P1/2 and 3D3/2 state of 43Ca+, giv- 
ing - 142(8) MHz and -48.3(1.6) MHz, respectively. From 
measurements of the P-D (El) and S-D (E2) transition wave- 
length in a mixture of 43Ca + and 4°Ca + we determined the 
isotope shifts of these lines. 

PACS: 32.80.P; 31.30.Gs 

I. Introduction 

"Dark resonances", i.e. the absence of fluorescence from 
an excited state, appear in a A-type level structure (Fig. 1), 
when two lasers excite simultaneously the transitions from 
the initial and final state to the common intermediate state for 
a given velocity class of the atom or ion [1]. If the fluores- 
cence from the intermediate state is monitored, one observes 
a minimum in the count rate, since the occupation number 
in this state drops to zero and the intermediate level acts as 
a mere relay in the coherent superposition, formed by the 
two lasers between the initial and final state. The linewidth 
of this "dark resonances" is free of first order Doppler ef- 
fects and depends ultimately only on the lifetimes of the 
initial and final state. The Calcium ion has a favourable 
level structure for such investigations: The ground 4S1/2 
state can be excited by a strong E1 transition to the 4P1/2 
level at 397 rim, a second transition at 866 nm connects the 
4P1/2 state to the 3D3/2 level also by E1 radiation. The life- 
time of the metastable 3D3/2 state has been determined to 
1.113(45) s [2], which gives rise to a natural linewidth below 
1 Hz and makes the dark resonance a potential candidate for 
frequency standard application. In addition to these men- 
tioned levels, the Ca + level scheme (Fig. 1) contains a 4Pu2 
and a 3D5/2 state (7- = 1.054(61)s[2]). The later one gives 
rise to possibilities for high precision experiments on laser 

cooled Ca + ions, using the quantum amplifier scheme on the 
weak 4Sl/2-3D5/2 or 3D3/2-3Ds/2 transition. The particular 
advantage of Ca + arises from the fact that all wavelengths 
can in principle be produced by small diode laser systems 
(including frequency doubling). Similar level shemes appear 
in several ions of the alkaline earths, and dark resonances 
have been observed previously in Ba + [3,4]. 

II. Experimental setup 

The trapped ion technique was used to exploit the long 
lifetime of the metastable 3D3/2 state. A cloud of about 
105 Ca* ions, consisting of 20% of 4°Ca and 80% of 43Ca, 
was confined in a Paul trap. We used a Paul quadrupole 
trap of 20mm radius, driven by 600V a.e. amplitude at 
~Q/27r = 1MHz and Vac = 10V (Fig. 2). The ions were 
buffer gas cooled by 3.10 -6 mbar of Helium and the storage 
time was of the order of I day. The UV and IR laser beams 
at 397 and 866 nm from a frequency doubled Ti:S laser and a 
diode laser, respectively, entered the trap colinearly through 
3 mm apertures in the z-y plane of the ring electrode and 
the ionic fluorescence at 397 nm was collected perpendicular 
to the laser beams through a mesh endcap electrode. Using 
10roW power for the UV laser and 5 r o w  for the IR laser 
power, the count rate at resonance center was of the order 
of 1 MHz. The total detection efficiency including solid 
angles, transmission losses and photocathode efficiency can 
be estimated to about 3 - 10 -a. 

A "dark resonance" in the trapped Ca + ions occurs, 
if the laser detunings from the 4Sv2-4P~/2 and 4Pt/2- 
3D3/2 resonances are chosen in a way that both lasers meet 
the resonance for the same velocity class of the ions due 
to their Doppler shift. This Doppler shift arises mainly 
from the oscillating motion of the ions in the time varying 
electric trapping field (micromotion). The oscillation causes 
a frequency modulation of the laser fields in the rest flame 
of the ions. The modulation frequency (1 MHz) is slow 
compared to the time scale for optical excitation (10 -8 s) 
and tile modulation amplitude from the ion motion (typical 
Doppler width 1 GHz) is large compared to the natural line 
width. The condition for proper laser detuning in the dark 
resonance then is 
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Fig. 1. Partial level sheme of 4°Ca+ and 43Ca+ indicating the hyperfine 
splitting and isotope shift. The hyperfine constants tbr the 4S1/2, 41)1/2, 
4P3/2, 3D3/2 and 3D5/2 level are on the order of --806MHz, --145 MHz, 
-30MHz, -50MHz, and -5 MHz, respectively [see Table in 1, 5, 6]. The 
4S-3D electric quadrupole transitions are characterized by a dashed line. 
All wavelength given are in nm 

ZaUV/A~R = kuv/,~iR (1) 

where Auv, Am describes the detunings for UV and IR 
laser, respectively, and kuv, km are the corresponding wave 
vector amplitudes, 

The simple 3-level scheme of 4°Ca + exhibits one dark 
resonance, as evident from Fig. 3. A possible Zeeman split- 
ting in the residual magnetic field in our lab is not resolved. 
For 43Ca +, having a nuclear spin of 7/2 the situation is more 
complex, as discussed in the next section. 

III. Hyperfine structure 

The interaction between the magnetic moments of the elec- 
trons and the nucleus gives rise to a hyperfine structure 
of 43Ca+, commonly described by an effective interaction 
AI • J, which leads to a hyperfine splitting of the S, P and 
D-states. All combinations of hyperfine levels of the ground 
and excited states having non-zero matrix elements in the 
transition probability for the two-photon resonance 

( ds, FsIEl ldp, Fp) ( dp, FplE11JDFD) (2) 

can lead to a dark resonance. Js, Fs . . .  denotes the J and 
F quantum numbers of the S-electronic state and analogous 
for the other levels, E1 is the electric dipole operator. For 
43Ca + this leads to a total number of 12 dark resonances. 
The reduction in count rate for each of these resonances 
is small due to the large background from the remaining 
Doppler broadened transitions. Only a part of them can 
be ovserved for a given laser detuning. Our experimental 
procedure was to keep the UV laser fixed and scan the 
IR laser across the 4P-3D resonances. We then changed 
the UV laser to a different detuning and scanned the IR 
laser again in order to observe different dark resonances. In 

this way all possible resonances with non-vanishing dipole 
matrix elements according to (2) have been detected. In 
addition we observed resonances at the 4S1/2 (F  = 4) - 
4P1/2 (F  = 4 ) - 3 D 3 / 2  (F  = 2) and 4S1/2 (F  = 3 ) -  
4PI/2 (F  = 3) - 3D3/2 (F  = 5) wavelength (Fig. 3) which 
contain matrix elements of an electric quadrupol transition. 
We attribute the appearance of that weak transition to a 
strong population of the 3D3/2 (F  = 2 and F = 5) states 
from optical pumping. These optical pumping processes 
together with the unknown direction of the residual magnetic 
field in our laboratory and a given polarisation of the laser 
makes it difficult to predict the strength of each resonance. 
Whereas the Ti:S UV laser is stabilized to an external cavity, 
the IR laser uses feedback by a grating and is not actively 
stabilized. The residual linewidth of the two lasers is of about 
1 MHz in the UV and 5 MHz in the IR. In order to reduce 
frequency shifts and line broadenings from the laser drifts, 
we scanned the IR laser fast (about 5 MHz/100 ms) across 
the resonance, repeated the scans and added them to improve 
the signal/noise ratio. Frequency calibration was performed 
by a 50cm confocal marker cavity FSR = 150.3MHz), 
which itself was calibrated using EOM sidebands. 

The dark resonances become better visible if we subtract 
a smooth envelope from the signal (Fig. 3). The sum of 
several of these resonances can be well fitted by a Lorentzian 
lineshape (Fig. 4). 

The 43Ca+ spectrum consists of two groups of lines, 
where the large splitting is due to the hyperfine structure 
of the 4S1/2 ground state. The splitting within the groups 
corresponds to the hyperfine structure of the excited lev- 
els. For the intelpretation of the spectra, one has to include 
the information already known. This is mainly the ground 
state hyperfine splitting, which we measured previously to 
3.2256 GHz using a laser microwave double resonance tech- 
nique [5]. According to (1) this splitting appears in the 
IR-spectrum as 1.478 GHz, i.e. the two lasers are Doppler- 
shifted to resonance for ions of the same velocity. We then 
can assign lines, which correspond to equal 4P and 3D F -  
quantum numbers. Comparison with a spectrum, calculated 
with the theoretical predictions for the A-factors allows fi- 
nal identification. The two lines at the extreme ends of the 
spectrum correspond to the z~F = 2 transitions. 

From the observed dark resonances we calculated the 
A-factors for the 4P1/2 and 3D3/2 level from all combi- 
nations of two hyperfine-level distances. Our results are A 
(4P1/2) = - 142(8) MHz and A (3D3/2) = -48.3(1.6) MHz 
(Table 1), in good agreement with theoretical results ob- 
tained using many-body perturbation theory [6, 7]. These 
calculations include pair correlation to high order, with the 
later calculation [7] including more pair excitations and 
more iterations, made possible by the development of work- 
stations. Table 1 also gives a comparison with other available 
experimental and theoretical data [8-10]. 

Also the nuclear electric quadrupole moment, Q, af- 
fects the hy-perfine structure of the states with j > 1/2. 
We included this electric hyperfine structure of the 3D3/2 
level in our analysis and obtained the limits -6 .5  MHz < 
/3 < 5.SMHz. Theoretical calculations [6] give /3 /Q 
69 MHZ/b, which, combined with the tabulated quadrupole 
moment Q(43Ca)= - 4 0 , 8 ( 8 ) m b  [11], would give B 
-2 .8MHz .  
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Fig.3. Laser induced fluorescence from the 4P1/2 level in a mixture of 
4°Ca+ and 43Ca+ showing Doppler broadened resonances at the 4P]/2- 
3D3/2 transition wavelength and superimposed Doppler free "dark reso- 
nances" (a). The second laser at the 4S1/2-4P~/2 transition was held at a 
fixed wavelength. (b) Shows the difference of spectrum (a) to a smooth 
envelope for better visibility of the "dark resonances" 

IV. Isotope shifts 

The transition energies differ between 4°Ca and 43Ca, not 
only because of the non-zero nuclear magnetic moment of  
43Ca, but also due to different nuclear masses and charge 
distribution. These differences lead to an isotope shift of the 
transition energies. This shift can be written as 

6 AA'=KMS M A - - ~ I A ,  
b'i ' (MA + m e ) M A  +/~](t - - /Q6( r2 )A,  A '  (3) 

where the first term is the mass shift accounting for the 
nuclear motion and the second term is the field shift arising 
from the change in electrostatic potential from the nucleus 
due to the change in charge distribution. 

In the many-body perturbation theory calculations pre- 
sented in Sect. IV.B, the shifts in the one valence system, 
Ca + , are expressed in terms of individual level shifts with 
respect to the unperturbed closed-shell  core, i.e. Ca 2+. The 
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Fig. 4. Sum over several difference spectra showing "dark resonances" 

Table 1. Magnetic dipole interaction constants A in 43Ca+ 

State Experimental results Experiments results Theoretical 
(this work) (other authors) calculations 

4Pu2 - 142(8) MHz - 158(3.3) MHz [8] - 148 MHz [6] 
-145(1.0)MHz [9] -144MHz [7] 

--135.7 MHz [10] 

-52 MHz [6] 
-49.4 MHz [6] 

3D3/2 -48.3(t.6) MHz 

shift in a transition is then given as the shift of  the lower 
level minus that of the upper level. The results of several 
isotope shift measurements for Ca, including various meth- 
ods and transitions, were combined by Palmer et al. [12] 
in a multi-dimensional King plot, with the aim of  obtain- 
ing improved results for the changes in charge distribution. 
They recommend the value ~@2>40,43 = 0.1254(32)fm 2 for 
the isotopes considered in this work. 
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Table 3. Isotope shifts for various transitions in Ca +. The RIS values were obtained by subtracting the NMS from the experimental shifts, and the field shift 
(FS) values were obtained using 6@2) 40'43 = 0.1254(32) fm 2 [12] 

Transition Wavelength IS PalS FS KSMS(exp) 
(nm) (MHz) (MHz) (MHz) (GHz u) 

3D3/2 -÷ 4P1/2 866 .45  -3483(40) -3814(40) 11 -2191(23) 
3D3/2 -~ 41:'3/2 8 5 0 . 0 4  -3446(20) --3784(20) 11 --2t73(11) 
3Ds/2--~4P3/2 8 5 4 . 4 4  -3427(33) --3763(33) 11 --2161(19) 
4SI/~-+3D3/2 732.59 4180(48) 3788(48) -47 2196(28) 
4S1/2--~ 3I)5/2 729.35 4129(18) 3735(18) -47 2166(10) 
4S1/2--+4PI/2 396.96 706(42) -17(42) -35 10(24) 

672(9) [7] -51(9) -35 -9(5) 
685(36) [14] -38(36) -35 -2(21) 

4SI/2--~4P3/2 393.48 713(31) -17(31) -35 10(18) 
677(i9) [7] --53(19) -35 -10(tl) 
685(36) [14] -45(36) -35 -5(21) 

A. Experimental determination of isotope shifts 

We determinated the isotope shift of  the allowed P-D transi- 
tions. We obtained for the different transitions in 43Ca + and 
4°Ca + the following shifts 

3Du2-4P1/2 (866nm): -3483(40)  MHz 

3D3/2-4P3/~ (850 urn): -3446(20)  MHz 

3Ds/z--4P3/2 (854 nm): -3427(33)  M H z .  

Motivated by these rather large isotope shifts, we comple- 
mented the measurements by investigation of  the electric 
quadrupole lines, connecting the 4S1/2 ground state with 
the 3D-levels. For this experiment we used the Ti:S laser 
at 729 nm or 733 nm to obtain sufficient power to drive the 
weak E2 transition. Another marker cavity with a FSR of 
228.8MHz served for scan calibration. We probed the D- 
state population by a laser diode exciting the corresponding 
D - P  transition. We then overserved the fluorescence from 
the P-state into the ground level free of  any laser straylight. 
Since the S -D  resonance is forbidden in first order and 
Doppler broadened, we had to use full available laser power 
(~  500 mW) and to scan the laser very slowly (25 MHz/s) 
across the resonance. To avoid optical pumping between the 
hyperfine levels of  43Ca + we irradiated the ions simultane- 
ously by the ground state hyperfine splitting frequency of  
3.2GHz. In the observed spectra one can clearly resolve 
the ground state hyperfine splitting (Fig. 5) while the 3D3/2 
splitting is obscured by the Doppler broadening of  the lines. 
Comparison with a simulated S-D line shape was used to 
calculate the center of  mass of  this double peak. The 4°Ca+- 
43Ca + isotope shift of  this line has been determined to 

4S1/2-3D3/~ (733 nm): 4145(43) MHz 

4S1/2-3Ds/a (729nm): 4129(18)MHz.  

The calculations presented below show that these large shifts 
are mainly due to the specific mass shift (SMS) of  the 3D 
state. 

B. The field isotope shift 

Differences in the nuclear charge distribution give rise to 
shifts in the energy levels, 6u vs = F(1-t~)6(r2},  contributing 
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Fig. 5, Laser induced electric quadrupole transition 4S1/~-3D3/2 in a mix- 
ture of 4°Ca ÷ and 43Ca+. The ground state hyperfine splitting in 43Ca+ is 
well resolved, while the 3D3/2 splitting is smaller than the Doppler width 

Table 2. Calculated contributions to the mass shift constant /(3SD~ s, for the 
3D3/z and 3D5/2 orbitals in units of GHz u, The values are expected 
to be increased by the modification of the valence orbital to approximate 
Brueckner orbitals, as discussed in Sect.IV.C. The mass shift constants 
KSs IrIs = -237 GHz u and/£s~Is = -218 GHz u were obtained in earlier 
work [24] 

3D3/2 (GHz u) 3D5/2 (GHz u) 

DF -4313 --4298 
RPA 1838 1827 
Con', cv 1844 1838 
Corr, cc -982 -980 

TotN: -1613 -1612 

to the total shift given in (3). The electronic factor F for 
the field shift is given by 
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4re ~ 0 2 Ze2 
F = - - ~ - A I ~ . (  )1 47re0 (4) 

and is determined by the change in electron density, lkv(0)t 2, 
at the nucleus between the lower and upper state of the 
transition. In the non-relativisic limit, only S-electrons con- 
tribute directly, but electrons with l > 0 can perturb the S 
electrons in the core, thereby affecting the field shift. In the 
relativistic formulation, also P1/2 electrons have a non-zero 
wavefunction at the nucleus, but their contribution is neg- 
ligible for low Z, where relativistic effects can essentially 
be accounted for by application of the relativistic correction 
factor appropriate for S electrons, found to be 1.18 for Ca. 
Multiplying the non-relativistic coupled-cluster results by 
this correction led to the electronic factors [13] 

/+~s "~ -261  MHz/ fm 2 

i%p ~ +21.8 MHz/ fm z 

/7~D ~ + l l 0 M H z / f m  2 . 

The negative F factor for the 4S state is dominated by the 
contribution from the valence electron itself, whereas the 
positive F factors for the 4P and 3D states reflect a reduced 
core electron density at the nucleus caused by the presence 
of the valence electron. 

The correction term, ec in (3) accounts for higher mo- 
ments, ~5{r4}, ~5@ 6} . . . .  of the nuclear charge distribution, 
but is negligibly small (about 0.4%) for Ca. 

The field shifts for the relevant levels are thus obtained as 
~u~ s = -32 .7  MHz, ~u4 Fs = 2.TMHz and/~u Fs = 13.8MHz, 
giving the transition field shifts shown in Table 3. We see 
that the changes in the nuclear charge distribution account 
for only a small part of the total isotope shift. 

C. The mass isotope shift 

The mass shift can be divided into two terms in the non- 
relativistic limit, characterized by the factor K Ms = K NMs + 
K sMs. The first part, K NMs = meU, gives the "normal 
mass shift", which accounts for the effect of substituting 
the electron mass, me = 5.4858- 10-4u by the reduced 
mass /~ = meM/(rrZe + M)  in the Schrrdinger equation. 
The second part, K sMs = zl(Zi>jPi.  Pj)/h, involves two 
electrons simultaneously and describes a correlation between 
the electronic momenta arising through the motion of the 
nucleus. The mass shift between the two Ca isotopes is 
obtained by multiplication of the mass shift factor, K Ms, 
with the mass factor 

(M43 - M4o)/(M4o(M43 + m~e)) ~ 0.001746/u. (5) 

The nuclear masses 3//4o = 39.951618u and 2V/43 = 
42.947795u are obtained by subtracting 20me from the 
atomic masses. Subtracting the normal mass shift from the 
experimental isotope shift leads to the resMual isotope shift, 
RIS. 

The leading contributions to the SMS constant for the 
4S, 4P and 3D states of Ca + have been calculated within 
the framework of many-body perturbation theory, using a 
numerical relativistic basis set [15] obtained in the Dirac- 
Fock (DF) potential from the closed shell Ca 2+ ion. In this 
way, the shift of each level with respect to the Ca 2+ ion is 

obtained directly, without the need to subtract and cancel 
out enormous contributions from an unperturbed closed shell 
core. By using relativistic orbitals, some, but not all of the 
relativistic corrections [16, 17] to the mass isotope shift 
are included, as discussed e.g. by Drake [18]. A relativistic 
modification of the SMS operator is given by Shabaev [19], 
but has not yet been implemented in our computer programs. 

The calculations presented here follow the procedure 
described in earlier work for Cs and T1 [20], and which has 
been applied also to Yb 2+ [211 and Ba 2+ [13] and to the 
shift in the electron affinity of C1 [22]. 

Table 2 shows the contributions obtained for the 3D 
states, which are found to be essentially independent of the 
j value, indicating that the problem is mainly nonrelativistic. 
The largest individual term -4 .3  THz u arise from the term 
S(vclp  t • p2lcv), involving the valence electron, v, and all 
core electrons c of opposite parity. The inner core orbitals, 
with their larger momenta, dominate this term. The nuclear 
motion affects the waveform of all electrons, thereby modi- 
fying, e.g. the interaction between the core and the valence 
electron. The change in the binding energy due to the first- 
order correction of the core cancels a large part of the DF 
contribution, leaving a sum of only -2 .5  THz u. We note 
that Bauche [23], in his pioneering non-relativistic isotope 
shift calculations, performed seperate Hartree- Fock calcu- 
lations for the initial and final states and in this way include 
automatically also the 'RPA' terms. Being a two particle op- 
erator the SMS is very sensitive to correlation effects, which 
arise already in second order. For the 3D states, these bring 
the final result down to - 1 . 6  THz u. Analogous calculations 
were performed for the 4S and 4P states, with deviations at 
the percent level from the non-relativistic values, - 198 GHZ 
u and - 1 6 7 G H Z  u, respectively, given in [24]. From the 
work on hyperfine structure [6], we know that correlation 
effects lead to a contraction of the valence orbital, made 
possible by the core adjusting to the presence of the valence 
electron. The effect on the valence orbital gives an increase 
in the valence electron expectation value of the hyperfine 
structure for the 4S, 4P and 3D states by about 18%, 20%, 
and 34% , respectively [6]. Also the SMS is dominated 
by the region close to the nucleus, since the momenta are 
higher here. The contraction can the be expected to give 
an increase also for the SMS, of roughly the same order, 
as confirmed by the non-relativistic calculations for the 4S 
and 4P orbitals [24], where the inclusion of the first-order 
Brueckner orbital correction resulted in K s ~  s = - 2 3 7  GHz 
u and K4S~ s = - 2 1 8 G H z  u. Assuming the SMS constant 
for the 3D state increases by about the same amount as the 
HFS would lead to an estimate for KSff s of approximately 
- 2 . 1 T H z  u. 

D. Comparison between theoretical 
and experimental results 

Table 3 shows experimental transition shifts (IS) together 
with the residual isotope shifts (RIS), obatined by removing 
the reduced-mass effect. The fifth column gives the field 
shift (FS), evaluated as discussed in Sect. IV.B. We see that 
the field shift is essentially negligible for the transitions 
involving a 3D state, in agreement with the calculations, 
which gave very large values for the SMS for the 3D states. 
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By contrast, the isotope shift of the 4S-4P transition is 
dominated by the NMS. The SMS is very small, although 
this small numbers arise from a cancellation between the 
much larger SMS values of the individual 4S and 4P states. 

Subtraction of the field shift from the RIS, and dividing 
the result by the mass factor in (5), allows an experimental 
estimate of the SMS constant, leading to K sMs ~ - 2 . 4  THz 
u. This result is about 50% larger than the lowest-order 
results, given in Table 2. As discussed in Sect. IV.C., an 
increase of this order can be expected from the modification 
of the orbitals to approximate Brueckner orbitals, giving 
a value of about -2 .1  THz u. However also other types 
of correlation effects are expected to be important for 3D 
electrons. 

V. Discussion 

This paper demonstrates the wide field of possible appli- 
cations of Paul traps in modern spectroscopy. Using the 
nonlinear effect of dark-resonances it was for the first time 
possible to obtain an experimental result for the hyperfine 
structure of the 3D3/2 level in 43Ca +. Furthermore earlier 
measurements of the 4P1/2 hyperfine structure constant could 
be confirmed. It should be pointed out that the used meth- 
ode has not reached its limits yet, since this experiment is 
at present time limited by the line width and the jitter of the 
lasers. Furthermore may the use of modulation techniques 
allow to reduce the needed laser power and such reduce 
the power broadening. Good agreement is obtained between 
theoretical and experimental results, also for the strongly 
correlated 3D state. 

The second part of this work focussed on the isotope 
shifts in 4~Ca + vs. 4°Ca +. Besides the prior observed shift on 
the 4S-4P lines we could present measurements of all 4S-3D 
and 3D-4P lines. These show an unusual large shift of about 
4.1 GHz and - 3 . 4  GHz repectively. Although higher-order 
effects would have to be included also for the mass shift in 
order to get reliable results, already the limited calculation 
presented here accounts qualitatively for the large isotope 
shifts observed in transitions involving the 3D states. 
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