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Abstract. A variety of Galerkin methods are studied for the parabolic equation
u, =V - (a(x)V u), x€Q2CR?, te (0, T], subject to the nonlinear boundary condition
u,=g(x, ¢ u), x€22, t€(0, T] and the usual initial condition. Optimal order error
estimates are derived both in L2(2) and H*! (2) norms for all methods treated, including
several that produce linear computational procedures.

1. Introduction

We shall study the numerical solution of the parabolic problem
(@) ¥ —p.@Vu), x€2,0<i<T,

(b) u(x,0)=f(x), x€0, t=0, (1.1)

(c) “‘3_1: =g(x,¢ u), x€00Q,0<t<T,
where Q is a bounded domain in IR” and 9/d» denotes the exterior normal deriv-~
ative, by a number of Galerkin methods. The primary object of this paper is the
treatment of the nonlinear boundary condition (1.1c); consequently, we shall
isolate its effect by taking a very simple differential equation. We shall assume

that
a=a(x), =x€Q, O0=:=T, (1.2)

throughout this paper. The more general nonlinear problem in which (1.1a) is
replaced by

—:7 c(x, b, u) =Z—a—i— a;(x, 8 u, Vu)+b(x, ¢ u Vu) {1.1a")

will be treated in another paper by H. H. Rachford, Jr., and the present authors.
There are sufficient complications in the simpler problem to justify its separate
presentation.

Let (only real functions will arise)

(v, )= [owdx, (v, W)= [vwda. (1.3)
o o0

* The authors were partially supported by The National Science Foundation
during the preparation of this paper.
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Let H (Q) ={veL?(Q)|0v/ox,cL2(R), :=1,...,n} and norm it in the usual
way [7]:

ov
ox;

=ulisg +1V 0 i) (1.4)

L)

lolin@ =lolz@ + ;

Let L?(0, T; X) denote those vector-valued maps of [0, 7] into X such that
T

loles 0, 7.3 =0f lo@) [k dt<oo, 1=p<oo, (1.5)

and L*(0, T; X) those maps such that

lvleoo, ;=" sup [o(t)]x<oco. (1.6)
o<t<T
Denote by
lolus@ =1V 2@  veHYQ), (1.7)

the seminorm on H*({2) that is a norm, equivalent to the Hl-norm, on the subspace
Hy(82) of H'(Q) obtained by closing Cg (2) in H'(Q). Adopt the definitions of
Lions-Magenes [7] for H*(£2) and H*(8£2), s real, whenever these constructions
can be carried out. Since we shall not use very large or small values of s, it is
not necessary that £ have a C* boundary. Extend the inner product notations
of (1.3) to represent the duality between H* and (H®)’ for both £ and 8£. If
2=(a,b)C R, H(92) = L*(8Q) for all 5.

Some properties of £2 and the coefficient 4 (x) will be critical in our convergence
analyses below. Certain trace theorems will be vital both in the proofs and,
surprisingly, in the actual choice of the computationally more efficient discrete
time Galerkin methods. The two trace inequalities that we shall consider are the
following:

There exists a constant Cy such that, for 0 < e =<1

l¥lesem S Crlelvluy@ + e olu@),  veH Q). (T1)
There exists a constant Cr, ; such that
”7)”1.1:(39) éCT’s"van-i-}(g), UEHS—F*(Q), 0<S§%, s=+=1. (T2)

Both (T1) and (T2) are standard for domains with smooth boundaries [7], but it
is also clear that they hold under less restrictive conditions. In particular, they
hold for £ a rectangular parallelopiped or an interval. Only (T1) will be required
for the H? estimates.

Elliptic regularity plays an important role in obtaining optimal L? estimates.
Consider the Neumann problem

V-(a(x)Vv)—dv=¢g, 2x€Q,

o (1.8)
a% =’lp, xGa.Q,

where
O<m=Za(x) EM<oco {(1.9)

and A is a sufficiently large positive constant. We shall at various times need the
following a priori inequalities:
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For y =0, there exists a constant C such that

lolir@ =Clolu@,  eel*(@). (R1)
For ¢ =0, there exists a constant C such that
|vlgey = Clwlas—300, weHTI(0R), s=0,1,2. (R2)

These results are well known for smooth 4 (x) and smooth 942; see Lions-Magenes
{71. Note that we must be able to define H*(842), —3$<s=4$, in order for (R2)
to make sense. For # =1 and a(x) smooth, (R1) and (R2) are elementary. Elliptic
regularity is not needed for the H' estimates.

Galerkin methods are based on approximability of functions in the solution
space, H* () in our case, by functions in conveniently chosen subspaces. Usually
these subspaces are selected in some systematic fashion depending on some
parameter, such as the spacing of nodes associated with the elements of a particular
basis for a subspace. Bramble and Schatz [4] formulated a useful definition that
isolated extractly the properties that we shall need in order to derive optimal L*?
estimates. Let 2> 0 be a parameter and let .#,, be a (finite-dimensional) subspace
of H'(£2) associated with 4. Then the family {#,} is said to be an S} family if the
following inequalities hold.

For 0 =s<1 and s <g <7, there exists a constant C such that

inf v —ylm@ SClv|m@h* ™, veH! (D). (S
XEMn

In fact, the above is a special case of their definition, since we are interested
only in s€[0, 1]. Essentially all of the standardly used subspaces satisfy this
requirement for some choice of » =2. The Hermite spaces, the smooth spline
spaces, and the spaces based on triangles all are S} spaces, at least if some modest
regularity is practiced in the choice of nodes (2, 3, 4, 5, 6].

In many discussions of Galerkin or other projection methods for approxi-
mating solutions of partial differential equations, a so-called “inverse hypothesis”
has been used. Typical of these is the assumption that

loler @ = Ch v, vEM, (%)

Babuska [1] has shown that for many domains £2 such that 9L contains a smooth
piece having non-zero curvature it is impossible to construct an S} family with
the subspace being a tensor product of spaces of piecewise polynomials having
local bases such that (*) is satisfied. It is important to note that we do #of assume
(*) or any other such embedding result.

Let us turn to the formulation of the Galerkin methods that we shall consider
for approximating the solution of (1.1). A weak form of (1.1) is as follows. Find
a function % (#, ) such that

weI(0, T; HY(Q)), o5 €L2(0, T; B (8)'),
<~Ztﬁ,z>+(al7u,Vz)—(g(u),z)a,,:O, 2eHY (D), O<i=T, (1.10)
(-, 0) =feL*(Q),
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where the explicit dependence of g on x and ¢ has not been written for notational
convenience. It is this weak form that we propose to approximate in the numeri-
cal procedures. Let

M =Span[vy, vy, ..., vy]CH (D)
and define the continuous-time-Galerkin method as follows. Find a function U (x, £)

such that

U(,tyedt, 0=t<T,

U(,0)—f “small”’, (1.11)

<%, v> +<a VU, Vo) —<g(U), vD0=0, veEM, 0<t<T.

The specification of U at time ¢ =0 is obviously vague; the usual ways to obtain
U{(:, 0) are interpolation of f into .#, L2-projection of f into .#, and H'-projection.
We shall not be specific at the moment, since the various estimates that we shall
derive below require different approximations of the initial condition.

We shall derive both H! and L? estimates for # — U in the sections to follow.
Under various hypotheses we shall see that

[ —Ulso, 732009 =0 ()
and

[ = Ulo 0, 75200y =0 (¥)
if # =4, comes from an S} family, # is sufficiently smooth, and U(x, 0) is
chosen reasonably.

The Eq. (1.11) is a system of ordinary differential equations, nonlinear if g
is nonlinear in #, for the coefficients of the basis elements v, (x). As such, it is not
usually solvable directly in any form that is numerically usable; hence, we shall
introduce several methods of differencing in the time variable to produce solvable
algebraic problems at each time level. Let v" =v (") =v(#4¢) and set

P = L o), (1.12)
Note that v"*+# 4= 9 (#**+}) in general. The simplest differencing leads to the Crank-
Nicolson-Galerkin procedure given by
d, U™ vy +(aV U™, Vo) — (gt U, v),,=0, ved, (1.13)
where
a, U= (Ut —-U"/A¢L. (1.14)

Note that the time is actually inserted at (» -+3}) A4, but the average of U” and
U**1 is used in the evaluation of g. This equation is centered on time at #**4, and
it is easy to see that it is locally second order correct in the time step. We shall
show that, under sufficient hypotheses,

(3 1~ 0 i) =0+ (a9

and
IIl;:lX “u” b U""Ln(g) =0 (h’ + (A t)z).

Note that the H! estimate concerns the averaged solution. It indicates that the
numerical solution is in general better at the times #*? than it is at the time "
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This to a large extent explains the famous Crank-Nicolson “bounce” that
engineers have observed in printing out answers at the time levels rather than at
average time levels. (Forget the fact that they usually employ finite-difference
methods; analogous results can be derived in the finite-difference case.) It is also
very important to take account of the nature of the H? estimate when modifying
the Crank-Nicolson procedure to give algebraically more efficient procedures.

The algebraic system generated by the Crank-Nicolson method at each time
step is nonlinear if g is nonlinear in %. Thus, it seems attractive to modify the
evaluation of the boundary term so as to obtain a linear algebraic system at each
time step. The simplest way which maintains local second order accuracy to do
is to extrapolate using U” and U”"! to approximate U"*3, since

wit=3y" ~Lyr110 ((A t)s).

However, it is clear that if this extrapolation is chosen, there will be terms such
as ||u" — U"|2(sq) arising in the error analysis. The trace inequality (T1) is sharp
in the sence that it is false if the Hj(£2) term is omitted; hence, there is no place
to hide the L%(8£2) terms at the time levels using the positive definite terms related
to £2. This indicates very strongly that any linearization of the boundary term
should be done using only the values U"~#, U"~#, etc. We shall write down three
such schemes out of the large set of possibilities and shall analyze them as typical.

The extrapolation of the boundary values mentioned above can be changed
to w*tt =24""t —u"~3 4-0((44)?), where simply for notational convenience we
restrict ourselves to constant time steps. This leads to the Extrapolated-Crank-
Nicolson procedure

d, U 0> +<aV U™, Poy — (g}, 20t — U8, v>,0=0, veM. (1.15)
The second method is based on linearizing g(#) about #"—*:
2}
g ) =g (=) + 55 (W) (Wt —urH) 10 ((49)).

Thus, we can define the Linearized-about-u"—}-Crank-Nicolson procedure as the
following:

Kd, U v> +<aV U, Vo)
— (g (O, UM 4 28 (b, Unmiy (UnH— U, 035, (1.16)
=0, vE€ 4.
Finally, g(«) can be linearized about the extrapolation:
gt =g Qu*—t—uwr—¥) % Qur—t — b (Wt — 20 ) 0 ((419)Y).
Thus, a Linearized-E xtrapolated-Crank-Nicolson equation results:
(d,U" vy +<aV U™, Po)
— < g(erts, Ertd) g% (gr+1, Ert) (U — EnH), v>w =0, (1.17)
vEMA,



218 J. Douglas, Jr., and T. Dupont:

where
Erti =2Ur—t Ui, (1.18)

All three methods produce linear algebraic problems at each time level. Note
that each requires a separate start-up procedure, since (1.15) and (1.17) are defined
only for » =2 and (1.16) for » = 1. We shall indicate in the proofs that care must
be exercised in establishing that these initial values can be obtained in a reasonable
way so that the inherent accuracy can be preserved. A method will be suggested
to accomplish the desired initialization, and then it will be shown that the same
error estimates can be demonstrated as for the Crank-Nicolson scheme.

Throughout the paper the function g will be assumed to have a bounded
derivative with respect to u:

I‘g*fi(x,t,u)’éK, 2€8Q, 0=t=T, —oo<u<oeo. (119

Frequently, it will be assumed much smoother. However, we do #of make an
assumption on the sign of dg/ou; i.e., we do not need to assume the stability of
the associated steady-state problem.

2. A Nonlinear H! Projection of the Solution

It is very convenient to make a preliminary study of a particular nonlinear
projection of the solution # of (1.10) into the subspace .# of H*(f2) in which the
solution of (1.11) lies. Let the function W (., {) €.# be defined by the relation
aV(u—W),Vod+Au—W,v) —<gu) —g(W), vD,0=0, vE .4,

0<i<T, (2.1)

where A is a positive constant to be fixed sufficiently large that existence and
uniqueness of W are assured. We shall set

n=u—W (2.2)

and shall derive estimates in both H1(Q2) and L2(2) for 5 and 8%/0t. These
estimates will be absolutely fundamental in our analysis of the convergence of the
Galerkin approximations to #. Our method of analysis is related to earlier ones by
Wheeler [10] and Fix and Strang [6] in the U and W are compared.

The H'() estimates are much easier to come by than the L2({2) ones; thus,
it is reasonable to start with them. Rewrite Eq. (2.1) in the form

aV, Vo) +2{n, v) —<g(u) —g(W), vDs0 =0, vEA,

and take v =4 — W = (i —u) +n=~0u -+, #€.4. Then (1.9) and (1.19) imply
that

mn @ + A e = — <aVn, Voud —Alin, 6ud +{(g(u) —g(W), n+6ud,gq
2
= % Il @ + 5 Inlisa +Clo% i)

3 1
+K [7 InlZsoa + < "5““12-%69)] .
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Assume that the trace inequality {T1) holds for Q. Then,

K 17102 <3 K C leln e + e nlie] = 5 Dk +36 K2 CEm nfia)
for the choice & =m/(12K C%). Hence, if

Azm+72K5Cim, (2.3)
it follows that

1 ey = C [ 0]y + [ 00 s o))

Since # was an arbitrary element of .#.
[y =€ Inf Tl =)o) + 1w —2]e00)] (2.4)

<C i —
=C xlen;t e —x

o), O=EST.

In particular, (2.3) is sufficient to insure existence and uniqueness of W, given
the hypotheses (1.9) and (1. 19).

The estimate (2.4) required nothing on the subspace .# and is essentially the
best possible H({2) estimate, since only C’ is subject to improvement. If # = .#,
is an S} space, then, for 0<¢=<T,

17 ]en2) = Clsfana #* 7, 1=sk<r. (2.5)

Eq. (2.1) can be differentiated with respect to time to give

an on og an
<a[7 6£,Vz)>+,l<~—,v> <au (W), v >

(2.6)
2 88 o8
=({% -+ G e w -}, Vg Ve
Assume that dufoteL® (0, T; L*(802)) and that
o2 o2
}mg; s | | SKu<oo. (27)
Then, essentially the same argument as above shows that
|5t | =€ it | 5 =i +C Wl 0<t=<T. 28)
provided that (2.3) holds. Again, if # = #, is an S} space,
“ "H‘(n) “"""“"’ + ” ’ Hk(m] WL Asksr (29)

The above results can be summarized in the following theorem.

Theorem 2.1. Let  =u — W be defined by (2.1) and assume that (2.3} is valid.
Assume that £ is such that the trace inequality (T'1) holds and assume that the
function g has its derivatives 0%g/d¢t0u and 92g/ow® bounded. Then, if 4 =4,
is taken from an S} family of subspaces of H(£2),

Ik, 751000y S Clels, 1 a1 1Sk =7,
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, 2
=C ("u"L’(O, T H @)+ “ 37:‘ 1=k =y,

and
on
ot |20, T;HV @) =

) k1
L3(0, T; HE(Q)) ’

where C and C’ are independent of 2 but C’ depends on a bound for du/o¢ on
22 x [0, T1.

The bounding of % and dx/ot in L2(£2) is a more delicate problem. These
bounds will be obtained using a line of argument introduced by Nitsche [8, 9],
although our versions vary considerably from his.

Let o =o (f) €H (£2) satisfy
KaVo, Vzy +Ala, 2) —<Ga, 20p9 =<1, 2), 2€HY(Q), (2.10)
where 4 agrees with its previous value and the function G is defined by

1
G(x,t):f%% (, 4, O (x, ) -+ (1—0) W (x, £))dO. (2.11)

0

Note first that |G (x,#)| £ K, the same bound as for 8g/ou. The value of 1 assures
the existence and uniqueness of a. Now, the choice z =7 in (2.10) and the definition
of A lead to the following:

|72y =<aVa, V) +Ala, nd> — <G, )50
=<aVn, Vie—yz)) +2{, a—y> —<Gn, o> + g () —g(W), 220
=<CaVn, Vie—x)> +2<n a—x> —<gu) —g (W), « —x>s0
=Clnlaale —xlm@, x€H#.

Assume from now on in this section that .# =.#, is drawn from an Sj family.
Then
Il = Clnliey inf o — 7l

= Clnlle @ ot ferni 2,

by (S7). If the elliptic regularity hypotheses (R1) and (R2) hold for (2.10), then

loclersiy = € U sy + G it oy (2.13)

It is convenient at this point to consider the following lemma that allows us to
consider pointwise multiplication on H*(98). Also, assume dim (£2) <3.

Lemma 2.2. Let dim () <3 and assume that (T2) holds. Let FcH¥+(Q),
some &>>0, and G€ H¥(00). Then FGe H¥(982) and

IF Gt o) = Co|F |+ |G lu o
Proof. Since dim (Q2) =3,
I oo (@) = CF st +20)-

(2.12)

Hence, if GEL2(842),
IFG s o) = C|F |at+e) |G |s o0y
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If GeH'(39), then V (FG) =FFG +GFF and

[FVG s o) < C|F [ +e(y |G e o-
Since FeH'+*(9%2) and dim (60) <2, VF e L*+4(2), 8 =8 (e) >0, and G €L* (912),
any p < co. Hence,

|GV F|ia00) S C|F |ut+e(q) |G e o)

Thus, it follows from standard interpolation theorems [7] that FGe H¥(8%) if
Ge H¥(9Q) and that

1FG et o) = C () |F |t +e@) |G it o2-

Note that it is a trivial consequence of the compactness of the injection of
H2(Q) into H¥t*(Q), e<< 4, that

1F Gt o) = 0|1 F sy +C (&, 8, |Gt o) | F lesia-

Let us apply the above inequality to G«, where G is given by (2.11). Assume
that g can be extended to the closure of £2. Then it is sufficient to show that
GeH(§2), boundedly for £€[0, T). First, GEL2({2), since it is bounded. It is an
easy calculation to see that

oG
0x; (%, %)

ow 0%
”ax S (%1, .@)+{0~— (%) + (1—0) —w(x,t)}%%-(x,t,.@)} a0,
[}
where 2 =0u(x,t) +(1—0) W (x, ). Hence, if geC2(2 x [0, T]x R) with each
of the derivatives appearing above being bounded, then (2.4), taken with y =0,
implies that

1G le= 0, 7: ¥ 0y = C (|9 oo, 7 21103 +1)- (2.14)
It follows from (2.13), (2.14), and Lemma 2.2 that
locllze @y = C 2 -
Thus, it follows from (2.12) that
e ZClnl@r < CU+|ulm@) [ulma ', 1sk=r.  (215)

Now consider an L2(Q) bound for dzn/dt. For t€(0, T, let p€HL(2) be the
solution of

<aV¢,Vz>+z<¢,z>—(i’g—(W)«p,z}
=<{_g§ () — (W)} { (u) -z%(W)},z>m, 2€H(Q).

Thus, ¢ is the weak solution of

—V.-@Ve)+Adp=0 x€L,

(2.16)

14
a-% —bp=y, x€00,
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where

=% (WyeL® (0, T; H}(22)),

= () — %5 W)+ 55 [5€ () —2£ o).

Note that the function is actually in H2(£2) for smooth ». We can consider the
adjoint problem

—V-(@aVy)+ip=9, 2€Q,
—Zm —by=0, x€dL.
Then,
lelina =<p, —V-(aVy) + 29>
={(=V-(alVg) +l¢,w>+<a%§.w>m —<<P» a%%>m
={V, V0
=1y bt I et o)

= Cly -t vl @
If the regularity hypotheses (R1) and (R2) hold, a short calculation shows that

I lersi) S C s

ol =Cly la-32- (2.17)

hence,

Now,

8 () — & (W) =1 (x,1) f—a-‘:fa% (5,8, W (3%, ) + 0 [0 (%, £) — W (x, £)1) 0.

Since the integrand is boundedly in H*(982) for 6€[0, 1] and ¢€(0, T if geC?
with bounded derivatives through order three, it follows that
) 2 -
W) =5 W) =Gy, G,eL® (0, T; H}(09)).
In fact,
1G] 0, 73 0 2 = C 11 [ (0, 7 iy -

Lemma 2.2 (with ¢ =$4) shows that multiplication by G, is a continuous map of
H(29Q) into H#(8Q); by transposition it is also a continuous map of H~1(29)
into H~}(80). Thus,

] og
|2 ()~ 2 09,1100y =CPrll-sen (2.18)

with the constant depending on |u g g
Similarly,

5 o5 (=55 0] =n fauz (W +0[u—W1)d8 =Gy,
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If ou/ot € H}(00), then G,€H?}(992). It is clear that for smooth a(x), u€H(Q)
implies ou/ote HY(00). Hence,

ou [ og og
"5{[5;(“)—'5a‘”’ﬂug—swg)éécﬂnmr%wa» (2.19)
where

ou
c=¢ (H W”H&(ag)’ ”M"H‘(Q)> .

Note that H?#(3Q) can be replaced by H'**(8) for £>0; however, u€ H4(Q)
will be needed anyway for the optimal rate of convergence to occur when the
subspace contains at least the smooth cubic splines.

Clearly, we need to estimate % in the H~*(0£2)-norm. This can be done using
a different variant of the Nitsche lemma. Let § =8 (f) €H* () be the solution of

aVB, Vzy +A<{8,2> — <GP, 2550 =40,2)sq 2€H' (L), (2.20)
where d€H¥(0£) is such that
18]t 00y = |02 02,
. (2.21)
8,100 = l-4a)
The existence of such a d is a simple consequence of the Hahn-Banach theorem.
Then, choosing z == and using (2.1) leads to
”7} ”?ri(am =aVB,Vn) +A{B,m> —<GCB, 1sq
=@V, V=) +4np—x>—<gw) —g(W).8—1>s0
SClnlw@|f —2la@,  xeA.
Hence,
Il o = Clln i@ |8 o) 2
= Clnlana |0t oo 2
=Clnlen@ Inla-10a
using (S}) and (R2). Thus,
Inla—tom SClulmah', 1=k=r. (2.22)

This result can be combined with (2.17), (2.18), and (2.19) to show that

I Pl SClulm@t®, 1=k=7, (2.23)
with
ou
¢ =C (|57 |utay 1#lieia)- (224
Let
n ou oW
V=9 TP T e (2:25)
Then

17
<a, Vy, Vvy+ Ay, v>—<5% (W), v>m=0, vEM.
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Hence, the choice v =y + (y — @ -+ du/0¢) € # implies that
b= Cint | 1= 9+ 57 [
=C [||‘P|[H‘<m + inf ” X+ %
=C ke +| 55
=C ["ullm(g, + ” ?)_1;

where C is of the same form as in (2.24). The same argument that was used to
lift the H*(£2) estimate of % to an L?({2) estimate can be used again with the only
change being the redefinition of G to be 9g/0u (W) to obtain the inequality

H‘(-Q)]

k—1
HE(Q) k J

k-1
) B 1ZRZ7,

ou
[9le@ =C [llullmmﬁﬂg ) s ASEET (2.26)
The estimates (2.23) and (2. 26) combine to give
|5t SC b+ 5 fa] #1522 )

where C is of the form in (2.24).

We collect the L2 estimates in the following way.

Theorem 2.3. Let dim(£2) <3 and assume that the trace inequalities (T1)
and (T2) and the regularity inequalities (R1) and (R2) hold. Let .# =.#, be taken

from an $] family. Let the solution % of (1.1) be such that the norms in (2.24)
are finite. Then, a constant C of the form (2. 24) exists so that

b+ | 5y =€ 1

3. H! Estimates for the Continuous-Time-Galerkin Method
The most natural estimate that can be derived for the error
{=u—U (3.1)

between the solution # of (1.10) and the solution U of (1.11) is a bound in
L2(0, T; H'(R)), since this bound can be obtained without limiting the subspace
A of H'() in any way. In the case that .# satisfies the Bramble-Schatz condition
(S3) then the bound will be of optimal order in the parameter 4. The estimate
will be derived making use of the projection W (-, f) € A4 defined by (2.1).

Let

}hk, 1<k<r.

at HE(0)

E=W-U, n=u—W. (3.2)
Then, it is easy to see from (2.1) that

(S0 +<al W, Po) — (g (W), 00q
=(5%,0) +<@Vu, 7oy — g (), 9D0q
—(5t.0) +acn, v

=—<—%1t1,v>+1<77,v>, ve .
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Eq. (1.11) can be subtracted from (3.3) to obtain the relation
o0&
(S5 0)+<aVE, oy — g (W) —g(U), 930

= <%, v>+1<7,, vy, veEM.

Since &(-, t) €4, it can be used as the test function in (3.4); then (1.9) and (1.19)
imply that

a
= 5 1B+l £ By — KIEBoom)

2
<o
= ot |iLve)

(3.4)

. . . (3.5
+ 5 Anliva + 5 A+ 1) €]z

Assume that the domain £ is such that the trace inequality (T1) holds. Then,

K& i 00) = 3m|E[fryia) + Colé o)
and

d on |2
T 1B+ a0 =C B+ | S [ @) 56
Thus, for 0<t < T,
1€ B + 1€ B myan SC

+|

It follows easily from the Gronwall lemma that

1612 0,20 + 1€ O) [Eoie)

an
ot

2
‘L’(O,t;Ll(g)) + “?7“2‘(0,1;1}(9))

181z 0, 7 2@y + 1€ s 0, 7 50000
F] 2
<c [us(o) JEra) + || a—?l

L3(0, T; L*(«2))

(3.7)
+lnlEso, L’m»] :

Hence,
12l 0, 7 2202y +1E s 0, 73 202020

(3.8)
= C[12(0) b + Il ey +

o
ot

13 (0, T;L’(Q))] !

where we used the triangle inequality, (3.7), and the fact that

o
Ileo, 7 220an =€ ["77 s 0, 73 2200 + “ ot |, T;L’(D))] )

Assume that g is such that (2.7) holds. Then it follows from (2.4) and (2.8) that

12l 0, 220 F 1€ 2 0, o202

T

¥
=C [I\c O+ [ (it ol — mlinca)® d‘)
U]

. \F
L'(o)) dt) l

(3.9)

T
. ou
+ J(za&&fﬁ”‘a—t_xz

C=C(" ot Lw(o,T;L“’(""))).
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Let # =.4#, be chosen from an S}, family and retain the other hypotheses
from above. Assume that U (0) is selected so that

12 (0} 22y S C 1 e (3.10)

this can be done by using the projection of f into .#), with respect to either L2(£)
or H(£2). Usually (3.10) can be obtained by interpolating f into .#,; this is almost
always the easiest way to initialize the Galerkin problem. It then follows from
Theorem 2.1, (3.8), and (3.10) that

“C"Lw (0, ;@) T Ic HL‘(O, T ) = Ch1, 1<k,
(3.11)

12(0, T; Hk(g))) :

5 2
C=G (1—}— = el 0, 7 rexcany + “—a?l

L (o, T;Lw(am)) (

Theorem 3.1. Let the trace inequality (T1) hold and let 9%g/dt0u and 82g/du?
be bounded. Let .#, be selected from an S} family. Let fe H*(Q), 1<k <7, and
assume that U (0) satisfies (3.10). Then there exists a constant C, such that the
error { =u — U can be estimated by the inequality (3.11).

Note that (3.11) is optimal in the exponent on the parameter 4. It should also
be noted that the bound (3.11) implies that

12 ] (0, 7; Ht o)) = Chr1
as well, if H}(9£) can be defined.

4, L2 Estimates for the Continuous-Time-Galerkin Method

The principal result of this paper concerning the continuous-time-Galerkin
method is embodied in the following theorem.

Theorem 4.1. Let dim (2) <3 and assume that @, a(x), and g(x, ¢, #) are such
that the trace inequalities (T1) and (T2) hold and the elliptic regularity in-
equalities hold for A sufficiently large. Let g€C3(22 X [0, T]X IR) have bounded
derivatives of order less than or equal to three. Let .#), be selected from an S}
family, where » =2. Suppose that for some 2, 1527,

uel® (0, T; H*(Q)),
4.4
%% e12(0, T; BH (@)L= (0, T; HH0R)). @1

Then there exists a function C (), with the dependence on « expressible in terms
of the norms of the three spaces in (4.1), such that ( being the solution of (1.10)
and U that of (1.11))

[ —Ulew o, 7 2200) S C () 7, 4.2)

provided that U (0) is chosen so that
If = U (0) | = Clf fere o 5" (4.3)

It should be noted that there is an immediate corollary of Theorems 3.1 and 4.1
and standard interpolation theory [7].
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Corollary 4.2. Assume the hypotheses of Theorem 4.1. Then
"u—Ul[L:((), T;H.(_Q))_S_C(M)hk-s, 0§$§_1, 1§k§r, (4-4)

with C (u) of the same form as in Theorem 4.1.

The proof of Theorem 4.1 is simple, given the preliminaries that have been
covered. If follows trivially from (3.7) that

18l 0, 72009 =€ ["5 O ex@ + Il o, 7s 2 “s)
4.5

on
+‘|57 Lﬂ(o,r;v(a))]'
Now, (4.3) and (2.15) imply that
1€ ©) fera) S C A,

and (4.1), (2.15), and (2.27) imply that

=Ch

L0, T;L(Q)) —

0
1k o720y + | G

with the proper form of the constant being clear from the inequalities of Section 2.
Thus, (4.2) is proved.

It should be particularly noted that the only condition imposed on the subspace
M, was that it come from an Sj, family, and it was shown that the optimal rate
of convergence resulted. This is not always the case; for some hyperbolic problems
it is known that something besides the Bramble-Schatz condition is needed for
optimal convergence rates to occur.

5. The Crank-Nicolson-Galerkin Method

Both H(Q) and L2(f2) estimates will be constructed for the error { =u —U
between the solutions of (1.10) and U of (1.13), the Crank-Nicolson-Galerkin
method. Let W, &, and 7 retain their earlier definitions in terms of # and U.
Also, let

2 _ n(2 " __ " (P
Py rin=,_ 2  Jorlds, m=nds  or=u@),
vlly= .yy= max [[v*],
k3,070 = max_Io"lx 5.4)

lortiffeds, v+ =3 (o 4ort).

vl 0=
li "LZH(O,T,X) e S

Again we shall estimate £ in terms of  and 4,17 and make strong use of the
estimates of section 2 on 7 and 97/0¢. First, it follows from (2.1) that

@V Wntl, Pud + AWt vy — g (8, W)H, v),,
=<aVurtt, Vo) + Aunth, o> — (gt uprtd, v),q,  ved.

It is clear from (1.10) that

ounti
ot
16 Numer. Math., Bd. 20

,z> +laVurtd, V2> —{g(t, w)rtt, 2>50=0, zeHY(Q).
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Hence, a simple calculation shows that

<dt W”, 'U> + <a VW"+*1 V7J> - <g(t"+i,' Wn+}): U)aﬂ
=—Ld", v + A< tE o) — (g (rtE, W) — g (8, W), 03,9

+<d,u”——w ,v>, veEMA. (5-2)

Substraction of (1.13) from (5.2) gives the equation for the evolution of &:

K, 8%, v)> +{aVEnty, Voy — (g (ivtd, Wntd) — g (v, Untd), v},
=—Ld", v) + AP, vy — g (v, W) —g (8, W)+, 0D,

d,u? ﬁ’iﬂ—* A (5‘3)
+ ( 4,u" — 27 sV ), UVEM,
Recall that
mt+1
ourtt 1 Bu
(d,un — 5 )(x) =— a7 f (¢ —17) ("4 —1) - (v, 0)dt;
"
thus, we can estimate this truncation term by
n 2 3 3 2
I dun — 2 D '
ot L2 (2) 120 OB ||\, pnt1; L3())
Also,
47 By < (402 | 22|
Ml = ot {{Lrm, 1,000 °
Now, employ v =§£"+# as the test function in (5.3):
@A) 2 ) — 18 Ex2) + &y ) — K€% ]7aag)
< (2481 Om | + A+ |2
= t |loagm iy, za@y T 2 AN @ (5.4)

1
+ 5 lgertd, W) —g (¢, W)+ |faq)

GD
240

2
L3 (n, tn+1; L3 (2))

BPu
ot

1
+C &+ fag) + > ]

After having used the trace inequality (T1), sum on # for n =0, ..., m, and then
use the discrete form of the Gronwall inequality. It follows that

VL, 0, 73 2eay HIER s 0, s mrycan

=C [" Eo"})(g) +lln "‘i’At(o, T; L3Q)

2 Bu lj2

Fu (5.5)
+ 4yt o8 |lLs(o, T; L ()

12(0, T; L2(2)

oy
+| 5
g v td, Wrtd) — g (¢, Wt o T;L’wm)] '

Note that some terms on the right involve a discrete L2 norm and some the ordinary
L2 norm in time. The only term that requires a new treatment is the last one.

We need to show that
| g (entd, Wntd) —g(t, W)ntdpa g = 0 ((42)?)
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in order to obtain global second order accuracy in A¢. Let
23 vrtt = 4 (vl — 29 (8 H) + o) (A2)-2

denote the second time difference associated with the step A#/2. Then, recall that

i+l

Y| d?
gt = o [ (2 o) 22 g
m

Let W be the piecewise-linear interpolation (in time) of {W"}; then

gty WrH) — g (1, W)rHh=— < (Aapafg (s, W)+

tn+1 (5 6)
1 At a2 ~ .
=—3“f ('““It»ﬂ l)d—,f gt W)ly—sds.
m
Now,
as & 2 BW
et W) =28 w) ra i Wy a, W 5 Wy @ 25 6 WS
Mttt

and we have three integrals to consider, since the last term vanishes. If we retain
the assumption that g has bounded second derivatives, then it is clear that

fg (grty, Wntd) — g (8, W) "H“f’.'(aa)

2{|2
< cqaplan s | 2

ow
+| R ,
L3(tn, int1; L3(092)) ot L3(tm, int1; L3(092))

and
lg (gvt+h, Wntd) — g (t, W)nHi|2s o 1, L'(am)

W 2(l2 ] (5.7)

+ ” (6—67) L0, T; L322

=cnt [1 + " 14(0, T; L*(092))

Now, it follows from Section 2 that

oW i <c ”
Ot ||L*(o, T; L*o9) — L’(o T; H{(Q))
on |2 )
= 1
26 " L2 (0, T; H*(2) ” ¢ ||L*{o, T; H*(2))
on 2
Cl(l at IL'(o,T;H'(m) +""|k"°'T;”“”>))’

where C, involves the L* (0, T'; L® (0£2)) norm of du/dt. For convenience in this
argument, let us only consider the case when we can expect to get L2 estimates;
ie., let (T1), (T2), (R1), and (R2) hold and assume dim () <3. Let # =.4,, be
chosen from an S family. Note that, since dim (92) <2, H}(9£2)< L*(292) with
continuous injection. Thus, it is also the case that

I

u

4
¢ |[zeo, T; H: (D) + ”u"u (0, T;H‘(D)))

=a
L2(0, T; 1* (692))
16%
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with C; having the same form as above. The last few inequalities show that

where

LA(0, T; HY(2)) +1) (5-9)

L= (0, T; Lm(ag))) (" uls s, T;H @) T “

Note that we can replace the L A,(O, T; L?(Q))-norm on 7 by the L2 (0, T;
L*(Q))}-norm in (5.5), since

ca=c 1+ 5

o7
Il 250 = Cllke o723y = [Inlezto sz + | 52 7. v

These results can be combined to give the final estimate for &:

||‘5"L°° L0, T3 L8(@) +"‘5"LA,(0 T; HY(2)

(5.10)
= ¢ [1 @ ey + 11l iz + | G o 2 vy € (401
where
C,=C c”ﬁﬁ :
3 2+ ots L’(O,T;L’(.Q)). (5-11)

It is now an immediate consequence of (5.10) and the bound on % and 97/d¢
derived in section 2 that the following theorem is valid.

Theorem 5.1. Let dim (£2) <3 and assume that (T1), (T2), (R1), and (R2) are
valid. Let g(x, ¢, #) have continuous and bounded derivatives of order order less
than or equal to three. Let .#, be selected from an S} family for some » = 2.
Let the solution # of (1.10) satisfy the following constraints for some % such that
1ZkEr:

uel= (0, T; H*(R)),

%’} €L (0, T; H*(Q2)) AL (0, T; Ht(392)), (5.12)

Zat,, €L(0, T; L*(9)).

Let U be the solution of the Crank-Nicolson-Galerkin equation (1.13). Then, there
exist constants C and C(s), 0 =s =1, depending on the norms of », du/d¢, and
2®u/o# in the spaces listed above such that

]|u b U"Lm (0 T;LYQ)) =C (hk + (A t) ) (5'13)

and
% — Ul 0, 7;m00a SC () (P2 4-(40)%), o0=s=1, (5.14)

provided that [|f — U (0) sy = C [f s () *-

We shall now consider the three modifications of the Crank-Nicolson-Galerkin
equations that were introduced in Section 1. Fortunately, their analyses can be
reduced in each case to that of the Crank-Nicolson equation plus the consideration
of a perturbation term.
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6. The Extrapolated-Crank-Nicolson-Galerkin Procedure

Let U now denote the solution of the Extrapolated-Crank-Nicolson-Galerkin
Eq. (1.15) for ¢ =t" n=2. Assume for the moment that U° U?, and U? are
known; we shall specify rules for finding these initial values later in this section.
Also, assume all of the hypotheses of Theorem 5.1.

Modify the evolution equation (5.2) for W to read
(A, W™, 0> + (a VW, Pud — (g (vt 2 W=t — Wn—1), 0),
= — (g, v> + A<t o) — (g (i, W) —g (3, W)t 059 (6.1)
(= S0 ) 4 Gt W) — gl 2Wnt W), 03,
for ve,. Subtract (1.15) from (6.1) and then use £**# as the test function v as
before:

(24871 ()& 1| o) — 18 22y +mllEntify, — K261 — et aa)

o7 || 1 2
+ 5 At g

-1
=(241) OF ||L (8, en+1; L3(2))

! [CDN
+ > lg s, waH) —g (6, Wyt Lo + 500 | 5 s (tm, w41, L2(22)
+ ‘12“ lg (tntd, Wotd) — g (ev+d, 2Wn—4 — W= [F100 (6.2)

+Cligr g e e, n22

The boundary term on the left-hand side of (6.2) can be handled by the trace
theorem (T1) without any subtlety, it then follows by essentially the same argu-
ment as in Section 5 that

2
né"i"‘f‘(zm, T;L*(Q)) + anig,,(zm, T; H@)

2 oy |I?

< (1 tua + intaants o + | 52 gn 2 omy
T By

+ (4% 5 13(24¢, T; L1(2) (6.3)

+ g @rtd, Wntd) —g (¢, Wyt 045, T, 1200)
g ltvrh, Weidy — g (g, 2We—d — W= s oy, 1, 12(00))
+ (18 By + 161 B ) 47)-

The three initial terms are different from the one in (5.5), and there is a new
boundary term. However,

le (gn+d, Wrntt) — g (v, 2wt ~ W) |15,
< KWt — 2 W=t + Wr—b{lap0)
<3 KW+l — 2 W+ Wr1 s og) + F K2 Wr — 2 Wn=1 4 Wn=2|}, 50,

It follows simply that
llg (t#+4, Watd) —g(nti, 2W”“* — W H s, eae, 7;000m)

scun"

ar |, T; Lo
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The bounding of 92W/d¢% remains, and this will be facilitated by producing
an estimate for §%»n/0¢2. For our purposes it is sufficient that this term be bounded ;
it is not necessary that it tend to zero with 4. Eq. (2.1) can be differentiated twice
with respect to time to give

2n a2
<al7-At2,l7v>+l< 2 > ar [g(t, u) —g (s W)]'v>an=0' Ve,

Thus,

o
<al7 atg» VU>+A< atzy > < 8t2’ >5n=<R’ ”>asz' UEvlh,

where

) 7] %u 02 o2
R=(35 () 2 ) S5 + 25 w55 w)

g ou og oW
T2 %060 ¥ 1 ~ 25500 W) 5

+ 25w (3 -5 o (B

Let v =021/08% — O?uf0t*€ M. Then

azn 2 62
o ey = ” or (9) +"R”L'(a~°)]
62
éc‘[ P ;@) + ‘”’+" “H*(m
32
o8 ||ma) +1]'

with C; being of exactly the same form as above. We have used Lemma 2.2 and
the estimates immediately preceding for W /[o¢ and (9 W /[2¢)2. Thus,

Thus, it is clear from the above estimate and (6.3) that

2y
ot

&y
ot

2q
ot

]

H($2) I

=G [”u"Hl(.Q) + n

2eq) — l HY () — H(Q)

2
"5"1.3‘(24:, ;o) T "5"1",:"(24: T; H} (@)

64
SC (A2 + (A1)%] + C &) + A (1€ [y 0y + 181y 0)]

with C’ depending on precisely the set of norms of #,du/0¢, and 634/d¢® indicated
in (5.12) and the L2(0, T'; H*(2))-norm of &4/ Assume

%—’: eL*(o, T; H(R)). (6.5)

Let us consider the problem of specifying the three initial functions U°, U3,
and U? that are needed to start up (1.15). Conceptually, the easiest method would
be to use either an L2(f2) or a H'({2) projection of f into .4, so that

18ls @) = Clflar@®, 1=k <v,
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and then to follow with two steps using the Crank-Nicolson Eq. (1.13), since
(5.10) applied with T =2A4¢ states that

l&Ea gy + (18 H?Ig @+ ”i{g @) At S CHA%* 4 (42)4]. (6.6)

To do this would involve solving nonlinear algebraic systems for U and U?;
however, these systems can be iterated by successive substitution using almost
exactly the same computer code as would be used for taking a time step by (1.15).
Thus, no great loss of efficiency would occur if Crank-Nicolson were used for two
steps. (This iteration converges for A¢ sufficiently small; the constraint on 4¢
depends only on m, K, and C;, but not on .#.)

Alternately, a predictor-corrector procedure based on (1.13) could be used for
two steps to find U* and U2 This amounts, of course, to taking two iterations in
the successive substitution discussed above and accepting the second iterate as
the solution. It can be shown that (6.6) is valid for U* and U? determined by the
predictor-corrector procedure by a modest complication of the Crank-Nicolson
argument, but this will be left to the reader. (In fact, the predictor-corrector
procedure could be used as the basic computing method to give an algebraically
linear procedure. The error estimates would be of exactly the same form as those
for the three algebraically linear procedures we analyze here. Since the computing
requirements would be twice those for the other three, we have not presented the
predictor-corrector method in this paper.)

Given U®, U1, and U2 by either of the methods mentioned above, we then have

“5"1,20‘(0, T; L)) + "f”z:"(o’ T; HY(2) S C'[hk (A2,

Consequently, the following theorem has been proved.

Theorem 6.1. Let U be the solution of (1.15) starting from values U°, U3,
and U?satisfying (6.6). Assume (6.5) and the remaining hypotheses of Theorem 5.1.
Then, there exists constants C and C(s), 0 <s =1, depending on the norms in
(5.12) and (6.5) and the constant C! of (6.6) such that the error bounds (5.13)
and (5.14) are valid.

It should be mentioned that the extrapolation
2g (v, Un—4) —g (4, Un—i)

could just as easily have been employed as the one chosen. The results are the
same and the proof is almost unaltered. Slightly less arithmetic is required per
time step if U is first extrapolated and then g evaluated rather than vice versa
if the flow rate g depends explicitly on the time, as it usually does in practice.
This is why we chose our form of the extrapolation over the other.

7. Linearization About u™—%

Fort=i", n =1, let U be the solution of the equation (1.16) resulting from the
linearization of g about the most recently known average of the solution at two
successive time levels; i.e., about U”~%. As in the last section, assume that the
necessary initial values, namely U° and U?, have been specified and assume the
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hypotheses of Theorem 6.1. Write the evolution equation for W in the form

L@, W v)+ laV Wnit, Vo)

—_ <g(;n+i, Wn—1) 4- % (v t3, Wr—k) (Wntd — Wr—1), v>

o2
= - <dt 7]"- v> + 1(.77”.*_*: 1}> - <g(t”+*: W”+*) —g(t: W)n+}: v>aﬂ (7.1)
ounti
+ <d,u” T 1)>

+ < g (e+h, Wntd) —g (¢, Wty — .gi_ (21, Wn—) (Wr+h — Wa—1), v>
on

for ve#,. Only the first and last boundary terms in (7.1) are different from

terms that we have already analyzed. We shall omit writing the time, since it is
#**+¥ in all cases. Then

|< g (Wn—1) + % (Wr—3) (Wn+ — Wn—1), 5n+i>an

— <g (Un—}) + % (Un—}) (Un+i — Un—-})’ §n+<}>

oQ
-— ¢} 2 _ai n— " — En— "
= K||&r e | (an)+|< 5g (UPH) (T — g1, & +*>m‘

+ K{% (W) — % (U”“*)} (Wr+t — Wn—4), 5n+i>

20
1 3 1 1
= (—2" K+ K:) [€n+4|2a 00y + (7 K+ K1>]|5””*"2'(aa) (7.2)
+ Ky |[WrtE — Wr—Hnoq £ o) €7+ b o)
1 3 1 1
= (? K+ K1)||5"+*ni'(an) + (E K+ Kl) I&n=%Fs 00

2

+ (A=

it _
L3 (=1, m+1; L4(0)) [l Pl +1e *][‘2:,:(9))6
+ Cy(|En+ |Faay + | £ HEna)],

since the injection of H¥(2) into L¥(00) is continuous, the injection of H(Q)
into HY(2) is compact, and
I“Um)

”L‘ (in-1, i1, L4(292))
ou
ot

In particular, the coefficient of |&"t#|fug) +[&" H[Eng can be taken smaller
than m/8.

Ml

ow
[ 5 a

m—~1

1
|Wetd — Wr—tlron) = -

ow
=2 *(At)in——gt—

sC(4nt (II“ s o, 75 ) +

L2 (o, T;m<n))) )
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Next, we need to see that the last term of (7.1) is O ((4£)* +|v[f(s0)) - This is
a consequence of the following estimate:

” gWrH) —g(Wn—) — %ﬁ* (Wn—4) (Wnth — Wn—1) ”2

L (o0)
1
< 7 (Wi —wn-i2|f 0
1 oW \2|2
1 sl (2
= -5 Ki(49) ”( ot ) L3 (-1, 1n41; L3(02))
Hence,
T/At—1
1 oW \2|j2 oWz
- g ‘= ¢ ot
5 K ;1 (at ) e, mn; 1oy (40 = K0 (49) (at) Lo, T; L*(22)

aw |8
gcmt)«”7

L4(0, T; HY ()
It then follows that

"5"223 (42, T; L (2)) + "5"Z§,,(At, T; H} ()
ZC (AR (484 +C [[]51"12,1(9) + 4 ‘”5*”%16 (,Q)].

with C’ again depending on the norms of , ..., 834/9# listed in Theorem 6.1.

The evaluation of U! can again be accomplished by either solving the Crank-
Nicolson equation for one step or by using a predictor-corrector form of Crank-
Nicolson for one step. In either case,

165 + A2NEH [y ) S C 2%+ (48)%). (7.4)

We have proved the following theorem.

(7.3)

Theorem 7.1, Let U be the solution of (1.16) starting from initial values
U? and U? such that (7.4) holds. Then, the conclusions of Theorem 6.1 follow
from its remaining hypotheses.

8. Extrapolation and Linearization

For ¢ =", n =2, let U denote the solution of (1.17), the result of linearizing
about the projected value 2U"~t —U""% in the evaluation of g at ¢{=¢"1,
Assume that U and U? are computed in such a way that

1€2]Fs ) + 41 (||5*ﬂ?15 @ 18 Ey @) = C 42k + (d2)8]. (8.1)

Write the evolution equation for W in the form (g and 9g/0u being evaluated for
t =¢"t# everywhere but in g(W)"*})

d,Wn, v> +<a VWi, Vo)
0
— <g(2 Wr—t — W8 + 3’% (2Wn—t — Wn—1) (Wrtt — 2 Wn—1  Wn—i), v>an
= <dt’7”’ vy -+ ;'<17”+ir vy~ <g(W”+*) —g(W)'H'}‘ ”>an -+ <d,u" —_ —gt—" , v>
é
+ <g(W"+*) —g(2Wn—t — W) — —5% (2Wr—t — Wn—1) (8.2)

- (w2 W), o )
o2
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for ve#,. Again it is necessary to treat only the first and last boundary terms.
The first of these leads to the following three terms:

[<g(2Wnr—t —Wn—§) —g(2Un—t — Ur—i), &ty 0|
S K[t m |26t — &b on),
'<£ (2Un~t — Un—§) (gr+1 — 28n— 4 En—1), §n+%>

ou 69[

S K ([|gr+Hs0a) + 2] 6o oa) + 118" Hra o) 162+ s eq),

ou
S2K[Wrtt —2Wn—t 4 Wi pn) £ o)

1 W |2
S 5 1B n, +C a7 G

|< (—2—5 (@Wn—t — Wty — 28 um-y_ U”—%)) (Wt — 2 Wt 4 W), 5n+4.,> |
on

L2 (=2, 41, L2(00))
Notice that nodelicacyisrequired; errors that are fourth order in A¢ for sufficiently
smooth # are easily shown to be second order. Since the basic Crank-Nicolson
process is only second order, there is no gain attached to being more painstaking.
Similarly, the last term can be treated a bit cavalierly:

" g(WrH) — g (2Wn—i — Wn—})

og 2
Wn—~t W —3 Wn+i Wwn—% W —§
ou (2w ) (W 2w ") L*(20)
=2[g(Wnth) —g(2Wr—i — Wn—H) 1[12.1(39) +2KE|Whtt —2 W=t + W ”"’*ﬂi-(aa)

=C' (44,

where C’ depends on the same collection of norms of #,..., Pu/of as in
Theorem 6.1.

The usual argument again shows that

|l5”ijt(zm, Tyo8) T 16023, @as 7; Hy)
S C/ [ 4 (A1)4] + C[|€Fa0) + AL (|8 [y () + €8 1Ery 1)1

and the usual theorem results.

Theorem 8.1. If U is the solution of (1.17) and U°, U, and U? are chosen so
that (8.1) holds, then the remaining hypotheses of Theorem 6.1 imply its
conclusion.

Computationally, (1.17) is almost exactly equivalent to the extrapolation
alone or linearization alone. Since it is a somewhat closer approximation to the
Crank-Nicolson equation, the authors would tend to recommend it as the first
choice for practical implementation. Obviously, there is nothing in the formal
arguments given above to make us insistent on this recommendation.
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