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Characterizations and Metrization
of Proper Analytic Spaces

J.E. Jayne (London)

1. Introduction

All topological spaces considered will be completely regular Haus-
dorff spaces. The word space will refer to such a topological space.
A proper map from a space X into a space Y is a closed continuous map
with compact point inverses. An analytic subset of a Polish (separable
completely metrizable) space is one which is either empty or the image
of the Baire 0-dimensional product space N", where N={1,2,...}.

Definition. A proper analytic space is one which admits a proper
map onto an analytic subset of a Polish space. A proper Borel space is
one which admits a proper map onto a Borel subset of a Polish space.

Characterizations of proper analytic and proper Borel spaces are
given in Theorems 1 and 2, respectively. Necessary and sufficient condi-
tions for the metrizability of such spaces are given in Theorem 3, and an
application to the metrization of compact convex subsets of Hausdorff
locally convex real topological vector spaces in terms of the topological
and Baire set structures of their sets of extreme points is given. In partic-
ular, as part of Theorem 4, we prove: If X is a compact convex set
whose set of extreme points &(X) is a proper analytic space, then X is
metrizable if and only if &(X) with its algebra of Baire subsets is a
standard Borel space.

By the Baire sets of a space we mean the smallest family of sets
containing the zero sets of continuous real-valued functions (that is, of
the form Z(f)={x: f(x)=0}) and closed under countable unions and
complementation. By the Borel sets of a space we mean the smallest
family containing the closed sets and closed under countable unions and
complementation. For a metrizable space the Baire and Borel sets
coincide.

A measurable space is a pair (X, #) where X is a set and J is a
family of subsets closed under countable unions and complementation.
A standard Borel space is a measurable space which is measurably
isomorphic to a measurable space (X, #), where X is a Polish space
and 4 is its algebra of Borel sets. The word standard derives from the
o
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fact that two Polish spaces are Borel isomorphic if and only if they have
the same cardinality (which must be finite, countable, or that of the
continuum). Note that Borel isomorphic means that there exists a
bijective point map which takes Borel sets to Borel sets in both directions.
The reader is referred to [2] for an exposition of the theory of standard
Borel spaces and their applications, to [14] for the classical theory of
analytic sets, and to [8] for a survey of the recent theory of non metrizable
analytic sets.

Proper analytic spaces have been referred to as ZS-spaces by the
author [12] and proper Borel spaces coincide with Frolik’s bianalytic
spaces ([5, 6, 8].)

2. Characterizations of Proper Analytic Spaces

Let 2 be a family of subsets of a set X. The Souslin-5# subsets of X
are the sets admitting a representation of the form

U UH,, Hes

oeNN s< o

where s< o means that s is a finite restriction of the sequence of inte-
gers o. The space of bounded continuous real-valued functions on a
space X is denoted by C*(X), the family of zero sets of functions fe C*(X)
by Z(X), and the family of closed sets of X by # (X). The Stone-Cech
compactification of a space X is denoted by gX. If

f: XY

is a function and A< X then f|, will denote the restriction of f to A.

A space X is defined to be analytic if it is a Souslin-# (f X) subset
of BX. It is the case that a subset of a Polish space is analytic in the
classical sense if and only if it is analytic in this sense ([3, 8]). The contin-
uous image of an analytic space is analytic ([3, 8]), the countable product
of analytic spaces is analytic ([5, 8]), and every analytic space is Linde-
16f [8].

Theorem 1. For any space X the following are equivalent :
1) X is proper analytic,
2) X is a Souslin-Z (BX) subset of BX,

3) X is homeomorphic to a Souslin-% (K} subset of some compact
Hausdorff space K,

4) X is homeomorphic to a closed subset of a product space K x A for
some compact Hausdorff space K and an analytic subset A of some Polish
space.
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The following properties of proper maps will be used:

1) If {f,: yel} is a class of proper maps (I denotes an index set) of
spaces X, onto spaces Y, respectively, then the map

®: []1X,~]]Y,
yel yell
2({x,: veI'Y)={f,(x,): vel'}
is a proper map [16, p. 297].
2) If f: X—>Yand g: Yo W are continuous maps on the respective
spaces and gof: X W

defined by

is a proper map, then both f and g are proper maps {13, p. 1583].

An immediate consequence of this result is

3) If {f,:yel'} is a class of continuous maps from a space X into
spaces Y, respectively, at least one of which is proper, then the map

@: X—»HYy

yel

D(x)={f,(x): yel'}

defined by

is a proper map.

Proof of Theorem 1. 1)=>2) Let f be a proper map of X onto a metriz-
able analytic space A. Let 4 denote a metrizable compactification of A

and 7 XA
the Stone extension of f. Then, since f is proper,
fteflx1=X.

Since A is analytic in the metric space 4, it has a representation of the

form N
A=) (E, EeZ(4).

geNN s< ¢

For each s let f,e C*(A) be such that F,=Z(f,). Then
X=U Nz /)

aeNN s<a

and for each s f,ofe C*(BX).

2)=>3) Trivial.

3)=>4) Suppose X is homeomorphic to 2 Souslin-Z (K) subset X’ of
a compact space K. Then X' is analytic ([3], [8]) and has a representation

of the form X'=U ﬂZ(fs), feCH(K).

oeNN s<o
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Reindex the countable set {f.:ceN¥,s<o} by {f,:n=1,2,...} and
define

@: K-RY
by
O (x)=(f1(x), f(x), ...).
Then
P o[ X=X

and, since @ is continuous, ¢ [X"] is an analytic subset of RY. The map
g X'->Kx®[X]
g(x)=(x, ®(x))

is a homeomorphism of X’ into K x #[X"].
Let

definded by

h: Kx O[X]>®[K]x S[X']
h(x, y)=(D(x), y).

4={,y):y[X]}

is closed in #{K]}xP[K7] and since h~![A]=g[X'], we have that
g[X"] is closed in K x @[X"]. This completes the argument since X is
homeomorphic to g{ X'].
4)=>1) Suppose X is homeomorphic to a closed subset X’ of K x 4
where K is compact and A4 is a metrizable analytic space. Let A denote a
metrizable compactification of A and
A= NZ(g), geC*A),

oeNN s<o

be defined by

Since the set

be a representation of 4 in A. Then

KxA= ) NKxZ(g)

aeNN s<o
is a Souslin-Z (K x A) representation of K x 4, since each
KxZ(g)=Z(h,)
where hye C*(K x A) is defined by

ho(x, y)=g,(¥).

Let X’ denote the closure of X" in K x A. Consider the functions h, as
being restricted to X" and reindex them by {h,: n=1,2, ...}.

Define
by

&: X' >RY

@ (x)=(hy(x), hy(x), ...).
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Then @|y is a proper map and ®[X'] is an analytic set of the metric
space R¥ (since a closed subset of an analytic space is analytic and the
continuous image of an analytic space is analytic).

Remarks. 1) Frolik [11, Theorem 2] has shown that an analytic
subspace A of a space X is a Souslin-Z (X) set if and only if there exists a
continuous map f of X onto a separable metric space such that

fLAINSfIX~A1=H.

The equivalence of 1), 2) and 3) in Theorem 1 is an elaboration of this
observation.

2) The implication 1)=>2) in Theorem 1 implies that proper analytic
spaces are in fact analytic.

3) The fourth part of Theorem 1 implies that the class of proper
analytic spaces is the smallest class of spaces containing all compact
spaces and all analytic subsets of Polish spaces which is closed under
the operations of taking finite products and passing to closed subspaces.

4) The proper analytic spaces form a strictly smaller class of spaces
than the analytic spaces. The integers plus one point from its Stone-Cech
compactification is an analytic non proper analytic space.

Frolik has extensively studied the class of proper Borel spaces. He
has proved

Theorem [8]. For any space X the following are equivalent :

1) X is a proper Borel space,

2) X is a Baire subset of its Stone-Cech compactification,

3) X is homeomorphic to a Baire subset of some compact space,

4) Both X and (BX)~ X are analytic spaces.

The name bianalytic, used by Frolik, derives from part 4 of this
theorem.

Theorem 2. For any space X the following are equivalent:

1) X is a proper Borel space,

2) X has a disjoint representation of the form

X= NZ(f), feC*pX),

oeNN s<o

(Disjoint means that for 6 +0’ we have (\Z(f) v () Z(f)=9.)

s<a s<a’
3) X is homeomorphic to a closed subset of a product space K x B for
some compact Hausdorff space K and a Borel subset B of some Polish
space.
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Proof. 1)=>2) First note that a subset C of a Polish space has a
disjoint representation

C= U ﬂz(gs)9 gsEC*(Y),

oeNN s<o

if and only if it is a Borel subset {10, p. 210].

Let f be a proper map of X onto a Borel subset of a Polish space and
let B be a metrizable compactification of B. Let

f: pX—B
be the Stone extension of f and let

B= U ﬂz(gs)’ gsEC*(B)

seNNs<o

be a disjoint representation of B in B. Then

X= U ﬂz(gso.f)s gs°fEC*(ﬂX)

oeNN s<o

is a disjoint representation of X in fX.
2)=>1) Suppose X has a disjoint representation

X=U NZ(f), fieC*BX).

oeNN s<go
Reindex {f;: e N¥, s<o} by {f,: n=1,2, ...} and define
®: BX-RY

by
¢(x)=(fl(x)’f2 (X), )

Then @)y is a proper map and ®[X] is a Borel set in RY since it has the
dispoint representation
o[X1= ) NZ(fio®@Y), fio® 'eCHP[BX]).
aeNN s<o
1)=>3) Let f be a proper map of X onto a Borel subset B of a Polish

space. Then as in the proof of 3)=>4) of Theorem 1 we obtain that X is
homeomorphic to a closed subspace of (8 X) x B.

3)=2) Suppose X is homeomorphic to a closed subset X’ of K x B
for a compact space K and Borel subset B of a Polish space. Let B be a
metrizable compactification of B and

B=1\) NZ(f), feC*®B)

aeNN s<o

a disjoint representation of B in B.
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Let X’ denote the closure of X" in K x B. Then
X'=U NZUlp) freC*X)

oeNN s<a
is a disjoint representation of X" in X'
Let . —
I BX'>X
be the Stone extension of the identity map of X' onto itself. Then

X'=U NZe),

seNN s<o

g.= filw o i€ C*(B X)),
is a disjoint representation of X' in #X".
Remark. The techniques used in proving the equivalence of 1) and 2)
in Theorem 2 also prove:

If X is a proper Borel space and A is a Souslin-Z (X) set, then 4 has a
representation

A= Nz, feC*x)

aeNN s<a

with disjoint summands if and only if 4 is a Baire subset of X.

3. Metrization of Proper Analytic Spaces

We will need the following results:

A. (Frolik [9]) If X is a Lindeldf space and o/ is an algebra of
bounded continuous real-valued functions on X which generate the
topology of X, then every fe C*(X) is the pointwise limit of some
sequence in 7.

B. (Okuyama [18]) If X admits a proper map onto a metrizable
space and the diagonal in X x X is a G; set, then X is metrizable.

A family of subsets # of a space X is said to be point countable if
each point of X is contained in at most countable many members of #.

C. (Nagata [17].) If X admits a proper map onto a metrizable space
and has a point countable collection % of open sets such that for each
pair x, ye X, xy, there is a Ue% such that xeU and y¢ U, then X is
metrizable.

Theorem 3. For a proper analytic space X the following are equivalent :
1) X is metrizable,

2) Xx X is perfectly normal (that is, normal and F (X xX)=
Z (X x X)),
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3) The diagonal in X x X is a Souslin-Z (X x X) set,
4) X is Baire isomorphic to a metrizable space,

5) The family of Souslin-% (X) sets is countably generated; that is,
there exists a sequence {Z,:n=1,2,...} of zero sets such that the Sous-
lin-Z (X) sets are the smallest family of sets containing this sequence and
closed under the Souslin operation.

Proof. Clearly 1)=-2)=>3) and 1)=-4). 1)=>5) since a metrizable analytic
space has a countable base. It suffices to demonstrate that 4)=3)=1)
and 5)=>1).

4)=3) We first prove that the Baire sets in X x X coincide with the
smallest family 5 of subsets closed under countable unions and countable
intersections such that for each projection

n,: XxX->X, n=12
onto the first and second coordinates and for each Baire set B in X
n; {[Bles#.

Since X x X is analytic, it is Lindelof. Thus by result A above every
feC*(X x X)is the pointwise limit of a sequence of functions from

oA ={glx«x: gEC*(BX xX)}.

Therefore the smallest family of functions containing </ and closed under
pointwise sequential convergence is the space of all real-valued Baire
functions on X x X.

Since each ge C* (X x fX) is the uniform limit of polynomials in
{honf}, n=1,2

where nf is the projection on the n-th coordinate of fX x X and
he C*(BX) (Stone-Weirstrass theorem),

(lx«x)"'[Ble#

for every Baire set B in the real line R. Now since every Baire function
on X x X is obtained from these functions by iterating pointwise se-
quential limits, ¢ ~*[B]es# for every Baire function ¢ and every Baire
set B in R. Therefore # contains the family of Baire sets of X x X.
On the other hand, for each projection
T, Xx X=X, n=1,2

and each Baire set in X we have that z~![B] is a Baire set in X x X,
since 7, is continuous. Therefore # coincides with the family of Baire
sets of X x X.
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We have just proved that the Baire sets of X x X are completely
determined by the Baire sets of X. Thus, if X is Baire isomorphic to a
metrizable space M, then M must be separable and analytic [7, p. 1114,
part C], and so the Baire sets in M x M are also completely determined
by those in M. Thus X x X is Baire isomorphic to M x M and so the
diagonal in X x X must be a Baire subset, since this is the case for the
metrizable space M x M. Therefore the diagonal in X x X is a Souslin-
Z(X x X) set.

3)=1) We have for the diagonal A X x X

A=) NZ(f). fieC*(XxX).

geNN s< g

Reindex {f;: 6eN¥, s<a} by {J,: n=1,2, ...} and define

d: XxX->RY
by
(p(xh x2)=(f1(xu x2)sf2(x19x2)7 "’)'
Then
¢ lodp[A]=4.

Since X is proper analytic, there is a proper map ¢ of X onto a
metrizable analytic space 4. The map

dxp: XxX—-AxA
¢ X b (x1, X2)=( (x;), P (x5))

is propetr. Therefore the map

defined by

PxPxP: XxX—>Ax AxRY
defined by

O x P xP(xy, x2)=(¢(x1)1 d(xz), P(x,, x2))
is proper and

(PxPpx®)lo(pxpxP)[A]=4.
Since 4 is closed in X x X
(¢ xp x)[4]

is closed in the metric space (¢ x ¢ x P)[X] and is therefore a G;. So
4 isa G;in X x X, which implies that X is metrizable by result B above.

5)=1) Suppose {Z,:n=1,2,...} gencrates the Souslin-Z(X) sets.
If x, yX, x+y, then there is a Baire set B such that

xeB, yeX~\B.
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We have

B= U ﬂzs’

geNVN s<o
Z,e{Z,: n=1,2,...}.

Since xe B, xe () Z, for some g,eN", and since y¢B, y¢ Z,, for some
s<dp
§'<g,; that is,
yeX\Z,, xeZ,.

Thus {X~Z, n=1,2,...} is a point-countable collection of open sets
such that for all x=y there is an m such that xeX~Z, and yeZ,,.
Therefore, since X is proper analytic, it is metrizable by result C above.

Remarks. 1) The hypothesis in Theorem 3 can not be weakened to
include all analytic spaces. The integers plus one additional point from
its Stone-Cech compactification is a non metrizable analytic space which
satisfies 2) through 5) of Theorem 3.

2) A form of part 3) of Theorem 3 was announced in [11] and a form
of part 4) was announced in [12, Theorem 1.12].

4. Applications to Compact Convex Sets

MacGibbon [15] has proved that a compact convex subset X of a
Hausdorff locally convex real topological vector space is metrizable if
its set of extreme points &(X) is a Souslin-Z (X) subset. In brief she
considers the map f: X x X—X defined by f(x, y})=3(x+). The dia-
gonal in £(X)x &(X) is equal to f~'[£(X)] and is thus a Souslin-
Z (6(X)x &(X)) set. Since £(X) is Souslin-Z (X), it is proper analytic
and thus by Theorem 3.3) above &(X) is metrizable. Since a metrizable
proper analytic space is the continuous image of N¥, X must be metrizable
by the main theorem of [3] which states that X is metrizable if £(X) is
the continuous image of N¥,

In the same vein we have

Theorem 4. If X is a compact convex set whose set of extreme points is
a proper analytic space, then the following are equivalent :

1) X is metrizable,

2) &(X) with its own algebra of Baire subsets is a standard Borel space,

3) &(X) with its own algebra of Baire subsets is Baire isomorphic to a
metrizable analytic space (equivalently, to an analytic subset of R),

4) The Boolean algebra of Baire subsets of £(X) is free on a countable
number of generators or the cardinality of 8(X) is at most countable,

5) Every point of &(X) is a Baire subset of £(X) and there exists a map
of the algebra of Baire sets of (X)) onto the algebra of Baire sets of some
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metrizable analytic space A with the property that
B,cB, ifandonlyif f(B,)< f(B,).

Proof. 1)=>2) The set of extreme points of a metrizable compact
convex set is always a G, subset [1, p. 34] and is thus completely metriz-
able.

2)=>3) Trivial.

3)=1) This follows directly from part 4) of Theorem 3.

2)=4) An uncountable standard Borel space is isomorphic to the
Cantor set 2¥ with its algebra of Borel sets and this latter algebra is free
on a countable number of generators [20, p. 107].

4)=2) Let # denote the algebra of Baire subsets of the space £{X).
Suppose 4 is free on a countable set of generators. Then there exists a
Boolean algebra isomorphism f of the algebra of Borel sets of the
Cantor set 2" onto #. The map f is induced by a point map ¢ from £(X)

onto 2V; that is,
¢~'[B]=f(B)

for every Borel set B of 2V [19, p. 13]. Thus (€(X), %} is isomorphic as a
measurable space to 2" with its algebra of Borel sets. Therefore (£(X), #)
is a standard Borel space.

3)=>5) Trivial.

5)=3) Suppose f is the map in part 5). Then from [21, p. 137] there
exists a point map ¢ of £(X) onto 4 such that

¢[B]=/(B)
for every Baire subset B of £(X). The map ¢ is a Baire isomorphism.

Remarks. If £(X) is a Souslin-Z (X) subset, then it is proper analytic
by Theorem 1. The converse is false since any compact space may be
represented as the extreme points of a compact convex set.

The problem remains open as to whether or not the hypothesis that
&(X) be proper analytic may be dropped from Theorem 4. If the card-
inality of £(X) is at most countable, then the hypothesis may be dropped
since &(X) will be the continuous image of the discrete space N and so
of NV. Thus the problem may be phrased as:

If X is a compact convex set and &(X) is Baire isomorphic to 2,
then is X necessarily metrizable?
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