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On Moduli of Algebraic Varieties. 1

Herbert Popp (Mannheim)

Introduction

It is natural in the theory of classification of projective, smooth
varieties and compact complex manifolds to consider varieties and
manifolds as fibre spaces.

Two types of natural fibrations for smooth, projective varieties and
compact, complex manifolds are known. The first type is given by the
pluricanonical mappings of a variety or manifold V; the second type is
given by the Albanese mapping of V.

For surfaces the classification by Enriques [6] and Kodaira [15] is
done mainly according to their natural fibrations.

The investigation of the classification problem and the mentioned
natural fibrations for varieties and manifolds of dimension =3 has
started only recently. Very interesting results have been obtained by
Titaka [12] and Ueno [28].

This is the idea:

To classify smooth, projective varieties and compact complex mani-
folds of a fixed dimension n one should consider their natural fibrations
and distinguish them according to the nature of these fibrations. Then
one can investigate and classify the fibrations on the lines of the papers of
Kodaira [14] and Namikawa/Ueno [24].

However, there are smooth, projective varieties and compact, com-
plex manifolds where the natural fibrations are “trivial”.

The pluricanonical fibrations do not give information if the Kodaira
dimension! of V is equal to the dimension of V or if the Kodaira dimen-
sion of V is 0 or —oo. The Albanese fibration is “trivial” if the Albanese
variety is zero or if the Albanese mapping is generically finite.

To classify projective varieties and complex manifolds, where one
of these fibrations is “trivial”, other methods than the theory of fibre
spaces are needed. The present paper develops a method which gives for

! Let K, be the canonical line bundie of an irreducible, smooth projective variety V.
If dim H(V, O(K®™)=N+122, m an integer 21, we have a rational map &,,,: V— P¥
of V into the projective space PY. In this case the Kodaira dimension k(V) of ¥V is defined
by x(V)=21einvx(dim &,,111 ). where Ny={meN; dim H°(V, O(K§™)22}.

If dim H(V, O(K$™))<1 for all me N and dim H°(V, O(K®™)=1 for one m, we define
Kk(V)=0.

If H(V, 0(K§™) =0, meN, we define (V)= — 0.
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certain unruled, smooth, polarized varieties (V;, X,), where one of the
canonical fibrations is trivial, a coarse moduli space for the global
deformation functor of (V,, X,). For instance, for a polarized K-3 surface
(V,, X,) an algebraic space is constructed which is a coarse moduli space
for the global deformations of (V;, X,).

We give a description of the method.

Let (V,, X,) be a smooth, irreducible, projective variety of dimension
n, defined over the complex numbers € and with a polarization X,,.

Let (V/S, X/S) be a smooth, projective family of polarized varieties
with a connected noetherian €-scheme S as basis such that one of the
geometric fibres of (V/S, X/S) is isomorphic to (V,, X,). The fibres of such
a family (V/S, X/S) are called global deformations of (Vy, X,).

Assume in the following that the families (V/S, X/S) satisfy one of the
three conditions:

1) The polarization X/S is the canonical polarization.
2) The irregularity of the fibres of the families (V/S, X/S) is zero.
3) (V/S, X/S) is a polarized abelian variety.

Then consider more generally smooth families (V/S, X/S) of polarized
varieties such that the fibres are deformations of (V, X,). (Notice, (Vo, X,)
does not have to be isomorphic to a fibre of (V/8, ¥/S).) Call such a family
a family of deformations of (V,, X,) and let .#(S) be the set of such
families with basis S up to isomorphism. The collection .#(S), S a
noetherian C-scheme, is then a contravariant functor from the category
of noetherian €-schemes S to the category of sets, where to a morphism
o: T— Samap . (a): 4 (S)— #(T)is defined by associating to a family
(V/S, %/S) the pullback family (V x T/TX x T/T). The functor S — .#(S)

is called the global deformation functor of the polarized variety (V;, X,).
We want .# (S) to be a proper geometric object of algebraic geometry.
Thus, we want to represent .# (S) in the category of schemes or in the
category of algebraic spaces (see [13] for this notion) or to find a coarse
moduli space for the functor .#(S) in one of these categories. Using pro-
jective methods we are able to show that the coarse moduli space for the
functor .# (S) in the category of algebraic spaces exists if (V;, X,) belongs

to one of the following types of polarized algebraic varieties

a) (V,, X;) is a (canonical polarized) smooth, projective curve of
genus g > 1.
b) (V,, X,) is a polarized abelian variety.

c) (V,, X,) is a polarized K-3 surface.

2 In a forthcoming paper we will give a criterion for the representability of a functor as
an algebraic space. This criterion will show that the deformation functor for the varieties
with level n-structure in a)-d) is even representable in the category of algebraic C-spaces.
(n sufficiently big.)
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d) (V,, X,) is a smooth, projective variety, such that the canonical
sheaf is very ample and contained in X,. (V,, X,) is then, in particular,
canonically polarized.

Unfortunately, our method does not show the existence of a coarse
moduli space for the global deformation functor of a canonical polarized
variety, because we were not able to prove that the automorphism of
these varieties operate faithfully on their integral cohomology.

The existence of the coarse moduli spaces in the cases a) and b) is well
known. By [22] one knows even that in this cases the coarse moduli
space is a quasi projective variety. But, our proof is more simple than the
one given in [22]. In the remaining cases the existence of the coarse
moduli space in the category of algebraic spaces seems to be unknown.

The method of the present paper which leads to the existence of such
a coarse moduli space for .# (S) is interesting in itself. We would like to
briefly explain the idea of it.

We show first that the deformation functor .#(S) of (V,, X,) can
locally be linearized if .# satisfies one of the conditions 1) or 2)3, i.e. if
(V/S, %/S) and (V'/S, X'/S) are two families over the scheme S which
belong to .#(S). Then, after restricting (V/S, X/S) and (V'/S, X'/S) to
open subsets of S, there exists a projective embedding of these restriction
into a fixed projective space PV, such that the families (V/S, ¥/S),
(V'/S, X'/S) are locally isomorphic as polarized families if and only if
these embeddings into P¥ are projectively equivalent (compare p. 28).
Furthermore, the fibres of the embeddings into PY/S have a constant
Hilbert polynomial h(x). Denote by HEY the Hilbert scheme which
parametrizes the flat families of subvarieties in P¥ with Hilbert poly-
nomial h(x). One shows then that there exists a locally closed and
connected subscheme H of HAY which parametrizes “locally” the
families which belong to .# (S). (Compare Prop. 2.14.)

The projective linear group PGL(N) operates on H and one proves
that the geometric quotient of H with respect to PGL(N) in the category
of algebraic spaces, if it exists, is a coarse moduli space of the functor
M (S).

One of the difficulties of the paper is to show that the geometric
quotient of H by PGL(N) exists in the category of algebraic spaces.

For this purpose we prove in Chapter I that the geometric quotient
of a connected algebraic group G, operating on a C-scheme, exists in the
category of algebraic spaces provided X is of finite type and reduced and
G operates without fix points and with closed graph on X. The main
difficulties in applying this result to H arise, because PGL(N) operates
on H in general with fix points*. As a matter of fact the non trivial auto-

3 The case of abelian varieties gets treated separately in Chapter I11.

* There are also difficuities to overcome if H is not reduced. In this case one restricts the
functor # to .#,,, as explained in Chapter II.

‘*
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morphisms of a deformation (¥, X) of (V,, X,) lead to fix points of the
operation of PGL(N) on H.

In the cases we have considered this difficulty is overcome by showing
that there exists a finite galois covering H' of H which is etale and on
which PGL(N) operates in a natural way (according to H) proper and
fix point free. A’ shall be the galois group of the covering H'— H. Now,
the geometric quotient M’ of H' by PGL(N) exists in the category of
algebraic spaces (see Theorem 1.13). On the algebraic space M’ the finite
group operates and the geometric quotient M of M’ by A’ in the category
of algebraic spaces also exists. {See Theorem 1.15)) This space M is a
geometric quotient of H by PGL(N) (in the category of algebraic spaces)
and also a coarse moduli space for the functor . (S).

The construction of the covering H' involves new considerations.
One has to show that the automorphisms of a deformation (V, X) of
Vo, X,) operate faithfully on the integral cohomology of V. This is the
case if the variety (V,, X,,) belongs to one of the types a), ¢) or d) from p. 2.

Using this fact, one constructs H’ first as a finite, unramified, topo-
logical covering of H which is galois with galois group A’. By the gen-
eralized Riemann existence theorem [2], X1, p. 12, the covering H' is
then automatically a scheme on which PGL(N) operates.

It is a interesting problem to find other types of polarized varieties
(V, %) over € for which the automorphisms operate faithfully on the
integral cohomology of V. In particular, one should decide for which
algebraic varieties over € of general type? this is satisfied, our method
leads for such varieties to a coarse moduli space for the corresponding
global deformation functor. It is well known that a coarse moduli space
for the deformation functor # (S) of (V,,, X,,) in the category of analytic
spaces exists if (V,, X,) satisfies the statements 1) or 2) from p. 2. (We are
not quite precise here, one has to modify the functor .# (S) and allow any
analytic space S as basis.) The reason that there is less trouble in the
category of analytic spaces is that by the results of Holmann [10, 11],
one can factor out in this category from the start the group PGL(N).
This leads, for instance, to coarse moduli spaces for canonical polarized
algebraic varieties.

Finally, we would like to point out that the proof of the existence of
the geometric quotient M, respectively M’ of H, respectively H' by
PGL(N) (see Theorem 1.13) gives quite explicitly an etale neighbourhood
of the points Pe M, resp., M". The following is a method for constructing
an etale neighborhood of a point Pe M': Take a point Qe H’' which is
mapped to P under the canonical map ¢’: H'— M'. Let E,, be the orbit
of Q by PGL(N) which is a closed subscheme of H'. Consider an affine
open neighborhood W’ of Q and an embedding A: W’ — A" of W’ into

5 An algebraic variety V is called of general type if x(V)=dim V.
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the affine space AV/C. Take a linear subspace L of A¥ of dimension=
N-dim(E,) which passes through A(Q) and which intersects A(E,nW’)
transversally. Then an open subscheme of the intersection LnA(W') is
an etale neighborhood of Pe M'. This shows that if one knows H' well,
one knows also M’ at least locally well. The description of an etale
neighborhood of M is a little more complicated. We refer to the proof of
Theorem 1.15.

This paper has been shortened at the suggestion of the referee.

I. Geometric Quotients in the Category of Algebraic Spaces

In this chapter all schemes and all algebraic spaces are separated and
k-spaces, where k is an algebraically closed field. See [ 13] for the definition.
The group G is an algebraic group, also defined over k. An irreducible,
reduced k-scheme of finite type is called in the following a k-variety.

If X is an algebraic space and G a group we say that G acts on X if for
all algebraic spaces Z the group Hom(Z, G) acts on Hom(Z, X) in a
functorial way.

An algebraic space on which the group G acts will be called a G-space.
G-morphism f: X — Y between G-spaces X, Y are defined in the usual
way, i.e., for every algebraic space Z the map Hom(Z, X)— Hom(Z, Y)
induced by f is compatible with the actions of Hom(Z, G} on Hom(Z, X)
respectively Hom(Z, Y).

1.1. Definition. X shall be a G-space. We say that a representable
etale covering

RV, X
of X (V is a k-scheme and R a subscheme of Vi( V, see [13]) is a G-stable
etale covering of the G-space X if there exist morphisms of schemes
¢ VxG— Vand ¢”: Rx G— R such that

1) @': Vx G— V defines an action of the group G on the scheme V.
(See [22].)

2) @" is induced by @, i.e. " is the restriction of the morphism
XD (VxV)x(GxG)=(VxG)x(VxG)— VxV to the subscheme
R x Ag, where 4 is the diagonal of G x G. The diagram

RxG‘ﬂ’ﬂ"VxG"—"'i’—»XxG

ny xId
Jo“ jm’ l¢
L2

R—3 Vv —2 X
2

is commutative and defines therefore an action of G on X.
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3) The action of G on X, defined by @, gives the G-space X.

1.2. Definition. A G-space X is called trivial if for every algebraic
space Z the group Hom(Z, G) acts trivially on Hom(Z, X).

1.3. Remark. If G is a connected algebraic group which operates
trivially on an algebraic space X of finite type over k, then G operates
trivially on every representable G-stable etale covering V of X. For the
proof let V be any representable and G-stable etale covering of the G-
space X. Then the stabilizer of every k-valued point P of V is a subgroup
Sp of G of dimension =dim G. This implies S, = G, because G is connected
and S, is closed. Hence, G operates trivially on V.

Let X be a G-space and Y an algebraic space. A G-invariant morphism
is a G-morphism f: X — Y where Y is G-trivial. (Note that in this case
one has for the map of sheaves Oy ——» 0, 0§ = sheaf of fixed elements
of Oy under G.)

1.4. Definition. An algebraic space Y together with a G-invariant
morphism ¢: X — Y is called a quotient of X by G, if for every G-invariant
morphism f: X — Z there exists a unique morphism f: Y— Z such that
the diagram

is commutative.

1.5. Definition. Let G be a group operating on an algebraic space X.
A geometric quotient of X by G in the category of algebraic spaces, is a
pair (Y, @) consisting of an algebraic space Y and a G-invariant morphism
@: X — Y, satisfying

1) the map ¢: X — Y is surjective (see [ 13], 107) and for any algebraic
closed field k* which contains k, the k*-valued points of Y are precisely
the orbits of the k*-valued points of X.

2) The structure sheaf of Oy is the sheaf O¢, consisting of the elements
of Oy, which are kept fixed under G.

3) For every G-invariant map f: X -— Z there exists a unique map
f: Y— Z such that the diagram

e
"
o

z
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is commutative, in other words, Y is a quotient of X by G and in partic-
ular uniquely determined.

1.6. Theorem. Let X be a normal k-variety®. G shall be an irreducible,
algebraic group, defined over k which operates freely and with closed graph
on X. Assume also that, if pp: G — Ep is the canonical map of G onto the
orbit Ep of an arbitrary point Pe X (Spec(k)), the differential map of the
tangent spaces dpp: t(G),— t(Ep)p is surjective’. Then there exists a
separated algebraic space Y of finite type over k which is a geometric
quotient of X under the action of G in the category of algebraic spaces.

The proof of this theorem will be done in several steps. We recall first
some notations from the theory of G-varieties which can be found in [27].

Let X be a reduced k-scheme of finite type and G an algebraic group
defined over k and operating on X in the sense of schemes, see [22].
Let ¥ be the quotient set of X{(Spec (k)) by G, endowed with the quotient
topology and ¢: X (Spec (k))— Y the canonical mapping of X (Spec (k))
onto Y. It is clear that Y is a topological noetherian space. Y carries a
canonical structure of ringed space, in fact, if ¢,(Oy) is the direct image of
the structure-sheaf Oy on Y then G operates on ¢,(Oyx) and we take
Oy=¢,(04)¢ the subsheaf of ¢,(Oy) left invariant by G. Denote this
ringed space by (Y, Oy). If the ringed space (Y, Oy) is a k-scheme, this
scheme, together with the map ¢ is a geometric quotient of X by G in the
category of k-schemes in the sense of the following definition:

1.7. Definition. Let X be a reduced k-scheme and G an algebraic group
operating on X. A geometric quotient of X by G in the category of k-sche-
mes consists of a k-scheme Yand a morphism ¢: X — Y, satisfying

(1) For each closed point ye ¥, ¢~'(y) is an orbit of G on X.

(2) For each invariant open subset U = X there exists an open subset
V < Y such that U=~ (V).

(3) For each open set V<Y, o*: I'(V,0y)— (9~ (V), Oy) is an iso-
morphism of I'(¥, Oy) onto the ring I'(¢~'(V), O4)¢ of invariant functions
on =1 (V).

Remarks. a) One shows as in [23], prop. 5, that a geometric quotient

in the sense of Definition 1.7 is also a quotient of X by G in the category
of k-schemes.

b) The definition for the geometric quotient of X by G in the category
of k-schemes, which we use, is weaker than the definition used by Mum-
ford [22], p. 4. There are however cases when these definitions coincide.
One such situation is described by the following proposition:

5 The irreducibility of X is actually not necessary.
7 In characteristic 0 this is always true, compare [3], p. 180.
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1.8. Proposition. X is a k-scheme on which the group G operates. As-
sume that (Y, @) is the geometric quotient of X by G in the category of
k-schemes. Assume further that there exists a section r: Y—X over
@: X—> Y Then (Y, @) is a geometric quotient of X by G in the sense of
[22], p. 4.

Proof. It is easy to see that the existence of the section r: Y- X
implies that the map ¢: X—Y is universally submersive, i.e., for all base
extensions Y'— Y by a k-scheme Y, if X'=X x Y and ¢': X'—> Y are

induced by ¢ then a subset U'< Y’ is open if and only if p~1(U) is
open in X',

Criterion for geometric quotients. Let X and U be k-schemes of finite
type and ¢: X — U a surjective morphism such that G-orbits on X map
to distinct points of U. (G-orbits are always G-orbits of k-valued points
of X.) Then the k-valued points of U can be identified with the orbit set
Y=X/G. Now, if there exists a section of X over U, i.e,, a morphism
r: U— X such that gor: U—U is the identity morphism, one shows
that the ringed space (U, Oy) can be canonically identified with (Y, Oy)
by the map ¢or and that (U, Oy) is therefore a geometric quotient of the
G-scheme X. (Geometric quotient in the sense of Definition 1.7 and by
Proposition 1.8 also in the sense of [22], p.4.)

We would like to indicate the proof of this fact:

Clearly, the morphism X ~2,U gives a morphism of sheaves

@*: Oy — 0%. The section r: U— X defines a morphism Ox—+0[,
whlch has, restricted to 0%, a trivial kernel, because an element f in 0§,
considered as a function on U, is the zero function if and only if f is zero
in Oy and therefore zero in 0%. (Notice that Oy has no nilpotent elements,
X is a k-scheme of finite type where k is an algebraically closed field.)
Hence, r*: 0§— Oy is injective. Now the equation r*op*=Id* on Oy
implies that r* is an isomorphism form Of onto Oy and this shows the
statement.

Let X be a reduced k-scheme of finite type on which the algebraic
group G is operating with finite stabilizers. Let the operation of G on X be
defined by @: XxG—X. 'c X xX shall be the graph of &, ie,
I'={(x, ®(x,g)=(x,g(x)); xeX, geG}.

We assume that I is closed in X X X (in the Zariski topology). Let U
be a reduced k-scheme of finite type and i: U— X be a k~morphism from
U to X. (In the following U is mainly a subscheme of X and i: U — X the
embedding.) g: U Yshall be the mapping of U(Spec (k)) in Y, defined
by gei.

Consider the fibre products U X X ={(u, x); (u, x)e U(Spec (k)) x

X(Spec (k)) and q(u) = ().
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Claim. U X X is a closed subset? (in the Zariski topology) of U x X.
Take X X X with the Zariski topology and let Y x Y be the quotient of
X x X) (Spec (k)) modulo G x G in the sense of topological spaces. Then
the map ¢ x ¢: (X xX ) (Spec (k))— Y x Y is continuous. Also, the map

(i,Id): Ux X —> X x X, Id=identity of X, is continuous. Hence, the
composit map

UxX- &M, xxx- 228, yxY,
which is the map (g, @), is continuous. Now I' is closed in X x X if and

only if the diagonal 4, of YxY is closed in Y xY and smce U X X=
(g, @)~ (Ay) the assertion follows.
As U X X is closed in U x X, it is in a canonical way a reduced k-

scheme of finite type. This k-scheme is in the following denoted by U X X.
The group G acts in a natural way on U x X and on U x X by the rule

g((u, x))=(u,g(x)), xeX(Spec(k)) and we have a canonical map
U % X L5 X induced by the projection U x X — X which is a G-mor-

phism. We have also a morphism ¢: U X X — U induced by the pro-
jection U x X—U. This morphism maps distinct G-orbits of U>;X
to distinct points of U. Furthermore the map U —-U X X defined by

s(u)=(u, i(4)) is a section with respect to ¢. This implies, see p. 8, that U
is the geometric quotient of U X X by G and also that U x X is irredu-

cible, provided U is irreducible. The last statement can be shown as
follows:
Consider the map U x G2 UxX defined by d((u, g))=(u, g(w)),

where u and g are k-valued points of U, respectively G. This map is
surjective for the k-valued points. Assume U X X=V,uV,,where V|, V,

are closed subschemes of U X X with V&V, and V, &£ V. 61 (W), 6~ 1(Va)

are then closed subschemes of U x G and 6~ 1(V;)u é~1(V;)=U x G. This
contradicts the irreducibility of U x G if U is irreducible. Q.E.D.

The stabilizers of the action of G on X are finite and hence, the fibres
of themap é: UxG—-U X X are finite. By the dimension theorem one

concludes from this that

4 dim(U>;X)=dim(UxG)=dim U+dim G
an
dim(U>Y<X)=dim(X) if dim(U)=dim (X)—dim (G).

8 Only the k-valued points are considered.
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We go now back to the situation of Theorem 1.6.

1.9. Main Lemma. Let X be a normal k-variety and G an irreducible
algebraic group which operates freely on X with closed graph I'. Then there

exists a representable etale covering R= X’xX’—’X’ X which

is G-stable, and there exist schemes X’ and R of f inite type over k which are
geometric quotients of X', respecjzvely R by G (in the sense of Definition 1.7)

—m
such that the induced maps R_,“_L*X " define an etale equivalence equation
2

on X'. The diagram R —f‘_l,_’)? defines therefore an algebraic space Y and
w2
this space Y is a geometric quotient of X under the action of G in the cate-
gory of algebraic spaces.
Proof. We use the following result of Seshadri, see [27], Proposition 1.
1.10. Proposition. Let X be a normal k-variety and G an algebraic
group which operates with finite stabilizer on X. The orbit map p,: G—E,
shall satisfy the assumption of Theorem 1.6 for all points Pe X. Given an
orbit E of G on X there exists a G-stable open subset W of X containing E
and an irreducible, normal, locally closed subvariety U of W of dimension

dim (X) — dim (E), which intersects E transversally in finitely many points,
such that the morphisms f: U X W— W and k. U x G— W, where k is the

composite of the maps and f via U><G—>U>< WL W, have the
Jollowing properties:

1) f is surjective and quasi finite, i.e. ¥ xe W, f~1(x) is not empty and
Sinite.

2) The geometric quotient of U X W under G exists (in the category
of k-schemes) and is isomorphic to U.

3) The map K is etale.

4) The field extension k(U>}§ W)/k(W), k(U x W)=function field of
U X W, is finite separable and if G operates freely on X, 8 is an isomorphism
and therefore [ etale.

Using this proposition of Seshadri we can pick a finite open covering

C:

W, of X and normal locally closed subvarieties U; of W, such that
U X W,— W are etale maps and satisfy the statements of Proposition 1.10.

Then X' = ]_[(U,x W;))—2->X is a representable etal covering of X. If

i=1
R denotes X’ ><X ’, the diagram R—"X defines an etale equivalence

relation in the category of schemes w1th X as quotient. (Compare [13],
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p.93.) R“"’X %> X is a G-stable etale covering of X, where the opera-
tion of G on R is as follows.
Consider the set of k-valued points R(k) of R, i.e.

R(k)={(x1, x3); x;e X' (k) and 7(x;)=mn(x,)}.

If we let X'=]] (U,->}§ W,) we can write x{ =(u;, w,), x, =(u,, w,) and we
get (x], x3)eR (k) if and only if w, =w, as elements of X (k). This implies
in particular that u, =g, (u,) with g,€G(k). The operation of G on R is
then defined by the rule

8 (w1, wy), (2, wo))=((u1, g (W), (2, g (W)
for geG(k).

We show now that the geometric quotient of R modulo this operation
of G exists and that this quotient defines an etale equivalence relation on
the variety | | U; which is exactly the one induced by the operation of G
on X on the scheme [ [ U;.

To make this more precise, we consider the equivalence relation on X
which is induced by the action of G. This equivalence induces a relation
on [ ] U, via the map [ | U,—™, X, where | ] inj is the direct sum of the
injection maps of the schemes U; into X. The graph of these equivalence
relation on | ] U, is given by the closed subscheme R=(] ] U) LI U)

of ( U U) (I_[ U,). Notice that one has a natural continuous map
(L) U)-=>YxY

induced by ¢: X — Y and that R=(¢ x ¢)~* 4,. The diagonal 4, of
YxYis closed in Y x Y and therefore R in ([ [ U)x(]] U;). For the
k-valued point of [ [ U; this equivalence relation can be described as
follows: i

Let u;, u; be elements of ([ | U;) (k) then u; is equivalent to u; if and
only if there exists an element geG(k) such that u;=g(u;) as k-valued
points of X. The set of k-valued points of R is, consequently,

R(k):{(ul,uz); 1geGk), glu)=u, in X}
(LI U< (T ).
Let R;=(U;xU)nR. Then R= ]__[E (disjoint sum). Clearly, R;;=

(U;x U)n T, where I is the graph of the operation of G on X. This shows
again that R is a closed subscheme of U; x U; and also that Risa closed
subscheme of H U) ]__[ U)). We will use this fact later.
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Claim. R is the geometric quotient of R modulo G in the category of
schemes.

For the prooflet ¢”: R— R be the morphism defined by the projection
((uy, wy), (43, w3))—(uy, u,). This map is surjective and sends distinct
G-orbits of R into distinct points of R. We show that there is an injective
morphism j: R— R with

jr (uy, “2)_’((uxa ), (uy, uz))
which is then a section of R over R with respect to ¢”: R—R.

To get the morphism j: R—R it is enough to define the restriction of
Jj to the various varieties R;;.

Let p;: R;;— U, be the morphism induced by the projection map
U;x U; ~>U and p;: R;;— U; the morphism induced by the projection
U, xU—>U Then pj(u,, w)=u; and w;=g(u;) for geG if (u;, u)eR;;.
Hence p,(u,, u)=w;e(U;n W)c W as U < W, and W, is G-stable.

This shows that p; can be considered as a map from R,; into W,. On
the one hand R; i— Ui x W, is to be the map p;;=(p;, p)). On the other

hand we have a morphlsm g9;: R,;—U; X W, defined by the diagram

4!)

R, *-—4U——>U><W

ij P
(ui’ u') — Y ‘—)(u‘a u')'

If we use the universal properties of the product R=X’ X X', we obtain a
morphism
U X U;= R;24, R

(u;, u)— (pij(uia uy), g; (4, uj))=((“i, w) (u;, uj))
which is the restriction of the map j to R;;.

The criterion described on p. 8 shows that R= [ | R;; is the geometric
quotient of R modulo G.

There is a commutative diagram
RT3 X' -2, X
j n
-
R—3]]U..
w2

R _»*‘:“"*]_I U, is the quotient of the pair R —=3 X" under the action of G.
2 2
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If we can show that the maps 7, and 7, are etale maps, the diagram

LIU

will define an algebraic space Y (see [13], p. 93).

To show that the T, are etale we direct our attention to the canonical
surjective G-morphism

:I H!

e: RxG—R,

defined by &(7, g) =g (j(7)), where j is the map j: R — R from above.

¢ is an isomorphism, because G operates freely on R. (Use [22],
Proposition 0.9.)

We have (Proposition 1.10) an isomorphism | [ U; x G—% X’ and the
diagram

Rx G (JUIX G

£ 4

R——— X

-

R——[]U

is commutative.

The map (%, x Id) is etale and the restriction to R=R x {e} is the
map 7,. Using [7] we can conclude that the map 7, is etale. In the same
way one proves that 7, is etale. The same arguments together with the
section j': (uy, tg)—((u;, ), (43, 1,)) of R over R—2R instead of j
suffice. Let Y be the separated algebraic space of finite type over k which
is defined by the diagram

E:HU;—»Y

(Y is separated, because R is a closed subscheme of U=
Claim. Y is a geometric quotient of X modulo G.

Statement 1 of Definition 1.5 is obviously satisfied by the algebraic
space Y.

For the proof of statement 2) of Definition 1.5 let V-—95Y be an etale
map where V is a scheme. Using the Definition of the structure sheaf
on Y (see [13], p. 104) it is enough to show that for every pomt PeV
there exists an etale neighbourhood h: N — V of P, where N is a scheme,
and a G-stable etale morphism N — X, where N is also a scheme, on
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which G operates such that N is the geometric quotient of N modulo G
in the sense of schemes.
The structure sheaf of N is then in particular the fixed sheaf OF of Oy.
Notice that the etale map ¥— Y can be described by a commutative
diagram _ ;
Rp=——33 V" ——V

L

R—=3[[U——>Y

where V' is an affine scheme and V' — V a representable etale covering
of ¥ and where /7 is an etale map from the scheme V' to the scheme
U=]]U.. See [13], p. 101, for the details. Consider the commutative
diagram
X' x Vv
f,

— ~\+X—L* X
o Lo
R V' V
7 Zf f
—'*““’ U= ]_[U — Y

where X’ X V' is the scheme product and f": X’ x V' — X' the projection

map. This map is etale, because f” is etale. Therefore the map nof":
X' x V' — X is also etale. It remains to show that the geometric quotient
of X’ x ¥’ modulo G is V.

Flrst the product X ’>< V' is a subscheme of the scheme X'x V’,
namely the inverse image of the diagonal under the map
X'x VI Uuxu.
Second, the operation of G on X’ X V' is induced by the operation
of G on X' and the map X' X VALY maps different G-orbits to different
points of ¥’ and is surjectlve Third, the map j: V' — X’ x Vv

v —(wi@)v), with u=f@),
i=][inj: U— X,
is a section of X’x V' over V'

We can thereforc apply the criterion from p.8 and obtain the geo-
metric quotient of X’ X V' modulo G which is isomorphic to V’. This
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finishes the proof of statement 2) of Definition 1.5, if one takes N=V
and N=X’ X |4

For the proof of statement 3) of Definition 1.5 we need the following
lemma.

1.11. Lemma. Let R= X’—»X be the representable G-stable etale
covering from above and R*:X * ™ , X be any representable

G-stable etale covering of X such that there exist etale maps o': X* — X',
o’ R* — R which are G-invariant and which induce the identity morphlsm
on X via the commutative diagram

Re=Smxr r L x
Ja” a’ a (1)
R—/=3 X' X

72

Then the geomemc quotients X X* and R* of X* and R* modulo G exist.
The maps nf, 74 induce maps nf, n}

RF =X+ 2
which define an etale equivalence relation on X* and the algebraic space
which is defined by the diagram (2) is isomorphic to Y.

Proof. Consider the subscheme U=] U, of X’ from above® and let
U*=0a"*(U) be the inverse image of U in X*. The natural G-morphism
U* x G2 X*, defined by (u*, g)—2> g(i* (w)) where i*: U* — X* is the
injection of U* into X*, is an isomorphism from U* x G to X*. This can
be seen as follows. It is clear that 6* is surjective and that the geometric
fibres 8* ~1{P*) consist of only one point for all P*e X*, as G operates
without fix points on X. Hence, 6* is a radical morphism.

On the other hand we have the commutative diagram

U*x G

(ay x m)j o*

UxG X*

® U=]] U;isasubscheme of X' by the map U — X", defined by u— (u, i(u)), where i=][ [ inj:
U-X.

4

XI
where oy is the restriction of o’ to U*.
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The morphism o o 6* =0 (o, x 1d) is etale because, ay isetale and dan
isomorphism. Since o is etale, 5* is etale, see [7], p. 39. By [9], 1V, 17.9.1
it follows that 6* is an isomorphism. This fact implies, in particular, that
the variety U* is a geometric quotient of X modulo G in the scheme sense.
The subvariety U* X X of U* x X is defined on p. 9 with respect to the

map n*i*: U*— X. G acts on U* xX by the rule g((u*, x))=(u*, g(x)),
for ge G(k), and the projection U* x X —25 U* maps distinct orbits to
distinct points of U, The morphism U*-—=- U* X X, defined by
u* £ (u*, n* i* (u*)) is a section of U* x X over U*. Hence, (U*, ¢*)
is a geometric quotient of U* x X with respect to the action of G. This
implies (use [22], Proposition 0.9) that the morphism U* x G -2 U* x X,

defined by p*(u*, g)=g(s* (u*)) is an isomorphism. Then the morphism
X* £, U* x X is also an isomorphism.

We identify 1r:' the following X* with U* ;<X via p* o 6* ~!. The map
from X*=U* x X to X which is induced by n* coincides with the map
from U* X X to X which is induced by the projection U* x X — X.

After identifying X* with U* X X, R* becomes a subscheme of
(U* x X )x (U* x X ) and its k-valued points are

R* (k)= {((u?, x,), (43, x2); (uF, x)U* x X and x, =x, in X}.

Let now R* be the subvariety of U* x U* such that its k-valued points are
R* (k)= {(uf, u%); uf € U* (k) and there exists
ge G (k) with g(n*i* (u,))=n*i* (u,)}.

Then R* defines an equivalence relation on U* which is induced by the
action of G on X.

One checks that the map R* — R¥, defined by
((ut, x1), (3, x2))— (uf, u3),
is a morphism which maps different orbits of R* to different points of R*.
One checks also, as on p. 12, that the map

j*: R* > R*,
defined by
J* b, uf)=((ut, n* i* uf)), (u3, n* i* (u3)))

is a morphism which is a section of R* over R*.



On Moduli of Algebraic Varieties. I 17
In addition the map j*': R* — R*, defined by
J* (et u)=((uf, n* i* (), (uf, 7% i* ()

is a morphism which is a section of R* over R*.

In the same manner as on p. 12 ff. we now show that R¥ is a geometric
quotient of R* modulo G in the sense of schemes.

From diagram (1) factoring out G we find

A

where the maps @” and & are etale and the diagram is commutative. (The
proof is the same as on 1 p. 13 for the map 7;.) Furthermore, the maps 7f
and 7% are etale and R*—’—*U * gives an etale equivalence relation
on U*. Let Y* be the algebralc space, defined by it. We want to show
that Y* is equal to Y.

With respect to the etale maps Too': U*— Ythe fibre product U* X U*

~*I

k

Y

Kl

is isomorphic to the scheme R¥. From this we see that U* —£2% Y isa
representable etale covering of ¥ with R* as equivalence relation and
therefore that Y* equals Y. See [13], p. 95. This proves Lemma 1.11.

Now to the proof of statement 3) of Definition 1.5. Let f: X -Z bea
G-invariant morphism and let

R, 372" -»Z

be a representable etale covering of Z, which we consider as a G-stable
etale covering by takingthe trivial actionof Gon Z' and R ..

Consider the commutative diagram

4 — 7.

The operation of G on X induces an operation of G on X and on Ry and

the maps #;, # are etale. Let Ry =" X' " X be the G-stable etale
“ 72 ~

covering of X from p. 11 and X X X' be the fibre product of X and X’

2 Inventiones math., Vol. 22
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over X. We have the diagram

Rx;x’ > Ry
\ LPRE
x’ X;{(XI — X’
X \‘\\ J"
iy ~ .\\\"

R,-(:__,*XzX?Z’—"—aX
[ I S
R, z > £

The group G operates on the schemes X X X' and Ry, x in a way such

that the induced action on X is the given one. Furthermore, by Lemma 1.11
the geometric quotients X X X', respectively Rz, . of X X X', respec-
X

tively, Rz, x- by the group G exist and we have an induced diagram
) Ry,p 3 KxX'
which defines the algebraic space Y.
On the other hand, the maps )~(>}§X’ﬂ>2’ and RX;XVLZ‘;RZ,

factor through X X X' and Ry, y-. This gives the commutative diagram
X

Ri’xx’:X;{‘X/—’Y
X

sy
R, =—3 7 —7Z

and defines a unique morphism f: Y— Z such that

is commutative. Lemma 1.9 and Theorem 1.6 are proved.

Theorem 1.6 shows that the geometric quotient in the category of
algebraic spaces of a reduced and normal k-scheme on which a connected
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algebraic group operates freely and with closed graph always exists.
However, for applications one needs the existence of a geometric quotient
of a reduced, normal k-scheme on which a connected algebraic group
operates with closed graph and with finite stabilizers.

Sometimes this can be established.

First we recall a theorem proved by Deligne (see [13], p. 183).

Theorem. Let X be a separated algebraic k-space and G a finite group
operating on X. Then the geometric quotient of X by G exists as an algebraic
space.

This theorem of Deligne can be used to prove the existence of a geo-
metric quotient by a group action in the following more general situation:

1.12. Theorem. Let X be an irreducible, reduced and normal k-scheme
on which the connected algebraic group G operates. Assume that there
exists a finite covering X' —/ X of X whicl is etale and galois with galois
group A’ and on which the group G operates without fix points and with
closed graph. Assume further that the operation of G and A’ commute and
that the map f is a G-morphism. Then there exists an algebraic k-space of
finite type which is a geometric quotient of X by G in the category of alge-
braic k-spaces.

Proof. By Theorem 1.6 the geometric quotient Y’ of X’ modulo G
exists and Y’ is a separated algebraic space. The finite group A’ operates
then on Y'. To see this, we have to choose the representable etale covering
of X' from p.11 more carefully.

Consider the etale and galois covering x-Ix. By the proof of
Proposition 1.10 in [27] one finds that there exist finitely many orbits
E,,...,E, on X, open G-stable subvarieties W,, ..., W, of X and locally
closed subvarieties U, of W,, i=1, ..., n, such that

1) E.cW, i=1,...,n.

2) dim (U;)=dim (X)—dim (G) and U, intersects E; transversally in
finitely many points.

3) The G-morphisms U,.>; W, satisfy statements 1) and 2) of Proposi-

tion 1.10 and | ) W,=X.
i=1

U, is the quotient of U.->y< W, by G.

Let Wy =f~1(W,) and U; = f~!(U,) be the inverse image of W, and U,.
Then W/ is G-stable, U; is a normal, locally closed subvariety of W, and
we can assume that W, and Uj satisfy Proposition 1.10. If necessary, one
has to make U; and W smaller, but one can always do this in such a
way that A’ operates on U; and W}

"
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It follows that the canonical maps Uj X W — W/ are ectale maps

(Y is the quotient set of X’ (Spec (k)) under the operation of G), because G
operates freely on X’ (see Proposition 1.10). If we pick the W, i=1, ..., n,
in a proper way then the W, will cover X', and we obtain an etale covering

X =[] (Ui W) - X"
Let R=X' ;X ’. We have then the diagram
RIS —Xx, 3)
n2
where #,, %, are etale maps and where X’ is the quotient as an algebraic
space. By Theorem 1.6 the group G can be factored out from the diagram

(3) in the category of algebraic spaces. In doing so, we get an algebraic
space Y’ together with a representable etale covering

Al

R=3X=[]U~Y

A

and Y’ is a geometric quotient of X’ modulo G.
By construction the finite group, A’ operates on the schemes U; and

therefore also on [ | U}. But A’ operates also on R as one checks easily.

One finds that the finite group A’ operates on the separated algebraic
space Y. Let Y be the geometric quotient of Y’, respectively A" which
exists by the theorem due to Deligne.

Claim. Y is a geometric quotient of X modulo G.
Proof. We have the diagram of algebraic spaces

ey
N

By the universal property of X as a quotient of X’ modulo A’ we have a
unique map ¢: X — Y such that (4) is commutative. It is now easy to see
that ¥, together with the map ¢: X — Yis a geometric quotient of X by G
in the sense of Definition 1.5.

In applications of Theorem 1.12 it is often difficult to show that the
scheme X on which G operates is normal.

One should try to drop this assumption. By transcendental methods
this can be done if X is a reduced scheme of finite type over the complex
numbers €.
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1.13. Theorem. Let X be a reduced C-scheme of finite type which may
be reducible (C=complex numbers) and G a connected algebraic group
defined over © which acts on X without fix points and with closed graph.
There exists an algebraic C-space of finite type which is a geometric
quotient of X by G.

Proof. Let P be a point of X and E, the orbit of P by G. X, shall
be an affine open subset of X containing P. Let 1: X, —C" be a closed
embedding which is fixed in the following. Take an irreducible, smooth
subspace L of the CV of dimension N-dim (Ep) with the following proper-
ties.

1) LnA(Epn X,) is non empty and consists of finitely many points.
Furthermore, the intersection of L and A(Ep 1 X)) is transversal.

2) If X, is the maximal open subvariety of X, consisting of the normal
points of X, then X, nL is a normal variety. (By [26] this is always
possible.)

Let U'=4"'(L nA{X,)) and consider the morphism

UxG—2X

defined by (v, g)— g(i(w)), where i: U’ — X is the injection morphism.

Let QeA="(LNA(EpnX,). Then k~'(Q)={(w,geU xG,g(i(w))
=Q} is finite.

Claim. For a point Q' =(u, g)ex~'(Q) the map « is a local analytic
isomorphism from U' x G to X.

A proof of this claim is omitted here, for it is done along the lines of the
proof of Hilfsatz 1 of Homann’s paper [10].

The fact that « is a local analytic isomorphism at a point @’ex ' (Q)
signifies that the completions of the local rings of Q'e U’ x G and Qe X
are isomorphic. Hence the map « is etale at every point Q'ex~!(Q).

Let V be the maximal open subvariety of U’ x G on which « is etale.
Then x(V)=W is an open subvariety of X, because the map x: V—X
is open. (See [7].) Also W contains the orbit E, and is G-stable. The
image U of V by the projection of U’ x G onto U’ is an open subvariety
of U’ too, for the map G — Spec (C) is universally open and therefore the
map U’ x G— U’ open.

Consider the product U x G. Obviously one has Ux G>V. On the
other hand if (4, g)e V, {u} x GV, as U’ x G— X is a G-morphism. This
shows that U x GV and in addition that Uc W.

Let U % W be the variety defined on p. 9. Then one shows as

before that the morphism 8: UxG— U X W, defined by 6(u,g)=
g((u, i(u))), is an isomorphism (i=embedding of U in W).
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We have shown so far the following.

1.14. Proposition. Let the assumption be as in Theorem 1.13 and let Ep
be an orbit of the action of G on X. There exists an open neighbourhood W
of E which is G-stable and a locally closed subvariety U of W such that the
G-map U X WU x G— W is etale and surjective.

Obviously, Proposition 1.14 is analog to the proposition of Seshadri
from p. 10. Now the proof of Theorem 1.13 is the same as the proof of
Theorem 1.6. One has only to use Proposition 1.14 instead of the proposi-
tion from p. 10. Minor changes in the proof of Theorem 1.12 lead to
the following:

1.15. Theorem. Let X be a reduced C-scheme of finite type on which the
connected algebraic group G, which is defined over €, operates. Assume
that there exists a finite covering X' Lix of X which is etale and galois
with galois group A'. Assume further that the group G operates with closed
graph and without fix points on X'.

Also assume that the operation of G and A’ commute and that f is
a G-morphism. Then the geometric quotient of X modulo G exists and is an
algebraic space of finite type over C.

Remark. Theorem 1.6 and Theorem 1.13 give a quite explicit descrip-
tion of the quotient Y of X modulo G. Roughly speaking, the following
holds: Let E be an orbit of G on X and P the corresponding point on Y,
then Y is locally at P isomorphic to a subvariety U of X which has a
dimension equal to dim (X)) — dim (E) and which intersects E transversally.
If G operates with fix points the local description of Y, as given in Theorem
1.12 and Theorem 1.15, is a little more delicate.

I1. The Moduli Space of Polarized Varieties

In this chapter we describe a method which gives, under certain
conditions, the existence of the coarse moduli space for the global defor-
mation functor of a polarized variety.

All schemes and algebraic spaces are C-spaces, where C is the com-
plex number field 1°.

An irreducible, smooth and projective C-scheme is called a smooth
variety over C.

2.1. Definition. (V, %), where V is a smooth variety over €, and ¥
is an algebraic equivalence class of divisors of ¥ which contain a very

% That we work over € is not essential in the first part of this chapter; we could take
instead of € an arbitrary field k. It becomes essential when we later apply Theorem 1.15.
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ample divisor is called a polarized variety'!. A divisor XX is called a
polar divisor of (V, X).

2.2. Definition. A polarized variety (V, X) is called canonically polarized
if X contains a very ample multiple of a canonical divisor of V.

Automorphisms and isomorphisms of polarized varieties are defined as
usual. A projective embedding of a polarized variety V is a projective
embedding of the underlying variety V into a PY/k, determined by a
very ample linear system of V which consists of polar divisors.

Let Pic(V) denote the Picard-scheme of V. See [9]. Pic® (V) shall
denote the connected component of Pic (V) which contains the identity.
Using the properties of Pic (V) there is another equivalent manner to
define the notion of a polarization on V.

2.3. Definition. (V, X), where V is a smooth variety and X a coset of
Pic’(X) in Pic(X) which contains a very ample invertible sheaf, is
called a polarized variety.

We notice for the equivalence of Definitions 2.1 and 2.3 that on V the
divisor classes with respect to linear equivalence, are functorially in a
1-1 correspondence with the classes of invertible sheaves on V. By the
functorial properties of Pic (V) the k-rational points of Pic (V) parame-
trize the divisor classes of V. By Matsusaka [18] the k-rational points of
Pic® (V) parametrize exactly the divisor classes which are algebraically
equivalent to zero. With these remarks the equivalence of the definitions
is obvious.

Let (V, X) be a polarized variety and Z a polar divisor. y(V,mZ)=
h(m), where y(V,mZ) is the Euler characteristic of the invertible sheaf
determined by the divisor mZ, is then a polynomial in m which is inde-
pendent of the choice of the polar divisor and therefore uniquely deter-
mined by (V, X). (Notice that if Z and Z’ are algebraically equivalent
divisors of ¥, then y(V,mZ)=y(V,mZ") for all integers m. Compare [19],
Prop. 3.1 and Prop. 3.2.) We shall call this polynomial the Hilbert poly-
nomial of (V, X).

We need to consider families of polarized varieties.

2.4 Definition. A smooth and projective morphism f: V— § of schemes,
where the base S is noetherian and the fibres are varieties is called a
projective family of varieties with base S. Denote such a family by V/S.

Pic (V/S) shall be the relative Picard-scheme of the family V/S. Pic (V/S)
is a group scheme over S, locally of finite type, such that among other
things the following holds: For every S-scheme T with «: T— S as map

' This notion is actually what is called in the literature an inhomogeneous polarized
variety. Compare [22] and the remark on p. 25.
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for which V >s< T— T has a section over T one has

{group of invertible sheaves of V'x T}
S

Hom (T, Pic (V/8))= { subgroup of sheaves f*(L), L an}

invertible sheaf on T

For the existence and for further properties of Pic (V/S) see Grothen-
dieck [9].

Pic® (/S) shall denote the connected component of Pic (V/S) which
contains the neutral element of Pic (V/S).

2.5. Definition. (V/S, X/S) is called a family of polarized varieties if
V/S is a projective family of varieties over S, S noetherian, and ¥/S a
coset of Hom (S, Pic’ (V/S)) in Hom (S, Pic(¥/S)), containing an invertible
sheaf which is very ample respectively S. An element XeX is called a
polar sheaf of V/S.

(V/8, X/S) is called canoncially polarized if X/S contains a very ample
multiple of the sheaf of regular differential n-forms of V/§, n=dimension
of the fibres of V/S.

Let (V/S, X/S) be a family of polarized (projective} varieties and let
X eX/S be a polar sheaf. Spec (Q)— S shall be a geometric point of §
and V/Q=V X Spec (@) the fibre over s. X, will signify the sheaf of V,

which is induced by X and X, the polarization of V, which is determined
by X,. (V,, ¥, is then a polarized variety induced by (V/S, X/S).
Let h(x) denote the Hilbert polynomial of (V,, X,) as defined above.

2.6. Proposition. The polynomial h,(x) is independent of s.

Proof. Follows from [8], II1.

Let (V,, X,) be a polarized variety defined over € and let (V/S, X/S) be
a family of polarized varieties (in the sense of Definition 2.5) such that
(Vy, Xo) is isomorphic to a geometric fibre of (V/S, X/S). Assume that the
base scheme § is a connected C-scheme. Then, we define:

2.7. Definition. A geometric fibre (¥, %) of (V/S, X/S) is called a
deformation of (V,, X,).

(Vo, X,) shall be fixed in the following. For a noetherian C-scheme §
we consider smooth, projective families (V/S, X/S) with a polarization X/S
where the fibres of V]S are deformations of (V,, X,). If (V,, X,) is canoni-
cally polarized we consider only families (V/S, X/S) of deformations of
(Vo X,) which are also canonically polarized.

We call such a family a family of deformations of (V, X,). (Notice that
(V/S, %/S) does not have to contain a fibre which is isomorphic to (¥;, X,).)

Let .#(S) be the set of families (V/S, X/S) of deformations of (V;, X,)
up to isomorphism. Clearly, the collection of sets .#(S) form a contra-
variant functor from the category of noetherian €-schemes to the category
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of sets, i.e., given a morphism f: T- S, a map #(f): H#(S)— #(T) is
defined by associating to a polarized family (V/S, X/S) the pullback
(V>S< T/T,x>s< T/T). This functor is called the global deformation functor

of (V;, X,).

Remark. As already stated there exists in the literature the notion of
a homogeneous polarized variety. Compare [19]. This notion is more
intrinsic than the notion of a polarized variety we are considering. For
a homogeneous polarized variety (V,, ¥,) one defines as above deforma-
tions, which are again homogeneous polarized varieties, and also the
functor .4 of deformations of the homogeneous polarized variety (V,, ¥,).
If (V,, X,) is a polarized variety in the sense of Definition 2.1 we associate
to it a uniquely determined homogeneous polarized variety (V,, ¥,).
Let .# respectively .# be the deformation functors of (¥, X,) respectively
(V,, ¥,) then the following can be shown:

If the deformations of (V,, ¥,) satisfy statement (+) in [19], p. 206, for
sufficiently large integers m the deformation functor of the polarized
variety (V,, m - X,) and the deformation functor of (V,, X,) have the same
sheafification with respect to the etale topology. For a proof of this fact
the results in [19] and [8], IV, 17.16, have to be used. As (*) is known to
be true for canonically polarized varieties in characteristic 0, [20], the
remark shows that for such varieties there is no essential difference
between the functors .# and .4.

Back to the functor .#.

2.8. Definition. An algebraic space M of finite type over € and a
morphism @ from the functor .# to the functor hy(S)=Hom (S, M),
represented by M in the category of algebraic spaces, is called a coarse
moduli space, if

a) for every algebraically closed field k* which contains € the map
D(Spec (k*)): #(Spec (k*)) — hy(Spec (k*)) is an isomorphism.

b) Given an algebraic space N and a morphism ¢ from .# to the
representable functor Ay, there is a unique morphism y: hy — hy such
that Y=y .

It is the aim of this paper to develop a method which implies the
existence of a coarse moduli space for the deformation functor in certain
cases. However, the proposed method will sometimes only work, if one
changes the above situation as follows.

Consider the category C,.4 of reduced, noetherian C-schemes and

let .# .4 be the restriction of the deformation functor .# of (V;, X,) to this
category.

2.9. Definition. A reduced, algebraic space M of finite type over €
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and a morphism @ from .# 4 to the functor hg(S)=Hom (S, M), SeC, .,
is called a coarse moduli space for the functor .#,, if

a) for every algebraically closed field k* which contains €, the
map @ (Spec (k*)): 4 (Spec (k*))— hg(Spec (k*)) is an isomorphism.

b) Given a reduced algebraic space N and a morphism  from .#,4
to the representable functor hy, there is a unique morphism x: hg— hy
such that Yy =yoo.

Roughly speaking, the coarse moduli space for the functor .# 4 is the
reduced algebraic space which corresponds to the coarse moduli space
M of the functor .#, provided M exists.

Let .#(S) be again the global deformation functor of the polarized
variety (V,, X,). h(x) shall be the Hilbert polynomial of (¥, X,).

We assume in the following'? that the families which belong to .#(S)
are canonically polarized or that the irregularity of (V,, X,) together with
the irregularities then of the fibres of the families which belong to .#(S)
are zero.

We assume further that the polarization of the families of .#(S) is
sufficiently ample, i.e., for every geometric fibre (V,X,) of a family
(V/S, X/S) of .#(S) we have (1) X, is very ample whenever X X ; (2)
K(V,, #(n-X))=0 for all X,eX, and all i>0, n>0.

The following proposition shows that the last assumption made on
# is not too serious and how one can change from a polarization to a
sufficiently ample polarization.

2.10. Proposition. There exists an integer m>0 such that the deforma-
tion functor of the polarized variety (Vy, m- X,) contains only families with
a sufficiently ample polarization.

Proof. By [19], Theorem 1, there exists an integer ¢ >0 which depends
only on the polynomial x(V,, nX,)=h(n), X, a divisor in X,, such that
for t>c every deformation (V,, Y, of (V,,t-X,) is sufficiently ample
polarized. Pick a fixed integer m>c.

2.11. Proposition. There exists a projective space PN such that every
family V—2- S which belongs to .#(S) can be locally embedded into PV,
i.e., there exists a finite open covering {U;} of S such that the induced
Sfamilies V>s< U,/U;=V,/U; can be embedded into the projective space

PN x U, in such a way that the fibres of V,/U; are embedded as polarized
varieties with the induced polarization and do not lay in a hyperplane of
the PV, Let V,/U, be the embedding of V,/U;. Then, the Hilbert polynomials
of the fibres of the families V,/U, are the same.

2 We exclude the case of an abelian variety. There the considerations are different as
explained in Chapter I11.
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Proof. Consider first the case when the families in .# (S) are canonically
polarized. Let (V/S, X/S) be a family in .#(S) and let Q¢ be the sheaf of
relative differential n-forms (n=dim (};)) of V/S. By the definition of
canonically polarized families and by the assumption made on .# there
exists an integer o> 0, which is the same for all families in .# (S) and such
that the sheaf (2} ,5)®*, which belongs to X/S, is sufficiently ample relative
to S. This implies (see [22], p.19) that the sheaf w,((2},5)®%)=E is
locally free of rank (N +1). Let {U;} be an open covering of S such that
E/U; is a free sheaf for all i. Then P(E/U;)= PN x U, (notation as in [8], 11)
and the very ample sheaf (2} 5)®* defines a closed immersion (over U,) of
the families V,—2w U, into the projective space P" x U;. Denote this
embedding by ¥;,— U,. It is then clear by the construction that the geo-
metric fibres of the families V;/U, do not lay in a hyperplane of the P¥.

Now, the geometric fibres (V,, X,) of (V/S, ¥/S) are deformations of
(Vy, %o). Let ¥, /k be an embedding of (V,, X,) into P¥/k determined by
(Q%)®% Then h(x) is the Hilbert polynomial of ¥,. From [8], I1I, 7.9,
we conclude once more that the Hilbert polynomials of the fibres of the
embedding V/U; are equal to h(x).

Next, we treat the case when the irregularity of the fibres is zero.
Then, for every family (V/S, X/S) of .#(S), there is essentially only one
invertible sheaf % of V in the set X/S (Z is up to tensoring with an invert-
ible sheaf, coming from S, uniquely determined) and this sheaf is suffi-
ciently ample. Let w, () be the direct image of the sheaf £ on §. By [22],
p. 19, w (%) is again locally free of rank N + 1, and we can pick an open
covering {U;} of S with w, #/U; free so that the above arguments apply.
QE.D.

In the following P¥ is always the projective space from Proposition
2.11 and h(x) the Hilbert polynomial of the geometric fibres of the
embedded families which belong to .#(S). H% shall be the Hilbert
scheme which parametrizes the proper and flat families of subvarieties
of the PN with h(x) as Hilbert polynomial,

2.12. Proposition. There exists a uniquely determined, connected
subscheme H of the Hilbert scheme HAY such that, for every connected
C-scheme S and every morphism f: S — H&™, f factors through H if and
only if the conditions 1)-4) are satisfied:

1) The family V/S in P¥ x S, induced by f via the universal mapping
properties of HE is a smooth family with connected fibres.

2)'3 If the families in #(S) are canonically polarized, the invertible
sheaf on VJS, induced by the sheaf of hyperplane sections Opx(1), is iso-

morphic to (Q';/S)@’“@w*(L)

'3 If the polarization is not canonical, the assumption 2) is to be dropped.
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for a suitable, invertible sheaf L on S. (w: V— S is the morphism of the
family V/S.)

3) For every geometric point €S the fibre V, of VIS does not lie in a
hyperplane.

4) Let I;— H be the pullback of the universal family of the Hilbert
scheme to H. Then every family V/S belonging to .# is locally a pullback
of hy— H. Furthermore, every deformation of (V,,X,) in the sense of
Definition 2.7 is isomorphic to a fibre of the family I; — H.

Proof. Let I'/HA be the universal family in P¥ x Hp& which belongs
to HiP. By the construction of H:{’ the polarized variety (V,, X,) is
isomorphic to a geometric fibre (I, 9,) of I'/HAP, where ), denotes to
polarization of I3, determined by the hyperplane sections. Using that
(Vo> X,) is sufficially ample polarized one concludes as in [22], Prop. 5.1,
that there exists a subscheme U of HE such that conditions 1)-3) are
precisely realized on U. One checks that U contains a €-valued point s
such that the fibre of I'/HES over s is isomorphic to (V;, X,). Then the
connected component H of s in U satisfies the proposition.

Because of the universal mapping properties of the scheme HE®, the
group PGL(N) operates on HA). This operation induces an operation
of PGL(N) on the scheme H, for the condition 1)-4) are invariant under
PGL(N).

Let hy=Hom (—, H) be the Hom-functor of H. By Proposition 2.12
there is a natural morphism of functors

72 hy(S)—> M (S).

Let 2% % (N) be the functor Hom (S, PGL(N)). Then, for every connected
noetherian C-scheme S, the action of PGL(N) on H induces an action of
the group #9.% (N) (S) in the set hy(S) functorial in S. Denote this action
by ®. We have then

no@=mop,, %)
where p, is a projection morphism from P%.Z (N) x hy to hy.

2.13. Definition. For all connected noetherian schemes S let .#'(S) be
the quotient of the set hg4(S) by the action of the group 24.%(N)(S).
Let .#' be the functor defined by this collection of sets and by the obvious
maps between them. The Eq. (5) implies that z factors

hy—t—s ML M.
4
2.14. Proposition. I is injective'* and for an we # (S) there is a covering
{U;} of S such that the restriction of  to #(U)) is in the image of I, for all j.

14 This means, roughly speaking, that two polarized families of deformation of (¥;, X,)
are isomorphic if and only if their embeddings into P¥/S are projectively equivalent.
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Proof. The first statement is proved exactly as in [22], p. 101. The
second statement follows from Proposition 2.12.

The connection between the geometric quotient H of H by PGL (N)
and the coarse moduli space of the functor .# is described in the following
proposition.

2.15. Propesition. The geometric quotient H of H by PGL(N) is a

coarse moduli space for the deformation functor (all in the category of
algebraic spaces of C).

Proof. First, the morphisms  from .# to a representable functor hy,
N an algebraic space over €, and the set of morphisms ffrom the scheme
H to the algebraic space N such that (6)fo®@ = fop, (p,: PGL(N)x H—H
is the projection morphism, @ =action of PGL(N)on H)are canonically
isomorphic. This is seen as follows. Consider the universal family I;/H,
given by the construction of H (see Proposition 2.12) and the element
ye# (H), determined by Ij;/H. Associate to the morphism : A4 —hy
the morphism (y): H— N which maps an S-valued point s of H to the
S-valued point  (y) (s) of N where ¥ (y) (s) =y ((.# (s)) (7)) via the diagram

S —— A(S) L hy(S)

H > #(H).

Obviously, ¥ (y) satisfies then the Eq (6).

Conversely, if f hgy—hy is a morphism which satisfies (6) then f
factors through the functor .#’, and we have an induced morphism

fir M hy.

By Proposition 2.14 this morphism f induces a unique morphism
Vi M— hy. It is clear that

hy(Spec (k*))=.# (Spec (k*))

holds for all algebraically closed field k* which contain €. Q.E.D.

Next, let H,.4 be the reduced scheme which belongs to H. The action
of PGL(N) on H induces an action of PGL(N) on H,4. If we consider
H,., with this action, the arguments in the proof of Proposition 2.15 lead
to the following:

2.16. Proposition. If the geometric quotient H,oy of H,eq by PGL(N)
exists in the category of algebraic spaces, it is a coarse moduli space in the
sense of Definition 2.9 for the functor M .4 in this category.
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The method for the construction of the coarse moduli space for the
deformation functors 4 or 4,4 of a polarized variety (V;, X,) follows:

We assume that .# satisfies the assumption made on p. 26.

Let H be the scheme constructed in the proof of Proposition 2.12
with respect to .# and H,, the corresponding reduced scheme. Then the
group PGL(N) operates on H and on H,.4 and the geometric quotients H
of H modulo PGL(N), respectively, H,.4 of H,.q by PGL(N), if they exist
as algebraic spaces, are coarse moduli spaces for the deformation functor
A, respectively, .# ... Compare Proposition 2.15 and Proposition 2.16.
Of course, we would like to apply Theorem 1.13 or Theorem 1.15 to
prove the existence of H and H,.,. But there are difficulties.

First, one needs that the scheme H is reduced. So we have to consider
H_, and the functor .#,., in general Only if we can insure that H is
reduced, we can employ H and .#.

Unfortunately, not much is known about the reducedness of the
Hilbert scheme. Only in special cases (for curves and K-3 surfaces) is
the scheme H known to be smooth and thus reduced. Secondly, one
needs that the group PGL(N) operates with closed graph on H,.,. This
is not too serious and is satisfied in many cases (see Chapter I1I). We show
in this connection the following lemma.

Lemma. If the fibres of the family I;;— H are unruled varieties, the
action of PGL(N) on H is proper, i.e., the map

&: Hx PGL(N)—— Hx H
(x, &) — (x, g(x))

is proper. The induced action of PGL(N) on H,.q is then also proper.

Proof. By the valuation criterion for proper morphism ([8], Chapter
11,7), we have to show the following:

Let R beadiscrete valuationring over Candg: Spec(R)— H x PGL(N)
a rational map. Let h: Spec(R)— Hx H be a morphism such that
h=dog as rational map. Then there exists a morphism g': Spec(R)—
H x PGL(N) which coincides with g on the general point of Spec (R).

Theorem 2 of Matsusaka and Mumford [21] states the following:

Let V and V' be polarized, smooth unruled varieties, defined over
Spec (R), such that their specializations ¥ and V' are also smooth,
unruled polarized varieties. Then the specialization of any isomorphism
p: V>V’ is an isomorphism §: P— V',

This theorem can be applied to establish the valuation criterion for @.

Let h and g be as above.

Then h determines two varieties ¥V and V' over Spec(R). The map g
determines an isomorphism p: V'x Spec(K)— V' x Spec (K), K =quo-
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tient field of R. g gives also a rational map Spec(R)— PGL(N) and a
morphism g’ of Spec (R) into the projective closure PGL(N) of PGL(N).

Let p be the specialization of p. By the theorem of Matsusaka and
Mumford, j is an isomorphism of ¥and V'. Using Proposition 2.14 this
implies that 5 is induced by a projective transformation and that g’ is a
morphism of Spec(R) into PGL(N). Hence, @ satisfies the valuation cri-
terion and is therefore proper.

Third, one needs that there exists a finite galois covering H' of H 4
which is etale and on which PGL(N) operates without fix points. Notice
that PGL(N) operates in general with fixed points on H4. This follows
from the definition of the action of PGL(N) on H and H, 4 and the uni-
versal mapping properties of H which imply that for every geometric
point s of H, respectively, H,.,, the stabilizer of s by the action of PGL(N)
is isomorphic to the automorphism group of the polarized variety which
is determined by s.

In certain cases a galois covering H,; of H,4 on which PGL(N)
operates without fix points can be constructed. Examples are curves,
abelian varieties, polarized K-3 surfaces and canonical polarized varieties
for which the canonical sheaf is very ample.

We consider for the construction of H4 all C-schemes of finite type
and observe the universal family I;; — H. By [16], Chapter I, I11, the family
I;—H is locally a topological product with respect to the complex
topology, i.e., for every C-valued point s there exists a complex open
neighbourhood U, of s on H such that f~!(U,) is homeomorphic to Iy x U,
where I is the fibre of I;;/H over s.

Let I, be a fibre of I; - H which is isomorphic to ¥, and let
H'(I;,,Z)* be the free part of the integral cohomology groups of I .
I;; — H locally a topological product and H connected imply that for
every fibre I, of I;; » H the integral cohomology group H'([;, Z)* is
isomorphic to H(I;,,Zy* and hence to H(Vy,Z)*, for i=1,...,n=

2-dimV.Let Y H'(I;, Z)* be the direct sum of the free part of the integral
i=1

cohomology g—roups of I.

2.17. Proposition. Assume that the automosphism group of the fibres
I of Iy — H are finite for all C-valued points s of H, and that the auto-
morphism of I operate faithfully on Y H'(I;, Z)* (=Y H'(L;,, Z)*). Then,
a finite galois covering H' —L— H exists which is etale and on which
PGL(N) operates without fix points, proper, and so that f is a PGL(N)

morphism.

Proof. Let V/S be a family which is a pullback of the family I, — H
respectively a morphism g: S— H. Then V/S is smooth and by [16]
locally a topological product. Let ¥, be a fibre of V/S over a C-valued
point s of Sand ) H'(V,, Z)* the direct sum of the free part of the integral
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cohomology groups H'(V;, Z), considered as Z-modul. Then )’ H'(V,, Z)*
is independent of s and isomorphic to ) H'(V,, Z)*. Let I(H'(V,, Z)*)=
(V) be the set of minimal generator systems of the Z-modul H'(V,, Z)*
and I(V)=[]I’(V) the direct product of these sets. Then the group

A=[]Aut(H(V,,Z)*) operates transitively on I(V,). Notice that
Aut(H'(V,, Z)*)is the group of invertible (n;, n;-matrices with coefficients
in Z, where n, is the rank of H'(V,, Z)* as Z-module.

Consider the disjoint union S= (J I(¥,). Let y: §— S be the map

seS(C)

which sends an element 5e1(V,)<S to seS(Spec(C)). We know that the
family /S is locally a topological product. Using this fact one can intro-
duce, by a standard argument, a natural topology on § such that 5: § — §
is continnous and § with the map 7 is a topological covering of S. The
group A operates, then, on § as Decktransformation group. The
assumption that the automorphism group Aut(¥V,) of any fibre V, of V/S
is finite and acts faithfully on Y H'(¥,, Z)* implies that Aut(V,) is iso-
morphic to a finite subgroup of A=[]Aut(H'(V;, Z)*). By the theorem
of the appendix, the group A contains up to conjugency only finitely
many subgroups of finite order. Let A, ..., A, be representatives of the
conjugate classes of these finite subgroups. We can pick a sufficiently
large integer n (independent of S) in such a way that the congruence
subgroup A®=[](H!(V,, Z)*)" !> of A does not contain any element
of the groups A, different from unity, fori=1, ..., r.'¢

Let A™ be the quotient of 4 modulo A™ and let S™ be the finite
unramified topological covering of S which is obtained from S by
factoring out the group A®. Then the covering ™ — S is galois with
galois group A™. But S™ is in a natural way also an analytic space and,
by the generalized Riemann existence theorem [2], X1, p. 12, a €-scheme
such that the map S® — § is an etale covering.

We have constructed so far for every family V/S, which is a pullback
of I'/H, a finite galois and etale covering ™ of S with 4™ as galois group.
We denote this covering in the following by P™(V//S). One checks that
the construction of P™(V/S) is for a fixed scheme S functorial in the
families V/S in the following sense: Let V/S and V’/S be pullbacks of
I'/H such that the commutative diagram

| IS 7
S

13 Aut(H'(V,, Z)*)*™ consists of all matrices M in Aut(H'(V,, Z)*) which are congruent
to the unity matrix I modulo n, i.e. M —I is a matrix which has coefficients all divisible by n.
16 The intersection of A" with any conjugate of one of the groups 4;, i=1, ..., r, contains
then also only the unity element, because A is a normal subgroup of A.
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gives an isomorphism from V/S onto V’/S. Then f induces an isomorphism
f®: PV’ /S)~> P™(V/S) and the diagram

PO(V[8) L7 PO (1 )S)

S
becomes commutative.

One checks also that the construction of P™(V/S) is compatible
with taking pullbacks, i.e. if

V>S<T=V’—~>V

|

T—2>8

is a pullback diagram, then P™(V'/T) is the pullback of P™(V/S) with
respect to the morphism 7—2- §S.

We introduce in analogy to curves and abelian varieties the following
notation.

2.18. Definition. Let V/S be a family which is a pullback of I};,/H and
let S"=P"™(V/T) be the etale covering of S which is determined by
V/S. A section of §™ over S is called a level n-structure of the family V/S.

The construction described above gives in particular an etale covering
H™=P"([;,/H) of H which has the following universal properties:

1) For every connected noetherian scheme S and morphism S — H
the etale covering P™(I; X §/S)=8" of § is isomorphic to the etale
covering H® x S. (Pullback with respect to f)

2) The S-valued point hy(n)(S) of H™ correspond exactly to the
families which belong to points in sz (S) with a level n-structure.

Proof of this Fact. Let S —%— H™ be a morphism and H™® %~ H be the
covering map. We get then a morphism S-2% H and a family V=1, X S
over S. Because S =§ x H®=pP"(V/S),the map S T sW=g x H™is
a section of S™ over S and gives a level n-structure of V/S. Conversely, if
S—%- §" is a section of §"=P"(V/S) over S and V/S a pullback family
of I/H with respect to a morphism S—£- H, the map a: §—H®
defined by the diagram

S-—255™M=8x H™ — H®
H

3 Inventiones math., Vol. 22
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leads to an S-valued point of H® which returns the family /S and the
section A: § — S™.

2.19. Lemma. The group PGL(N) operates on the scheme H™ in a
natural way where the operation is without fix points proper, and the
covering map H®™ — H is a PGL(N)-morphism.

Proof. For every scheme S we have to define an operation of the group
PGL(N)(S) (=S-valued points of PGL(N)) on the S-valued points
hyes (S) of H™ which is functorial in S. Let s® be a S-valued point of
H™. Then s™ determines a unique S-valued point s: S — H of H and a
section A of P™(V/S) over S. (V/S is the pullback of I;/H with respect
to s: § — H.) Let 6 PGL(N)(S). Then, ¢ maps the S-valued points s of H
to an S-valued point s* of H. To s° corresponds a family V?/S which is
the family gotten from V/S by applying the projective transformation
o to V. As the schemes P (V/S) are functorial in ¥; we find that ¢ induces
an isomorphism ¢™ from P™(¥°/S) to P"(V/S) such that the diagram

P®(V/S)—2s PUH(V/S)

is commutative. Let 6~ be the inverse of ¢'®. Then, for every section
A of P™(V/S) over S, we denote by A°=0"~1(J) the section of P(V°/S)
over S which is the image of 4 under the map ¢™~*.

We define o1 (5 4)— (57, 1)

In this way we obtain an operation of PGL(N)(S) on the S-valued points
of H". (First we realize an operation of PGL{N)(S) on the set of families
of polarized varieties I3, x S/S with a level n-structure and, therefore, an
operation of PGL(N)(S) on H"(S).)

This operation is functorial in § and defines therefore an operation
of PGL(N) on the scheme H™,

It is easy to see that the operations of PGL(N) and A® commute and
that the covering map H® — H is a PGL(N) morphism. '

That PGL(N)(S) operates on H™ without fix points can be seen as
follows.

Let s be a C-valued point of H™ and let (V/Spec(C), 4) be the
variety over Spec(C) with level n-structure A which is determined by s™.
If 6 € PGL(Spec(C)) has 5™ as fix points, then ¢ induces an automorphism
of V/Spec(€) and maps A to a level n-structure A% of ¥/C. By assumption
A=17°. Therefore, 6 =1d, as the automorphism of V/C operates faithfully
on the integer cohomology and by the construction of H®,
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It remains to show that the action of PGL(N) on H™ is proper. For
this purpose we consider the commutative diagram

H® x PGL(N)—22 H™ x H™

Hx PGL(N)—2-—HxH

where @™ and @ are the maps to the graph. We know that go &® is
proper, because p and ¢ are proper maps. Therefore @™ is proper,
because q is separable.

If one takes H'=H™ for a qualified integer n, the Proposition 2.17
is satisfied.

Taking things together, we have proved the following.

2.20. Theorem. Let .# be the deformation functor of an unruled
polarized variety (V,,X,). The assumption made on p.26 concerning M
shall be satisfied. Assume that every deformation (V, X) of (V;, X,) is unruled
and that the automorphism group of (V, X) operates faithfully on the integral
cohomology of V. Then the coarse moduli space for the functors M, respect-
ively, Meoq (take M, if H is not reduced) in the sense of Definition 2.9
exists.

IT1. Applications

In this chapter we show the existence of the coarse moduli space for
the global deformation functor in the sense of Definition 2.8 or 2.9 for
curves, polarized abelian varieties, polarized K-3 surfaces and canonical
polarized varieties for which the canonical bundle is very ample.

Curves. Let (V,,X,) be a polarized, irreducible, smooth and pro-
jective curve of genus g> 1 defined over €. Assume that X, is a divisor
class respectively algebraic equivalence which contains 3K,, K, a
canonical divisor of V. Let .# be the deformation functor of the canonical
polarized curve (V,, X,) in the sense of Chapter IL If ¥/S is a family
in #(S)y and Qs the sheaf of relative differential 1-forms of V/S, one
knows that Q%3 is very ample. Hence, the sheaf Q23 gives a local em-
bedding of V/S into a projective space PV called the 3-canonical em-
bedding, so that Proposition 2.11 is satisfied. Let H/C be the scheme
which parametrizes the (local) 3-canonical embeddings of the families
in .# (S) and which satisfies the requirements of Proposition 2.12.

One knows by [22] and [1] that the scheme H is smooth and con-
nected. Furthermore, it is shown in [4], XVII that the automorphism
group of every curve V of genus g > 1 operates faithfully on H' (V, Z).

3
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Using Theorem 2.20 we conclude the existence of the coarse moduli
space over € for the deformation functor of the curve (V;, X,). This
space is normal.

Remarks. a) It follows from [22] that, for every curve V /@ of genus g,
there exists a C-valued point s on H such that the fibre of the universal
curve I/H over s is isomorphic to V/C. This implies that the algebraic
space which is the coarse moduli space for the deformation functor of
(Vy, Xo) is also the coarse moduli space for curves of genus g over € in the
sense of [22].

b) Of course one knows more about the moduli space of curves of
genus g. It is proved in [22] that the coarse moduli space for curves of
genus g is a normal, reduced scheme.

Polarized Abelian Varieties. Let (V,,X,} be a polarized abelian
variety of dimension g, defined over the complex numbers. Let H be the
Hilbert scheme for polarized abelian varieties of dimension g, con-
structed in [22], p. 131ff.

Let s, be a point of H which belongs to (V;, X,) and let H, be the
connected component of H which contains s,. Then PGL(N) operates
on H, and the geometric quotient is the coarse moduli space of the
deformation functor of (¥, X;). By [22], p. 132ff. there exists a finite
etale galois covering Hy of H, on which PGL(N) operates without fix
points. (H, parametrizes the polarized abelian varieties with n-partition
point structure.) Applying Theorem 2.20, we get a coarse moduli space
for the deformation functor of (V,, X,). Again Mumford’s results in [22]
are stronger: They show that the coarse moduli space for polarized
abelian varieties of dimension g exists and is a scheme.

Polarized K-3 Surfaces'’. Let (V,, %,) be a polarized K-3 surface
defined over the complex numbers €. X, shall contain a sufficiently
ample sheaf %, Let ¥, < P¥ be the projective embedding defined by &
and .# be the deformation functor of (¥, X,) in the sense of Chapter IL.
Then for every family (V/S, X/S)e # (S), the sheaves in X/S are sufficiently
ample. Using one of these sheaves we can embed V/§ locally into the P¥
in such a way that the fibres do not lie in a hyperplane.

Let H be the scheme constructed in Proposition 2.12 and corre-
sponding to the deformation functor .# of the K-3 surface (V;, X,).

Claim. The family I;; — H is a family of K-3 surfaces, i.e., every fibre
of Iy — H is a K-3 surface.

Proof. By [9] the irregularity of the fibres of I;; — H is zero. By [19],
p. 233, a specialization of a smooth, projective and ruled variety is ruled.

7 An irreducible, smooth and projective surface V is a K-3 surface if the irregularity of V
is zero and if the canonical divisors of V are linearly equivalent to the zero divisor.
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Hence, a general fibre of I, — H which has a K-3 surface as specialization,
is not a ruled or a rational surface. Using upper semi continuity of the
cohomology, we get that such a general fibre of I;; — H has Kodaira
dimension <0 and is therefore a K-3 surface or an Enriques surface by
the classification table of surfaces [15]. The fundamental group of the
fibres of I;; — H are by [7] the same, hence trivial. This implies that every
such general fibre of I;; — H is a K-3 surface.

Let now V be a general fibre of I;; — H which is a K-3 surface and let
V' be a specialization of V over a discrete valuation ring. By upper semi
continuity we have

dimH°(V', K, )=2dimH°(V,K,)=1,
and
dimH®(V', —K,)=dim H®(V, - K})=1.

Also we have a map H°(V', K, ) x H*(V', —K)— H°(V', 0,), defined
by (f,g)—f®g. Let 0% fecH°(V',K,,) and 0+geH®(V’, —K,) then
J ®g is a global section in H®(V, O,) which is not identically zero and
hence a constant function 4 0. This implies that the canonical class of V'
is principal and that V' is a K-3 surface. From the proved facts one
concludes that every fibre of I;; — H is a K-3 surface. Q.E.D.

By [25], Proposition 1, the scheme H is smooth. By [17] the auto-
morphism group of a polarized K-3 surface is finite. Using [25], Pro-
position 2, we get from this fact that the automorphisms of such a surface
act faithfully on H?(X,Z). We can apply the construction developed
in Chapter II to obtain an algebraic space which is a coarse moduli space
for the deformation functor .# of (V;, X,).

Canonically Polarized Varieties where the Canonical Sheaf is Very
Ample. Let (V,, X,) be such a polarized variety which is smooth, pro-
jective and defined over the complex numbers.

Let (V; X) be any deformation of (V,, X,) in the sense of Definition 2.7.
It is well known that the automorphism group Aut(V, X) of (V, X) is
finite '® and operates faithfully on the global sections H°(¥, 2") of the
sheaf of holomorphic differential n-form, because this sheaf is by
assumption very ample and determines X. Using Hodge theory we get
that H*(V, C) contains in a natural way the €-module H°(V, Q"). This
implies that Aut(V, X) operates faithfully on H"(V, €) and, therefore, also
on H*(V,Z)* as H"(V,C)=H"(V,Z)®C. Applying the method of
Chapter I1, the existence of the coarse moduli space for the deformation
functor A,.4 of (V,, X,) is realized as an algebraic space. (We have to
take .#, 4 because it is not known if the scheme H from Proposition 2.12,
which belongs to .4, is reduced.)

18 Use[17).
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Appendix
Theorem. The group GL{n, Z) contains up to conjugation only finitely
many finite subgroups.

W.D. Geyer has communicated to me a proof of this theorem which
we will indicate.

1. Having given up to conjugation a finite subgroup G of GL(n, Z)
means that a faithfull integral n-dimensional representation of G has
been given or Z" has been given as a faithfull G-modul.

2. As G is finite, every element geG has a bounded order <N. If
g"=1 and m is minimal, then g (as an operator on Z") satisfies a poly-
nomial equation f(g)=0 of degree n2 Because the m-th cyclotomic
polynomial @,,(x) divides, in this case, f, degree (f)=n>2=@(m). But,
lim ¢ (m)= oo. Therefore, for only finitely many m, ¢ (m)<n®.

m— oo

2a. Remark. If G is only known to be periodic, it follows from 2),
together with [5] 36.1, that G is finite.

3. Assumption. G is abelian and finite. Consequently, the exponent
of G divides N !. Look to the subgroup G n SL(n, Z) which is of index <2
in G. After adjoining the N!-roots of unity to Q, one can diagonalize
GnSL(n,Z) and G SL(n,Z) becomes a subgroup of (Z/N!Z)" This
demonstrates: Up to isomorphism there are only finitely many finite
abelian subgroups of SL(n, Z) and GL(n, Z).

4. G shall be any finite subgroup of GL(n, Z). By [5] (36.13), there
exists a number F(n) (independent of G) such that G has an abelian
normal subgroup of index < F(n). This implies together with 3): There
exist up to isomorphism only finitely many finite subgroups of GL(n, Z).

5. To conclude the theorem it remains to prove that a finite group
has up to isomorphism only finitely many integral representations of
dimension n.

This is a special case of [5] (79.12).
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Note added in proof. The assumptions in Theorem 1.13 can be weekened considerably.
We are able to show the following:
Let X be a separated algebraic C-space locally of finite type and G an algebraic group

over C. If G acts properly on X and with finite stabilizers, there exists a separated algebraic
C-space locally of finite type over € which is a geometric quotient of X by G.

A proof will appear in Compositio Mathematica.
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The stronger quotient theorem yields over the complex numbers in connection with
the considerations in Chapter Il of this paper to coarse moduli spaces for canonical
polarized, smooth varieties and also for polarized, smooth varieties with irregularity 0.
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