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The Characters of Discrete Series as Orbital Integrals
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Suppose that G is a Lie group, which for the purpose of this introduction, we take
to be a real form of a simply connected complex semisimple group. Suppose that
square integrable representations for G exist and that f is a matrix coefficient of a
square integrable representation belonging to the unitary equivalence class w.
Harish-Chandra has shown how to evaluate the integral of f with respect to the
G-invariant measure on any regular semisimple conjugacy class. In fact suppose
that h is a regular semisimple element of G. The Cartan subgroup T which central-
izes h may be assumed to be stable with respect to a fixed Cartan involution 6.
In other words, there is a 6-stable decomposition

T=T, T,
where T, is compact and Ty, is a vector group. Then according to Harish-Chandra,

| J6T hx)dx=¢(T) 6,(1) 6, (h), )
TRG

where @, is the character of w and &(T) equals 1 if T is compact and is O otherwise.
Implicit in this formula is the absolute convergence of the integral on the left. The
vanishing statement (the case that T is noncompact) is sometimes known as the
Selberg principle. The purpose of this paper is to establish a formula which
generalizes (1).

If P is a parabolic subgroup of G, let

P=NAM

be the “Langlands decomposition”. It is not P that we want to fix, but rather 4,
and its centralizer M A. In fact, let 2(A) be the set of all parabolic subgroups for
which 4 is the vector group in the above decomposition. This set is finite. For each
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P=NAM in #(A) and xeG, put
x=M(x) exp(Hp(x) N(x) K(x),

for M(x)e M, Hp(x)ea=logA, N(x)eN and K(x) an element in K, the maximal
compact subgroup of G fixed by 6. Fix a Euclidean measure on a. For any xeG,
let v(x) be the volume in a of the convex hull of

{Hp(x): PeZ?(A)}.

As a function of x, v(x) is left M A-invariant. Choose T so that it contains A. Then
AcTycTcMA.

Our formula is

[ fx Y hxyv(x)ydx=e(T, A)(— 1) O,(f) O, (h), (1*)

TR\G

where p is the dimension of A and (7, 4) equals 1 if A=Tg, and is O otherwise.

In the particular case that A= Ty we see that the character value of w on any
regular semisimple conjugacy class can be obtained as the weighted average of
any matrix coefficient of w over the conjugacy class. This is a surprising and
striking coincidence. The matrix coefficients of the discrete series are of central
importance in the harmonic analysis on G but there has never been anything
resembling a general closed formula for them. On the other hand, in the spirit of
Weyl’s character formula, @, (h) can be expressed as the quotient of two exponential
polynomials.

The product of the left hand side of (1) by a suitable function of h yields Harish-
Chandra’s invariant integral, F,(h), which one studies not just for the function
given above but for any f in the Schwartz space of G. We shall consider the product
of the left side of (1*) by the same function of h, again for any f in the Schwartz
space. The resulting distributions

f- Rf(h)s

turn out to have analogues of three fundamental properties of the invariant
integrals. F,(h) satisfies a family of differential equations in h. The same is true for
R, (h), although the equations here are more complicated. F; (h) satisfies boundary
conditions at the hypersurface defined by any singular imaginary root of (G, T).
So does R (h). However, R.(h) also satisfies boundary conditions for each real
root of (G, T), and it is these latter which most concern us. Finally, both F.(h)
and R, (h) are rapidly decreasing in the Tp-component of h. Our starting point is a
remarkable combinatorial lemma of Langlands, which is similar to the result
announced in {4(b), §8]. We reproduce Langlands unpublished proof in §2.
Section 3 contains the main application of this lemma. There we derive a formula
for v(x) which is used in everything that follows. In § 4 we define the distributions
and give some of their elementary properties. Sections 5-8 are essentially devoted
to establishing the three main properties described above. We then prove formula
(1*)in § 9 by comparing these properties with the known behaviour of the functions
e, h).
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The results of this paper are the generalizations to arbitrary rank of most of
what is contained in [1(b)], although in that paper we did not recognize the
appearance of the characters of discrete series. There is one formula for real rank
one, though, {[1(b), Corollary 7.3]) which does not yet have a general analogue
in higher rank. It would be desirable to define distributions for any h,eT, and to
relate them to the values of R, (h) as h approaches hj,.

The integral on the left side of (1¥) actually came up in another context. It was
observed by Langlands some time ago that integrals of this type would arise if
one attempted to generalize the Selberg trace formula to arbitrary reductive
groups over Q. A general trace formula does not exist at this time. However, for
groups of rank 1 we can see the integrals occurring in the trace formula in term
(9.1) of [1(a)]. The role played by (1) in deducing the formula for the multiplicity of
w in the regular representation of G on I (I' \ G), where I is a discrete co-compact
subgroup of G, is by now well known (see [4(c)]). It seems reasonable to expect that
(1*) will play the same role in the more general situation where I'~.G is only
assumed to have finite G-invariant volume.
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§ 0. Notation

If G is any Lie group, its Lie algebra will be denoted by g, and the complexification
of g will be written as g¢. We will generally let % denote the universal enveloping
algebra of g¢. We shall write G° for the connected component of | in G.

§ 1. Split Parabolic Subgroups

Let G be a Lie group. Suppose that K, 0 and B are fixed and that (G, K, 0, B)
satisfies Harish-Chandra’s general assumptions ([2(h)], [2(1)]). For convenience
we recall these assumptions.

For a start, G itself satisfies the following four conditions.

(i) gis reductive.

(ii) If G¢ is the connected complex adjoint group of g¢, Ad(G)<= Ge.

(iii) Let G, be the analytic subgroup of G corresponding to g,=[g, g]. Then
the center of G, is finite.

(iv) G° has finite index in G.
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K is a maximal compact subgroup of G which meets every connected compo-
nent of G and such that K nG° is a maximal compact subgroup of G°. 0 is an
involution on g for which f is the +1 eigenspace. Finally, B is a real symmetric
bilinear form on g such that

() B{X,Y.Z)+B(Y,[X,Z])=0, X.,Y,Zeg,

(i) the quadratic form

|X|*=—B(X,0X), Xeq,
is positive definite on g, and
(i) B@X,0Y)=B(X,Y), X, Yegq.
Suppose that t is any 0-stable abelian subspace of g. Write
t=t, Dty

for the decomposition of t into its + 1 and — 1 G-eigenspaces. The restriction to t
of the form B is just denoted by {, >. It is nondegenerate. We extend < , > to a
symmetric form on t; and use it to identify t¢ with its complex dual space. This
convention applies in particular to the case that t is a #-stable Cartan subalgebra
of g. In that case define T, the Cartan subgroup associated to t, to be the centralizer
of t in G. Then

T=T, T,

where T,=Tn K, and Ty =exp tp. T normalizes each root space of (g, t). It follows
that each root « of (g, f) gives rise to a quasi-character £, of 7.

Recall that a subgroup P of G is called parabolic if it is the normalizer in G
of a subalgebra p whose complexification contains a Borel subalgebra of g¢. Then
p is the Lie algebra of P and G=PK. As usual, let N and n denote the nilradicals
of P and p respectively, and put

[=pnb(p).

Let a, be the —1 f-eigenspace of the center of . Finally, let L be the centralizer
of q; in G. Then 1 is the Lie algebra of L and P=NL.

It is customary to call exp q, the split component of P and to refer to (P, exp q,)
as a parabolic pair. However, for some applications one wants to consider pairs
which arise, via extension of scalars, from parabolic pairs over a subfield of R.
The resultant objects over IR have been axiomitized in the early pages of [4(a)].
Suppose that a is a subspace of a, and A=exp a. The action of a on g can be
diagonalized over R. Let Q be the set of roots of (g, a), and let Q, be the subset
whose root spaces lie in n. For any yeQ we denote the root space by g,, and also
by n, if y happens to lie in Q. Let m be the B-orthogonal complement of a in [. A
is said to be a split component of P if for any Yem and ye(Q,,

tr(ad Y), =0.

We shall call the pair (P, A) a split parabolic subgroup (of G).
Suppose that (P, A) is a split parabolic subgroup. Let M be the group of all
meL such that

det(Adm), =+1
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for each y in Q,. Then m is the Lie algebra of M. Moreover M ~nA={1} and
L=AM, so that

P=MAN.
It is easily checked that no element in Q, is zero and that Q is the disjoint union
of Qp, {0}, and —Q,. In particular the Lie algebra p, and hence the groups P, N,

and M, are uniquely determined by A together with the subset @, of Q. (See [4(a),
pp- 2.2-2.5]) If xeG we write

x=M(x)(exp Hp(x)) N(x) K (x)

for M(x)eM, Hp(x)ea, N(x)eN and K(x)eK. The vector H,(x) is uniquely
determined. In the future we shall sometime index a split parabolic subgroup by
a subscript or a superscript. In this case all the various objects associated to the
parabolic subgroup (such as N, M, H, etc.) will be indexed the same way, usualily
without further comment.

Suppose now that A4 is any vector subgroup of G such that #is —1 on a. As
above we write Q for the set of roots of (g, a). Put

a’={Hea:{y, H>=0 for every yeQ},
and let a! be the orthogonal complement of a® in a. Then
a=a’@al,

and Q spans ao'. We shall always denote the dimension of a! by p. We shall say that
A is a special subgroup of G if it is the split component of some parabolic subgroup
P. Since

0=0,u{0}u—-0p
for any such P, A4 is special if and only if
tr (ad X), =0

for all Xem and ye Q. We shall write (4} for the set of all parabolic subgroups
with A4 as split component.

Lemma 1.1. Let (P, A) be a split parabolic subgroup. There is a uniquely determined
subset @ of Qp for which any element in Qp can be uniquely written as a nonnegative
integral linear combination of elements in @,. @, forms a basis of o'. If y* and
y? are distinct elements in ®p,

&y £0.

For a proof this lemma see [4(a), Lemma 2.2]. The proof goes the same way
as that of [2(c), Lemma 1]. [

For the rest of this section A will be a fixed special subgroup of G. L is just the
centralizer of a in G, so is defined independently of Pe#(A4). The elements of
Q — {0} define hyperplanes which partition a into a finite number of connected
components called chambers. If Pe #(A), put

cpla)={Hea:{y,H>>0 forall yeQ,}.
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This is called the positive chamber of P. In view of Lemma 1.1. it is defined by p
hyperplanes, corresponding to the elements of @,. Distinct groups in #(A) give
rise to distinct positive chambers. On the other hand, suppose that ¢ is an arbitrary
chamber in a. Define Qp to be the set of roots in Q which are positive on ¢ and
let 1 be the sum of the corresponding root spaces. Clearly Q is the disjoint union
of Qp, —Qp and {0}. It follows easily that [+ n, evidently a subalgebra of g, is
actually a parabolic subalgebra. Therefore, P, its normalizer in g, is a parabolic
subgroup of G. 4 is a split component of P and c¢,(a)=c. We have shown that

Pocpla), Pe?(4),

is a bijection from Z(A4) on the sét of chambers in a.

Suppose that Pe#(A). Let (P*, A*) be a split parabolic subgroup with P < P*
and 4> A* We shall say that (P, A) dominates (P*, A*) and write (P, 4) <(P*, A%)
if there is a sequence

(R,A4)), ... (R, 4)
of split parabolic subgroups such that
P=RSRS - SR=P,
A=A4,2A,> -~ DA, =A%,
and
dim4;,,—dim A;=1, 1<i<k.
Suppose that F is a subset of ¢,. Define
ap={Hea:{y,HY=0 for all yeF},

and let I be the centralizer of a, in g. If O is the set of roots in Q, which do not
vanish on ag, put

Mp=@yegp M-

Then Iz +n; is a parabolic subalgebra. Let B be its normalizer in G and put
Ap=exp ag.

Lemma 1.2. The map
F— (B, Ap)

is a bijection from the collection of subsets of @, onto the set of split parabolic sub-
groups which are dominated by (P, A).

For a proof see [4(a), Lemma 2.3]. []

Given (P, 4), we write P <P* if (P, A)<(P*, A*) for some A*. A* is uniquely
determined, being equal to [* N A4. (P~ ¥, 4) is a split parabolic subgroup of I*.
In fact given A and (P*, A*), the map

P>PnI*
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is a bijection between the set of Pe#?(4) which are contained in P* and F,.(A),
the set of parabolic subgroups of I* with A as split component.

Define two groups P and P’ in P(A) to be adjacent if their chambers have a
p—1 dimensional wall in common. P is adjacent to exactly p groups in #(4), one
for each simple root of (P, 4). Suppose that P and P’ are arbitrary elements in
P(A). A path of length n between P and P’ is a set

P=PP, .. P=P

of elements in #(A4) such that B and P_, are adjacent, 1<i<n-—1. We write

t

d(P, P') for the length of the shortest path from P to P.

In this paper we will generally not need to normalize Haar measures. An
exception is the measure on a. Here we take the Euclidean measure defined by
the norm || |. We do the same {or any vector subspace of a, and in particular for
al. Suppose that Pe#(4), and that

Pp={y:15j<p}.
Define

c(Py=|det (<3, 7)), < x < pl*
For any function e C* (at),

[oHYdH=c(P){...f@(t,y'+ - + 1,y")dt, ... dt,.

Lemma 1.3. Fix i, 1 Li<p, let F={y'}, and define (P*, A*)= (B, Ap), in the notation
of Lemma 1.2. Then

c(P)=c(P*)<y', vt
Proof. If j i, define 7/ to be the projection of ¥ onto a*, the orthogonal complement
of y" in a. By changing the t, variable we see that for any e C (a%),

[ foty+ -+, dey ... dt,
equals

fofoyi+ -+, dr ... dt
But

Pp={y]: j*i}.

Therefore this last expression equals

P

c(P¥)-! }( J)l @ty + H*) dH* dt,
(P G ] o(H) dH,
On the other hand this equals
c(p)! j; ¢(H)dH,

so the lemma follows. [J
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Corollary 1.4. If P and P’ are in (A),
c(P)=c(P).

Proof. Suppose that P and P’ are adjacent. Let ' be the root in @, which is ortho-
gonal to the common wall of P and P'. Then —y' belongs to @,.. The other simple
roots of P are different from those of P’ but their projections onto the orthogonal
complement of y' are not. It follows from the lemma that ¢(P)=c(P’). The general
case is obtained by taking a path from P to P'. [

Since the factor ¢(P) is independent of Pe?(A) we will in future simply denote
it by c,.

§ 2. Langlands’ Combinatorial Lemma

Suppose that V is a finite dimensional Euclidean space with a basis
=0y, ... 77}

such that
Ly =0,

for i#j. Let {i', ..., u?} be the corresponding dual basis. The following lemma
is standard. For convenience we include the proof given in [4(a)].

Lemma 2.1. For all i and j,

() 2 0.

Proof. The lemma is easy to establish if p=2. Suppose then that p is greater than 2,
and assume inductively that the lemma is valid for spaces of dimension less than
p. Fix i and j. Choose k not equal to i or j, and project

' 14k}

onto the orthogonal complement of y*. This gives a basis {6':I+k} of a p—1
dimensional Euclidean space. The dual basis is {¢': [+k}. For [k, m+k,

Gy <L
S
If I and m are distinct this is no greater than 0. Applying the induction hypothesis
we see that

(', W) 20. O

<5la 5m> = <617 ym> = <Vlv “/m> -

quollary 2.2. Suppose that H is a point in V such that {y', H> 20 for all i. Then
LW, HYZ0 for all i.

Proof. We can write
H= z < #i,

where each ¢;=0. The corollary then follows from the lemma. [J
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If F is any subset of {1, ..., p}, let V; denote the subspace of V spanned by the
vectors {y':ieF}. If k belongs to F, set 7% =7y* However, if k is not in F let y% be
the projection of y* onto the orthogonal complement of V;. Finally, let {y%} be
the basis of ¥ which is dual to {y%}.

Fix F={1,...,p} and j¢ F. We can write

A=+ ¥ et

ieF

for real numbers ¢;;. Now {y":ieF} and {ui:ieF} are dual bases of a subspace
of V. Since ¢y',7'> £0 for each ie F, we must also have {uk, 7> <0 for ie F, by the
above corollary. It follows that

¢;=0, ieF.

Consequently if HeV, and (y*, H> >0 for all k, then we must have {(y%, H)=0
for all k.

If ieF and j¢F, then
(e 78> =0.
If both i and j are in F and i<},
O =< ) £0.
If neither i nor j belongs to F,
G 1 =V v +ng ¢V ¥
=V Y
=L+ Y e,
which is no greater tharf EOFif i#j. It follows that for arbitrary distinct indices i and j
e 71> £0.
This implies that for all i and j,
s 1> 20,
Any hyperplane of the form
{(X: (5, X>=0} or {X:{u, X>=0}, for

some i and F, will be called a special hyperplane. We shall say that a point He V' is
regular if it does not lie on any special hyperplane. Fix a subset F of {1, ..., p} and
a regular point A. Define a function ¥4 on the set of regular points of V to be the
product of the characteristic functions of

{H:{y}.,H>>0, foralljnotin F}
and

{H: {ui, HY (7', A><0, foralliin F}.
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Let a4 denote the number of indices ie F such that {y', 4> <0. Langlands’ com-
binatorial lemma is the following: :

Lemma 2.3. If {y', A>>0 for all i then
L= g =1

for all regular H. If {y', A> <0 for some i, then
> (= I Y (H)=0

< .
for all regular H.

Proof. Suppose that {y', H) is negative for all i. Then, as we have seen, each
{y%, H), and therefore each {u’., H) also, is negative. Hence (H) vanishes for
all A unless F equals the set F; ={1, ..., p}. Moreover, af =0, and Y (H) equals
1 or 0, depending on whether or not {7/, A is positive for all i. This proves the
lemma for H as above.

Now suppose that H and H' are two regular vectors. We have only to show that

A A
S (= 17 yiH) =T (= Uy,
F F

H and H’ can be joined by a polygonal path, no segment of which lies in a special
hyperplane and no point of which lies on the intersection of 2 distinct special
hyperplanes. We may assume that only one point of this path lies on a special
hyperplane, say

{X:<a, X>=0},

and that H and H' lie on opposite sides of this hyperplane. In other words <{a, H)
and <{a, H') are of opposite sign. .

Suppose that F is a subset of {1, ..., p} and that no vector in either {y.:j¢F}
or {uk:ieF} is a multiple of . Then

<V%’H>=<V}’Hl> lfj¢F’
and

(u, Hy=ub, H'Y if i€F.

It follows that Y4 (H)=yA(H).

Let & be the collection of those F such that for some k not in F, y% is a multiple
of a, and let % be the collection of those F such that for some k in F, u% is a multi-
tude of a. In either case k is uniquely determined. & and % are disjoint. Suppose
F 4. We might as well assume that F,={1, ..., k—1}, for some k<p, and that
7, is a multiple of «. Let F,={1,...,k}. y% and ﬂ’}z are both in the span of

{u*, ..., u¥} but both are orthogonal to {u**!, ..., u?}. Therefore, y¥. is a multiple
of y%, and hence of a. We note for later use that since

Th=Y 4 2 s

i<k
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and
.U,;‘Z = ,“k + Z dkj .“j»

i>k

{Hf,» ty,> equals 1, so that pf is actually a positive multiple of % . At any rate,
F, belongs to 4. Since the empty set does not belong to %, this process can be
reversed. In this way we set up a one to one correspondence between ¥ and .
Let F| and F, be two corresponding sets, which we assume for simplicity are as
above. We have only to show that

(= D gt () + (= 1P gt (H) = (— 1 g (H')+ (= D% i (H),

Suppose that j>k /r is in the span of {y**!, ..., uP} but is orthogonal to
{W':1zk+1,0%j}. 75 is in the span of {u* ...,u?} but is orthogonal to
{u':1=k, [+j}. However,

o D=y = 1.

Therefore, p}:, — v, is in the span of {4, ..., u’} but is orthogonal to {y***, ..., u"}.
Now y}. also satisfies this property. It follows that
V= vk e, ¢eR.

If we take the inner product of this equation with y% , and note that

Ctba V5 =y 159 =0,
we discover that ¢;20. Suppose that i <k. Then we can make the same argument
to show that ,uF1 Uy, is in the span of {u',...,u*} but is orthogonal to
{p', ..., g1}, and that

M, =y, +d; 1,
for d,<0.

Now <Vn H> and <y5 , H"> are of opposite signs. We can assume that <yF1, H">
is negative. Then y/f (H') vanishes for all 4. We must show that

(= 1P g, (H) = (= 175 g (H) = (= 1P g (). @1

Suppose first of all that y¢, (H) vanishes for all A. Then there is a j>k such that
<yFl,H> 1s negative. Since yg, is not a multipie of «, <yF , H> is also negative.
Therefore

Py B =yh s HY +¢;<y%, HY <0.

This means that (y} , H) is also negative, so that y L(H) and y#,(H') both vanish
for all A. This proves (2.1) in the case under consideration.

The other case is that 1,0" (H) does not vanish for some A. This means that
(yF ,H>>0for each j=k. But then, for any j>k,
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is positive. The same goes for (y} ,H'). On the other hand, suppose i<k. If
{uy,, H) is negative then

i, Hy =y, H +di iy, HY

is also negative, since uf,, H) is a positive multiple of {y, , H), which is positive.
If {py,» H) is positive then

iy HY =y, HY +d (i, , HD

is positive, so that {uj, , H) is also positive. Therefore, the three numbers {u. , H),
{uk,, H), and {uy,, H'y all have the same sign. Thus, to relate the right side of
(2.1) with the left side, we have only to consider the 2 opposite signs,

sign ((uf, , HD (8, A))
and

sign ({uf,, HY <%, A4)).

Remembering that . is a positive multiple of v}, , we see that if (%, A4) is positive
the first sign above is negative. In this case oy, =« . On the other hand, if (¥, 4>
is negative, cx;‘zzot}‘l +1, and the second sign above is negative. Either way, the
right side of (2.1) equals the left hand side. The lemma is proved. [

When we apply the results of this section it will be a little simpler if we don’t
have to always index the elements of @. Therefore, in future F will denote only a
subset of @. Modulo this technicality ¥4 and aj will have the same meaning as
above.

§ 3. The Volume of a Convex Hull

Fix a special subgroup 4 of G. Recall that a=a°@a'. In this section we shall not
distinguish between functions on a' and a%-invariant functions on a. Let &,
be the basis of a' which is dual to- #, with respect to the bilinear form {,) on
a'. It follows from Lemma 1.1 that the space a!, taken with the basis @,, satisfies
the assumptions of § 2. If A is any point in a', regular in the sense of § 2, and F
is any subset of ®,, we can define the function Y4 . and the integer ap ;. We have
indexed them to denote their dependence on P.

Suppose that (P*, 4*) is a split parabolic subgroup such that
(P*, A*)=(F, Ap)

for some subset F of &@,. If the bases @, and &, are indexed as in § 2, we write ¥
for the characteristic function of the set

{Hea:{y,H>>0 for all / not in F}
and we write ¢p p. for the characteristic function of

{Hea:{uk, HY {y', A><0 forally'in F}.
Then
Ve, r(H)=0pdH) 03 p(H), Hea.
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Furthermore, we put

ﬁg, = aﬁ, F ‘
Finally, we write @3 and f4 for ¢p ; and B ; respectively.

Suppose that

Y ={Yp: PeP(A)}

is a set of points in a, indexed by #(A4). We shall say that % is an A-orthogonal
set if for any adjacent pair P and P’ in #(A), whose chambers share the wall
defined by a uniquely determined simple root y of (P, A), then

Yp—Yp=ry, relR. 3.1

Let A* be a special subgroup which is contained in 4, and suppose that P*e 2 (A*).
If % is A-orthogonal, the set

Y, =1{Y,: PeP(A), P P¥},

indexed via the bijection described in § 1 by #,.(A4), is an A-orthogonal set for the
group L*. The projection of

Y. PeP(4). P<P,

onto a* is independent of P. We denote it by Y,.. The set
H* ={Y,,: P*eP(A*)}

is an A*-orthogonal set.

Suppose that in (3.1) the number r is actually nonnegative for each adjacent
pair Pand P'. We shall label this stronger condition by saying that % is a positive
A-orthogonal set. Let P be a group in 2(A), and let A be any point in ¢p(a)nat.
Then if P’ is any other group in 2(4), it is easily seen by induction on d{P, P’} that

(A, Y= Yp> 20. (3.2)

We shall say that a point Aea® is strongly regular if for each Pe?(A), A is a
regular point associated with (o', @,) in the sense of § 2. Denote the set of strongly
regular points in o' by al,. If % is an 4-orthogonal set, let a,,(%) be the set of points
H ea such that for each Pe #(A), the projection of

H+Y,
onto a! is strongly regular.

Lemma 3.1. Suppose that % is an A-orthogonal set. Then for Aeal, the function

YH, Y= Y (—1fFopH-Y,), Hea, (@),

Pe(A)

is independent of A.
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Proof. By Lemma 2.2 the function is just the difference of 1 and
Y (— 1 yg ((H-Y,).
Pe#(A) FePp
In this expression we change the sum over F to a sum over all parabolic subgroups
dominated by (P, 4). We obtain

Y Y (1P (H = Y) @ pH—Y,)

Pe#(4) P*>P
P+ G

=Y i H=Yp){ Y (—1/%™ op pH- Y}

P*+G Pe#(A)
P<p*

The expression in the brackets depends only on the projection of A onto the ortho-
gonal complement of a* in a. It is simply the function

¥, (H,Y,)

associated with the group I[*. Our lemma therefore follows by induction on the
dimension of a!. [

If % is an A-orthogonal set, there is a uniquely determined vector X in a® such
that the set

' ={Y,~ X: PeP(A)}
lies in a!. Denote the convex hull of #! by C1(#%), and put
C@)=C (@) +a.

Lemma 3.2. Suppose that % = {Yp} is a positive A-orthogonal set. Let H be a point
in a,,(¥). Then thefollowing conditions on H are equivalent:

(i) Y(H ¥)=*0,
(i) HeC(#), o
(iii) for each PeP(A) and ued,,
(b H=Y,5 <0,

and
(v) ¥y (H,%)=1.

Proof. The characteristic function of C(#) and the function ¢ (H, %) are both
invariant under translation by a®. We may therefore assume for the proof that
a® = {0}. We shall prove that (i)=>(ii) = (iii) = (iv) = (i).

Suppose that (i) is true. Fix an arbitrary point A4 in a,,. In view of Lemma 3.1
we can find a Pe #(A) such that if y is any element in @, and y is the corresponding
dual basis element,

<A9 'Y> <:u9 H-— YP> <0.

Summing over ye ®,, we see that the number

{A,H~Y,)
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1s negative. If H were not in C(%) we could, by a fundamental property of convex
sets, find a Ae€a such that
{A,H)>> sup {4, X>.
)

XeCw

We have just seen that this cannot happen if A is in a_,, a dense subset of a. It
follows that H belongs to C(%).

Next suppose that H is in C(%). Fix Pe2(A) and let A be any point in cp(a).
By the Krein-Millman theorem, the linear functional defined by A assumes a

maximum on C(%) at some extreme point. Therefore, there is a P'e 2(A4) such that

(A, Y > 2 (A HY.

sr?

Combining this with (3.2) we find that
(A, H—Y,»<0.

But A was an arbitrary point of cp(a). It follows that for each ue 43,,,
u, H=Yp> =0.

Since H belongs to a,,(%), this inequality is strict.
Suppose next that (iii) is valid. Fix Pe 2(A4) and Aecp(a). Then

(—P* Qp(H=Y,), Pe2(A),

equals 1 if P'= P and equals 0 otherwise. [t follows from Lemma 3.1 that
y(H:%)=1.

This is just condition (iv), which trivially implies condition (i). [

Corollary 3.3. If % is any A-orthogonal set, the support of the function
H—y(H,%)

is contained in C(¥).

The proof that (i) implied (ii) above only made use of the fact that # was
A-orthogonal. [

Let % be a fixed A-orthogonal set. It is a consequence of Corollary 3.3 that

J¥(H, %) e*" dH, Aeal, (3.3)
is an entire function of .. Remember that dH is supposed to be the Euclidean
measure on a'. We are going to evaluate (3.3) at A1=0.

Let A be the real part of A, and choose A so that A is strongly regular. Fix
Pe?(A). We claim that the integral

§ (= 1% @AH — Y,) e* ™ dH (3.4)

al

is absolutely convergent. If &, ={3', ..., y"} and

Gp= (it .., u7)
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is the corresponding dual basis, (3.4) is the integral of
(— )PP 41>

over the set
S={Hea": {A, ) (ul, H~ Y,y <0, 1<j<p).

In the integral, write
H=t '+ 41, 7"

With this change of variables we gain the factor
cy=Idet (<3, YD) <jone ol

discussed in § 1. The integral becomes

a P L
=P [T {(ferudry,
=1 S,
where !
sz {tj: 4, Vj> (tj—<,uja Yp>)<0}.

The above integral over §; is obviously absolutely convergent, and is easy to
evaluate. It equals

Oy PPy =1 @R WLYED sion ((A, 1)),

We have shown that the integral (3.4) is absolutely convergent and is equal to

a : J ; . .
Cal—1PP TT (CAyPy " ™ WX sign (A, 77y)

Therefore the function (3.3) equals

el Y

APE;(A) H Ay ’

ye®dp

c

This function is entire in 4. To obtain its value at the origin we replace A by
z4A, zeC,

and let z approach 0. The resulting expression,

_ (A, Yp)F
n-1 N TR
catp) Pe;u) l;[ Ao ’

is independent of A. We have proved the following:
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Lemma 3.4. Suppose that % is an A-orthogonal set and that ). is a point in a} whose
real part is strongly regular. Then the integral over Hea of (H, %) equals

_ {4 YpoFf
@) =c,(p) ! .
l/( ) CA(p) PE;(A) l;[ <i, '}’>

In particular the right side of this formula is independent of . [

Corollary 3.5. If % is a positive A-orthogonal set, the expression v(%) equals the
volume of the convex hull CY(%). [

The A-orthogonal sets which will concern us in this paper are given in the
next lemma.

Lemma 3.6. Fix xe G. Then
¥ ={—Hp(x):PeP(A)}
is a positive A-orthogonal set.

Proof. Suppose that P and P’ are adjacent groups in #(A). Let the common wall
of ¢,(a) and cp (a) be defined by ye®,. We must show that

—Hp(x)—(—Hp (x)) (3.5)
is non-negative multiple of .
Put

x=man'k, meM,acA, neN' kekK.

Then (3.5) equals — H,(n'). Corresponding to the subset {y} of ¢, we have the
parabolic subgroup

P*=M* A* N*
of G, which contains both P and P’. Then
(B, A )=(PnM* A M*)
is a split parabolic subgroup of M* of parabolic rank one. Put
n'=n*n,, n*eNNN'=N*n_eNnM*
We have
~Hp(n)=— Hp(n)= — Hp (n,).

This vector is certainly a multiple of 7. That it is actually a nonnegative multiple
follows from [2(g), Lemma 85]. (J

If % and %" are (positive) A-orthogonal sets then
Y +% ={Yp+ Yy PeP(A)}

is a (positive) A-orthogonal set.
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Corollary 3.7. Suppose that % is an A-orthogonal set. Then the function

1 {4, Yp—Hp(x))?
W)= A4 ! s
Voo )=calp?) Pe;(A) H Ay

7€®Pp

xe@,

is independent of Jeak. It is left-invariant under L=MA. [

§ 4. The Distributions

Let 4 be a special subgroup of G, and as always,
L=MA

is the centralizer of 4. Fix a 0-stable Cartan subalgebra t,, of m, and let T,, be the
Cartan subgroup of M associated to t,,. Then

t=t, Pa
is a Cartan subalgebra of g, and
T=T, A

is the corresponding Cartan subgroup. We denote by T, the set of heT such
that & (h)+1 for every root o of (g,t). Fix a Haar measure on G. On Tp=exp t;
we take the Haar measure which corresponds under the exponential map to the
Euclidean measure on ty. These 2 measures determine a G-invariant measure
on T~ G which we denote by dx. For any heT,,,, any A-orthogonal set % and
each function fe C*(G), define

{rh:), )= f fx thx)yo(x,#)dx.

TR~ G

eg®

This integral is absolutely convergent and r (h:%) is easily seen to be a distribution.
For any f, {r(h:%),f) is a smooth function of heT,,.

It is these distributions that we primarily want to understand. Their study
involves an inductive argument, however, which forces us to enlarge the collection
of distributions under consideration. Before doing this, we must agree to some
notations for differential operators.

Let  and o/ be the universal enveloping algebras of g and ag respectively.
% can be identified with the algebra of left invariant differential operators on G.
With this interpretation, an element Ye% maps any fe C*(G) to a new function
whose value at xeG is denoted by (Yf)(x) or f(x; Y). On the other hand, from any
element

X=X,..X,, X,..,Xeq,

in 4 we obtain a right invariant differential operator D, defined by

d d
————flexpt, X, ...expt, X, X),,_ .._, _o0>

(DXf)(x)zdt . i
: 1

r
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for each fe C*(G). This last expression is also sometimes denoted by f(X, x).
The map

XDy, Xe%,

is an anti-isomorphism from % onto the algebra of right invariant differential
operators. When we want to specify that the differentiation D, applies to the
variable x, we write Dy (x). Finally if

FO v )

is a function of several variables, we shall denote the value of the function
Dy(X) (X, yys s Ya)

at x=x, by
Dy (x1x0) f(X, Yy o s V-

If % is any vector subspace of 4, let %, denote the set of elements U in % such
that

Ad(U=U

for any aeA. The additional distributions will depend on an element Xe¥%, as

well as a point heT ., and an A-orthogonal set %. We define them by

r(h:X), o= | flx 'hx)Dyv(x,%)dx.

TR~ G

There is a formula for Dy v(x,%) which we must describe. Suppose that
Pe?(A). Define

l=n®m,
and
p=0(n).
p' and v are subalgebras of g and there is a vector space decomposition
g=p'@ado.

Therefore, if #' and ¥~ are the universal enveloping algebras of p} and v¢ respec-
tively, ¢ is linearly isomorphic to 2'®#®7". For each Xe¥%,, define pup(X) to
be the unique element in .« such that X — up(X) belongs to

p'%+%v.
There is a decomposition
G=p'4DAYV

of  into subspaces which are normalized by the adjoint action of A. The compo-
nent of X — up(X) in /%" must actually lie in &7. By the definition of u,(X), this
component must vanish. It follows that X — p,(X) belongs to p! 4. In particular,
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the map
X-pp(X), Xe9,,

is a homomorphism. From this discussion it is clear that for xeG and Xe%,,

_ {A, Yp—logh—Hp(x)>F
D, v(x, %)= n-1 D h|1
x U Y=c4(p!) Pe;(A) up(X)( [1) H G

yEPp

@.1)

Notice that for me M A,
Dyv(mx,%)=Dyv(x,¥).

Another consequence of (4.1) is the commutativity formula
rth:%: X, X,)=rh:%:X, X))

for two elements X, and X, in &,.

For any positive integer r let ¥, (r) be the set of elements X in 4, such that
for any PeZ(A), all the nonzero homogenous components of u,(X) have degree
at least r. 4,(r) is an ideal in %, and 4,(r) %, (') is contained in %, (r++). f X
is in 4 ,(p+1) then by (4.1)
)

Dyv(x,Y)=0.

Suppose that 4* is another special subgroup of G which is contained in 4. We
claim that for any r, 4 ,{r) is contained in 4 ,.(r). To see this, take any P* in 2(A*).
There is always a Pe#(A4) which is contained in P*, in which case the group

(P*/l= M* N*

contains P'. If X belongs to % ,(r), up:(X) is the projection of up(X) onto .o/ *.
The claim follows.
There is a decomposition

G=CIDg9,

where [ is the identity. The projection of any Xe% onto €1 yields a complex
number, which we denote by ¢ (X).

Lemma 4.1. For any Xe%,,
X —colX)I

belongs to 9 ,(1).

Proof. The element
Y=X—co(X)I

is in %,. But for any Pe#(A),
Colup(Y))=co(Y)=0,

which proves the lemma. [
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Suppose that we K. If Pe?(A4), wPw~"' belongs to Z(w4w™!).

If

x=amnk, aeA,meM,neN,kekK,
write

wx=waw  -wmw - wnw l-wk
to see that

H,p,-1(wx)=Ad(w) Hp (x).
If % is an A-orthogonal set,

A Yo—AdW™ ) H, -1 (wx))?

vlx, #)=c,(ph7" X

Pe#?(A) n {Ay»
yed@p
- (Ad (W) A, Ad(W) Y, -1 p,,— Hp(wx))?
=c (p)! had =v(wx, w%),
A(p ) PeP(wAw™ 1) n <Ad (W))”a 'J/‘> (

ye®p

where
WY)p=Ad(W) ¥, p,, PeP(wAw™).

w% is a wAw ™ !-orthogonal set which is positive whenever % is. If we make a
change of variables in the integral which defines r (h:%: X) we obtain the formula

riwhw L w#: AdW) X)=r(h: ¥ : X). 4.2)

We know that if our distributions are anything like Harish-Chandra’s invariant
integrals, it is natural to multiply them by a certain function of h. We take the
definition of this function from [2 (i), § 8]. If 3 is the centralizer of ty in g, let Z(t)
be the centralizer of 3 in K. Let Rf be the set of positive roots of (3, 1) relative to
some order. Put

A (W=\det(I—Ad(h~Y),, )5, heT,
and
B(H) BH)
4;(H)= (e? —e ?), Het

BeR

[

Finally, for {eZ () and Het, define
A H)y=4,(H) 4, ({exp H).
Let t,..({) be the set of H in t such that
{expH
isin T,,. Then if Het  ({) and X and % are as above, we define

reg

(REGH:W:X), f>=4CH) r(CH Y X), [, feC2(G).
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We shall often write
rih:Hy={rh:%), f>,

and
R H:%:X)=(R({H:¥:X),f>,

and when we want to emphasize the dependence of R ({, H:% : X)on T and A,
we will write

RIAGH: W : X)=R(LH: ¥ : X).

If the function A({, H) seems unfamiliar it is because we have not assumed
that G is acceptable. Suppose that R* is the set of positive roots of (g, t) relative to
some order, which we always assume is taken so that R} is contained in R*. For
G to be acceptable the function

H-e'M=exp(} ) a(H), Het,
aeR™*
must lift to a function £, on T For H in t,({), let ng(H) be the number of positive
real roots f§ in R* such that f(H)<0. Define
eg(H)=(—1)®=*"
and
A, Hy=ex(H) A(C, H).
Then if G is acceptable 4({, H) equals the usual function
A(Cexp H)=¢,(Cexp H) [] (1-&,(Lexp H)™Y).
aeR*
In any case, A({, H) is analytic in H.

There are still some other related distributions which we need to define.
Suppose that f is a fixed real root of (g, t). Define

2
=iy
Let X be a fixed root vector for f such that
[Xg, —6X;]=Hj,
and put
Y, =~0X;.
Define
to={Het: (H)=0}
and

t*=t,® R(X; — Y;).

t* is a Cartan subalgebra, and we denote the corresponding Cartan subgroup by
T*. Notice that Z(t*) is contained in Z(t). Suppose that { is in Z(t). From the
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theory of the split three dimensional real Lie algebra, we know that
ip((:)z ng(C)z unll 8

This number equals 1 if and only if { is in Z(t*), which is the case if and only if
Ad ({) commutes with Xjand Yj.

Define
a*=tyna,

and put A* =exp a*. Let n;(A4) be the cosine of the angle between B and the linear
subspace a of t. If H is any point in t such that f(H)+0, put

BiE)  pu
t(H)=1y(H)=ny(A) [|[Hyl logle > —e * |

Suppose that {e Z(t*). Then for X and % as above, Het,,({) and fe C*(G), we
define

<S“(C,H:@:X),f}sz(C,H:@/:X)
to be
Ry ((,H:% : X)+1(H) R}A"(C,H:@/*:X).

Here #* is the A*-orthogonal set defined in § 3. Note that if ng(A) is not 0 there
is a unique reduced root y, of (g, a) such that the restriction of § to a is a positive
integral multiple of y,. This gives rise to an injection

Jp: Z(A*¥) > P(A),

whose image is the set of Pe2(A) for which v, is a simple root. The vector in #*
associated to any P*e2(A4*) is the projection of Y, v Onto A%

The role played by these new distributions will become clear in § 6.
Lemma 4.2. For X, % as above and xeG,
ng(A) [ Hy|l Dy v*(x, ¥*)= —Dy,ﬁx}jx v(x, ¥).

Proof. 1f ng(4)=0 the lemma is obvious, so we assume n,(4)=0. DYB’ X x v{(x, %)
equals
N (A, Yp—logh— Hp(x))*?
calph! D, ivpxpn(iil)
4 Pe;(A) #pEXpX) H Ay

ye®p

For any P,
1p(Yy X5 X) = pp(Yy Xp) up(X) = —£5(P) Hpy pp(X),

where ¢4(P) equals | or 0 according to whether 7, is a root of (P, A) or not. Therefore

Dy, x,x v(x, %) equals

{4, Yp—logh— Hp(x)y?~!
IT <4 ’

ye®p

—c,((p— DDA HD Y D,y (h11) 4.3)
P

where the summation is extended over all Pe 2(A) for which y, is a root of (P, A).
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Put
i:zyﬂ+}t*, ze(C,

where A* is a point in a* such that {(1*, y>+0 for any root y of (g, a) which has
nontrivial restriction to a*. We fix A* and let z approach 0. If y, is a root of (P, 4),
and ye @, then (A*, y) can be zero only if y equals the reduced root y,. In particulaz,
75 must belong to @,, which is the same as saying that P=j,(P*) for some
P*eP(A*). We find that (4.3) equals

<y13’ ﬂ> 4, Y o Hp.(x)y?~!
<B’ ﬂ> X(X)P*s;m*) H (Ao '

yeE@p*

—ep— DY

From Lemma 1.3 and the definition of n,(A4) we obtain

<Yﬁ’H;3>: 4 <H' ﬂ>
‘4 STV A T 7 “/ﬁ>7

It follows that (4.3) equals
—ng(A) [1Hyll Dy v*(x, %),

= o ny(A) || Hy .

which is what we were required to prove. []
Corollary 4.3. For X, % and { as above, Het,,({), and fe C7(G),
—ng(A) [ Hyl| RPA( H %% X)=RTAH: % Y X X)
=SULH ¥ Yy X, X).
Proof. The first equation follows from the lemma. The second is a consequence
of the fact that RT-“*({, H: %*: Y; X; X) equals 0. [J

The next four sections will be devoted to a more detailed study of the distribu-
tions R({, H:% : X) and S*({, H: % : X). In these sections 4,1, T, % and X will be
fixed and are to have the meaning ascribed above. The element { is also to be
fixed, and unless stated otherwise it belongs only to Z(t).

§ 5. The Differential Equations

As in the real rank one case ([1(b), § 5]) our distributions satisfy a linear non-
homogenous differential equation. However, unlike the real rank one case it is
not sufficient for us to consider only the Casimir element. Rather, we must derive
a differential equation for each element of &, the center of 4.

Let 7 be the universal enveloping algebra of t¢. For any X egeand Ye @ define

Ry(Y)=YX,

Ly(Y)=XY.
It is easily verified [2(a), Lemma 15] that for every he T there is a unique linear
mapping

I,:9®T -9
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such that
() LUI®u=u, ued,
and

(i) L(X, ... X,®@u)=(Lags-1vx,~ Rx,) - Lagu-1yx,— Rx,) s
for X,,..., X,eq.

Let s be the direct sum over all roots of (g¢, t) of the corresponding root
spaces. s is a subspace of g¢. Let & be the image of the symmetric algebra on s
under the canonical map from the symmetric algebra of gy to 4. & is a vector
subspace of 4. Denote by &’ the set of X e.% such that ¢,(X)=0.

Suppose mow that h is regular. In [2(a), Lemma 22] Harish-Chandra proves
that I, maps ®.7 bijectively onto %. In particular, for each ze% there is a
unique element 8,(z) in 7 such that

z—Bu(2)
belongs to I[,(¥'®7 ). Therefore there are elements
{(X;:1=i<r}

in &’ which commute with T, linearly independent elements
{u;r 1Zi<r}

in 4 and analytic functions
{a,:1Zi<r}

on T, such that for any he T,

r

z—Bulz)= Z a;(h) L(X; @ u,).

—_

Fix fe C?(G). For y, y,,y,€G, let us write
Sy y) = yyy)
We shall denote the function
SeTlyx)=f(x"1iyix),  xyeG,
by F(x:y). If z is, as above, in the center of ¥,
fx ' hx,z2)=f(x"':h:z;x)=F(x:h;z)
for each xeG. Suppose that X eg and Ye%. Then
Fx:h;(Lagn-nyx—Rx)Y)
=f(x" i h;(Lage-1x—Ry) Y %)
=fx"N X R Y i) —f(x" i h Y X 1 x)

:—%f((exth-x)‘1 th;Y:x) —%f(x‘l th;Y:exptX - x)

t=0 t=0

=—%F(exth~x:h;Y)

t=0
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From this formula it follows easily that for any h in T,
F(x:h; L(X;@u))=Dy.(x) D, (h) F(x : h).

Here X is the image of X, under the anti-automorphism of ¢ defined by
Y..Y,-(=1yY,. .Y, Y,..,Yeqg.

Notice that for any pair of functions g, and g, in C*(G),

g (Dy-, 81(x)) g,(x) dx:éf 81(x) Dy, g, (x) dx.

It follows that
[ Flx:h; L(X,®u)) Dy v(x, ¥)dx

TR~ G
equals
D,(h) | f(x"'hx)Dyy v(x,¥)dx.
TR~ G

Now we shall write
h={expH, {(eZ(t), Het (0.

Let S(t¢) be the symmetric algebra on tg. It is canonically isomorphic to #. In
particular any element ueS(ly) defines a differential operator with constant
coefficients on t, which sends any function ¢e C®(t) to a new function which we
denote by

owye(H)=¢(H;0u), Het

Let I(to) be the set of elements in S(to) which are invariant under the Weyl group
of (g¢, te) and let y denote the isomorphism from 2 onto I(tg). Harish-Chandra
has proved [2(a), Theorem 2] that for pe C*(t,_({)), ze Z and h as above,

reg

A H) Bu(2) (A H) ' @(H) =8(y(2)) @ (H).
Finally, for each i, let 8},(z) be the operator which sends e C “(teg(0) to
A(¢, H) a(( exp H) D, (A((, H)™* ¢(H)).

Each ¢i,(2) is a differential operator on t,..({). It is a consequence of [2(a), Lemma
23] that for every z and i there is a k such that the coefficients of the differential
operator

A, HY 0y(2)

extend to analytic functions on t.
We have virtually established

Lemma 5.1. For any ze & we can find elements

{X;:15i<r}
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in G (1) and differential operators
{Ou(2): 1sisr}
on t,({) such that for any Het, (0) and fe CP(G),
R (LH:Z:X)~R (L H 06(2): % X)
equals

XR JH;8L(2): % XX).

Proof. The equality of the two given expressions has been established by the
discussion above. The assertion that each X, belongs to %,(1) follows from
Lemmad.l. [

Suppose that f is a real root of (g, ). Adopt the notation of the previous section.
Fix { e Z (1*). We can easily transform the assertion of the lemma into a differential
equation for S° “(, H:%: X). Define

R e _puny
T(H)=—1%logle * —e 2 |=—ny(4)~" | Hy| t(H),

if f(H)#0. From Corollary 4.3 we have the formula

SHGH Y X)=R,({,H:¥: X)+T(H)R,(( H:¥: Y X; X).
If D is any differential operator on t,({) we write

[D,%(H)]

for the commutator of D and the operator given by multiplication by %(H).
Applying the differential equation we have just proved to the two right hand
terms in the above formula for S’}, we find that for any ze &, Sﬂ(C, H;3(y(z)): % : X)
is the sum of

Sff(C,H:@/:X Zr; (g,H O(2): ¥ : Y; X3 X)
and B
R (CH;[0(y(2), T(H)]: ¥ : Y; X} X)
+z Rf(C H;{04(2), T(HY]: % : Yy Xp X X))

The element Y; X} is in %,(1). It follows from (4.1) and Corollary 4.3 that for any
Xe Y,

R ({,H:¥: Yﬂ’X,’,X)=Rf(§,H:@/:)~(YA X,’,)=S}’(C,H:@:)~(Y,,’X;,).
We have shown that there exist elements
X;, 1gjs7,

in 4,(1) and differential operators

(), 15j<F,
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on t,.,({) such that

SHCH:0(y(2):%: X)y=S! (LH:Y: X)— Y SE{ H; 0y (2):%: X X)), (5.1)
J=1
The logarithm which is in the formula for 7 (H) disappears from the coefficient
functions of the differential operators [ (y(z)), T(H)] and

It follows that for each j and z there is an integer k such that the coefficients of
the differential operator

AL HY o}y (2)

extend to analytic functions on t.

The above differential equations can be written down explicitly if z is the
Casimir element in 4. The calculation proceeds as in the case of R-rank one.
The analogue of Corollary 4.3, for f an arbitrary root of (g, 1), allows one to
express the non-homogenous components of the differential equation in a partic-
ularly simple form. Here, however, we need this more explicit formula only in a
special case, and we may as well just quote the result from [1].

Suppose that, as above, f§ is a real root of (g, t). Let g, be the centralizer of
to in g. Let G, be the analytic subgroup of G corresponding to g,. Finally let 2
be the center of the universal enveloping algebra of g, ¢, and let s; denote the
reflection in t¢ about the hyperplane t, . Then we have the isomorphism y, from
Z, onto the set of elements in S (t¢) which are invariant under s;. Suppose that H
is a point in t such that f(H)=+0. For any ¢ € C” (G) we write, in the usual notation
for the invariant integral,

BH) BH)

F(H)=le * —e *| | f(x'expHx)dx.
TR~ Gg
We also write

R,(H)=R,(1,H:0:1)
and
Sq,(H)=S£(1,H:():1)

for the values at ¢ of the distributions R and S” associated with the group G,
and for which {=1,%=0and X =1.
The element

o= (HyP +1 X, Y43 Y X4
is in Z;. Its image in S(t¢) under y, is §(Hp)>.
Lemma 5.2. For o CZ (G) we have
S,(H; 6 (74(0))=S,,,(H)+3 coth f(H) - F,(H; 0 (Hp)).

Proof. First of all we quote the differential equation satisfied by R, (H) from [1(b)].
Gy, is not semisimple and need not be a matrix group but this does not affect the
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outcome. R (H) is actually a multiple of the distribution defined in [1(b)]. In
fact if u belongs to the subgroup exp(R Yy) of G;, v(u, 0) equals
_ B(Hgw)
BT

We must therefore multiply the differential equation of [1, Theorem 5.1 by
| Hgll. The result is

=[Hj|l -5 B(Hy(w).

BE) )
§ R (H; 0(H))=R,,,(H)+31Hll(e > —e 2 )72 F,(H).

(The reader might feel more comfortable deriving this equation directly.)

Now
B(H) _BH)
S,(H)=R,(H)+ ||Hg| log|e 2 _e 2 | F,(H).

Since
E,(H;0(Hp)*)=F,,(H),
we have only to look at the commutator

B(H) B(H)

s[O(H logle 2 —e 2 [].

This is just
B(H) _BH)

i coth B(H)- ¢(Hp)— Le? —e 2)72,
The lemma follows. []

Corollary 5.3. Suppose that zeZ, and @€ C*(Gy). Then modulo a function which
extends to a smooth function of Het, S (H; é(y4(2)) equals S, (H).

Proof. Z; is generated, over the universal enveloping algebra of the center of g4 ¢,
by w. The corollary follows by induction provided that we can prove the result
for z=w. It is known that F,(H) extends to a smooth function of Het. Since

E,(sy H; 0 (Hy)) = — F,(H; 0 (Hp)),
we have

F,(Hy)=0
if f(Hy)=0. Therefore

H— 7 coth B(H)-F,(H)

extends to a smooth function on t. The corollary now follows from the lemma. [

§ 6. Boundary Values

Let f§ be a real root of (g, 1). In this section we shall investigate the behaviour of
S}’ ((,H:%:X) as H approaches the hyperplane t,. Adopt the notation of §4 and
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§ 5. In addition, define K;=Kn Gy, Ny=exp (R X)) and Uy=exp (R ¥;). Then
Gy=Ty Ny Ky=To Us K.

We have already normalized the Haar measure on T, and we have also fixed

some Haar measure on G. In this chapter we shall need to use Haar measures

on Gy, Ny, Ug and K, as well as a G-invariant measure on G~ G. At this point

we assume only that they are normalized to satisfy the obvious compatibility
conditions. Put

A=exp {—(——1)5%ad(X;;+ Y,,’)}.

A is an automorphism of g, ¢. We have A(fg)=1§ and
AHp=i(Xp~Yy).

Let us decree that an imaginary root « of (g, t*) with nontrivial restriction to
C(X;—Yy) is positive if and only if a(i(Xy— Yy)) is positive. This condition,
together with our fixed order on the imaginary roots of (g, t), serves to order the
imaginary roots of (g, t¥).

In this section we assume that { actually lies in Z(t*). Then we can consider
the distributions RT"4"({, H*:%*: X). Moreover, any e¢lement

{expH,, H,et,,
commutes with G;. Define t, .. ({) to be the set of points H, on t, such that
¢,(CexpHy)+1

for any root y of (g, ) not equal to § or —f. It is an open dense subset of t,. If §
is any function on 1, ({), and Hyet, (), we shall write

S(Ho)* = lim S(H, +1Hj).

O, reg

Fix an open subset Q, of t, . ({) which is relatively compact in t, (0.

0, reg

Theorem 6.1. Suppose that {e€Z(t*), ueS(ty) and fe CF(G). Then the limits
S?(,Hy; 0(u):¥: X)* and SH({, Hy; 0(u):%: X)™ both exist, uniformly for HyeQ,.
The first limit minus the second one equals

”B(A);i_%l RT(L Hy+0(X,— Yy); 0(A(sg u—u):¥*: X).

Proof. We shall put
H=Hy+tH;,, HyeQ,,te(—¢c¢)),

for some fixed positive number &. Let Q be the set of H so obtained, and let £ be
the set of He Q for which ¢+ 0. We take ¢ to be so small that for any H in the closure
of Q and any root y of (g, 1), y+ + 8,

¢, (CexpH)#1.
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The function
Ao, H)y=4(( H)le'—e—"|"!
is a smooth function of He Q. Define

@,()=fy""{xy), xeGy, yeC.
Then for HeQ, S#({,H:%: X) equals the product of 4,({, H) with

Jle'=e™'| | @, (x"exp Hx)(Dyv(xy,¥)+T(H)Dyv*(»%*)dxdy.

Gg~ G TR~ Gp
We have used the fact that the function
Dyv*(y,%%*), yegG,

is left invariant under G,. It follows from the definition of £ and the fact that f
is compactly supported, that the integral over G,~ G may be taken over a relatively
compact subset I' of G which is independent of H. We rewrite the above integral as

flee—e "I | fo,(k~'u~"expHuk).
r Kp Up

6.1)
(Dy v (uk v, @) +t(H) Dy v* (7, %)) du dk dy.

If n,(4)=0, G, is contained in M. As a result, (6.1) reduces to the integral
over yel' of the product of Dy v(y, %) with

le'—e | | fo,(k~'u="exp Huk)dudk.

Kp Ug

This last expression is a smooth function of HeQ, so there is nothing further to
prove.

Therefore we may assume that n,(4)+0, and that the restriction of ff to a
is a positive multiple of the reduced root y, of (g, a). In the formula for

Dyv(uky, %), uely, keK;, yeG,
namely,
_ (A, Yp—logh—Hp(uky))*
c (p)! D,.cx (hI1) ,
4 Pe;(A) hp () l—[ Ay

yedp

we consider separately summations i and i over those PeZ?(A) for which y; is,
and respectively is not, a root of (P,’:fl). If y‘; is not a root of (P, 4),

Hp(uk y)=Hy(k y).
If y, is a root of (P, 4), write

u=exp Hy(u) - N(u) K(u),



236 J. Arthur

where N(u)eN,, K(u)eK,, and Hy(u) is a multiple of Hj. Then
Hp(uk y)=Hy(u)+ Hp(K(w) k ).
Dyv(uky,%) becomes the sum of

—1 o A Yp—Hpph?
c4(ph) Dx(nlky);%—*n G (6.2)
ye@p
and
{4, Yp— Hy(u)— Hp(n))"
Dy(n|Ku)k
¢ (p) ! Dyl Kk y)- z T
This last expression we rewrite as the sum of
L Y= Hp))?
ca(p)™ Dyl K )k y)- §4———H s (63)
yedp
(A Yp—Hp()>"™!
callp=DH' Dy Kk y) Z(AH( > IR (6.4)
and yedp
- Op4)
Hy(u))* 6.5
z (H>ZI‘!<M> (65)

In {6.5), Qp{4) 1s a polynomial in 2, which of course depends on K{u)ky.
Put

A=zy,+a*, zeC,

where A* is a point in a* such that (A*, ¥>+0 for any root y of (g, a) which has
nontrivial restriction to a*. For u as above

A Hy()) =z (g, Hp(u).

We fix 2* and let z approach 0. If y; is a root of (P, 4), and ye ®,, then {A*, ) can
be zero only if y equals the reduced root y,. In particular y, must be in &,, which
is the same as saying that P=j,(P*), P*eZ?(A4*). At any rate, there is, for fixed P,
at most one y in @, such that <A* y>=0. It follows that the limit of (6.5) as z
approaches 0 is 0, while the limit of (6.4) is

1 g, Hyw)) Dol Kk v)- AN Y oy = Hpe (1))
<“/,g»”/g> X(rll (u) .}) P*E;(A*) l_[ </AL*,’)1> .

)’E(Dp*

—c4((p—1DY”

In view of Lemma 1.3, this expression is just the product of
<VﬂaH3(u)>
<'Y13, yﬂ>%
with
Dy v*(K(w)k y, ¥*)=D, v*(y,%*).
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It follows that the limit as z approaches 0 of the sum of (6.2) and (6.3) exists and is
independent of A*.

Let us denote the terms (6.2) and (6.3) by ¢~ (z, ky) and Y™ (z, K(u) k y) respec-
tively. Each of these functions is meromorphic in the first variable and smooth
in the second. For any z

jle—e“lj fokmtu=tvexp H-uk)y~(z,ky)dudkdy

Ky Ug

equals

e [ [ [ S (k™ exp Huk y) ¥~ (z, k y)du dk dy.

I Kg Ug

Since I" and K are compact, the constant term of the Laurent expansion about
z=0 of this function extends to a smooth function of HeQ. Next, examine the
contribution the term (6.3) makes to (6.1). This is

f|e —e | | [ ok~ utexp Huk)y " (2, K(u)k y)dudkdy

Ky U
=fle'—e™ | | @ (k" @Kwm™")""expH K@) Yk)y*(z ky)dudkdy.
J

Ky Up
6.6
Now (6.6)

uK(u)~" =exp Hy(u)- N(u).
As may be seen by direct calculation on SL(2, R), the map
u->N(u), uel,

is a diffeomorphism from U, to N which preserves the Haar measures. It follows
that (6.6) equals

Ef [ [ fo "k texpHnky)y(z, ky)dndkdy.

I'Ky Ny

Once again, the constant term of the Laurent expansion about z =0 of this function
extends to a smooth function of He Q.

We have so far shown that S’}(C, H:% :X) is the integral over yel" of the
product of

ANO(C? H) DX U*(y, Q?/*)
with

le'—e | | [ o k" u" expH uk) (r(H) O Hyu) )>>d dk.
Kg Ug <y ﬂsl{j>

This last expression is just

ng(A) S, (H).
Define

X (H¥) = (et WP _ p=5an ) | ¢,(x~" exp H* x)dx,
for H*etk (0). i
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Lemma 6.2. For each ueS(i¢) the limits S, (Hy; 0(u))* and
el_i’fi{lo EX(Ho+0(X;—Yy); 0(Au)

all exist uniformly for HyeQ, and yeI'. Moreover the two sided limit
éin(l) EX(Ho+0(X;—Yy); é(Asyu)—03(Au)
exists and equals

S, (Ho: 0(0)* =S, (Hos ().

Let us assume the proof of this lemma for the moment while we complete the
proof of the theorem. Define

Q*={H*=H,+0(X;~ Y;): HyeQo,  0e(—s,2)},

and let Q* be the complement of Q, in Q*. Suppose 4 *({, H*) is our usual function
associated with t*. The function

A, H*) =A%, H) (e* WP _ o= 24D EN -1 frec ox

extends smoothly to Q*. In order to reduce the proof of the theorem to Lemma 6.2,
we must compare the differential operators

du)e Ao, H), HeQ, (6.7)
and

d(Asyu~Auyo A3, H*), H*eQ*. (6.8)
By Leibnitz’ rule there are elements

{u;,u': 1Zi<n}

in S(t¢) such that

O(Asyu)o AX(C, H* =Z (A szu)) d(Asgu).

i

Let R? be the set of roots of (g, t) which do not equal § or —f and which do
not vanish on t,. Then for HeQ, 4,({, H) equals

A (H) [T I1=&,) " em "™,

yeRE

Let y be a real root in R? which is positive on Q. Then (0=¢_(0)=* 1. There-
fore the contribution of y and —y to the above product is

edrd) é)’(c)—l PREAtd
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Suppose that y is a complex root in R? . Then the root

7=-0y

is different from v, and
ED=E,0)"=E,.

The contribution of y, —7,7 and —7 to the above product is
(Q,(C) e%”’(’”-—e*%”m) (é?(c) eH‘H’-e_”(m).

It follows that 4,({, H) is a polynomial in the variables

1
x,=¢* V(H),

indexed by the roots of (g, t). We claim that A}((, H*) is the same polynomial,
but with each x, replaced by

— Ay)(H*
y, = e,
For any y we have

¢, (0 =C4,(0).

If Ay is an imaginary root of (g, t*), &,.({)=1. These two facts follow from the
definition of Z(t*), and they suffice to establish our claim.

If Eete,

O(E) x,=3y(E) x,,
while

AE)y,=3 Ay (AE) y,=17(E) y,.
It follows inductively that for any veS(te), 4&((, H*;0(Av)) may be obtained
from 4,((, H; d(v)) by replacing each variable x, by y,. Now set both H and H*
equal to Hy, a fixed point in Q,. Then each x,=y, . Therefore

AF( Hy: 3(A0)=4,(, Hy; 8(0).

On the other hand,

A4(8, sBH)=A~0(C, H), HeQ.
Consequently, for any ve S(i),

TG Hos (A s30) = Ao(L, Ho 85,00 = Ao(C, Hy; (1))

Applying these remarks to the elements {u;:1=<i<n}, we see that the local
expressions at H* = H = H,, of the differential operators (6.7) and (6.8) are

¥ Ao(C, Hos 0 () a(u)
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and
Y Ao(C, Ho; 0(u)) (A sy u'— Au)

respectively.

It follows that all the assertions of Lemma 6.2 remain valid when the differential
operators 0(u) and é(As,u— Au) are replaced by (6.7) and (6.8) respectively. It is
in this form that the lemma leads to the proof of Theorem 6.1. To transform the
data given by the lemma to data required by the theorem, we merely multiply by

ng(A) Dx v*(y, ¥*)
and integrate over yeI". With the observation that

[ A& H*) EX(H*) Dy v*(v, #*) dy
r

equals RT4({, H*: &*: X), the proof of the theorem is complete. [

We still have to prove Lemma 6.2. The existance of the limits involving F}
follows from a general result of Harish-Chandra [2 (i), Theorem 9.1], so we can
concentrate on those assertions that concern S,, . Any ue S(t¢) is a sum of elements
of the form

uy=74(2)J,

where z is in & and J equals either 1 or H;. From Corollary 5.3 we know that,
modulo a smooth function of yelI’ and HeQ S, (H; O(uy)) equals S, o (H a(J)).
Therefore the first statement of the lemma would be proved if we could establish
the uniform existance of the limits § (Ho,é’(J))Jr for any function ¢e C?(Gy)
which varies continuously with a parameter yeI'. Note that

A(spuy —u))=y§(z) Alsy J - J),

where y} is the isomorphism from & to the invariants of S(t§). It follows from the
differential equations satisfied by F* that

By (H*;0(AsgJ —AT)=F) (H*; 0(Asgu; — Auy)),

for any H*eQ*. It is therefore enough to prove the lemma for u=J.

It would be possible to extract what remains to be proved of Lemma 6.2 from
the results for groups of real rank 1 in [1(b)]. However, it is perhaps safer to
proceed directly. To simplify matters, we replace ¢, by an arbitrary pe CX(G))
which we assume varies continuously with a parameter yeTI'. It will be clear that
the limits we establish will be uniform in y, so we will not allude to this point again.

Let dk be the Haar measure on K for which the volume of K is 1. Let du and
da be the Haar measures on Uy and T, respectively, obtained via the exponential
map from the Euclidean measures on the corresponding Lie algebras (with respect
to the norm || ||). The Haar measure on G, is of course defined by the product
measure dadu dk. If H=H,+t Hj belongs to Q,

S,H)=le'—e | [ [ @k " u"' expH-uk)

Kp Ug

{3 1 Hy |l (log le* — e — B(H,(w))} du dk.
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For xeR define
u(x)=exp (x ¥y).

The restriction of the form B to g, is a multiple of the Killing form B, on g,. Since
By(X;, 0 X3)=B,(Y,,0Y;)=1 B,(Hy, Hy),

we have
IHg1* =21 X512 =2 ;).

In particular, for any function pe C*(Uj),

H/ el
J plu)du=" l/g“ | plu()ds.
Uy —
We have

o™ PHN N — X1 A (u(x) 1) X
= X4~ llexp (—x ad Yp) Xg|l
=X} 1 X+ x Hy+ x> )
=1+x%
Therefore,
log le'— e~ "> — B(Hy(u(x)) =log {1 +x?) (1 —e 2"} +21.

From these facts it follows easily that S _(H) equals

? o(H :x)(log {(1—e 29+ x?} +21)dx, 6.9)
where
ol =5

IH 12 | ok~ u(x)exp H k) dk.

22

¢ (H : x)is smooth in H, and as a function of x, is smooth and compactly supported.

In particular, (6.9) is continuous for H in Q. This proves the lemma for u=J=1.
The only other case left to prove is for u=J=Hj. The operator é(Hp) is just

differentiation with respect to t. The function

2t }C o(H:x)dx

- 0o

is smooth for HeQ. Therefore we can omit the factor 2t from (6.9). Moreover,
the function

:F o(H :x)log (x?)dx
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is also smooth in H. We therefore have only to consider the limit as ¢ approaches
+0 of the difference of

@© e~2t(1_e—21)

4_{0 (P(H0+tHb:x)(]—_’e*:de (6.10)
and
° ) (1 —e?)
4;& (P(Ho_tHﬂ:x)(l__?WdX. (6.11)

The term (6.10) equals

d4e~% | @Hy+tHz:(1—e %) x) dx.

14+ x?

The limit of this expression exists uniformly in H,. By the dominated convergence
theorem the limit is

4np(H,:0).

By a similar argument the limit of (6.11) exists uniformly in H, and equals
—dno(H,:0).

We have shown that

S ,(Ho3 O(Hp)™ —S,(Hy: ¢ (Hp)) (6.12)

@
equals
292 | Hyl1> g (exp Ho).

To this last expression we apply a general limit formula of Harish-Chandra.
In fact, according to [2(i), Lemma 17.5 and Theorem 37.1]

lim Fx(Hy+0(X;— Yy); 2(AB)=—21/2 g (exp Hy).

Here of course f is to be regarded as a vector in f. But
B=2H,l~ H,,

so that
Alsy Hy)— A(Hy) = | Hyl|2(A B).

It follows that (6.12) equals
;i{ré FX(Ho+0(X3—Yy); 0(A(sy Hy— Hy))).

This completes the proof of Lemma 6.2. [

The distributions R{{, H:% : X) also satisfy boundary conditions at any
singular imaginary root. Here the situation is the same as for the invariant integrals.
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Lemma 6.3. Suppose that {eZ(t*), ueS(ly) and fe CF(G). Then the limits
GI_%TORi*’A*(C, Hy+0(X5—Yy); 0(Au): F*: X)
and

Jim RT4(L Hy+0(X;— Y); 2(Aw): &% X)

both exist, uniformly for HyeQ,,. The first limit minus the second one equals

—n)/ =1 Hgl kné RUAC Ho+tHy; 0(u): %*: X).

This lemma is proved by an argument similar to but easier than that used
above. Proceeding as in the proof of Theorem 6.1 one shows that it is enough to
treat the case that G=G,. But in this case the lemma is well known. See [2(i),
Theorem9.1]. O

§ 7. A Growth Condition

In this section we estimate the growth of our distributions as the t, component
of H gets large. At the same time we shall show that the distributions are tempered.
As usual, this leads to a study of inequalities.

In order to estimate the functions v(x, %) we will first verify a couple of easy
and more or less standard facts. To state them it is useful to fix a maximal special
subgroup ‘“’4 of G, and a minimal parabolic subgroup

O p _ (0N (0) 4 Opg

in 2('94). We assume that Ty, is contained in ‘©’4. Recall that the Schwartz space,
%(G), is the space of all f in C*(G) such that

sup [f(gy, ;g 2~ (1 +a(x) <o

for any g, and g, in % and r in R. Here = is defined as in [2(g), § 7] and ¢ is defined
by

olk,-exp H-k,)=|H|, He%, k,, k,eK.

Suppose that 7 is an irreducible finite dimensional representation of G, which
by convention here we always take to act on the right. It is possible to fix an inner
product on the space on which # acts so that different root spaces are orthogonal
and so that for any xeG,

n(x)*=n(@x"").

If xeG, we write ||n(x)||, for the Hilbert-Schmidt norm of n(x). We can always
write such an x as

kyexpHk,, k. k,eK, Hecg,, (‘a).
Then
()|, =lm(exp H),.
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If ¢(n) is the set of weights of  with respect to (g, “a)and u* is the highest weight,

Im()fi= Y e**®<dimn. 2™ 1
ped(n)

In particular ||[7(X)], is no less than 1. Therefore we can find a constant ¢, such
that

log (1+[n(x)])Sc,(1+0(x), xeG. (7.1)

The inequality remains valid if we remove the hypothesis of irreducibility of =,
since

log (1+1t,+t,)<log (1+1,)+log(1+1,)

for two positive numbers r, and ¢,.

Next we will check that there is a finite dimensional representation = and a
constant ¢ such that

[OH(x)| sclog (I +[m(x)ll,), xeG, (7.2)
where we have put
OH (x)=H,(x).

It is clearly enough to prove the formula obtained by replacing the left side of
(7.2) by

[<u, PH(x),

where y is any arbitrary element in @(O,P. Let = be an irreducible representation
whose highest weight on ©a equals ky, for k a positive real number. Let ¢ be a
highest weight vector of unit length. We have

S OHE) lo (X} =(pn(x) m(x)*, (p)%.

The right hand side of this formula is clearly bounded by | (x)|,. If <u, PH(x)>
is positive we are done. Suppose that (u, ©H(x))> is negative. Let n’ be the irre-
ducible representation of G whose lowest weight is —kyu, and let ¢’ be a lowest
weight vector of unit length. Note that

q)'n'(x)_e—k@,‘o’H(x» q,/
is orthogonal to ¢'. It follows that
e K PHEY <"1 (x)| ' (V) .,

which leads to the inequality
(0) 1 ,
IKu, PH(x)p] < log (14 |7 (x)]).

This establishes (7.2).
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Lemma 7.1. There is a constant ¢ such that for every X e ®n,
log (1+ | X)) <c(1 +o(exp X))

Proof. Embed a in a 0-stable Cartan subalgebra, ™, of g. Let R denote the set
of roots « of (g, ‘Vt) such that the root space g, of « lies in 'n. For X e‘“n and yeR,
let X be the component of X in g, relative to the decomposition

=@ g,

aER

It would be enough to prove that there is a ¢ such that for any X e©n,
log (141X, c(1+0(exp X)) 17.3)

Let r be the height of y relative to some order for which every root in R is positive.
We shall verify the above assertion by induction on r, starting at r=0 where of
course there is nothing to prove.

Let 7 be any finite dimensional representation of G for which there are weights

on Ot of the form u and +7. Let ¢ and ¢, be corresponding unit weight vectors.
Then

Y)=(en(Y), ¢,), Yeg,,
is a nonzero linear functional on the one dimensional space g, . Define
B(X)=Y X, Xen
where the sum is over all roots « of R of height less than . There is a polynomial
g on B_ (‘“'n) such that
(pr(exp X). @) =E¢(X,)+q(B_ (X)), Xen
Therefore there are constants ¢, and ¢, such that
L+ X =T+ lg(B_ (XD + e, (@ mnexp X). @),
for each X €'“n. Now
l(pn(exp X), )= [m(exp X)I,.
[n addition, we can find constants ¢, and d such that
L+ lqB_ (OS5 (L+IB_ (X))

Formula (7.3) now follows from (7.1) and our induction hypothesis.
Consider the set of numbers

=& Lexp H)'},  Het,(0),

indexed by the roots « of (g, t) which do not vanish on a. Our distributions are not
defined when any of these numbers equals 0. This shows up in the growth condi-
tions. Define L({ exp H) to be the absolute value of the logarithm of the smallest
of these numbers.
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For each N, define
LG H)=AGH) | Ex {exp Hx)(I+a(x"! {exp Hx) ™.

TR~ G

IDyv(x, #)dx, Het, ().
If Het, we put
H=H,+H,, Hjely, Hgety.
Lemma 7.2. For each integer n we can find constants ¢ and N such that
Il H)Sc(1+LCexp H)P(1+|[He)™",  Het, ()
Proof. Fix a parabolic subgroup P=NAM in Z(A). For Het,({), Iy({, H) equals
A H) | § Uyltexp R)~" u (exp R) IDy vfexp R, ¥)| dR dm,

Mn

where we write

u=m-1{expHm
and
Up(x)=Z(x)(1+a(x))"%  xeG.

Consider the polynomial map

@, R—log(exp(—Ad(u')R)expR), Ren,
of n to itself. Since Het, ({),

Ay R—> —Ad(u " )R+R, Ren,

is a linear isomorphism of n. It follows from [2(f), Lemma 10] that the inverse
of ¢, exists and is also a polynomial function from n to itself.

According to [2(f), Lemma 11], the diffeomorphism ¢, transforms the Haar
measure on n by the factor

S(Lexp Hy=|det (1 — Ad ({exp H)™ 1), .

This is just

where the product is taken over all roots a of (g,t) whose corresponding root
spaces lie in n, and

p(H)=7 tr (ad H),.

It follows easily that |4({, H)| is the product of
S(lexp HY 1 e#®

with
|4(C, H),
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the function we have defined earlier, but associated with the group M. Therefore
Iy(¢, H) equals
Ay H) e*®™ | | Uy(uexp R) |Dyv(exp @, ' R, )| dR dm.
Mn
A closer look at the proof of [2(f), Lemma 107 reveals that, relative to a suitable

fixed basis of n, the coefficients of the polynomial function ¢! can be bounded

by a polynomial in the Hilbert-Schmidt norms of 4, and A;l. But the matrix

coefficients of A,’;l are just polynomials in the matrix coefficients of A,, divided

by the determinant of 4,. The absolute value of this determinant is
o(Cexp H).

For Ren, define
Rry(w)=Ad (u ") R.

It follows that there are constants ¢, and d, such that for all R and p under con-
sideration

lo. ' RIS e ((1+0(C exp H) ™ ') (1+ [ mp ()l (1 + IR )™ (74)
Referring to formula (4.1), we see that there is a constant ¢, such that for all

pand R, |Dyv(exp ¢, ' R, ¥)| is bounded by

c; Y, (1+1Hplexp o, ' R)IY.

Pe?(A)

By (7.2) there is a finite dimensional representation = of G and a constant ¢, such
that this last expression bounded by

c3(1+log(1+lin(exp @, ' R)|)7.

Now the Hilbert-Schmidt norm
|n(exp S)|l, Sen,

can certainly be bounded by a polynomial in || S|}, since
S—mExpS), Sen,

is a polynomial on n. Therefore, in view of (7.4), there is a constant ¢, such that
IDyv(exp ¢, ' E, %)| is no greater than

cy(1+log(1+0(  exp H)~')+log(1 + [[my (W) +log(1+|R]))".

Finally, applying (7.1) to the representation n,, of M, and referring to Lemma 7.1,
we find that there is a constant ¢, such that |Dy v(exp ¢, ' R, #)| is bounded by the
product of

cs(1+log(1+0( exp H) 1)y (7.5)
and

(1+a(exp R)Y (1+a (W)
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Now
l+o(expR)S1+o(uexp R)+o(u™t)
=1+a(uexp R)+a(u)
=(I+a(uexp R)(1+a(u),

by [2(g), Lemma 10]. Therefore the second factor in the above product is no
greater than

(1+0o(uexp R)? (1 +0(w)*?.

We have shown so far that for NeR, and Het,({), Iy((, H) is bounded by
the product of (7.5) with the integral over me M of the product of

145 (& H) (1 +0(m~" { exp Hm))*? (7.6)
and

! [Em~ {expH mexpR)(1+o(m~' {expH -mexpR)"""?dR. (7.7)

n

If N, is any real number, we can, by [2(g), Lemma, 21], choose N and ¢4 such that
for all m and H, (7.7) 1s no greater than

ce Epm P CexpH -m)(1+a(m™ ' {exp H-m))~ M.

For suitable N,, the product of this expression with (7.6) is integrable over M.
In fact, by the results of [2(g)], we can, given n, choose N, and ¢, so that the integral
over M of this product is bounded by

7 (L4 Hgf) "

We still have the term (7.5). However, with a little manipulation of the formula
for ({ exp H) given above, one sees that for some constant ¢,

1+log(1+8(exp H)™") = ¢5(1+ L exp H).

This last inequality completes the proof of our lemma. [

Recall that a distribution is said to be tempered if it extends to a continuous
linear functional on €(G). From the lemma we obtain immediately

Corollary 7.3. For each Het, ({) the distribution R({, H:% : X) is tempered. If
fe€(G) the integral

A H) | fx~'-dexp H-x)Dyv(x,%)dx

TR~ G
is absolutely convergent, and equals
(R(,H:¥:X), [>. O

Corollary 7.4. For every integer n there is a continuous semi-norm v on €(G) such
that for all fe%(G) and Het,({),

R (GH: % X) 2v(f) (L+L(Cexp H)YP (1+ [ HgJ)~" O



The Characters of Discrete Series 249
§ 8. The Mapping f— S%

Our final task is to extend our earlier results to the Schwartz space. In particular,
we must show that for fe%(G) the functions R ((,H:%:X)and S’}(C, H:%:X)
are smooth in Het_({). We must then prove that the earlier differential equations

reg

and boundary conditions apply to this more general setting. We neglected to do
this m [1(b)]. However, it is not a serious problem in the case of real rank I,
essentially because one has Helgason’s explicit formula for

v(n,%), neN, P=NAMecP(A).

In the higher rank case there is no such explicit formula. The matter is further com-
plicated by the fact that the group M is not compact. It would thereforc seem
unfeasible to prove what is needed by the method of [2(g), Lemma 22]. Instead
we will use the technique by which Harish-Chandra proved [2(e), Theorem 3].

Suppose that ff is a fixed real root of (g, 1). Adopt the notation §4 and § 5. Let
{ be in Z{t*). It follows from Corollary 7.3 that the distribution

SUCH: ¥ X),  Het, (),

are tempered. Let t,,((, f) be the union of t,.,({) and t, (). It is an open subset
of t. Suppose that Q is an open subset of t . ({) which is relatively compact in
t,.o(, B). We can certainly choose a ¢ such that

(1+L({exp H)P <c|f(H)"', HeQ.
It follows that there is a continuous semi-norm v on %(G) such that for all fe%(G),

sup ISUC H % - X) BH) = v(f). 8.1)

Suppose that = is an open set in a finite dimensional Euclidean space V.
For any u in the symmetric algebra of ¥ and any integer n, put

H<Pllu,,.=zlig {+ [ H{|) o (H; 0},

for o € C*(E). Define 4 (Z) to be the set of all ¢ in C*(Z) such that for each u and n,
ol < co.
Let #(G) be the set of continuous semi-norms on %(G).
Lemma 8.1. Suppose that (e Z(t*) and that Q is an open subset of t,.,({) which is
relatively compact in t.,({, B). Then the map
f=SUH:%:X), HeQ, feCrO),
extends to a continuous linear map from % (G) to €(Q).

Proof. Suppose that X €% ,(r). We shall prove the lemma by decreasing induction
onr. If r>p we have

Dy v(x, #%)=0,
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in view of formula (4.1). Therefore fix r, 0<r<p, and assume that the lemma is
valid for all Q if X is replaced by any X, €9 ,(r,), r; >r.

The first stage of the proof is to show that for any fixed ze %, the map which
sends fe CX(G) to

d,(H)=SH, H;0(7(2)): % : X)=SE ((H:% : X), HeQ,

z

extends to a continuous linear map from %(G) to ¥(€2). According to (5.1),
d,(H)= -} SH( H; diz): % : X X))

We can choose a positive integer n so that for each i the differential operator
BHY 5(2)

has analytic coefficients on t,({, f). Each X, belongs to %,(1) so we may apply
the induction hypothesis. It follows that the map which sends fe C*(G) to

e (H)=pHYy"d (H), Heg,

extends to a continuous linear map from ¢(G) to €(Q).
If the closure of  does not meet t, the first stage of our proof is established.
Therefore, to complete this first stage, we may assume that
Q={Hy+tHy:H,eQ,, —e<t<e, t+0}, (8.2)

where Q is an open subset of t; and £>0.
For e%(Q2) and H,eQ,, define
n—1 4k k

<o ,
z ESIIIBOES‘I‘((/)(HO“I—SHII)),

k=0 -

qB(H0+tH/’,)=t‘"(go(Ho+zH[;)—

if £ belongs to (0, ¢). If ¢ belongs to (—e¢,0), define ¢(H,+t Hy) in a similar way.
It follows from the integral form of the remainder term in the Taylor expansion
of a function of one variable that

P—-¢, Pe¥(Q),

is a continuous linear map of €(£) to itself. Now it is a consequence of Theorem
6.1 that for any fe C*(G), the function

d;(H), HeQ,

belongs to €(£2). This means that
é(H)=B(H) "e,(H)=d (H), HeQ.

We have shown, for 2 as in (8.2) and hence for all required Q, that the map
fdiH), feCI(H), HeQ,

extends to a continuous linear map from €(G) to €(£2). Combining this fact with
(8.1), we find there are constants ¢ and N such that

sup [S4(L H; 0(y(2): % X) B(H) Scv, w(f),  feCT(G), (8.3)

Hef?
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where

v n(f)=suplz f)(x)- Z(x)~" - (1 +0(x)) M|

xeG
is a continuous semi-norm on %(G).

The second stage of our proof is to combine what we have shown so far with
the proof given by Harish-Chandra for [2(e), Lemma 48]. In order to convince
the reader that it actually applies to the situation at hand, we repeat the relevant
portion of Harish-Chandra’s argument. Suppose then that u is an arbitrary element
of S(tg) of degree d. Let w be the element in S(tg) such that d(w) is the Laplacian on t,
with respect to our Euclidean norm. For any integer m 2 1 we can choose an integer
r and elements

{z;: 10}

in & such that
™+ Y vz o™ =0
j=1

If m is sufficiently large there is a function E, in C?™~"*4 (1) which is of class C*
away from 0, such that é(w)"" E, equals 0, the Dirac delta distribution at the
origin [2(e), Lemma 57].
Define E=3a(u)* E,, where the star denotes adjoint, and
E;=—d(@r""E, 15j<r
Then E; is of class C>™U~", and is of class C* away from 0. From the relation
dr"+ ¥ ((z) @ =0
j=1
we obtain the formula
uyrd=73 a((z,)* E;.
j=1
Let  be a function in C*(IR) which equals 0 on (— o0, 0], 1 on [1, c0) and such
that
Osy(x)=1, xeR.
Given ¢, 0<e <4, define

Y.(H)=y(e '|H|—-2), Het,
E; (H)="%(H)E(H), Het, 15j<r,
and

J-&
B,(H)= ; o(y(z))* (E; (H)—E{H)), Het.

¥.(H) equals 1 if |H||£2¢ and equals 0 if |H||=3¢- B,(H) vanishes unless
2e<||H| S3e.
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We can find positive integers b and n (which depend on u but not on &) such that
sup [B(H)|Sbe™",
Het

(see [2(e), p- 498]).
The formula

Z A E, ,=0u)* 6+B,

follows from the definitions. Suppose H is a point in . Choose e=¢,, with
0<8S§, such that the distance from H to any point in the complement of treg( 0
in { is greater than 4. Then ¥, is supported on t,,({). It follows from integration
by parts that for any g€ Cw(t,eg(“)) ¢ (H; o) equals

ZJ([)(H& z))E, (H~H)dH—{o(H)B,(H—H)dH.

For each j,
|E; (H—H)|<|E;(H-H).

Using the above estimate for B, and (8.3), we can obtain a v in %(G) such that for
every feCP(G),

sup IS4 Hy 0u): % - X) BHY'T=v(S). (84)
In the case that the closure of Q does not meet t, this last inequality suffices
to prove the lemma. Therefore, we may assume that Q is of the form (8.2). The

third and final stage of our proof is based on the method of [2(e), Lemma 49].
Choose elements

wy=1u,,...,u

r

in S (tg) such that
Sty = Z u; 1(te).

For each i there are elements

Z.

‘j’ léjér’

in & such that
Hpu,= Zly(z,-j) u;.
j=

For HeQ, put
Y (H)=SH( H; 0(u): % X), feCZ(G), 1Zir.
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From the first stage of our proof we know that there is a v, in &(G) such that for
feCZ(G), HeQ and 1<i<y,

Wy (HOH) = Y, ¢ DS (). 8.5)
i=1
If0<t<eand HyeQ, write

ll’f,i(HO+tHb):lpf,i(HO+8Hé)*sl//j,i(H0+SH;3; d(Hp)) ds.
t

It follows that there is a v, in ¥ (G), which depends on ¢ but not on H, or ¢, such
that

iwf‘i(H0+tHl’,)]§v2(f)+jlez”f_j(Ho—ksH,})[ ds. (8.6)
t
It follows from (8.4) that there is a ve.#(G) and a positive integer N such that for
all ge CF(G), HyeQ, and se(0, ¢),
I, j(Ho+sHpISs Vv(g), 1Zj<r. &7
Therefore |y ;(H, +t Hp)| is bounded by

J

Vz(f)“‘_[ (3)71\’ ds- Z V(Zijf)'
t
But the semi-norm

f—)zv(zijf)’ fEC;E(G),
j
is in &(G). It follows that in (8.7) we can replace s ¥ by s~ ™Y if N=2, and by

log(g/s) if N=1. Of course the new inequality would hold for some different
ve#(G). By induction there is a ye&(G) such that for all g, H, and s,

I, (Ho+sHp)|slog(e/s)v(g), 1Zj<r

Once again, we apply this inequality to the integrand in (8.6). We conclude that
there is a v,e(G) such that for any HyeQ,, te(0,¢), fe C(G) and 1ZiZr,

W, (Hy+tHp) S v, (f). (8.8)

By a similar argument we may assume that this inequality holds also for te(—¢,0).
Let u be an arbitrary element in S(tg). Then

u=) y(z)u;,
i

for elements z,eZ. For HeQ and feC? (G),lS}’ ((,H;0u):%: X)|
is bounded by the sum of

Z 10 (S H; 0(7(2):¥: X)— S8 ((H: ¥ X))]
and

YIS? (6 H: 0(w): 9 X)),



254 J. Arthur

We know from the first stage of our proof that there is a ve.%(G), independent
of H, such that the first expression is bounded by v(f). That the same is true for
the second expression follows from (8.8). Our proof of the lemma is complete.

Corollary 8.2. Suppose that (e Z{t*) and that fe6(G). Then the function
SHCH:%:X),  Het, (),

is infinitely differentiable. Moreover the differential equations given in formula
(5.1) remain valid.

Proof. 1t is enough to prove the corollary on any open set Q which is relatively
compact in t.({). Fix fe%(G), and let f, be a sequence of functions in CF(G)
which converge to f in the topology of €(G). By the lemma the sequence

St H:%:X), HeQ, (8.9)

is Cauchy in €(Q), so it must have a limit in €(Q2). The limit function must equal
the pointwise limit of (8.9), which by definition is S%({, H:%: X). In particular,
this latter function is smooth. Suppose that zeZ. It follows from the lemma and
what we have just proved that the map which sends fe%(G) to

SHCH 0 (7(2):%: X)—SE (L H: Y X) ZS” (& H; & 2):¥: XX), HeQ,
is a continuous linear map from %(G) to €(Q). Since it is zero on the dense sub-
space CZ(G), it must be identically zero. [J

Lemma 8.3. Suppose that (e Z(t*) and that Q* is an open subset of t}, ({) which
is relatively compact in the union of t},({) and t, (). Then the map

SR (GH*@*:X),  H*eQ* feCP(G),

reg

extends to a continuous linear map from €(G) to €(Q%*).

This lemma is proved exactly the same way as Lemma 8.1, except that the role
of Theorem 6.1 is played by Lemma 6.3. [

Corollary 8.4. The statement of Theorem 6.1 remains true for fe%(G).

Proof. This corollary follows directly from Lemmas 8.1 and 8.3. []

Lemma 8.5. Suppose that (e Z(t) and that fe%(G). Then the function
R ({,H:%:X), Het (0,

is infinitely differentiable. Moreover, the differential equations given in Theorem 5.1
remain valid.

Proof. If Q is an open relatively compact set in t

g-R,(H:Y:X), HeQ, geCr(G),

g (0), the map
extends to a continuous linear map from #(G) to (Q).

This is verified by a repetition of a part of the proof of Lemma 8.1. One then
argues as in Corollary 8.2 to prove the lemma. [
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§9. The Main Theorem

For this section suppose that the rank of G equals the rank of K. In particular
the split component of the center of G is trivial. Let &, (G) denote the set of equi-
valence classes of irreducible unitary square integrable representations of G. For
any weé, (G) let 4, (G) be the closed subspace of ¥ (G) spanned by the K-finite
matrix coefficients of any representation in the class w. For each such w we let
@, be the character of w. It is a tempered distribution on G which coincides with
a locally integrable function, also denoted by @,.

As always A is a special subgroup of G of dimension p, T is a 0-stable Cartan
subgroup of G containing A4, and % is an A-orthogonal set. We are ready to state
and prove our main theorem.

Theorem 9.1. Fix weé,(G) and fe€,(G). Then if a=ty,
r(:%)=0, heT,,.
If a=tg,
r(h:#)=(-1 6, e,h. hel,.

Define &(T; A) to be 1 if a=1z and to be 0 otherwise. We shall actually prove
the following

Theorem 9.1*. For any Xe%, and heT,,,
P X) = (T, 4) ¢o(X) (= 1) 0,(f) 6, (h).

Proof. We will prove Theorem 9.1* by induction on p. Suppose that p=0. Then
A={1},%,=G, and
v(x,%)=1, xeG.
It follows that
Dy v(x,%)=cy(X).
Therefore r,(h: % X) equals the product of ¢,(X) and
= | f(x"'hx)dx.

TR~ G

If T is not compact we know from [2(g), Theorem 11] that
r.(h)=0.

If T is compact, we appeal to [2(g), Theorem 147 to see that
r(h)=06,(f) ,(h).

(For these last two formulae see also [2(i), Lemma 8.2, and the corollary to
Lemma 27.4].) The theorem is thus valid for p=0.

Fix p>0. Suppose the theorem is true for any 7, and A4, with dim 4, <p.
Let X belong to % (r). To prove the theorem for T and A we shall use a second
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induction, this time a decreasing induction on r. If r> p, we have
Dyv(x,%)=0,

from formula (4.1). Therefore fix r, 0 <r=p, and assume that the theorem is valid
with X replaced by any X,e¥ (), r,>7.
Fix {eZ(t). For any Het, ({) define

@ H)=4(H) O, exp H).

Let Rg({) be the set of real roots f of (g, t) such that £,({)=1. Let tg ., ({) be the
set of points in tg on which no root in Ry({) vanishes. Suppose that U is a connected
open subset of t; such that for any non real root f of (g,1)

¢p(lexp H)+1
for all HeU. The set
C €xXp (U + t]R‘ reg (C))

is contained in T,.,, and the union over all { and all such U of the corresponding

sets is dense in T,.,. Therefore, to complete the proof of the theorem we must

show that for all HeU +1g .. ({),
Y (H)=R((,H:¥: X)—&(T, 4) co (X)(— 1) O, (f) B(L. H)

equals 0. We will prove this by combining the differential equations of § 5, the
boundary conditions of § 6 and the growth condition of § 7.

From Harish-Chandra’s characterization of the discrete series [2(g), Theorem
16] and [2(1), § 27] we know that there is a regular linear functional v on tg such
that for every gel(ie),

(L, H: 8(q)=q(v) D, H).
If zeZ and y(z)=g then v also has the property that

zf=q() /.

since fe%€,,(G). Now look at the equations satisfied by R{{, H: % X). If X, belongs
to 4,(1), XX, belongs to % ,(r+1). By our induction hypothesis on r,

Rf(C,H:@:XXi)=O.
It follows from Lemma 8.5 that if z and g are as above,
RAGH; 0(q):¥: X)=R, [((H:¥: X)=q)RA{.H:¥: X).
We have shown that
Y(H:0(q)=q() ¥ (H), qel(te). HeU + 1ty (D). ©.1)

Fix a real root ffe Rg({). We continue to use the notation related to f which
we set up in §4 and § 5. Then {e Z(t*). Fix a point H, in U + tg such that for any
root u of (g, 1),

¢.(lexp Hy)
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equals 1 if and only if & equals £ f. Define
@, H)=4(, H) 0, exp H)=eg(H) @, H), Het,, (),
and let
O*(, HY) = (H*) ®*([,H¥), H*etk,(0),
be the corresponding function associated with t*. It is known [3, p. 283] that the
limits
lim &((, H, +t Hy; & (Hy))
and
;illg D*({, Hy +0(X;—Yy); 0(AHY))
exist and are equal. Now for t and 6 sufficiently close to 0,
ep(Ho+ 1 Hp)=signt - &g (Hy+0(X; - Y))).
It follows that
d((, Hy: S(H)* — (L Hy: (Hy) =2 }91_1}(1) &*((, Hy+ 0(Xp—Yy); ¢ (AH)).
(9.2)

We shall use this fact to show that ¥ (H,+tHp) is continuously differentiable
at t=0. First of all, we should see that it is continuous. By our induction hypo-
thesis on p

R ((.Hy+tHy % X)=S}{ Hy+tHp: % : X).

By Corollary 8.4, this function is continuous at r=0. It is known that the same
is true for

@((, Hy+ tHp).

Therefore ¥ (H, +tHy) is continuous at t=0. We have only to check that the left
and right derivatives of ¥ (H, +tH}) are equal at t=0. Since

A(sy Hp)— A(Hp)= —2 A(Hp),
we obtain from Corollary 8.4 the equality of

Ry((. Ho: d(Hp): ¥ X)" =R ((, Ho: 0(Hp): ¥ : X)~ ©3)
and

=2y (A) lim RY™4'(, Ho 4 0(X; = Y;): HAH,): @*: X).

It is clear that ¢(T,A)=¢(T*, A*) and that p*=p— 1. Therefore by our induction
hypothesis on p, (9.3) equals

2ng(A) e(T, A) o (X) (= 1P @m(f)gi% &*((, Hy+ 0(X;— Y;); 6(AHp)).
Combining this with (9.2) we find that

¥ (Ho; 0(Hp))™ — ¥ (Hys; 0(Hp))
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equals

201 (A) = D) &(T, A) ¢ (X) (= 1) O, (/) lim &*(C, Hy +0(X; = ¥;); (A Hy).

If (T, A)=0 this expression is 0. If ¢(7, 4)=1 then a=1g, so that n;(4)=1. Again
the expression is 0. We have shown that ¥ (H, +1Hj) extends to a continuously
differentiable function at t =0,

Suppose that F is any connected component of tg . ({). Then the restriction
of ¥ to the open connected set U+ F is a smooth function which satisfies the
equations (9.1). We repeat the argument used in [2(a), Theorem 3] to show that
¥ is actually analytic on this set. Let w be the element in S(ig) such that ¢(w) is

the Laplacian on t with respect to our Euclidean norm. We can find a positive
integer n and elements

{u0ign—1}
in I(tg) such that
o"+u, " uy=0.
It follows from (9.1) that
(@) +u, ((v)- () '+ - +u,(v) P(H)=0, HeU+F.

The restriction of ¥ to U + F is a solution of a linear elliptic differential equation
and is therefore analytic. This fact, combined with the differential equations (9.1),
is exactly what is needed to apply another basic technique of Harish-Chandra.
According to [2(b), p. 102] there are complex numbers

{c,:se W},
indexed by the Weyl group of (g¢, t¢), such that for any HeU + F,
Y(H)= ) c,e™®.

seW

Suppose that F’ is another component of tg . ({) such that the chambers F
and F' have in common a wall defined by a real root f§ in Rg({). We can assume
that B(F) is positive. If ¥4 is the interior of this common wall, then

V=U+}
is an open subset of
to={Het: p(H)=0}.

Any point H, in V satisfies the hypothesis we made above. Moreover if ¢ is suffi-
ciently close to 0, ¥ (H, +tHp) belongs to either F of F'. Suppose that W, is a set
of representatives in W of the cosets {1,s,} ~W. Let

{c,:se W}
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be the set of constants associated to F'. Then for every point H,eV we can find
a positive number ¢(H,) such that

Y (Hy+tHp= Y (c, "™+ ¢

seWy

if 0<r<e(Hy), and

—tsv(H’) sv(Ho)
55 € ") e ,

N g tsv(HY) N ~tsv(H%)\ sv(Hg)
Y(Hy+tHp)= ZV:V(cSe P e #)) gsvHo)
seWy

if —&(Hy)<t<0. It follows from the fact that ¥ (H,+t Hp) is continuously differ-
entiable at r=0 that

z (Cs—"_cs;;s— ,S sﬁs)(g‘(H’)) eSYH =

seWy

and

Z (Cs_('s s—C, +Csﬁ3)(9 V(H/,i)) esv(HO):O

seWy

for all Hyin V.

Suppose that sv—s, v is orthogonal to t, for two elements s and s; in W,.
Then if v,=s, v, and r=ss;",

rv1=vl+xH,’,, xeR.

v, (Hp)
IHgI?
alternative is impossible because it would lead to the equation

Since r is an orthogonal map, x must either equal 0 or —2 This second

SV=Sp8,V,

which, in view of the regularity of v, would mean that s=s,s,. Therefore s must
equal s;. From this it follows that the set of functions

Hy— e ) H eV,

indexed by W, is linearly independent. On the other hand, the regularity of v
implies that for all se W,

sv(Hp)#0.

We obtain, for each se W, the equations
Cot Oy — = =0

and
Cg— Cyp— Gt €5, =0,

Thus for each se W, ¢, equals ;. We have shown that the formula

Y(H)= ) c e

seW

is valid for all H in the domain of ¥.
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Now we can apply Harish-Chandra’s growth condition [2(i), Theorem 12.1]
to the tempered, invariant, & -finite distribution ©@_. Combining this with the
growth condition of Corollary 7.4, we obtain constants C and r such that

[¥(H) = CA+Llexp H) (1+ | HgllY, HeU+tg (0 (9.4)
As in Coroliary 7.4, we have put

H=H,+Hy, Het,, Hgety.
Let 4, ..., 4, be the distinct vectors obtained by projecting

{sv:seW}

onto (g)e. Each of these vectors is real. It is well known that, since G has a compact
Cartan subgroup, there exists a real root of (g, t). Therefore by the regularity of v,

A+0, 1<i<k. -

For 1 =ik, let W, be the set of se W such that the projection of sv onto (tg)e is
A HseW,

sv=p. +4,,
where pel/ —1t;. Then for HeU +tg ., (0),

k
Y(H)= Z ( Z ¢, eus(Hz)) eriHR)

i=1 seW;

After a moment’s reflection one realizes that the growth condition (9.4) will fail
unless each coefficient function

Y ¢, W HelU, 9.5)

seW;

vanishes. Distinct elements se W, give rise to distinct vectors yu,. Therefore (9.5)
is a linear combination of linearly independent functions. In other words,

c,=0, seW
We have shown that
Y(H)=0, HeU-+tg ()
and thereby have complefed the proof of Theorem 9.1*, [J

Remark. Theorem 9.1 is at variance with the formula given in [1(b)]. The mistake
there was the result of using two different Haar measures on the group

N =expRX’,
(in the notation of [1(b)]. One measure, on page 579, was normalized by the

restriction to n, of the Killing form of g, whereas the formula quoted on page 581,
line 12, was based on the measure normalized by the Killing form of g,. The

V2

measures differ by the factor —Zi It is this factor which should be removed from

the formulae in Theorem 7.2 and Corollary 7.3.
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